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ABSTRACT Traffic conflict techniques enable a comprehensive assessment of traffic safety analysis. Formal
methods allow the identification of factors that contribute to traffic safety issues and provide evidence of
potential safety degradation. As such, formal methods provide a novel way to model traffic rules and verify
road users’ compliance. The paper proposes formalizing a traffic safety rule in differential dynamic logic
and using KeYmaera theorem prover for verification. This rule considers time-to-collision (TTC), space
headway (SHW), and shockwave speed (SWV). To validate the effectiveness of this rule in realistic traffic
scenarios, we conducted a study using calibrated microsimulation data from the SR528 highway in Orlando,
Florida. Our analysis examined the TTC, SHW, and SWV values for vehicle platoons on the highway and
demonstrated how smaller TTC and SHW values indicate shockwaves and subsequent conflicts. Furthermore,
we observed that shockwave speed could contribute to traffic conflicts by enabling evasive actions such
as sudden braking or lane changes as the risk of collisions increases. By highlighting these findings, we
aim to provide valuable insights into the real-world applicability of formal methods for traffic safety and
their potential in promoting safer driving practices that can help create reliable autonomous vehicle control
systems.

INDEX TERMS Transportation safety, time-to-collision, space headway, shockwaves, formal verification.

I. INTRODUCTION
Scope: Around 1.35 million road traffic deaths are regis-

tered every year in the world, as reported by the National
Highway Traffic Safety Administration [1]. Furthermore,
42,915 lost lives were registered in 2021 by the National
Highway Traffic Safety Administration (NHTSA) [1]. In this
context, a conventional practice in road safety to prevent
future crashes is to rely on historical crash data. Although
beneficial and generally effective, this approach can be un-
reliable due to shortcomings, such as the scarcity of collected
data and the poor quality of available records [2]. As an alter-
native, Traffic Conflict Techniques (TCTs), such as Time-To-
Collision (TTC), have emerged to address many shortcomings
of crash data analysis. TCTs are introduced as a direct evalu-
ation of traffic safety by studying their nature and observing
their variations, whether in a normal flow or a traffic conflict

situation [3]. In this context, a traffic conflict is defined as an
interaction between two or multiple vehicles in which one
of the vehicles must take evasive action to avoid the col-
lision [3]. It is worth noting that the nature of the conflict
differs depending on the contributing factors to its occurrence
and the vehicle’s surrounding environment at the moment of
the conflict. Therefore, ensuring the appropriate use of TCTs
in different traffic conflicts is the first step in conducting an
accurate analysis.

Traditionally, the accuracy of transportation systems relies
on the analysis of real traffic data and the use of cali-
brated simulation-based tools. However, with the increasing
complexity in transportation networks, simulation can be in-
sufficient to thoroughly verify the safety of the transportation
system, given the constrained time horizon and limited cov-
erage. One promising approach to enhancing confidence in
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transportation systems is to combine simulation-based tools
with rigorous modelling and analysis techniques such as
formal methods. Formal methods employ mathematical rea-
soning and thorough mathematical analysis to create models
and verify the functionality of a system based on its intended
specifications [4]. By utilizing logical procedures, formal
methods can prove or disprove the correctness of the model
in relation to the specifications.

Different variants of formal-based verification tools span
various logical formalisms and automation. For example,
model checking [5] is an approach in which the automation
of the verification process is rendered possible as the system
model is described using finite state machines and the state
space is explored in an exhaustive manner to check whether
the specification, usually written in temporal logic, is satisfied
or not for a given set of initial conditions. However, because
of the interaction between their continuous and discrete state
transitions, vehicles are modelled as hybrid systems known
for their infinite state spaces. These state spaces cannot be
partitioned into finitely relevant regions for deciding reach-
ability [6], making model checking incapable of verifying
hybrid systems given their state space explosion problem.

Theorem proving [7] is introduced as a technique applied
to formally verify that a design implementation satisfies its
specification. Thanks to their underlying logic, e.g., first-order
logic and higher-order logic, theorem proving is capable of
analyzing large and complex systems. Therefore, it is a conve-
nient formal verification method to achieve sound and verified
designs. Based on the expressiveness of the underlying logic,
the theorem prover can be fully automated, e.g., KeYmaera [8]
or interactive, e.g., Isabelle/HOL [9]. In the case of an inter-
active theorem prover, user intervention is needed to guide the
verification process. Theorem proving has been successful in
uncovering bugs in computer systems [10] but has also been
used to ensure the verification of avionics systems [11]. Most
recently, theorem proving was applied in the verification of
transportation systems [12]. Through its detailed approach
to modeling and verifying complex systems, theorem prov-
ing provides an effective tool for deriving traffic rules and
verifying the safety of interactions between road users under
designated traffic conditions.

Approach Overview: Building upon established best prac-
tices, particularly those outlined in [13], [14], we advocate for
the analysis of TCTs as a current approach for traffic safety
assessment. In car following models [15], rear-end crashes
frequently occur due to different traffic events such as shock-
waves. Shockwaves are traffic events that occur due to pre-
dicted, and non-predicted changes in the traffic state, such as
crashes and signalized intersections [16]. A shockwave can be
identified by a platooning of stationary vehicles or slowed ve-
hicles on a certain road segment. Therefore, we introduce the
Shockwave Speed (SWV) indicator as a traffic conflict indica-
tor identifying the occurrence of shockwaves in a traffic flow
by studying its variation compared to pre-defined bounds from
the literature. In order to further study the impact of shock-
waves on the traffic state, we analyze the variation of two

significant traffic conflict techniques (TCT), namely Time-To-
Collision (TTC) and Space Headway (SHW). These indica-
tors are utilized to assess minor disruptions in traffic flow by
comparing their values with predefined boundary conditions.

In this paper, we apply theorem proving to formally verify
a traffic safety rule that combines different TCTs to build
reliable, advanced and autonomous vehicle control systems.
In this context, vehicles are modelled as hybrid systems be-
cause of the interaction between their continuous and discrete
state transitions. Therefore, we propose to use the KeYmaera
theorem prover as a deductive verification tool that deals with
hybrid systems [17]. KeYmaera supports differential dynamic
logic (dL), a real-valued first-order dynamic logic for hybrid
programs. Furthermore, dL is used as a program notation for
hybrid automata [6]. Using KeYmaera, we aim to prove the
correctness of the traffic safety rule that integrates TTC, SHW
and, SWV. By studying the interplay between TTC and space
headway during shockwaves, we gain a more comprehensive
understanding of the factors contributing to the event. This
dual-metric approach allows for a nuanced assessment of traf-
fic conflicts, considering both time and space components, and
facilitates a more precise analysis of the conditions leading
to and evolving within shockwave occurrence. Based on this
assessment, we can identify convenient measures to reduce
the severity of traffic conflicts, avoid them and reduce the
occurrence of crashes.

Contributions: The contributions of this paper can be sum-
marized as follows:
� We examine how indicators like Time-To-Collision

(TTC), Space Headway (SHW), and Shockwaves
(SWV) are interconnected. Our goal is to establish a traf-
fic safety rule that can effectively mitigate severe traffic
conflicts and minimize the risk of collisions.

� We formalize and verify a traffic safety rules using
Differential Dynamic Logic (dL) and the KeYmaera Au-
tomated Theorem Prover.

� We conduct a case study to illustrate the effective-
ness of the formalized traffic safety rule that links
Time-To-Collision (TTC), Space Headway (SHW), and
Shockwaves (SWV). The study uses traffic platooning
simulation data calibrated from a real-life traffic dataset
obtained from the SR528 highway in Orlando, Florida,
USA.

Traffic safety is evaluated based on the severity of the con-
flict, therefore, the use of specific metrics in these cases is
extremely helpful in reflecting the severity of the situation.
Regardless of whether a traffic conflict is extreme or mild,
interventions such as evasive actions or speed adjustments
become necessary. The distinction lies in the intensity of the
required actions. In the case of a mild conflict, the interven-
tions may be less severe and could involve minor adjustments
to speed or lane positioning to avoid a potential collision.
On the other hand, in the case of an extreme conflict where
the risk of collision is higher, interventions need to be more
intense and immediate. In both scenarios, the fundamental
principle is to address the conflict and take appropriate actions
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to ensure the safety of all road users, but the degree of urgency
and the magnitude of the required interventions vary based
on the severity of the conflict. Therefore, the primary goal of
this paper is to improve the accuracy of road safety evaluation
by integrating traffic measures and conflict indicators into a
rule-based formal method framework. Moreover, the use of
theorem-proving in transportation, as proposed in this paper,
can play a critical role in identifying inconsistencies in vehi-
cles’ decision-making process and provide a road map for a
safe-by-design driver controller for autonomous vehicles. An
example that illustrates the potential impact that a formally
verified system can have on the safety of autonomous vehicles
is explained in [18]. The crash caused by the Zoox vehicle’s
autonomous system that misjudged its clearance from parked
vehicles could have been avoided if the system had undergone
formal verification.

The paper is structured as follows. Section II presents
previous work related to TCTs and formal verification. In
Section IV, we provide an overview of the proposed method-
ology and a brief introduction to the KeYmaera theorem
prover. Section V covers the process of formalizing the intro-
duced traffic safety rule, and Section VII presents a case study
evaluating the safety rule against calibrated traffic simulation
data. We conclude this work in Section VIII.

II. RELATED WORK
A. TRAFFIC CONFLICTS FOR TRAFFIC SAFETY EVALUATION
The use of traffic conflicts to diagnose traffic safety has
gained approval as a more efficient approach than relying
on historical collision data records. The correlation between
the occurrence of traffic conflicts and the frequency of traf-
fic collisions is illustrated in [19], [20]. In fact, the failure
mechanism in a system can lead to both events, that is, a
traffic conflict followed by a traffic collision depending on
the severity of the conflict. Consequently, the use of traffic
conflicts as surrogates for collisions in safety analysis can
offer valuable insights into the underlying causes of road
collisions. This approach opens the possibility of reducing the
frequency of traffic collisions by addressing and mitigating
traffic conflicts [21].

Traffic conflicts can be employed to study critical be-
haviors by analyzing road users’ actions in safety-critical
situations. The safety level of the observed behaviors is then
determined based on the frequency and severity of traffic
conflicts. Numerous works in the literature, such as [22],
[23], [24], demonstrate this type of application. A significant
implication of employing traffic conflicts lies in conducting
before-after safety analysis to assess the effectiveness of ap-
plied treatments in enhancing safety. This involves comparing
the frequency and/or severity of traffic conflicts in the “after”
period to those in the “before” period, as illustrated in [13],
[25], [26]. Defined as “an observable situation in which two
or more road users approach each other in space and time to
an extent that there is a risk of collision if their movements
remain unchanged” [27], traffic conflicts play a crucial role
in proactive road safety management systems. They can be

applied as real-time safety prediction approaches by monitor-
ing the ongoing safety level, reflected in factors like traffic
conflict frequency, and/or conflict-derived indicators such as
TTC, SHW, etc. In this context, various applications are de-
tailed in [28], [29], [30].

While the above works advocate for the use of traffic con-
flicts for traffic safety evaluation, they mainly focus on the
analysis of one traffic safety indicator at a time to analyze
the occurring traffic conflict. In our study, we propose a
before/after analysis that employs a combination of TCTs,
namely Time-To-Collision (TTC), Space Headway (SHW),
and Shockwave Speed (SWV), as a one traffic safety rule,
to examine shockwave events occurring within platooning
scenarios.

B. TRAFFIC CONFLICT TECHNIQUES AS MEASURES FOR
TRAFFIC CONFLICTS
In order to study traffic conflicts, their severity and their
impact on the traffic flow, several traffic conflict techniques
(TCTs) were introduced as a direct evaluation of traffic
safety [3]. An accurate analysis of TCTs is capable of
providing a correct evaluation of traffic state and vehicles’ in-
teractions. For instance, Time-To-Collision (TTC) as a safety
indicator in traffic flow has been widely studied and has
been shown to be effective in identifying potential collisions.
TTC was first introduced by Hayward in 1971 as a temporal-
proximity measure that predicts the time it would take for two
vehicles to collide if no preventative measures are taken [31].
In a subsequent study by Hayward in 1972 [32], it was shown
that TTC has an impact on the speed of the vehicle and can
be used to prevent collisions by alerting drivers to potential
hazards.

Based on a study conducted in 1994 [33], TTC has been
identified as the primary indicator used in the design of col-
lision avoidance systems. This highlights the importance of
TTC in ensuring the safety of drivers and passengers on the
road and underscores its significance as a critical safety indi-
cator in traffic flow. In [34], the authors conduct a case study to
assess the accuracy of time-to-collision (TTC) as an indicator
for detecting rear-end collisions under different assumptions
of constant velocity, constant acceleration, and linear accel-
eration for leading and following vehicles. Based on their
findings, applying TTC based on the assumption of linear ac-
celeration in collision avoidance systems helps decrease driver
errors more than other cases. Introduced first by [31] in 1971,
various modifications were introduced to TTC over time, such
as [35], [36], [37]. For instance, in [36], the authors review
these modifications to propose a comprehensive framework
for the numerous applications of TTC for different types of
traffic conflicts. The efficacy of the framework is evaluated us-
ing microscopic traffic data collected in Tehran. The findings
of this work demonstrate the usefulness of different versions
of TTC in increasing the precision and accuracy of detecting
dangerous encounters.

Unlike TTC, the Space Headway indicator (SHW) [38],
defined as a spatial-proximity safety indicator, is described as
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the physical distance separating two consecutive vehicles and
its value is determined as the difference between the position
of the front of the leading vehicle and the position of the front
of the following vehicle. Among numerous works, SHW was
studied in [39] in order to estimate the average space headway
using a model-based approach with special reference to con-
gestion prediction for intelligent transportation systems (ITS)
applications. Furthermore, it was used in [40] to describe a
safe traffic flow where the shockwave occurrence is improba-
ble for a series of equal space headways over a platooning of
vehicles.

The occurrence of shockwaves in traffic flow can have a
significant impact on the safety of drivers on the road. One
way to measure the occurrence of shockwaves is through the
Shockwave Speed (SWV) indicator. SWV reflects the speed
at which a shockwave propagates through traffic flow, and
it can be used as a safety indicator to evaluate the risk of
collisions caused by shockwaves. In [16], the main focus of
the authors was on investigating the frequency of rear-end
crashes in congested freeways in the presence of a down-
stream shockwave. The latter was used as an environmental
situation that can be a factor in rear-end crashes. In the work
of Machiani et al. [41], a novel surrogate safety measure
called safety surrogate histogram (SSH) was developed by
taking into consideration the frequency of Dilemma Zone
(DZ)-related crashes. The concept of SSH is related to the
behavior of traffic passing through the forming shockwave at
the intersection without providing the characteristics or the
parameters of a shockwave. However, none of these studies
evaluated the occurrence of shockwaves by comparing the
computed shockwave speed to a pre-defined bound. This ap-
proach could provide a more quantitative and standardized
way to assess the risk associated with shockwaves in traffic
flow. By defining bounds for SWV, it would be possible to
identify situations where the shockwave speed exceeds the
safe limit in order to take appropriate measures to mitigate
the risk of collisions.

C. FORMAL VERIFICATION FOR TRANSPORTATION
When it comes to dealing with safety-critical systems, such as
transportation systems, it is vital to make sure that no human
errors or bugs go undiscovered during the realization and
testing phase of the system. Considering the case of system
failures, the outcome will not be limited to financial losses
and equipment damages only, it might also cause human life
losses. Therefore, conventional methods such as simulation
tools and paper and pencil analysis are no longer sufficient to
guarantee the correctness of large and complex systems, such
as transportation systems. In this context, formal verification
methods are introduced as rigorous methods that are capable
of guaranteeing a very high level of accuracy by formally
verifying that the defined mathematical model of a system
meets its specifications to function correctly [4].

Formal methods and verification tools have been used in
the engineering of safety-critical transport systems for well
over 30 years [42]. They have been used in railway, avionics

and automotive to demonstrate, with the highest levels of
assurance, the correct functioning of the systems involved.
Our interest will be in the application of formal verifica-
tion to vehicles and traffic systems. For instance, in [43], a
specification-based monitoring approach is proposed in order
to define traffic parameters. Furthermore, the authors used
signal temporal logic as a formal language to analyse these
traffic rules. The authors in [44] applied formal methods to
develop a runtime monitoring of a cooperative adaptive cruise
control (CACC) system. Toward this goal, they defined tem-
poral specifications for the safe operation of CACC and results
showed that their approach successfully captured specifica-
tion violations. Furthermore, formal verification techniques
were also applied to guarantee that an autonomous vehicle
will avoid static objects, as well as dynamic obstacles on the
road, [45]. When it comes to the verification of the entirety of
the traffic system, Loos et al. [46] developed a distributed car
control system and formal proof that this system is collision-
free for arbitrarily many cars.

The work of Mitsch et al., in [47], was one of the first
attempts to utilize formal verification tools in the modeling of
freeway dynamics. The objective was to ensure that the system
correctly calculates the appropriate speed limit and communi-
cates this information to vehicles in certain regions of interest.
Differential dynamic logic was used to formulate and verify
the system specifications in [47]. Seeing the importance of
the macroscopic model in planning strategies in allocating
resources for implementing optimized and balanced trans-
portation systems, Rashid et al. in [12], opted to formalize
some foundation concepts of macroscopic models using the
higher-order-logic theorem prover HOL Light [48]. Finally,
the authors of [49] provided a formally proved checker of the
safe distance rule in order to check if an autonomous vehicle
complies with the traffic rules.

D. KNOWLEDGE GAPS
The studies mentioned have explored different aspects of ver-
ifying transportation systems, with a focus on safety-related
concerns related to the vehicle or its interaction with the
environment. However, there has been no prior research into
formalizing and verifying Traffic Conflict Techniques (TCT) -
which serve as safety measures for traffic interactions. To fill
some of these gaps, this paper proposes a formal analysis of
traffic conflicts and their occurrence by defining a TCT-based
traffic safety rule. This rule examines the impact of shock-
waves on Time-to-collision and Space Headway variations
and vice versa. To ensure accuracy, we rely on formal verifi-
cation methods and traffic simulation to prove the correctness
of this rule.

III. PRELIMINARIES: KEYMAERA THEOREM PROVER
As a deductive verification tool that deals with hybrid systems,
KeYmaera handles hybrid systems’ arithmetic by using real
quantifier elimination. In handling differential equations of
continuous evolutions, KeYmaera applies symbolic compu-
tations in computer algebra systems [6]. As an automated
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TABLE 1. Syntax of Differential Dynamic Logic (dL) [6]

and interactive theorem prover for a natural specification and
verification logic for hybrid systems, KeYmaera supports dif-
ferential dynamic logic (dL), i.e., a real-valued first-order
dynamic logic for hybrid programs. The operational behavior
of hybrid systems can be described using hybrid automata that
can be embedded into hybrid programs. An overview of the
syntax and informal semantics of hybrid programs is given in
Table 1, where F is a formula of first-order real arithmetic.

The input for KeYmaera consists of a single formula in
Differential Dynamic Logic, which combines both the system
description and the property under consideration. To establish
the validity of this formula, it is divided into multiple sub-
tasks in accordance with the proof rules of dL. The Boolean
structure of the input formula is systematically converted
into a proof tree whenever applicable. Programs are managed
through symbolic execution, meaning that for each program
construct, there exists a proof rule that computes its effect.
For instance, managing assignments such as x := θ can be
accomplished by substituting each occurrence of x with its
updated value θ in the postcondition. KeYmaera’s strength
lies in its capability to conduct automated proof searches
while also enabling user interaction to guide the prover in
situations where automated proof procedures fall short. An
impressive feature of KeYmaera is its automated breakdown
of the initial verification problem into smaller subtasks while
preserving a transparent link to the original problem. This
approach permits users to concentrate on challenging cases
that demand interaction, while leaving routine steps to be
handled automatically by the prover.

IV. PROPOSED METHODOLOGY
In this paper, our aim is to improve the accuracy of safety
evaluation by integrating traffic conflict indicators within a
rule-based formal method framework. Therefore, we em-
ploy shockwave Speed (SWV), Time-To-Collision (TTC) and

Space Headway (SHW) as traffic conflict indicators to de-
fine a traffic safety rule that takes into account the potential
for traffic conflicts based on speed, time, and space. Ini-
tially, we start by mathematically defining the applied TCTs
as shown in Fig. 1 [50]. In order to construct a formal
model of the proposed traffic safety rule, we provide a for-
malization of the introduced traffic conflict indicators using
differential dynamic logic (dL). Subsequently, we exam-
ine the bidirectional causal relationship between Shockwave
Speed (SWV), Time-To-Collision (TTC), and Space Headway
(SHW). Specifically, we investigate how violating the TTC
and SHW thresholds affects the occurrence of shockwaves
and how shockwave speed impacts the TTC and SHW indi-
cators. By analyzing these variables using Keymaera, we can
identify situations where the TTC is very low and there is
a high risk of collision or where the space headway is too
small, increasing the risk of a rear-end collision. Addition-
ally, analyzing shockwave speed can help identify situations
in which a disturbance in traffic flow can lead to a chain
reaction of collisions. Consequently, we formalize and verify
the traffic safety rule within the KeYmaera theorem prover.
Towards achieving this goal, the first step is to introduce the
initial pre-conditions for the system’s variables, followed by
modeling the hybrid system using an ordinary differential
equation (ODE) due to the continuous evolution of the system.
Finally, we define the post-conditions responsible for setting
the expected behavior. These conditions must be met for the
safety rule to be valid. Using KeYmaera to verify these post-
conditions, we can ensure that the safety rule is reliable in
capturing the safety events.

V. VERIFICATION OF THE TRAFFIC SAFETY RULE
In an earlier study, the authors of [16] identified shockwave
occurrence as a primary cause of rear-end crashes. Shock-
waves are defined by propagation of traffic congestion from
one traffic region to the next. This congestion state mostly
impacts vehicles driving fast and/or joining the queue recently
and inattentive drivers, such as tired or distracted drivers. In
these situations, the driver ends up eventually crashing into
the vehicle ahead. The damages registered by this type of
collision might seem light, however, it is based on certain
traffic parameters and their intensity that the collision might
be considered serious. We propose Time-To-Collision (TTC),
Space Headway (SHW) and Shockwaves speed (SWV) as the
main parameters that are analyzed to study these situations.
TTC and SHW represent temporal and spatial proximity indi-
cators, respectively, that are considered by multiple works in
the literature as convenient indicators to reflect the change in
driving behavior in platoons. The analysis of these indicators
can identify the occurrence of shockwaves and reflect the
severity of the conflict.

A. EQUATION-BASED MODELING OF TCTS
In this part, we provide the mathematical representation of
the TCTs forming the traffic safety rule, i.e., TTC, SHW and
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FIGURE 1. Methodology for the verification of the TCT-based safety rule [50].

SWV, in car following models. The latter is reflected by pla-
toons of vehicles where every vehicle can be a leader and/or a
following vehicle.

1) TIME-TO-COLLISION
In order to mathematically model the TTC indicator, the num-
ber of vehicles is generic as given in (1) [51].

T TC = xi − xi+1 − Li

vi+1 − vi
, vi+1 > vi (1)

where vehicles i and i+1 are the leading and following vehi-
cles, respectively, xi, xi+1, vi and vi+1 are the positions and
velocities of vehicles i and i+1, respectively, and L is the
length of vehicle i.

2) SPACE HEADWAY
The Space Headway indicator (SHW) describes the physical
distance separating the front bumps of every two consecutive
vehicles. The space headway is the position difference be-
tween vehicle i and i+1 can be mathematically defined in (2)
as follows:

SHW = xi − xi+1 (2)

where xi and xi+1 are the positions of vehicle i, the leading
vehicle, and the following vehicle i+1, respectively.

3) SHOCKWAVE SPEED
A shockwave is a macroscopic event that occurs during a traf-
fic flow due to different factors such as signalized intersection,
aggressive lane change causing the following vehicles to brake
sharply, or a collision downstream the platoon of vehicles.
A shockwave can be identified by a platooning of stationary
vehicles or slowed vehicles on a certain road segment. Math-
ematically, the occurrence of shockwaves can be detected by
computing the Shockwave Speed (SWV) defined over a range
of consecutive vehicles, the formula in the macroscopic model

is given in (3) [40].

SWV = qi − q j

ki − k j
(3)

where qi, q j , ki and k j represent the traffic flow and flow den-
sity for traffic state i representing the congested state, and for
traffic state j representing the uncongested state, respectively.
However, due to the scarcity of the traffic data or its delay,
we opted for analyzing shockwave events at the microscopic
level. Furthermore, conducting the traffic analysis at a micro-
scopic level has its advantages when it comes to capturing
the vehicles’ dynamics as well as the drivers’ actions in order
to conduct a road safety analysis. Therefore, the Shockwave
Speed indicator is now defined at the microscopic level using
the dynamics of a range of consecutive vehicles on a road
segment. Based on the work done in [40], the flow density
(k), as shown below in (4), is found to be equal to the inverse
of the headway distance (SHW) that is defined as the physical
distance separating two consecutive vehicles, for example, the
second and third vehicles in row.

k = 1

SHW
(4)

Furthermore, using the conventional definition of traffic flow
in engineering, the traffic flow (q) is reduced to the vehicle’s
speed multiplied by the flow density (k) as shown in (5).

q = v ∗ k (5)

However, by substituting (4) into (5) yields (6) as the micro-
scopic expression for traffic flow [40].

q = v

SHW
(6)

Redefining SWV at the microscopic level as the shockwave
speed of a platoon of vehicles in a car following model, we
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replace (4) and (6) into (3) to yield (7) [40].

SWV =

vi

SHWi
− v j

SHWj

1

SHWi
− 1

SHWj

(7)

where vi and v j represent the speed of vehicles i and j, respec-
tively. As for SHWi and SHW j , they represent the distance
separating vehicles i and i+1, and vehicles j and j+1, respec-
tively, with i �= j.

B. TRAFFIC SAFETY RULE SPECIFICATION
In this section, we study the interplay between TTC and space
headway during shockwaves to gain a more comprehensive
understanding of the factors contributing to the event. To
achieve this objective, we propose the incorporation of a bidi-
rectional relationship that integrates three key traffic safety
indicators, specifically Time-to-Collision (TTC), Space Head-
way (SHW), and Shockwave Speed (SWV). This integrated
relationship is consistently referred to as the traffic safety
rule in the entirety of this paper. Time to Collision (TTC)
is primarily utilized to assess potentially hazardous situations
based on its numerical value and a comparison to a predefined
threshold of 3 seconds. By setting a threshold of 3 seconds,
we establish a benchmark to identify situations where the
time available before a potential collision is relatively limited.
Paired with space headway as an additional indicator, we in-
vestigate the variation of these two metrics in the context of a
specific traffic event, specifically shockwaves. In the analysis
of shockwaves, the combination of TTC and space headway
provides insights into the dynamics of the traffic situation.
A decrease in TTC below the threshold indicates a reduced
time available before potential conflicts, highlighting areas of
heightened risk. Simultaneously, examining space headway,
which represents the distance between vehicles, contributes to
understanding the spatial aspects of the traffic flow. The sketch
of the traffic safety rule is given by:

Violated Indicators(Indviolated )←→
Shockwave Occurrence(SWVspeed )

where TTC and SHW below their respective thresholds is
referred to by Violated Indicators. To verify this rule, it is
necessary to investigate the bidirectional relationship between
the variables and demonstrate that the bi-implication holds in
both directions. Initially, we start by initializing the system
parameters and defining their bounds, i.e., init. Subsequently,
we formally identify our system as a hybrid model, i.e.,
dyn, represented by an Ordinary Differential Equation (ODE).
Once this is established, we introduce the rule by expressing
it in the formal language dL. Subsequently, we introduce a set
of defined preconditions on system variables, i.e., indviolated ,
followed by defining the bounds of the shockwave speed indi-
cator given by SWVspeed .

Formalization of pre-conditions and bounds: In order to
ensure a proper representation of the system, the formalization
of the pre-conditions and their respective bounds, i.e., init, in
dL, is given by :

Definition 1: Pre-conditions (init)
� ∀ C i.
∀ C j.
((i �= j) ∧ (v(i) > 0) ∧ (v(j) > 0) ∧
(A > 0) ∧ (C > 0) ∧ (L > 0) ∧(

k = N

1000

)
∧

(x(i) < x(j)) ∧ (v(i) > v(j)) ∧
(∀ C k. ((k �= j) ∧ (k �= i) −→
(x(j) < x(k)) ∧ (v(k) > 0))∧
(SHW = x(j) - x(i))∧
(d(i) = x(j) - x(i))∧
(d(k) = x(k) - x(j))∧(
SWV =

(
v(k)

d (k)
− v(i)

d (i)

)
/

(
1

d (k)
− 1

d (i)

))
∧

(TTC = SHW − L

v(i)− v( j)
)))

where the universal quantifier ∀ C reflects that the formaliza-
tion is carried out for all objects of sort C, with C being a
built-in sort in KeYmaera used here to represent cars [52]. The
employed indicators are formalized in dL, along with defining
the bounds of the used variables, e.g., vehicles’ positions x and
speeds v. Furthermore, N represents the number of vehicles
using the road section, k is the density defined as the average
number of vehicles that occupy one mile or one kilometer
of road space and L is the length of the leading vehicle in a
platoon.

Formalization of the system model: We model the dynamics
of the vehicles by their positions xi, velocities vi and acceler-
ations ai in dL. The formalization of the ODE linking these
parameters in KeYmaera is given as:

Definition 2: Vehicle Dynamics (dyn)
� ∀ C i. (x(i)’) = (v(i)),
∀ C i. (v(i)’) = (a(i)), (t’) = (1)

where the derivative x′i of xi and v′i of vi over time are dxi
dt and

dvi
dt , respectively, and the continuous dynamics of the vehicle

given by the derivative t’ equal to a constant.
Formalization of TTC and SHW constraints: In this part, we

define the thresholds of the temporal proximity indicator, i.e.,
TTC, along with the spatial proximity indicator, i.e., SHW, in
dL in order to set the safety constraints for vehicles driving in
a zone where a shockwave is detected. The formalization is
given below:

Definition 3: Violated Indicators (Indviolated )
� ∀ C i.
∀ C j.

((i �= j ) ∧ ( TTC < 3) ∧ (SHW <
1

k
))

Formalization of SWV constraints: In this formalization, the
shockwave speed threshold is formally defined for all cars as
follows:
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Definition 4: Shockwave Speed (SWVspeed )
� ∀ C i.
∀ C j.
((i �= j ) ∧ (0 ≤ SWV ≤ 7) ∨ ( SWV < 0))

1) THE IMPACT OF TIME-TO-COLLISION AND SPACE
HEADWAY ON SHOCKWAVES
During the existence of a platooning of vehicles on a road
section, the density k is defined as the average number of
vehicles that occupy one mile or one kilometer of road space
and expressed in vehicles per mile or per kilometer. The math-
ematical modeling of the density is given by (8), where N is
the number of vehicles using the road section.

k = N

1000
(8)

In a conflict-free traffic flow, SHW is calculated as the inverse
of the density of a certain road section as defined by (9).
For safe spacing between vehicles, the SHW value should be
greater than or at least equal to 1

k .

SHW ≥ 1

k
(9)

To measure the severity of a traffic conflict, TTC, as defined
in (1), is used to determine if a situation is critical or not
based on its calculated value. A TTC value in a range of 0
to 3 seconds indicates an endangering traffic situation that
requires the immediate attention of the involved car driver.
However, to achieve an accurate traffic flow analysis, we in-
troduce SHW as an additional indicator reflecting the spatial
proximity between following vehicles to be combined with
TTC to accurately analyze a traffic conflict. Consequently, we
deduce that a TTC of less than 3 seconds, accompanied by
a SHW less than its defined threshold, will have noticeable
implications on traffic flow. The main consequence of these
conditions is the formation of congested areas where the flow
diminishes, vehicles slow down, and add up to form a queue
characterizing a shockwave formation. The occurrence of a
shockwave can be detected by determining its speed. Based on
the work by Ibrahim et al. in [53], a shockwave speed of 7 m/s,
i.e., 25.2 km/h, calculated between the ith and jth vehicles
in a platoon of vehicles, where i �= j identifies a shockwave.
The detected shockwave can propagate either upstream or
downstream, depending on the sign of the speed value. For
a speed value:
� SWV < 0 : the shockwave propagates in the same direc-

tion as the traffic stream, i.e., upstream.
� SWV ≥ 0 & SWV < 7 : the shockwave propagates

against the traffic stream, i.e., downstream.
The proposed traffic safety rule consists of proving that the

presence of a shockwave can be induced by a TTC that is less
than 3 seconds and a noticeable reduction of the space head-
way over a platoon of vehicles. Therefore, the observation of
TTC and SHW variations are made over a range of vehicles
where the speed variation between vehicles differs according
to the traffic environment at hand (signalized intersection,

FIGURE 2. Shockwave downstream propagation.

accident occurrence ahead, etc.). Consequently, we derive an
implication relation describing the defined preconditions and
their consequences over a platoon of vehicles. The formaliza-
tion of the implication of the right-hand side (RHS) is given
by:

Theorem 1: RHS (Indviolated −→ SWVspeed )
� ∀ C i.
∀ C j.(

(i �= j)∧ (TTC < 3) ∧
(

SHW <
1

k

))
−→

((0 ≤ SWV ≤ 7) ∨ (SWV < 0))

2) THE IMPACT OF SHOCKWAVES ON TIME-TO-COLLISION
AND SPACE HEADWAY
Inspired by this line of thought, we study the presence of
the shockwave and its impact on TTC and SHW. This in-
vestigation proves fruitful by noticing the reduction of the
spacing between consecutive vehicles leading to a reduced
time-to-collision over a platoon of vehicles in the presence
of a shockwave. Therefore, the impact of the shockwave is
confirmed by focusing on the vehicles that form the queue.
However, its propagation is observed by monitoring the vehi-
cles that recently joined the platoon and analyzing their related
TTC and SHW. As a demonstration example, Fig. 2 presents
a downstream propagation of a shockwave. Mathematically,
the direction of propagation can be determined based on the
sign of the shockwave speed, for example, a negative sign
confirms a downstream propagation. In this case, the vehicles
entering a signalized intersection where the long light duration
causes the formation of a queue of stand-by vehicles. Region
A (left side of Fig. 2) is a congested area, while region B
(right side of Fig. 2) is an uncongested area where the traffic
flow runs smoothly and uninterrupted. As a result, the traffic
flow in the congested area is lower than the traffic flow in
the uncongested region, i.e., qA < qB. Furthermore, this traffic
event will impact the mean speed by causing its reduction in
the congested area, i.e., VA < VB in addition to an increase of
traffic density in state A compared to state B, i.e., kA > kB.
For the vehicles joining with high speed, their braking will be
abrupt and strong in order to stop the vehicle without colliding
with the front vehicle. This will leave a small spacing between
the two vehicles in addition to a smaller time to collision.
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Based on the computed values of the two indicators, in this
condition, i.e., the occurrence of a shockwave, this traffic situ-
ation is considered as a traffic conflict where certain measures
should be taken to mitigate it safely. The formalization of the
left-hand side (LHS) implication for all objects of sort C can
be described as:

Theorem 2: LHS (SWVspeed −→ Indviolated )
� ∀ C i.
∀ C j.
((0 ≤ SWV ≤ 7) ∨ (SWV < 0))−→(

(i �= j)∧ (TTC < 3) ∧
(

SHW <
1

k

))
Based on the formalization and verification of the impli-

cation in both directions as given by Theorems 1 and 2, we
define the traffic safety rule as a bidirectional relation be-
tween TTC, SHW and SWV. We provide the formalization
of this rule using the formal language dL in Theorem 3. We
aim to formally verify the depicted safety rule using a set
of automated procedures in KeYmaera using automatic proof
strategies. One of these strategies involves solving the dynam-
ics of hybrid systems, such as vehicles, which are described
by differential equations. The solutions obtained from this
process are then used to verify each sub-goal of the rule until
the main goal is reached.

Theorem 3: Traffic Safety Rule
� init −→ [(dyn)*](Indviolated ←→ SWVspeed )
KeYmaera’s verification process is exhaustive in the sense

that it rigorously examines all potential combinations of the
provided initial conditions to establish the validity of the
specified theorems within the given system. In our work,
Definition 1 articulates these initial conditions, denoted as
pre-conditions. KeYmaera is designed to handle hybrid sys-
tems, which involve both continuous variables (described by
differential equations) and discrete transitions (triggered by
events or conditions). Its verification logic, i.e., Differential
Dynamic Logic (dL), serves the purpose of formally specify-
ing and reasoning about properties of continuous behaviors
and discrete transitions. If the proof is successful, the rule
is considered proven. However, if an error is encountered
during the process, the prover is disabled from continuing the
process.

The boolean structure of the traffic safety rule is trans-
formed into a proof tree as given by Figs. 3 and 4 where the
violated thresholds of the TTC and SWV indicators, defined
at the top, indicate an upcoming traffic conflict. KeYmaera
implements automatic proof strategies that decompose the
hybrid system specification symbolically. This compositional
verification principle helps scaling up verification, because
KeYmaera verifies a big system by verifying properties of
subsystems. Therefore, multiple branches are automatically
generated and evaluated, where each branch leads to a sub-
goal that KeYmaera automatically proves. Following the
branches and verifying every possibility leads to verifying all
sub-goals, thereby proving the correctness of the rule. For ex-
ample, as highlighted in Fig. 3, in a traffic conflict situation, a

FIGURE 3. Proof tree of the RHS of the traffic safety rule.

FIGURE 4. Proof tree of the LHS of the traffic safety rule.

Potential Collision outcome is obtained when violating TCTs
thresholds.

VI. SENSITIVITY STUDY
In the work of Hirst et al. [54], a TTC of 4 seconds signifies
the presence of a conflict situation for a vehicle. However, the
same study revealed that TTC values in the range of 4 to 5
seconds sometimes led to false positives, indicating potential
collisions when, in fact, a typical braking maneuver would
have safely resolved the traffic conflict. As a result, it was
collectively decided that setting a TTC threshold at 3 seconds
is more appropriate. In this section, we perform a sensitiv-
ity study to provide validation and rationale for the selected
threshold of 3 seconds for TTC in assessing potential traffic
conflicts. Exploiting the traffic data extracted from the SR528
highway in Orlando, Florida, we identified different platoons
exhibiting TTC values spanning the range of 2.5, 3, and 3.5
seconds.

As demonstrated in Tables 2, 3, and 4, we present the TTC
values for each vehicle within the platoons both before and
after adjusting the speed of the lead vehicle in each platoon.
The analysis of TTC values reveals that when a vehicle’s TTC
is less than 2.5 seconds, modifying the speed of this vehicle
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TABLE 2. Traffic Data From a Vehicle Platooning With TTC < 2.5 Seconds

TABLE 3. Traffic Data From a Vehicle Platooning With TTC < 3 Seconds

TABLE 4. Traffic Data From a Vehicle Platooning With TTC < 3.5 Seconds

results in a reduction of the TTC for the following vehicle
leading to new traffic conflicts, as shown by Table II. On the
other hand, Table 4 shows that a TTC less than 3.5 seconds
leads to the detection of traffic conflicts that are considered
false alarms because it sets a relatively sensitive criterion for
identifying potential conflicts. In such cases, minor fluctua-
tions in vehicle behavior, such as temporary slowdowns or
minor deviations from the normal flow of traffic, can trigger
the TTC threshold and be interpreted as conflicts, even if these
situations do not pose an actual safety risk.

Setting a lower TTC threshold enhances the likelihood of
capturing potential conflicts but can also increase the number
of false alarms, which can be problematic for system operators
or researchers trying to focus on more critical or significant
traffic incidents. Therefore, the choice of a TTC threshold
involves a trade-off between sensitivity (capturing poten-
tial conflicts) and specificity (avoiding false alarms), and it

depends on the specific goals and context of the analysis or
system being used. In the context of our platoon analysis, it
becomes evident that a TTC threshold of 3 seconds is the most
suitable option. This threshold effectively identifies critical
incidents while keeping false alarms to a minimum, as shown
in Table 3.

VII. EVALUATION
The formal verification of the traffic rule provides a thorough
analysis and ensures error-free and reliable behavior. In this
section, we will provide a cross-validation using a traffic sim-
ulation approach based on real traffic data. By incorporating
real-life data into the simulation, we can assess the accuracy
and performance of our model in realistic scenarios. This
approach allows us to validate and refine predictions from
our model while taking advantage of formal guarantees and
rigorous analysis provided by formal verification techniques.
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FIGURE 5. SR528 highway in Orlando, Florida.

To achieve this goal, we monitor actual traffic flow to extract
and analyze TCTs, i.e., TTC, SHW and SWV values.

A. DESCRIPTION OF THE SR528 HIGHWAY
In this section, we use traffic simulation to evaluate the
reciprocal relationship between traffic safety indicators to
demonstrate the effectiveness of the safety rule in reducing
traffic conflicts, as originally claimed. To achieve this goal,
we monitored a real-life traffic flow to analyze the variation
of the TCTs corresponding to every vehicle. Therefore, we use
traffic-related data extracted from loop detectors. These data
allow the detection of vehicles passing or arriving at certain
points, positioned on a 2-mile section of the SR528 high-
way in Orlando, Florida, which covers east- and west-bound
traffic1 as seen in Fig. 5. By analyzing the data extracted
from this highway using the SUMO traffic simulator [55],
we identify different regions of congestion that will focus our
attention when conducting the case study. In fact, during these
congested periods, we can accurately analyze TTC, SHW and
SWV to evaluate the efficiency of the traffic safety rule.

Using the traffic indicators extracted from the real-life
dataset, we conduct our analysis based on their calculated
values at each time step. Due to the high volume of vehicles
involved, our strategy for identifying a platoon entails locating
the foremost vehicle and subsequently recognizing the other
vehicles following it. In SUMO, each vehicle is assigned a
unique vehicle ID, simplifying the process of identifying ve-
hicles in traffic. Additionally, each following vehicle’s speed,
acceleration, and the leading vehicle’s ID, speed, and acceler-
ation are also used to describe them. During this simulation,
we extract a list of traffic safety measures, such as TTC and
space headway. The shockwave indicator (shockwave speed)
is calculated manually by (7). Several vehicles should be con-
sidered when calculating the speed to accurately analyze the
occurrence of shockwaves. Once a vehicle platoon has been
identified, we calculate the shockwave speed to determine if a
shockwave exists using the predefined speed thresholds.

1City of Orlando, Florida, USA

B. RESULTS SUMMARY
The validation process described above aims to provide empir-
ical evidence for the effectiveness of the traffic safety property
by examining a real-life platoon extracted from a carefully
calibrated dataset [50]. In this particular context, our focus is
to identify a vehicle platoon present in the real-life dataset,
enabling us to conduct a thorough analysis of the extracted
indicators values and determine the speed of the shockwave.
Table 5 shows the vehicle IDs, speeds, space headways and
TTCs extracted values of a sample of vehicles forming a
platoon, where each vehicle has its own leader and follow-
ing vehicle. Based on (7), the shockwave speed is computed
for the introduced platoon while taking the vehicle with ID
“car432.28” as the leading vehicle and “car447.8” as the ve-
hicle at the end of the presented platoon. Using the extracted
parameters values, the shockwave speed is computed by re-
placing the parameters with their values in (7), which results
in (10):

SWV =
v1

d1
− v15

d15

1

d1
− 1

d15

=
27.817

38.631
− 24.181

36.581
1

38.631
− 1

36.581

= −30 m/s < 0

(10)

Per the definition given in Theorem 1, vehicles registering
a TTC < 3 and a SHW < 1

k , i.e., (SHW < 58.823 m),
are involved in a traffic conflict. In this case, the calculated
shockwave speed indicates the occurrence of a shockwave
propagating downstream based on its negative sign. More-
over, analyzing the TTC and space headway values stated
in Table 5, it is clear that the thresholds of both indicators
are violated by most vehicles in the platoon, which validates
the formalized traffic safety rule. This outcome confirms the
occurrence of shockwaves whenever the TCTs in question,
i.e., TTC and SHW, are below their defined thresholds.

Table 6 provides a comprehensive overview of traffic data,
including Shockwave Speed (SWV), Time to Collision (TTC),
and Shockwave Speed (SHW) values for each vehicle within
a platoon. The computed SWV value, marked by its negative
sign and exceeding the defined threshold of 7 m/s, signifies
the presence of a shockwave and its downstream propagation.
Consequently, a detailed examination of the TTC and SHW
values becomes essential to gauge the implications of the
observed shockwave on traffic flow. The declining TTC and
SHW values, as evident in Table 6, surpassing the respec-
tive predefined thresholds for both indicators, corroborate the
disruptions and traffic conflicts arising from the occurrence
of a shockwave within the traffic flow. By analyzing the
behavior of the vehicles within these platoons and extract-
ing the TTC and SHW values, the study seeks to confirm
the formalized bidirectional relationship between TTC, SHW,
and SWV. This interdependence is characterized by TTC and
SHW values violating their thresholds that lead to shockwave
occurrences, and conversely, shockwave occurrences also re-
sult in violations of TTC and SHW thresholds. This reciprocal
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TABLE 5. Extracted Time-to-Collision and Space Headway Data From a Vehicle Platooning

TABLE 6. Extracted Shockwave Data From a Vehicle Platooning

relationship is exemplified by the data presented in Tables 5
and 6.

VIII. CONCLUSION
In this paper, our focus is on investigating the reciprocal im-
pact between shockwaves and Time-to-Collision (TTC) along
with space headway (SHW) to assess traffic safety during
shockwave events. To this end, we provide a detailed formal-
ization and verification of a traffic safety rule that incorporates
the relevant TCTs. We initiate our analysis by introducing the
bidirectional relationship between time-to-collision (TTC),
space headway (SHW), and shockwave speed (SWV) using
differential dynamic logic (dL). To ensure the correctness of
the traffic safety rule, we use an automated theorem prover
called KeYmaera, instead of traditional methods like simu-
lation and paper and pencil-based analysis. To validate the
effectiveness of the verified traffic safety rule in real-world
traffic scenarios, we conducted a rigorous validation study
using the SUMO traffic simulator using a calibrated dataset
from the SR528 highway in Orlando, Florida, USA. This

approach enables a more precise analysis of the conditions
that give rise to and evolve within shockwave occurrences,
providing a deeper insight into the intricacies of this traffic
event. Moreover, this method provides the driver (or future
autonomous vehicle controllers) with sufficient time to react
and adjust its behavior according to the traffic conditions in
order to safely mitigate traffic conflicts, thereby contributing
to a decreased likelihood of collisions.

Limitations:
� The proposed traffic safety rule in this work focuses on

the car following models, where vehicles are assumed
to drive in a straight line. However, considering differ-
ent traffic behaviors during shockwaves, such as lane
change, will add realism to the proposed approach.

� The work presented in this paper is limited to analyzing
vehicle interactions in traffic conflicts between pairs of
vehicles. In reality, conflicts can occur between more
than two vehicles and secondary crashes due to driver’s
behavior need to be accounted for to provide a more
realistic approach for safety verification.
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Future Directions:
� We aim to broaden the scope of our analysis and develop

a formal model for the inter-connectivity of vehicles (i.e.,
connected vehicles) and to assess the effects of main
factors such as communication penetration rate, signal
power management, and packet loss on traffic delays.

� A future goal is to establish a formal modeling approach
for lane change behavior and weaving and to evaluate
their effect on traffic safety in different traffic scenarios,
such as lane closures in work zones and shockwaves
[56].

� The emergence of machine learning (ML) techniques
shows promise in addressing transportation issues. How-
ever, challenges, such as data bias during training, may
result in poor model performance and biased predic-
tions. Furthermore, model drift is a phenomenon in
which the data distribution changes over time, leading
to a degradation in the performance of the ML model.
Despite ongoing efforts to address these concerns, ML
algorithms remain black boxes that require further ver-
ification. It is also important to note that combining
ML with formal verification remains an open research
question in the literature [57], [58]. As future work,
we aim to connect the fields of formal verification and
machine learning by using formal methods to ensure the
safety of ML-dependent transportation systems. The re-
search will explore possible methods for merging formal
methods and machine learning in autonomous vehicle
control models. In particular, we aim to integrate the for-
mally verified traffic rule in this work and Reinforcement
Learning to develop a coordinated traffic management
system for platooning.
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