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ABSTRACT In this article, exact expressions are presented for the probability density function, cumulative
distribution function, moment generating function, and higher-order moments of the instantaneous signal-
to-noise ratio, considering the product and the sum of the products of N α-F variates with pointing errors.
New expressions for the outage probability (OP), bit error probability (BEP), ergodic channel capacity, and
the area under the receiver operating characteristics (AUC) are deduced, as well as the asymptotic ones.
The obtained expressions are used to assess the influence of various channels and system parameters on
the system performance. We analyze a scenario considering dual-hop terahertz links and another regarding
reconfigurable intelligent surfaces (RIS)-assisted systems. All expressions derived in this work are new, and
Monte Carlo simulations corroborate the analytical curves shown.

INDEX TERMS α-F fading, AUC, BEP, capacity, OP, pointing errors, RIS, terahertz links.

I. INTRODUCTION
Cascaded and sum of cascaded fading channels have been
considered in several practical applications, such as multihop
and reconfigurable intelligent surfaces (RISs)-based commu-
nication systems, and have attracted the interest of researchers
[1], [2], [3], [4], [5], [6]. Over the years, the aforemen-
tioned channels have been studied considering independent
and identically or independent and not necessarily identically
distributed variates, under generalist [1], [3], [7] or simple
fading models [2], [8], [9].

In the literature, many works have also addressed the mis-
alignment between the transmitting and receiving antennas,
a phenomenon well-known as pointing error [10], [11]. The
phenomenon mentioned affects the received signal strength
and thus deteriorates the link performance and availability,
which may result in a system outage. This effect is con-
sidered in different contexts, such as RIS [12], [13], [14],
[15], [16], [17], [18], single-, dual- and multi-hop [11], [19],
[20], multiple-input multiple-output (MIMO) [21], and non-
orthogonal multiple access terahertz (THz) [22] transmission
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systems, for example. It occurs because high-directional an-
tenna arrays are used to compensate the high atmospheric
attenuation in the THz bands.

In this work, the cascaded and the sum of cascaded α-
F fading distribution with pointing errors is introduced and
mathematically characterized. In our study, the THz channel is
jointly composed of the deterministic path loss, the stochastic
fading due to the multipath, shadowing, nonlinearity of the
medium, and the antenna pointing errors. In order to ana-
lyze these effects and design parameters in the technical THz
literature, exact and new expressions for important statistics
and metrics are presented. An asymptotic analysis is also
provided. Furthermore, a scenario considering THz links is
analyzed.

In our paper, the α-F distribution [23] is adopted to model
the fading channel since its statistics are simple and written in
terms of physical parameters. The α-F is a fading model that
jointly considers the short-term fading (α-μ) and the long-
term fading (F distribution) of a wireless fading channel. In
another words, the α-F is the α-μ shadowed distribution. The
model mentioned is supported by experimental results [23],
and it is adopted in many works under different real-world
scenarios [24], [25], [26], [27]. Note that the α-F distribution
includes other well-known distributions as special cases, such
as the α-μ (m → ∞) and the Fisher-Snedecor F (α = 2)
distributions–and their inclusive ones. Furthermore, the α-F
composite fading model considers small and large-scale fad-
ing, as well as the non-linearity of the medium [23]. This
indicates the promising potential of employing the α-F dis-
tribution to characterize THz channels.

Concerning the pointing error distribution, the one pre-
sented in [10] is considered in our study, that is a realistic
model and has been successfully adopted in many important
papers dealing with THz systems [10], [11], [19], [21], [22],
requiring only the use of circular lenses at the transmitter and
receiver sides. Furthermore, the statistics of the mentioned
distribution are exact and simple. We adopt the aforemen-
tioned pointing error model to quantify the impact of the beam
misalignment in the system. In the literature, new pointing
error models for millimeter wave and THz high-directional
antennas are presented [28], [29].

To the best of our knowledge, this is the first work in which
the cascaded and the sum of cascaded α-F fading distribu-
tion with pointing errors is studied. All expressions derived
by us are new and generalist, written in terms of the sin-
gle or multivariate Fox H-function [30]. The aforementioned
expressions can be applied in different scenarios, including
THz, RIS-assisted communications, multi-hop amplify and
forward non-regenerative relaying systems, MIMO keyhole,
or single-hop multiple-input single-output (MISO) systems,
for example.

The main contributions of this article are: (i) New closed-
form expressions for the probability density function (PDF),
cumulative distribution function (CDF), and moment gen-
erating function (MGF) of the instantaneous signal-to-noise
ratio (SNR), considering the cascaded and the sum of

cascaded α-F fading with pointing errors; (ii) New expres-
sions for outage probability (OP), bit error probability (BEP),
ergodic channel capacity, and area under the receiver operat-
ing characteristics (AUC), under cascaded α-F fading with
pointing errors; (iii) A new OP expression for the sum of cas-
caded α-F fading with pointing errors which is used to assess
the performance of RIS-assisted systems; and (iv) Asymptotic
expressions are also deduced to provide insights into the effect
of the channel and pointing error parameters on the system
performance at a high SNR regime.

The remainder of the paper is organized as follows. In
Sections II and III, respectively, statistics and metrics are de-
rived for the cascaded and sum of cascaded of α-F composite
fading distribution with pointing errors. Section IV shows
the numerical results and discussions. Section V brings the
conclusions.

II. CASCADED α-F FADING WITH POINTING
ERRORS CHANNELS
A. CASCADED SYSTEM MODEL
The cascaded fading coefficient can be written as H =
H1H2 · · · HN , whose Hj = hl j Hf j Hp j

, j = 1, 2, . . . ,N . The
Hj PDF is given by

fHj (h j )

=
H2,1

2,2

[
� j

(
h j

r̂ jhl jA0 j

)α j
∣∣∣∣ (1 − m j, 1), (z2

j/α j + 1, 1)
(μ j, 1), (z2

j/α j, 1)

]
h j�(μ j )�(m j )/z2

j

,

(1)

where Hj is the j-th envelope fading channel characterized by
the α-F composite distribution with pointing errors for each

THz link [31, Eq. (4)], � j = μ j/(m j − 1), r̂ j = α j

√
E[H

α j
f j

] is

the α-root mean value, α j characterizes the non-linearity of
the propagation medium, μ j represents the number of mul-
tipath clusters, m j is the shadowing parameter, �(·) is the
Gamma function, H[·] denotes the Fox H-function, A0 j is the
fraction of the collected power, and z j is the ratio between the
equivalent beam radius at the receiver and the pointing error
displacement standard deviation. For z j → ∞, it should be
mentioned that the case of the non-pointing error is assumed.

It is assumed a THz link model with highly-directional
transmit and receive antennas to ensure reliable energy trans-
mission. In this model, Hf j denotes the composite fading
channel, Hp j

represents the misalignment component, and
hl j = hfl j hal j is the deterministic path loss that is constant for
a given weather condition and link distance. The parameter
hfl j models the propagation gain and is given by

hfl j = cGt j Gr j

4π f d j
, (2)

in which Gt j and Gr j are, respectively, the gains of the
transmit- and receive-antenna, c is the speed of light, f is the
operating frequency, and d j is the distance of the j-th hop such
that

∑N
j=1 d j is the total distance of the link. In addition, hal j
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characterizes the molecular absorption gain and is given by

hal j = exp

(
−1

2
κ j ( f )d j

)
, (3)

in which κ j ( f ) denotes the frequency-dependent absorption
coefficient. More details about hl j can be found in [11]. Thus,
the received signal considering a wireless multi-hop amplify-
and-forward relaying link can be written as

Y = H1H2H3 · · · HN︸ ︷︷ ︸
H

X + W, (4)

where X is the transmitted signal and W is the additive white
Gaussian noise with zero mean and variance σ 2

W .

B. FIRST ORDER STATISTICS
Lemma 2.1: Let α j , μ j , γ̄ j , z j , A0 j , hl j , s, γ ∈ R

+, and m j >

1, with j = 1, 2, . . . ,N . The PDF, the CDF, and the MGF
of the instantaneous SNR �, under cascaded α-F composite
fading with pointing errors, are given, respectively, by

f� (γ ) =
H2 N,N

2 N,2N

[
	

√
γ

∣∣∣∣ A1, . . . ,AN ,B1, . . . ,BN

C1, . . . , CN ,D1, . . . ,DN

]
2γ

∏N
j=1 α j�(μ j )�(m j )/z2

j

, (5)

F� (γ )

=
H2 N,N+1

2N+1,2N+1

[
	

√
γ

∣∣∣∣ (1, 1),A1, . . . ,AN ,B1, . . . ,BN

C1, . . . , CN ,D1, . . . ,DN , (0, 1)

]
∏N

j=1 α j�(μ j )�(m j )/z2
j

(6)

and

M� (s)

=
H2 N,N+1

2N+1,2 N

[
	√

s

∣∣∣∣
(
1, 1

2

)
,A1, . . . ,AN ,B1, . . . ,BN

C1, . . . , CN ,D1, . . . ,DN

]
2
∏N

j=1 α j�(μ j )�(mj )/z2
j

, (7)

where A j = (1 − m j, 1/α j ), B j = (z2
j/α j + 1, 1/α j ), C j =

(μ j, 1/α j ), D j = (z2
j/α j, 1/α j ), and 	=∏N

j=1�

1
α j
j

z j/
√
γ̄ j (z2

j + 2), in which γ̄ j is the average SNR and N

is the number of channels.
Proof: See Appendix A. �

C. PERFORMANCE METRICS
1) BIT ERROR PROBABILITY
The average BEP, Pb, can be evaluated as

Pb = 1

π

∫ π
2

0
M�

(
ρ

sin2 φ

)
dφ, (8)

in which ρ depends on the modulation type assumed.
Substituting (7) into (8), making the variable change

x = sin2(φ), using [32, id 06.18.07.0001.01], [32, id
06.18.02.0001.01], and performing some simplifications, it
follows that (9), shown at the bottom of this page, is obtained.

2) OUTAGE PROBABILITY
The OP, Pout, is defined as the point at which the SNR of the
signal at the output of the receiver falls below the threshold
γth, i.e. Pout � Prob[� ≤ γth] = F� (γth ). Then, (10), shown at
the bottom of this page, is deduced.

3) ERGODIC CHANNEL CAPACITY
The ergodic channel capacity, in bit/s, is calculated as

Cerg = 1

ln(2)

∫ ∞

0
f� (γ )ln(1 + γ )dγ . (13)

Replacing (5) into (13) and using [32, 01.04.26.0003.01]
and [33, Eq. (2.8.4)], the channel capacity can be written
as (11) shown at the bottom of this page.

4) AVERAGE AUC
The average AUC, Ā, is given by [34, Eq. (36)]

Ā =
∫ ∞

0
A(γ ) f� (γ )dγ , (14)

in which A(γ ) denotes the instantaneous AUC [34, Eq. (35)]
given by

A(γ ) = 1 −
u−1∑
k=0

k∑
l=0

(
k + u − 1

k − l

)
γ l exp (−γ /2)

2k+l+ul!
, (15)

Pb =
H2 N,N+2

2N+2,2N+1

[
	√
ρ

∣∣∣∣
(
1, 1

2

)
,
( 1

2 ,
1
2

)
,A1, . . . ,AN ,B1, . . . ,BN

C1, . . . , CN ,D1, . . . ,DN ,
(
0, 1

2

) ]
4
√
π
∏N

j=1 α j�(μ j )�(m j )/z2
j

(9)

Pout =
H2 N,N+1

2N+1,2N+1

[
	

√
γth

∣∣∣∣ (1, 1),A1, . . . ,AN ,B1, . . . ,BN

C1, . . . , CN ,D1, . . . ,DN , (0, 1)

]
∏N

j=1 α j�(μ j )�(m j )/z2
j

(10)

Cerg =
H2N+2,N+1

2N+2,2N+2

[
	

∣∣∣∣ (0, 1
2 ),A1, . . . ,AN ,B1, . . . ,BN , (1, 1

2 )
C1, . . . , CN ,D1, . . . ,DN , (0, 1

2 ), (0, 1
2 )

]
2 ln(2)

∏N
j=1 α j�(μ j )�(m j )/z2

j

(11)
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where u denotes the time-bandwidth product under the energy
detection technique and

(a
b

)
is the binomial coefficient. Re-

placing (5) and (15) in (14), using the integral representation
of the H-function, [35, Eq. (3.381.4)] and [30, Eq. (1.2)] in
sequence, one obtains (12) shown at the bottom of the page.

D. ASYMPTOTIC ANALYSIS
1) BIT ERROR PROBABILITY AND OUTAGE PROBABILITY
Considering the approach presented in [36], it follows that the
asymptotic BEP and OP can be written as

P∞
b = 1

Bβ

⎡
⎣ N∏

j=1

z2
j

α j�(μ j )�(m j )

⎤
⎦ φ�

(U
2

)
�
(U+1

2

) (
	√
ρ

)U

4
√
π�

(U
2 + 1

)
(16)

and

P∞
out = 1

Bβ

⎡
⎣ N∏

j=1

z2
j

α j�(μ j )�(m j )

⎤
⎦ φ�(U )

(
γ

1
2

th	

)U

�(1 + U )
, (17)

respectively, where U = min{μ1α1, . . . , μNαN , z2
1, . . . , z2

N },
β = arg min U , and φ is given by (18) shown at the bottom of
this page. It should be mentioned that Bβ is the residual term
in the Fox H-function considered by removing the respec-
tive Gamma function from the condition μ j �= U

α j
or z2

j �= U

in (18).
From (16) and (17), the diversity order of the considered

system can be found as

Gd = min(α1μ1/2, . . . , αNμN/2, z2
1/2, . . . , z2

N/2). (19)

That is, the diversity order depends on the fading and pointing
error parameters.

2) ERGODIC CHANNEL CAPACITY
The asymptotic ergodic capacity at high SNR values is given
by [37]

C∞
erg = log2(γ̄ ) + log2(e)

∂

∂n

E[γ n]

γ̄ n

∣∣∣∣
n=0

, (20)

in which ∂/∂n is the first derivative operator and

E[γ n] =
∏N

j=1 z2
j�

(
μ j + 2n

α j

)
�

(
z2

j +2n

α j

)
�
(

m j − 2n
α j

)
	2n

∏N
j=1 α j�(μ j )�(m j )�

(
z2

j
α j

+ 1 + 2n
α j

) .

(21)
Replacing (21) into (20) and proceeding with simplifications,

C∞
erg = log2

(
1

	2

)
+ log2(e)

⎡
⎣ N∑

j=1

2

α j

(
ψ (μ j ) + ψ

(
z2

j

α j

)

−ψ (m j ) − ψ

(
z2

j

α j
+ 1

))]
, (22)

with ψ (x) = �′(x)/�(x) denoting the digamma function [35,
Eq. (8.36)].

3) AUC
The asymptotic AUC is given by

Ā∞ = 1 −
u−1∑
k=0

k∑
l=0

(
k + u − 1

k − l

)
φ�

(
l + U

2

)
2k+u+1l!Bβ

× (
√

2	)U∏N
j=1 α j�(μ j )�(m j )/z2

j

, (23)

that is derived from (12) using the approach presented in [36].

III. SUM OF CASCADED α-F FADING WITH POINTING
ERROR CHANNELS
A. SYSTEM MODEL
Let S be the sum of products of N α-F RVs with pointing
errors, i.e.,

S =
L∑

i=1

Hi1Hi2 · · · HiN =
L∑

i=1

N∏
j=1

Hi j, L ≥ 1, N ≥ 1. (24)

The received signal, under the aforementioned model, can be
written as

Y =
∑L

i=1
Hi1Hi2 · · · HiN︸ ︷︷ ︸

S

X + W. (25)

Ā = 1 −
u−1∑
k=0

k∑
l=0

(
k + u − 1

k − l

)
1

2k+u+1l!

H2 N,N+1
2N+1,2 N

[√
2	

∣∣∣∣ (1 − l, 1/2),A1, . . . ,AN ,B1, . . . ,BN

C1, . . . , CN ,D1, . . . ,DN

]
∏N

j=1 α j�(μ j )�(m j )/z2
j

(12)

φ =

∏N
j=1

μ j �= U
α j

�

(
μ j − U

α j

)∏N
j=1

z2
j �=U

�

(
z2

j − U

α j

)∏N

j=1
�

(
m j + U

α j

)
∏N

j=1
�

(
z2

j

α j
+ 1 − U

α j

) (18)
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B. FIRST ORDER STATISTICS
Lemma 3.1: Consider αi j , μi j , γ̄i j , zi j , A0i j , hli j , s, γ ∈ R

+,
and mi j > 1, with j = 1, 2, . . . ,N and i = 1, 2, . . . ,L. The
PDF, the CDF, and the MGF of the instantaneous SNR �,
considering the sum of independent and non-identically dis-
tributed cascaded α-F RVs with pointing errors, are given
by (26), (27) and (28), all shown at the bottom of this
page, respectively, where H[·| · |·] is the multivariate Fox H-
function [30].

Proof: See Appendix B. �

C. PERFORMANCE METRICS
1) OUTAGE PROBABILITY
The OP is given by (29) shown at the bottom of this page.

2) ASYMPTOTIC OUTAGE PROBABILITY
Considering the approach presented in [36], it follows that the
asymptotic OP can be written as

P∞
out = 1

2
∏L

i=1 Bβi

⎡
⎣ L∏

i=1

N∏
j=1

z2
i j

αi j�(μi j )�(mi j )

⎤
⎦

×�(U1, . . . ,UL )

[
L∏

i=1

φ
(
	iγ

1/2
th

)Ui
� (Ui )

]
, (30)

with Ui = min{μi1αi1, . . . , μiNiαiNi , z2
i1, . . . , z2

iN }, βi =
arg min Ui,

�(U1, . . . ,UL ) =
�
(∑L

i=1
Ui
2

)
�
(∑L

i=1 Ui

)
�
(

1 + ∑L
i=1

Ui
2

) , (31)

and φ given by (33) shown at the bottom of the next page. Note
that Bβi is the residual term in the Fox H-function considered
by removing the respective Gamma function from the con-
dition μi j �= Ui

αi j
or z2

i j �= Ui in (33). From (30), the diversity
order is

Gd =
L∑

i=1

min(αi1μi1/2, . . . , αiNμiN/2, z2
i1/2, . . . , z2

iN/2),

(32)
that depends on the fading and pointing error parameters.

f� (γ ) = γ−1

2

⎡
⎣ L∏

i=1

N∏
j=1

z2
i j

αi j�(μi j )�(mi j )

⎤
⎦

× H0,0:[2 N,N+1]i=1:L
0,1:[2N+1,2N]i=1:L

⎡
⎢⎣
	1

√
γ

...
	L

√
γ

−
(1, {1}i=1:L )

[(1, 1),Ai1, . . . ,AiN ,Bi1, . . . ,BiN ]i=1:L
[Ci1, . . . , CiN ,Di1, . . . ,DiN ]i=1:L

⎤
⎥⎦ (26)

F� (γ ) = 1

2

⎡
⎣ L∏

i=1

N∏
j=1

z2
i j

αi j�(μi j )�(mi j )

⎤
⎦

× H0,1:[2 N,N+1]i=1:L
1,2:[2N+1,2N]i=1:L

⎡
⎢⎣
	1

√
γ

...
	L

√
γ

(
1,

{ 1
2

}
i=1:L

)
(1, {1}i=1:L ) ,

(
0,

{ 1
2

}
i=1:L

) [(1, 1),Ai1, . . . ,AiN ,Bi1, . . . ,BiN ]i=1:L
[Ci1, . . . , CiN ,Di1, . . . ,DiN ]i=1:L

⎤
⎥⎦ (27)

M� (s) = 1

2

⎡
⎣ L∏

i=1

N∏
j=1

z2
i j

αi j�(μi j )�(mi j )

⎤
⎦

× H0,1:[2 N,N+1]i=1:L
1,1:[2N+1,2N]i=1:L

⎡
⎢⎢⎣
	1 s− 1

2

...

	Ls− 1
2

(
1,

{ 1
2

}
i=1:L

)
(1, {1}i=1:L )

[(1, 1),Ai1, . . . ,AiN ,Bi1, . . . ,BiN ]i=1:L
[Ci1, . . . , CiN ,Di1, . . . ,DiN ]i=1:L

⎤
⎥⎥⎦ (28)

Pout = 1

2

⎡
⎣ L∏

i=1

N∏
j=1

z2
i j

αi j�(μi j )�(mi j )

⎤
⎦

× H0,1:[2 N,N+1]i=1:L
1,2:[2N+1,2N]i=1:L

⎡
⎢⎣
	1

√
γth

...
	L
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FIGURE 1. OP curves and their asymptotics as a function of SNR γ̄ , under
different values of z1, z2, and number of channels N.

IV. NUMERICAL RESULTS
In Fig. 1, the performance of a relaying (N = 2) THz wire-
less communication system is investigated. Theoretical OP
curves, from (10), and their asymptotics, from (17), as a
function of SNR γ̄ = γ̄1 = γ̄2 are shown, considering strong
(z1 = 0.7 and z2 = 0.8), moderate (z1 = 1 and z2 = 1.1), and
weak (z1 = 1.5 and z2 = 1.6) pointing error scenarios. Curves
without misalignment, i.e. under non-pointing errors, are also
presented as benchmarks, obtained when {z1, z2} → ∞. For
comparison purposes, the OP performance of a single (N =
1) THz link is also presented. The correctness of the de-
rived expressions is unequivocally confirmed by the excellent
correspondence between the theoretical expressions and the
simulation curves. Fig. 1 shows that (i) for a fixed SNR, the
OP increases as the parameter that characterizes the point-
ing error (z) decreases, and (ii) the impact of the z on the
OP is smaller as N increases. Considering that the channel
parameters are equal, the OP of the two-hop relaying THz
system is higher than that of the single THz link. Furthermore,
the results show that the asymptotic curves coincide with the
analytical curves at high SNR values, again corroborating the
correctness of the analytical results. As attested by our the-
oretical findings, the diversity order, which is represented by
the slope of asymptotic curves, depended only on the channel
non-linearity and the pointing error parameter. For example,
when the diversity gain equals Gd = z2

2/2 = 1.125, z1 = 1.5
and z2 = 1.6, the curves for N = 1 and N = 2 have the same
slope at high transmitted power.

FIGURE 2. BEP and asymptotic BEP curves as a function of SNR γ̄ , under
different values of (a) z; (b) m and z.

BEP and asymptotic BEP curves as a function of SNR γ̄ are
presented in Fig. 2, under strong, moderate, and weak pointing
error conditions with N = 2. In all cases, for μ = μ1 = μ2 =
1, the cascaded shadowed Weibull fading model with pointing
errors is obtained as a particular case of the study proposed
in this work. To the best of the authors’ knowledge, results
for the cascaded shadowed Weibull model with the afore-
mentioned effect have not been presented in the literature.
The non-pointing errors (obtained when {z1, z2} → ∞) and
no-shadowing (obtained when m1 = m2 = m −→ ∞) cases are
included in Fig. 2(a) and (b) as benchmarks, respectively. In

φ =

∏N
j=1

μi j �= Ui
αi j

�

(
μi j − Ui

αi j

)∏N
j=1

z2
i j �=Ui

�

(
z2

i j − Ui

αi j

)∏N

j=1
�

(
mi j + Ui

αi j

)

∏N
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i j
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) (33)
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FIGURE 3. Channel capacity and asymptotic channel capacity curves as a
function of SNR γ̄ for different α and pointing error conditions.

Fig. 2(b), the purpose is to provide evidence of the impact of
parameter m in the system performance. It can be seen in both
figures that the performance degrades as {z1, z2} decreases.
Furthermore, as shown in Fig. 2(b) for lower values of {z1, z2},
almost no impact has the shadowing intensity m in the BEP
curves. In addition, the asymptotic curves have the same slope
regardless of the value of m.

The performance of amplify-and-forward relaying THz
systems in terms of the channel capacity is investigated in
Fig. 3, for different values of α1 = α2 = α and pointing er-
ror conditions. The capacity improves as α and/or z1 = z2

increases since lower is the effect of the non-linearity and
pointing errors in the system. Note that the best capacity
curves are for the case in which non-pointing errors are con-
sidered. For α = 2, the channel capacity corresponding to the
cascaded Fisher-Snedecor F with pointing errors is presented
as a benchmark.

AUC and asymptotic AUC curves are presented in Fig. 4,
under different number of channels and considering particular
cases of our study. It should be mentioned that the AUC metric
assumes values between 0.5 and 1 and is used to evaluate the
performance of the energy detection schemes. In Fig. 4, AUC
curves for the Fisher Snedecor F and Weibull-F with point-
ing errors channels are presented. The mentioned cases are
not analyzed in the literature, according to the best authors’
knowledge. As the SNR increases, the detection performance
gets better. It is noted in Fig. 4 that the energy detector perfor-
mance depends on the fading parameters. As μ1 = μ2 = μ

increases, the capability detection is improved. This occurs
because of the advantages of the multipath effect. As bench-
marks, AUC curves without pointing errors are also presented.

OP and asymptotic OP curves are presented in Fig. 5, under
RIS-assisted scenarios considering α-F fading with pointing
errors, for different numbers of the elements L present in the
RIS and {z1, z2} values. In our study, the non-pointing error

FIGURE 4. AUC and asymptotic AUC curves as a function of SNR γ̄ for
different fading models and number and channels.

FIGURE 5. OP and asymptotic OP curves as a function of SNR γ̄ , under
RIS-assisted scenarios considering α-F fading with and without pointing
error condition.

758 VOLUME 5, 2024



fH (h) = 1

h

⎡
⎣ N∏

j=1

z2
j

α j�
(
μ j

)
�
(
m j

)
⎤
⎦H2 N,N

2 N,2N

⎡
⎣ N∏

j=1

�
1/α j
j

r̂ jhl j A0 j

A1, . . . ,AN ,B1, . . . ,BN

C1, . . . , CN ,D1, . . . ,DN

⎤
⎦ (34)

fS (s) = 1

s

⎡
⎣ L∏

i=1

N∏
j=1

z2
i j

αi j�
(
μi j

)
�
(
mi j

)
⎤
⎦

× H0,0:[2 N,N+1]i=1:L
0,1:[2N+1,2N]i=1:L

⎡
⎢⎣
�1 s

...
�Ls

−
(1, {1}i=1:L )

[(1, 1),Ai1, . . . ,AiN ,Bi1, . . . ,BiN ]i=1:L
[Ci1, . . . , CiN ,Di1, . . . ,DiN ]i=1:L

⎤
⎥⎦ (35)

condition is also considered. It should be mentioned that the
scenario analyzed in this case corresponds to the sum of the
product of two random variables. Note from Fig. 5 that the
RIS improves the OP performance. In fact, as L increases, the
OP values are lower.

V. CONCLUSION
Statistics have been derived in this paper, such as the PDF,
CDF, and MGF of the instantaneous SNR, as well as impor-
tant metrics, considering cascaded and sum of cascaded α-F
RVs with pointing errors. Curves have been presented for the
mentioned metrics, with a strong adherence between the the-
oretical and simulated points. In addition, the cascaded α-F
distribution with pointing errors has been performed under
relaying THz links and RIS-assisted systems.

The overall expressions have been written in terms of a sin-
gle Fox H-function when dealing with the proposed cascaded
of α-F RVs with pointing errors. However, when dealing
with the sum of cascaded, over the application on the channel
characterization of RIS systems, the mathematical complexity
has led to intricate expressions. So far, if it is possible, we
have been unable to find a simpler expression under this com-
prehensive scenario. Based on some simplifications available
elsewhere in the literature, we conjecture that there may be
ways to find simpler expressions under not-so-restrictive as-
sumptions. For instance, using discrete values for the number
of multipath clusters, i.e., for the corresponding μ parameter,
may simplify the expressions. However, this can be a trick
task provided that even some already reported particular cases
in the literature have been given in terms of the multivariate
Fox H-function. But this requires further investigation. This is
indeed an interesting opportunity for future work.

APPENDIX A
Let H = H1H2 · · · HN , where fHj (h j ), with j = 1, 2, . . . ,N ,
is given by (1). The Mellin transform of fHj (h j ), denoted by
M[ fHj (h j )], can be derived by using [30, Eq. (2.9)] and mak-

ing the variable change r = h
α j
j . According to [38, Eq. (3.5)],

M[ fH (h)] = M[ fH1 (h1)]M[ fH2 (h2)] · · ·M[ fHN (hN )], and
the PDF of H can be deduced by using [38, Eq. (3.2)]. Af-
ter simplifications, (34), shown at the top of this page, is
obtained with A j = (1 − m j, 1/α j ), B j = (z2

j/α j + 1, 1/α j ),

C j = (μ j, 1/α j ), and D j = (z2
j/α j, 1/α j ). Making � = H2,

the PDF of the instantaneous SNR (5) can be obtained by
using the fact that f� (γ ) = fH (

√
γ )/(2

√
γ ). Integrating (5),

knowing that
∫ γ

0 xn−1dx = γ n/n and �(γ + 1) = γ�(γ ), (6)
is obtained. The MGF of � in (7) is obtained by making the
Laplace transform of (5) and proceeding with some simplifi-
cations. Hence, the proof is concluded.

APPENDIX B
Let be S = Z1 + Z2 + · · · + ZL , in which fZi (z) is
given by (34). The MGF of S is given by MS (s) =
MZ1 (s)MZ2 (s) · · · MZL (s), with each MZi (s) being obtained
by making the Laplace transform of fZi (z). Using [30, Eq.
(A.13)], the product of the individual MGFs, MS (s), can
be derived in terms of the multivariate Fox H-function.
Furthermore, using the Laplace inverse transform of MS (s)
and writing the multivariate Fox H-function in its integral
form [30, Eq. A.1], the Laplace inverse transform integral
can be internalized. Then, making the variable change
−t = sz and solving the inner integral, it is possible to
use the fact that 1

�(x) = w
2π

∫
C (−t )−xe−t dt to write the

envelope PDF fS (s) in terms of another multivariate Fox
H-function. After simplifications, (35), shown at the top of

this page, is deduced with �i = ∏N
j=1�

1/αi j
i j /(r̂i jhli j A0i j )

and �i j = μi j/(mi j − 1).
The PDF of the instantaneous SNR � = S2 can be deduced

by making f� (γ ) = fS (
√
γ )/(2

√
γ ), which results in (26).

By integrating (26) and by using similar steps presented in
Appendix A, the CDF in (27) is obtained. The MGF of �
shown in (28) is obtained by making the Laplace transform
of (26) with some algebraic manipulations. Hence, the proof
is concluded.
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