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ABSTRACT The shipboard power system (SPS) is expected to be configured as a hybrid microgrid (MG)
to realize redundant bus design and high penetration of renewables (REs). Point-of-load (POL) inverters in
SPSs play a critical role to feed for sensitive ac load. To realize voltage-oriented control objective under
load disturbance due to load uncertainty or nonlinearity, this paper proposes an ellipse-optimized composite
back-stepping control strategy for a POL inverter. Firstly, the backstepping algorithm is harnessed to derive
the pseudo-inductor-current-loop reference and decoupled switching functions in d-q frame, which can
rigorously guarantee the global large-signal stability of the system. A Kalman filter is designed to estimate
the load current and feedforward it to the backstepping controller for load disturbance rejection, saving
three current sensors. The controller gains are quantitatively selected to achieve the optimal system damping
and maximized dynamic response, which can be intuitively interpreted via an ellipse-based strategy from a
geometrical point of view. Rigorous stability proof and robustness analysis of the system is also provided.
Finally, simulation and experimental results verify the effectiveness of the proposed control scheme.

INDEX TERMS Microgrid, large-signal stability, backstepping, Lyapunov, Kalman filter, feedforward,
optimal control.

NOMENCLATURE

E dc-link voltage
ω = 2π f Fundamental angular frequency (100 π )
L, C Nominal filter inductance, capacitance
vod , voq(x1, x3) Load voltages in d, q frames
iLd , iLq(x2, x4) Inductor currents in d, q frames
iod, ioq Load currents in d, q frames
x∗

1 , x∗
3 Load-voltage references in d, q frames

vm Desired load-voltage amplitude
x2

∗, x4
∗ Inductor-current references in d, q frames

z1, z3 Load voltage tracking errors in d, q frames
z2, z4 Current tracking errors in d, q frames
V1, V2 Defined Lyapunov functions in d frame
V3, V4 Defined Lyapunov functions in q frame
V̇ (dV/dt) First-order time derivative of V

μd, μq Switching functions in d, q frames
k1, k2, k3, k4 Controller gains (>0)
k∗

1 , k∗
2 Optimized controller gains

λ1, λ2 Solutions of the characteristic equation
ωn The equivalent natural resonance frequency
ξ Equivalent damping ratio
SMNOP The area of the rectangle �MNOP.
A, B, C System matrixes of the state-space model
G Feedback gain matrix of the Kalman filter
Vo, Vc Lyapunov functions for robustness analysis

I. INTRODUCTION
Electrification of the shipboard power system (SPS) has
started ever-faster change both for surface and submarine ap-
plications with different uses and tonnages recently [1].
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FIGURE 1. Investigated hybrid MG in the shipboard power systems (SPS).

FIGURE 2. Investigated POL inverter system in the hybrid MG of the SPS.

The hybrid microgrid (MG) technology serves as the
most promising technique to realize such up-gradation with
improved system efficiency, reliability, and resilience [2]. As
shown in Fig. 1, the hybrid MG in the SPS is an islanded
mobile entity that integrates distributed generations (DGs),
energy storage systems (ESs) and dc & ac consumptive
ends together. In the hybrid MG, the bus conversion stage
interlinks the ac MG subsystem and the dc MG subsystem
together [3]. Such a dual-bus comprehensive system achieves
redundancy design and combines the strength of ac MG and
dc MG as well.

In the hybrid MG of the SPS, sensitive ac loads exist, such
as the telecommunication facilities, computers, which cannot
operate normally unless load voltage with high power quality
is supplied. For this reason, they can hardly be driven by the ac
bus directly due to the voltage sag/unbalance, harmonics, and
electromagnetic interference (EMI), that promote the birth of
the point-of-load inverter (POL) system [4].

As depicted in Fig. 2, the POL inverter is susceptible to
load disturbance due to load uncertainty/nonlinearity. Mean-
while, it operates in complex and harsh environmental con-
ditions. The varying temperatures, moistures, and air salin-
ity inevitably cause plant parametric variations. To realize
load voltage-oriented control objective under load disturbance
and plant parametric uncertainty, advanced control schemes
should be devised with full consideration of system stability,
reliability, power density, and the implementation cost.

Conventional linear control methods, including propor-
tional integral derivative (PID) control and proportional res-
onant (PR) control, have been widely used both in academia
and industry in the past decades [5]. They have valid mature
tools for controller gains selection, including but not limited
to the Nyquist criterion, gain margin, and phase margin based
on bode plot [6]. However, linear approaches are based on
the small-signal model of the system in the vicinity of spe-
cific operation points [7]. Thus, only the local stability of the
closed-loop system can be guaranteed around the operation
point [8]. Once the POL inverter system is exposed to large
perturbations away from the operation point, system stability
may be deteriorated. Furthermore, linear approaches merely
expect linear behavior of the closed-loop system that does
not thoroughly leverage the system’s full potential, leading to
limited dynamic response.

To achieve a better dynamic response, nonlinear control
methods emerge. In [9], conventional integer PID control
is elevated to fractional-order PID control with greatly en-
hanced tracking accuracy and dynamic response. However,
tuning of the controller gains is the current obstacle due to
the mutual coupling effect. Model predictive control (MPC)
is known for its great dynamic performance at the cost of
comparatively high computation burden [10]. Apart from this,
MPC lacks a commonly acknowledged effective method to
tune the weighting factor so far. Dead-beat control is devised
in a discrete-time domain, which could theoretically ensure
zero steady-state error regulation with minimum rise time by
assigning its poles at the origin of the z plane. However, it is
comparatively sensitive to plant parameter uncertainty with an
inherent two-step digital delay [11]. Sliding-mode control is
robust against plant parametric variations but suffers from the
chattering phenomenon [12]. Repetitive control is an expert
at tracking/rejecting periodic reference/disturbance, but it is
accompanied by relatively long internal time delay [13].

The above nonlinear approaches are devised from different
perspectives with case-by-case advantages and defects. While
they have two limitations in common. For one thing, they fail
to rigorously guarantee the large-signal stability of the system.
For another, it lacks effective valid guidelines for controller
parameter selection, not to mention their optimization.

To ensure the large-signal stability of the system,
Lyapunov-based control emerges, which is designed based
on an all-in-one Lyapunov function (V) according to the di-
rect method of Lyapunov’s theory. In conventional Lyapunov-
based control, the pseudo control variables’ reference and
switching function are selected to ensure dV/dt< 0 [14]. How-
ever, the derived final control law merely has a single current
control loop [15], [16]. When extended for the POL inverter
regulation, the load voltage is accompanied by steady-state
error and sluggish dynamic response. To address this problem,
[17] artificially imports the filter capacitor voltage feedback so
that a dual-loop control scheme can be realized. However, this
action fails to rigorously guarantee the negative definiteness of
dV/dt, which means the large-signal stability cannot be always
ensured. It also requires load-current sensors for practical
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implementation. Recently, adaptive control is reported in [18].
It inherently has dual control loops to achieve better steady-
state and transient performance, which could also rigorously
guarantee the large-signal stability unconditionally. Mean-
while, it obviates the requirement of load-current sensors.

However, the design of V in the above Lyapunov-based con-
trol has no explicit rules. Comparatively, backstepping control
provides a systematic way to construct the Lyapunov function,
which contributes to derive the pseudo control variables’ ref-
erence and final control law within finite recursive steps [19].

Besides, the controller gains selection guideline in [16]–
[18] are just qualitatively illustrated without quantitative for-
mulas. Currently, methods to optimize the controller gains
in nonlinear control are still on the way. The trial-and-error
method is straightforward but onerous and time-consuming
[20]. After linearization around the equilibrium point, con-
ventional linear tools can be implemented, such as eigenvalue
analysis, root-locus technique, and bode plot [21]. Artificial
intelligence (AI) aide method is a promising technique, in-
volved with advanced algorithms and complicated on-line or
off-line training process, such as particle swarm optimization
(PSO) algorithm, multivariable multi-objective genetic algo-
rithm (MMGA) [9], artificial neural network (ANN) [22],
etc. However, the above approaches do not provide explicit
formulas to select the controller gains. When extended for
systems with different parameters, the whole tuning process
requires to be repeated.

Motivated by the limitations of the above methods, this
paper proposes an ellipse-optimized composite backstepping
control scheme to regulate the POL inverter in the SPS, whose
main contributions can be summarized as three points:

1) The composite backstepping controller inherently has
decoupled dual control loops, that could rigorously
guarantee the large-signal stability of the system.

2) To compensate for the load disturbance, a Kalman filter
is designed to estimate and feedforward the load cur-
rents to the backstepping controller in the replacement
of three current sensors, resulting in minimized imple-
mentation cost and enhanced system reliability.

3) An intuitive ellipse-based strategy with explicit for-
mulas is proposed to optimize the controller gains,
which not only theoretically achieves the optimal sys-
tem damping and maximized dynamic response, but
also helps select the feedback gain matrix of the Kalman
filter quantitatively. Robustness analysis of the proposed
control scheme has been incorporated both theoretically
and experimentally.

II. PRELIMINARY OF THE ELLIPSE-OPTIMIZED
COMPOSITE BACKSTEPPING CONTROLLER:
MATHEMATICAL MODELLING
A. DYNAMIC EQUATIONS OF THE INVESTIGATED
POL INVERTER
As shown in Fig. 2, according to Kirchhoff’s circuit law
and Kirchhoff’s voltage law, the dynamic equation of the

three-phase balanced system in vector-based form can be ex-
pressed as

L
diLabc

dt
= 1

2
μabcE − voabc C

dvoabc

dt
= iLabc − ioabc (1)

where iLabc, voabc, ioabc, μabc denote the vectors of the
filter inductor currents [iLa iLb iLc]T , filter capacitor volt-
ages [voa vob voc]T , load currents [ioa iob ioc]T and switching
functions [μa μb μc]T , composed of balanced three-phase
individual quantities.

In comparison with the three-phase ac quantifies in abc
frame, compatible state variables in the synchronous rotating
reference frame (d-q frame) are dc quantities, which is much
easier to be regulated. With the help of abc-dq coordinate
transformation, (1) is transformed to d-q-frame counterpart,
expressed as {

L diLd
dt = 1

2μd E − vod + ωLiLq

L
diLq
dt = 1

2μqE − voq − ωLiLd{
C dvod

dt = iLd − iod + ωCvoq

C
dvoq
dt = iLq − ioq − ωCvod

(2)

where ω = 2π f = 100 π denotes the fundamental angular
frequency.

For the convenience of representation and derivation, the
following equivalent substitution is performed, given by

x1 = vod x2 = iLd

x3 = voq x4 = iLq (3)

which transforms (2) into

Cẋ1 = x2 − iod + ωCx3 (4)

Lẋ2 = 0.5μd E − x1 + ωLx4 (5)

Cẋ3 = x4 − ioq − ωCx1 (6)

Lẋ4 = 0.5μqE − x3 − ωLx2 (7)

B. CONTROL OBJECTIVES: LOAD VOLTAGE
REFERENCES x∗

1, x∗
3

The control objective is to regulate the three-phase load volt-
age to be purely sinusoidal. To fulfill this objective, x1, x3 are
forced to track their dc references (x∗

1 , x∗
3) respectively,{

x1 → x∗
1 = vm

x3 → x∗
3 = 0

(8)

III. RECURSIVE DERIVATION AND IMPLEMENTATION OF
THE PROPOSED COMPOSITE BACKSTEPPING
CONTROLLER
A. TWO-STEP BACKSTEPPING DERIVATION IN d FRAME
1) STEP ONE: DERIVATION OF INDUCTOR CURRENT
REFERENCE x∗

2

Initially, load voltage tracking error in d frame is defined as

z1 = x∗
1 − x1 (9)
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The first Lyapunov function associated with the defined
load voltage tracking error in d frame is defined as

V1 = 1

2
z1

2 (10)

Differentiating (10), it yields out that

V̇1 = z1ż1 (11)

According to (4) and (9), the detailed expression of (11) can
be derived out, expressed as

V̇1 = z1
(
ẋ∗

1 − ẋ1
) = z1

(
ẋ∗

1 − x2 − iod + ωCx3

C

)
(12)

The pseudo-current-control-loop reference x2
∗ is selected

to assure V̇1 ≤ 0, given by

x∗
2 = iod − ωCx3 + k1Cz1 + Cẋ∗

1 (13)

where k1 is an imported positive constant, serving as the first
controller parameter (k1 > 0).

If x2 is regulated to follow x∗
2 , (12) will be transformed to

V̇1 = −k1z2
1 ≤ 0 (14)

which is always negative definite.

2) STEP TWO: DERIVATION OF THE D-FRAME SWITCHING
FUNCTION μd

The pseudo inductor current tracking error is defined as

z2 = x∗
2 − x2 (15)

The second Lyapunov function is defined as the summation
of V1 and linear-quadratic pseudo-current-loop tracking error
z2, expressed as

V2 = 1

2
z2

1 + 1

2
z2

2 (16)

The time derivative of V2 is given by

V̇2 = z1ż1 + z2ż2 (17)

According to (12), (15), detailed expression of (17) can be
found, given by

V̇2 = z1

[
ẋ∗

1 −
(
x∗

2 − z2
)− iod + ωCx3

C

]
+ z2

(
ẋ∗

2 − ẋ2
)
(18)

Substituting (13) and (5) to (18), it gives

V̇2 = −k1z1
2 + z1z2

C
+ z2

(
ẋ∗

2 − 0.5μd E − x1 + ωLx4

L

)
(19)

The d-frame switching function μd is selected to guarantee
V̇2 ≤ 0, expressed as

μd = 2

E

(
x1 − ωLx4 + Lẋ∗

2 + L

C
z1 + k2z2

)
(20)

where k2 is another imported positive constant, serving as
the second controller parameter (k2 > 0). (20) transforms (19)

into the negative definite format, given by

V̇2 = −k1z1
2 − k2

z2
2

L
≤ 0 (21)

B. TWO-STEP BACKSTEPPING DERIVATION IN q FRAME
1) STEP ONE: DERIVATION OF INDUCTOR CURRENT
REFERENCE x∗

4

Similarly, load voltage tracking error in q frame is defined as

z3 = x∗
3 − x3 (22)

Then, the third Lyapunov function associated with the load
voltage tracking error in q frame is defined as

V3 = 1

2
z3

2 (23)

Differentiating (23), it yields out that

V̇3 = z3ż3 (24)

According to (6) and (22), the detailed expression of
(24)can be found, expressed as

V̇3 = z3
(
ẋ∗

3 − ẋ3
) = z3

(
ẋ∗

3 − x4 − ioq − ωCx1

C

)
(25)

Then, the pseudo internal current-loop reference x3
∗ is de-

signed to ensure V̇3 ≤ 0, given by

x∗
4 = ioq + ωCx1 + Cẋ∗

3 + k3Cz3 (26)

where k3 is an imported positive constant, serving as the third
controller parameter (k3 > 0).

If x4 is regulated to follow x∗
4 , (25) will be transformed to

V̇3 = −k3z2
3 ≤ 0 (27)

2) STEP TWO: DERIVATION OF THE q-FRAME SWITCHING
FUNCTION μq

Internal inductor-current-loop tracking error is defined as

z4 = x∗
4 − x4 (28)

The fourth Lyapunov function is defined as the summation
of V3, and linear-quadratic current-control-loop tracking error,

V4 = 1

2
z2

3 + 1

2
z2

4 (29)

The first-order time derivative of (29) turns out to be

V̇4 = z3ż3 + z4ż4 (30)

According to (25), (28), V̇4 can be rewritten as

V̇4 = z3

[
ẋ∗

3 −
(
x∗

4 − z4
)− ioq − ωCx1

C

]
+ z4

(
ẋ∗

4 − ẋ4
)
(31)

Substituting (26) and (7) to (31), it gives

V̇4 = −k3z3
2 + z3z4

C
+ z4

(
ẋ∗

4 − 0.5μqE − x3 − ωLx2

L

)
(32)
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There exists such a q-frame switching function (μq) that
could unconditionally guarantee V̇4 ≤ 0, given by

μq = 2

E

(
x3 + ωLx2 + Lẋ∗

4 + L

C
z3 + k4z4

)
(33)

where k4 is another imported positive constant, serving as the
fourth controller parameter (k4 > 0).

(33) transforms (32) into the negative definite format, ex-
pressed as

V̇4 = −k3z3
2 − k4

L
z2

4 ≤ 0 (34)

C. DESIGN OF THE KALMAN FILTER TO ESTIMATE AND
FEEDFORWARD THE LOAD CURRENTS FOR LOAD
DISTURBANCE REJECTION
(13) and (26) demonstrate that iod, ioq are indispensable to
generate the pseudo references x∗

1 , x∗
3 on the objective of

load disturbance suppression. To this end, three load-current
sensors and additional abc-dq coordinate transformation can
be added to generate iod, ioq. However, it increases the imple-
mentation cost and sacrifices the system reliability as well. As
a better alternative, a Kalman filter can be designed to estimate
iod, ioq online [23]. Together with the backstepping control
law, it constitutes the composite nonlinear controller.

It is known that the variation of load current can be ne-
glected within one sampling interval [24], expressed as

diod
/

dt = dioq
/

dt = 0 (35)

Combining (35) with (4) and (6), the augmented state-space
model of the system can be formulated as{

ẋ = Ax + Bγ
y = Cnx

(36)

where

A =

⎛
⎜⎜⎝

0 ω − 1
C 0

−ω 0 0 − 1
C

0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ ,B =

⎛
⎜⎜⎝

1
C 0
0 1

C
0 0
0 0

⎞
⎟⎟⎠ , x =

⎛
⎜⎜⎝

vod

voq

iod

ioq

⎞
⎟⎟⎠

Cn =
(

1 0 0 0
0 1 0 0

)
, γ =

(
iLd

iLq

)
, y =

(
vod

voq

)
The investigated system has been proved to be observable

since its observability matrix has full rank, given by

rank (Cn CnA CnA2 CnA3)T = 4 (37)

Thus, a Kalman filter can be configured to realize real-time
estimation of iod, ioq, as shown in Fig. 3. Its compatible ana-
lytic formula is given by{

˙̂x = Ax̂ + Bγ − G(y − ŷ)
ŷ = Cnx̂

(38)

where x̂ denotes the estimated state variables (x). G is the
feedback gain matrix, whose selection is the key for Kalman
filter design, which will be illustrated in detail in Section IV.B.

It is worth noting that the use of observers (e.g. Luenberger
observers) is typically restricted to the deterministic case. The

FIGURE 3. Block diagram of the Kalman filter.

FIGURE 4. Block diagram of the POL inverter in the SPS regulated by the
proposed composite backstepping controller.

Kalman filter is preferable for the stochastic case. The inves-
tigated POL inverter operates on the SPS that is susceptible
to stochastic parametric variation/ measuring errors, making
it suitable for the application of the Kalman filter.

D. IMPLEMENTATION OF THE PROPOSED COMPOSITE
BACKSTEPPING CONTROLLER WITH A KALMAN FILTER
According to (13), (26), (20), (33), a block diagram of the
POL inverter in the SPS regulated by the proposed composite
backstepping controller is depicted in Fig. 4. Inductor currents
are regarded as the pseudo control variables, and x∗

2 , x∗
4 denote

their tracking references. The designed controller has both
voltage control-loop errors (z1, z3), and pseudo-current-loop
errors (z2, z4), which means that it inherently has dual control
loops. k1, k3 are voltage-loop controller gains, and k2, k4

are current-loop controller gains. μd, μq will be compared
with the triangular carrier signals in the SPWM modulator,
where ‘on’ and ‘off’ signals (s1∼s6) are generated for the six
switches. The inductor currents (iLa, iLb, iLc) and load voltages
(voa, vob, voc) are measured by sensors. The Kalman filter
estimates and feedforward iod, ioq to generate x∗

2 , x∗
4 , leading

to the omission of load-current sensors compared to [17].
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IV. ELLIPSE-BASED CONTROLLER GAINS OPTIMIZATION,
FEEDBACK GAINS MATRIX SELECTION, AND
ROBUSTNESS ANALYSIS
A. PROPOSED INTUITIVE ELLIPSE-BASED STRATEGY TO
OPTIMIZE THE CONTROLLER PARAMETERS WITH FULLY
CONSIDERATION OF ξ AND ωn

To tune the controller gains (k1, k2, k3, k4) quantitatively,
dynamics associated with the closed-loop errors (z1, z2, z3,
z4) should be derived out at first. To this end, (15) and (28) are
substituted to (4) and (6) respectively, which gives{

Cẋ1 = x∗
2 − z2 − iod + ωCx3

Cẋ3 = x∗
4 − z4 − ioq − ωCx1

(39)

The internal current-loop reference (13), (26) are substi-
tuted into (39), which yields out that{

ż1 = −k1z1 + z2
/

C
ż3 = −k3z3 + z4

/
C

(40)

Similarly, substituting the switching functions (20), (33) to
(5), (7) respectively, it produces that{

ż2 = −z1
/

C − k2z2
/

L
ż4 = −z3

/
C − k4z4

/
L

(41)

(40), (41) demonstrate the error dynamics in d frame (z1, z2)
and q frame (z3, z4) are inherently decoupled using the pro-
posed approach. d-frame error dynamics will have the sym-
metric dynamic property to the q-frame counterparts provided
that k1 = k3 > 0 and k2 = k4 > 0. Under this premise, only k1

and k2 are required to be tuned, and (40), (41) can be rewritten
as

żd = T zd , żq = T zq (42)

where zd = (z1, z2)T, zq = (z3, z4)T, and

T =
(

−k1 1
/

C

−1
/

C −k2
/

L

)
k1 > 0, k2 > 0 (43)

The characteristic polynomial of matrix T is given by

det(λI − T ) = λ2 +
(

k1 + k2

L

)
λ+ k1k2

L
+ 1

C2
(44)

Since the closed-loop error dynamics have been reduced to
a typical second-order system, its compatible damping ratio
(ξ ) and natural resonant frequency (ωn) could serve as the
physical indicators to do the controller gains’ optimization.

It is known that ξ ,ωn directly manifests the steady-state and
dynamic characteristics of the closed-loop system. Larger ωn

means the faster dynamic response of the system, while larger
ξ implies more damping can be provided for the system. To be
more specific, larger ωn signifies that the state variables will
be regulated to track their references with less convergence
time. Larger ξ leads to less total harmonic distortion in steady-
state and less overshoot during transients.

Initially, (44) is written as the characteristic-polynomial
format of a typical second-order system, given by

det(λI − T ) = λ2 + 2ξωnλ+ ωn
2 (45)

FIGURE 5. Variation of the physical indicators as controller parameters
increase (k1 > 0, k2 > 0). (a) ωn as k1 and k2 increase; (b) ξ as k1 and k2

increase.

det(λI −T) = 0 has two solutions, denoted as λ1,2:

λ1,2 = −ξωn ± ωn

√
ξ2 − 1 (46)

where ξ , ωn are derived out to be

ξ = CLk1 + Ck2

2
√

k1k2LC2 + L2
, ωn =

√
k1k2

L
+ 1

C2
(47)

Fig. 5 (a), (b) depict the scenario where ξ , ωn vary as the
increase of k1, k2 based on (47). It shows that ωn monotoni-
cally increases as k1 or k2 increases. However, ξ has a com-
paratively non-monotonic relationship to k1 or k2. Although
k1, k2 can be roughly selected using Fig. 5, it is hard to take ξ ,
ωn into account simultaneously, no less to say the parameter
optimization.

As a better alternative, this paper proposes an intuitive
ellipse-based optimization strategy for k1 and k2 from a ge-
ometrical point of view, which could ensure optimal system
damping and maximized dynamic response. To strike a trade-
off between better dynamic response and overshoot during
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FIGURE 6. An intuitive interpretation of the controller gains’ optimization
process from a geometric point of view.

transients, ξ is fixed to be the optimal damping ratio [14], [25]:

ξ = CLk1 + Ck2

2
√

k1k2LC2 + L2
=

√
2

2
≈ 0.707 (48)

After mathematical transformation (48) can be rewritten as

k1
2(√

2
/

C
)2 + k2

2(√
2L
/

C
)2 = 1 (k1 > 0, k2 > 0) (49)

Note that L is no less than 1 H (1000 mH) in a real-world
physical system. Therefore, (50) always holds, and (49) turns
out to be a standard equation of an ellipse in the x-y Cartesian
coordinate system where the two focuses of the ellipse are
located on the x-axis, depicted as Fig. 6.

√
2
/

C >
√

2L
/

C > 0 (50)

As seen in Fig. 6, the controller parameters’ combination
M(k1, k2) that guarantees the optimal damping ratio ξ = 0.707
are located at the first quadrant part of the ellipse (marked in
red) since k1 > 0 and k2 > 0.

Without loss of generality, mathematically equivalent para-
metric equation of (49) can be expressed as

k1 =
√

2

C
cos θ, k2 =

√
2L

C
sin θ,where θ ∈

[
0,
π

2

]
(51)

According to (47), ωn has a proportional relationship to the
area of the rectangle, denoted as SMNOP = k1k2. Using (51),
SMNOP can be rewritten as

SMNOP = k1k2 =
√

2

C
cos θ ·

√
2L

C
sin θ = L

C2
sin 2θ (52)

ωn =
√

SMNOP

L
+ 1

C2
= 1

C

√
sin 2θ + 1 (53)

(53) shows that the maximum of SMNOP and ωn can be
achieved if and only if θ = π /4, which gives

max SMNOP = L

C2
sin 2θ

∣∣∣∣
θ= π

4

= L

C2
⇒ maxωn =

√
2

C
(54)

FIGURE 7. The tracking performance of the Kalman filter as ψO varies.

Under this premise, the optimal controller parameters (k∗
1 ,

k∗
2 ) can be determined accordingly, given by⎧⎪⎨

⎪⎩
k∗

1 = √
2 cos θ

/
C
∣∣∣
θ= π

4

= 1
/

C

k∗
2 = √

2L sin θ
/

C
∣∣∣
θ= π

4

= L
/

C
(55)

B. QUANTITATIVE SELECTION OF THE FEEDBACK GAIN
MATRIX G OF THE KALMAN FILTER AIDED BY
ELLIPSE-OPTIMIZED STRATEGY
A well-acknowledged classical approach selects the observer
feedback gain matrix G via following formula,

G = −PCn
−1R−1 (56)

where matrix P can be obtained by solving the Riccati equa-
tion, given by

PAT + AP − PCT R−1CP + Q = 0 (57)

Here, Q and R are two design matrixes. Q is positive definite
and R is semi-positive definite, whose selection depends on
trial and errors [24].

As seen in (46) ξωn measures the distance between λ1,2
and the imaginary axis. Using the proposed ellipse-optimized
strategy, ξωn has been maximized to (�C), given by

ψC = 0.707 × maxωn = 0.707
√

2
/

C (58)

Closed-loop Poles of the Kalman filter can be calculated
out by solving det(sI-A-GCn) = 0. The dominant poles of
Kalman filter should have such real parts (�O) that are (1∼2)
times of �C, which provides a quantitative guideline for Q, R
selection.

In Fig. 7, the tracking performance of the Kalman filter is
considered under x1∗ step when supplying a linear resistive
load. It demonstrates that the selection of �O is a trade-off
between convergence speed and disturbance susceptibility.
When�O = 0.1�C or 0.2�C, it takes a long time to converge.
If �O = 2�C, the estimated iod tracks the iod measured by
current sensors instantly, while it is undesirably disturbed by
circuit noise.
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C. ROBUSTNESS ANALYSIS OF THE PROPOSED CONTROL
SCHEME UNDER PARAMETRIC VARIATIONS AND
MEASUREMENT ERRORS
Matrix A, B in (38) are dependent on the system parameters
that are susceptible to measurement errors and plant paramet-
ric variation for a real-world system. To take account of this
effect, (38) is rewritten as{

˙̂x = Ax̂ + Bγ − G(y − ŷ) + 
x̂
ŷ = Cnx̂

(59)

where 
 is an unknown 4-by-4 matrix, modeling the lumped
uncertainty due to parametric variation and measurement er-
rors.

According to (36) and (59), the error dynamics of the
Kalman filter considering external disturbance is given by

ż = (A + 
+ GCn) z (60)

where z denotes the state estimation error: z = x̂ - x. Inspired
by [24], a Lyapunov function Vo is formulated to investigate
the stability of the Kalman filter, given by

Vo = zT P−1z (61)

whose first-order time derivative is derived as

V̇o = 2zT P−1ż (62)

Substituting (60) and (56) to (62), it gives

V̇o (z) = 2zT P−1 (A + 
 − PCn
−1R−1Cn

)
z

= 2zT P−1 (AP + 
P − PCn
−1R−1CnP

)
P−1z

=zT P−1(AP+PAT +
P+P
T−2PCn
−1R−1CnP)P−1z

(63)

According to (57), (63) can be rewritten as

V̇o = zT P−1 (−Q + 
P + P
T − PCn
−1R−1CnP

)
P−1z

(64)
Negative definiteness of (64) can be rigorously guaranteed

one the premise that:


P + P
T < Q + PCn
−1R−1CnP (65)

Therefore, for any scale of parametric mismatch and mea-
surement errors satisfying (65), V̇ o < 0 can be still ensured,
and z will exponentially convergence to zero.

Another Lyapunov function Vc is formulated to prove the
stability of the closed-loop system (42), given by

Vc = zd
H zd + zq

H zq (66)

where (•)H denotes the conjugate transpose matrix of (•). The
time derivative of (66) is given by

V̇c = żH
d zd + zd

H żd + żH
q zq + zq

H żq (67)

Substituting (42) to (67), it gives

V̇c = (T zd )H zd + zd
H T zd + (

T zq
)H

zq + zq
H T zq

= zd
H (T H + T

)
zd + zq

H (T H + T
)

zq (68)

FIGURE 8. Experimental setup.

TABLE 1. Nominal System Parameters

where TH+ T cancels out all their off-diagonal entries.
According to (43), (68) can be rewritten as

V̇c =zd
H
(−2k1 0

0 −2k2
/

L

)
zd +zq

H
(−2k1 0

0 −2k2
/

L

)
zq<0

(69)
which demonstrates that L, C does not affect the system sta-
bility if k1, k2 > 0. Meanwhile, L, C, k1, k2 can vary at a large
range without deteriorating the stability of the closed-loop
system.

V. EXPERIMENTAL RESULTS
A 1 kW-rated POL inverter prototype is fabricated for experi-
mental verification, as seen in Fig. 8. The dSPACE functions
as the controller. System parameters are listed in Table 1.
According to (55), the optimal controller gains are calculated
out to be: k∗

1 = k∗
3 = 3.33 × 104, k∗

2 = k∗
4 = 33.33.�O is se-

lected as around 1�C, where G is selected as G = 104 ×
(6.664, −0.0314, −3.333, 0; 0.0314, 6.666, 0, −3.3326)T.

A. EFFECTIVENESS OF THE PROPOSED
ELLIPSE-OPTIMIZED CONTROLLER GAINS SELECTION
STRATEGY
In Fig. 9(a), k1 and k2 are both selected smaller than the
optimal controller gains. According to Fig. 5(b), inadequate
controller gains will lead to poor system damping, comply-
ing well with the experimental results shown in Fig. 9(a). In
Fig. 9(b), k1 increase to 10k1

∗, and k2 remain unchanged com-
pared to the counterparts in Fig. 9(a). Fig. 5(b) predicts that
an increase of k1 would lead to an increase of damping ratio,
which also fulfills the experimental result shown in Fig. 9(b).

The designed optimal controller gains can theoretically fix
the damping ratio to 0.707. Under this premise, the natural fre-
quency has been maximized to achieve the best dynamic per-
formance. Fig. 9(c) presents the experimental results with the
optimal controller gains. Compared with Fig. 9(a), Fig. 9(c)
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FIGURE 9. Control performance of the proposed approach under
reference step (x1∗: 0 → vm) with different set of controller gains. (a) k1 =
0.1k1

∗, k2 = 0.1k2
∗; (b) k1 = 0.1k1

∗, k2 = 10k2
∗; (c) k1 = k1

∗, k2 = k2
∗.

has effectively suppressed the oscillation and overshoot dur-
ing transients. In comparison with Fig. 9(b), Fig. 9(c) takes
less transient time to track the reference step (x1∗: 0 → vm).

B. ROBUSTNESS TESTS UNDER PLANT
PARAMETRIC VARIATIONS
To test the robustness of the proposed control scheme against
parametric variations and reference step, ±50% L and ±50%
C scale of filter parametric variation have been considered,
where x1

∗ steps from 0 to vm and x3
∗is fixed to 0. As seen

in Fig. 10, the variation of LC parameters mainly affects the
THD of the load voltage, while the stability of the closed-loop
system does not get deteriorated. Larger L or C contributes
to suppressing the THD of the load voltage. Every time x1

∗
steps from 0 to vm, the load voltage (x1) soon tracks x1

∗ with
negligible rise time and overshoot. To summarize, Fig. 10
demonstrates that the proposed control scheme can at least
withstand ±50% L, C scale of plant parametric variation.

C. PERFORMANCE EVALUATION UNDER
LINEAR/NONLINEAR LOAD STEP, REFERENCE STEP,
OVERLOAD AND RECOVERY
Four case studies have been conducted to evaluate the per-
formance of the proposed control scheme. As seen in Fig. 11

FIGURE 10. Experimental results of the robustness tests. (a) −50%L,
−50%C; (b) +50%L, −50%C; (c) +50%L, +50%C; (d) −50%L, +50%C.

FIGURE 11. Performance evaluation of the proposed control scheme.
(a) linear load step; (b) nonlinear load step; (c) overload & recovery; (d)
reference step.
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TABLE 2. Comparisons Between Existed Lyapunov-Based Control Schemes
and the Proposed Approach

(a), (b), (c), the POL inverter is under linear load step, non-
linear load step from 100 W to 1 kW, and overload condi-
tion respectively, while the three-phase load voltage always
remains pure sinusoidal. It shows that the proposed controller
is capable to suppress such a scale of load disturbance due to
load uncertainty and nonlinearity. Fig. 11 (d) demonstrates the
great tracking performance of the controller under x1

∗ steps
up/down. It always shows that d-q decoupled control has been
realized.

D. COMPARISONS BETWEEN EXISTED LYAPUNOV-BASED
APPROACHES AND THE PROPOSED CONTROL SCHEME
Existed Lyapunov-based approaches and the proposed control
scheme are compared in Table 2 and Fig. 12. [17] is devised
based on the conventional Lyapunov function (V), where V is
formulated as the linear quadratic tracking errors associated
with the inductor current and capacitor voltage. [17] is an ex-
tended dual-loop control scheme where the capacitor voltage
feedback is artificially imported. Global large-signal stability
of the system can be ensured on the premise that the imported
voltage feedback gain is larger than a specific lower bound.
The load-current sensor is indispensable in [17].

Both [18] and the proposed approach are inherently dual-
loop control schemes, that can rigorously guarantee the global
large-signal stability of the system. The key for [18] design
is based on an adaptive weighted Lyapunov function, whose
design requires genuine expertise. In comparison, the pro-
posed approach selects the Lyapunov function step by step in
a recursive manner using the backstepping approach, which is
systematic. With an adaptive law, [18] has saved load-current
sensors. However, as seen in Fig. 12, the load voltage under-
goes a certain amount of voltage sag during the load step. The
proposed approach obviates the load-current sensor with the
help of the Kalman filter.

One common obstacle of [17] and [18] is that the controller
gains selection is indeed a trial-and-error process. Although

FIGURE 12. Performance evaluation under linear load step. (a) [17];
(b) [18]; (c) the proposed approach.

the root-locus technique in [17], the eigenvalues of the Jaco-
bian matrix in [18] may provide certain help for controller
gains selection, it lacks explicit formulas to tune the controller
gains. In comparison, the optimal controller gains in this paper
are quantitatively calculated out, which is straightforward and
time saving for practical implementation. THD of the load
voltage using the proposed approach is around 0.79%, which
is lower than 1.16% using [17] and 0.97% using [18].

VI. CONCLUSION
The proposed composite backstepping controller inherently
has dual control loops to achieve both great steady-state and
dynamic performance. Meanwhile, it can rigorously guarantee
the large-signal stability of the POL inverter with great robust-
ness against at least a ±50% scale of plant parametric varia-
tions. A Kalman filter is further designed to estimate the load
currents and feedforward them to the backstepping controller,
leading to the omission of load-current sensors compared to
[17]. The proposed strategy realizes d-q decoupled control,
resulting in a dimension-reduced second-order system. [17]
and [18] do not present any explicit formulas for controller
gains selection, where trial-and-error methods are inevitable.
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In this paper, the optimal controller gains are quantitatively
calculated out via explicit formulas to achieve the optimal
system damping and maximized dynamic response, which can
be intuitively interpreted via an ellipse-based strategy from
a geometrical point of view. Rigorous stability proof and ro-
bustness analysis of the system is also provided. THD % of
the load voltage using the proposed control scheme is around
0.79%, which is lower than that using [17] and [18].
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