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ABSTRACT A feedforward combined with state feedback linear quadratic regulator (LQR) is proposed
to reduce the output waveform distortion and load regulation of high-bandwidth inverters. However, when
digital control is adopted, the additional delays introduced by each part can lead to unmodeled model errors,
which not only seriously affects the stability of the system, but also complicates the design of the controller.
Therefore, a method of converting the design of a digital control system into time domain pole position
selection is proposed to simplify the analysis and design of the controller, and can easily convert the time
domain control method into the corresponding digital control. Furthermore, to ensure system stability in the
presence of parametric uncertainties in the filter components and input bus voltage, robustness to parametric
uncertainties is incorporated into the proposed digital control method. The feasibility, effectiveness and
superiority of this method were verified through simulation comparison and experiments.

INDEX TERMS Delay stability, parameter uncertainty, inverter, LQR digital control, robustness, asymmetric
sine wave.

I. INTRODUCTION
High-bandwidth inverters are widely used in electric vehicle
powertrains, photovoltaic energy storage systems, and special
power supplies. Microarc oxidation can greatly enhance the
corrosion resistance, wear resistance, and other properties of
nonferrous metals, and is therefore widely used in industrial,
medical, and aerospace fields [1], [2]. The current microarc
oxidation power supply usually adopts an asymmetrical rect-
angular pulse waveform, and the capacitive characteristics of
the load can cause transistor voltage and current spikes [3].
This can increase the electrical stress on the transistor which
in turn can reduce the reliability of the device.

Therefore, an asymmetric sinusoidal output waveform as
shown in Fig. 1, has been proposed, which requires a wide
range of adjustable output frequencies and amplitudes of pos-
itive and negative half-cycles. Since the asymmetric sine wave
contains rich harmonics and the output waveform frequency
is high (usually 1 kHz or above), the inverter must have

FIGURE 1. Schematic diagram of an asymmetric sine wave.

high bandwidth and control performance, which entails higher
requirements for the control system. PI control is easy to
implement and can ensure stability at will, but it is usually
difficult to achieve such a high bandwidth and the load regula-
tion rate is also difficult to guarantee. To improve the control
performance of the inverter, many control methods such as
proportional resonance (PR) control, deadbeat control, repeti-
tive control, sliding mode control (SMC) and model predictive
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control (MPC) [4], [5], [6], [7], [8], [9] are widely used and
studied.

These methods have achieved good results for conventional
sine wave inverters, but are not suitable for asymmetric sine
wave inverters. PR and repetition control can effectively elim-
inate harmonics to achieve higher sine wave quality. However,
asymmetric sine waves should ensure harmonic amplitude
and phase as much as possible, and frequency adjustment is
not conducive to the realization of PR control and repetition
control. SMC has high robustness to disturbances and a fast
dynamic response. However, the nonsmooth asymmetric si-
nusoidal nature makes it difficult for SMC to maintain high
waveform quality. Due to the high frequency of the output
waveform, MPC requires a very low control cycle to achieve
high waveform quality, and the microprocessor cannot bear
this computing demand. Compared with these methods, the
method based on state feedback proposed in [10], [11], [12],
[13] can arbitrarily modify the closed-loop poles, which can
better improve the control performance at a fixed switching
frequency, so it has the potential to solve the control problems
encountered by asymmetric sinusoidal inverters. In particular,
the control signal of the switching converter control system
needs to be modulated to generate a duty cycle to control the
transistor, and the duty cycle is limited so that the control sig-
nal is also limited. The linear quadratic regulator (LQR) can
ensure that the controlled signal tracks the reference as much
as possible when the control signal is limited [14], which is
especially suitable for asymmetric sine wave inverters.

Modern control systems are usually implemented using
digital controllers, and many parts, such as sampling and
digital modulation introduce additional delays. When the
switching frequency is low, the extra delay is much smaller
than the control period, and has little impact on the system.
Therefore, the method commonly used by authors in [15], [16]
to design digital LQR controllers based on the system discrete
model using the MATLAB dlqr function is effective. As the
switching frequency increases, the control period shortens,
and the proportion of the additional delay to the control period
increases. The influence of the unmodeled characteristics of
the system caused by the delay is more serious, making the
stability of the actual system more dependent on the actual
tuning of the matrices Q and R, which is very inconvenient.

The impact of delay is also reflected in other fields of power
electronics, such as the current control stability of a typical
grid-connected inverter with an LCL filter [17]. To solve the
effect of delay, it is effective to apply the well-known Smith
predictor [18], state observer [19] and deadbeat control [20].
However, these methods are highly dependent on model accu-
racy, and the delay will cause unmodeled characteristics of the
model. The time-varying duty cycle can cause varying delays,
so the effect is limited in the case of high bandwidth. The
linear extrapolation approach [21] is model-independent, but
also has limited compensation at high frequencies. Different
modulation strategies [22], [23] have also been proposed to
reduce the delay caused by the modulation part, but the delay
has not disappeared and will still affect the system stability.

Another simple method is to sample close to the control
update point to reduce the delay [24], but this will intro-
duce more noise, and not sampling at the midpoint will also
cause errors in the average current sampling, further causing
model errors. In addition, this method cannot reduce the delay
introduced by the sensor itself. The delay can also be com-
pensated by using a phase lead of a second-order generalized
integrator (SOGI) at the resonant frequency [25], [26]. Dead
time compensation controllers [27], [28] can also be used to
compensate for delay; however, this approach becomes quite
complex when state feedback control is used. The method of
linear matrix inequality (LMI) combined with the Lyapunov-
Krasovskii functional is an effective and widely used method
for analyzing the stability of state feedback systems with time
delays [29], [30], [31], [32]. However, when designing a time-
delay stable controller using the LMI method, nonlinear terms
will be introduced, which greatly complicates the design of
the controller. The study in [33] proposes a method for corre-
lating continuous and discrete systems through delays, which
is beneficial for analyzing and designing the stability of digital
control systems.

In addition, a high bandwidth will make the system more
sensitive to parametric uncertainties from changes in induc-
tance values with current, manufacturing-induced tolerances
in capacitance values, and bus voltage fluctuations. Uncertain
parameters also make methods based on accurate models such
as deadbeat difficult to ensure stability. For single-parameter
uncertainty, methods such as the use of resonant controllers
[34] and active damping [35] are applied to stabilize the
system. For multiparameter uncertainty, methods such as
adaptive control [36], [37], LMI methods [38], [39], [14] and
H� control [40], [41], [42] have been proposed to stabilize
the system. However, considering the robustness to parameter
uncertainty in digital control systems is still relatively diffi-
cult, and there is no convenient method.

Aiming at the above problems, this article first proposes a
state feedback control structure with feedforward, then gives
the stability criteria of the digital control system with delay,
and transforms the design of the digital controller into the pole
configuration of the continuous system. Based on this, a robust
LQR digital controller is designed.

The main contributions and advantages of this article are as
follows:

1) A state feedback controller with feedforward is pro-
posed. Different from the method of introducing error
integral feedback in [14], [15], the proposed method
controls the waveform envelope through the feedfor-
ward signal and controls the error through the state
feedback. Therefore, this method does not require a
high-gain controller, is less sensitive to delay, and has
better stability, waveform quality, and load regulation.

2) The method also considers the stability and design
method of digital controllers with additional delays not
considered in [14], [15], [43], [44] and replaces the
complex Lyapunov- Lyapunov-Krasovskii functional
method by converting the design of a digital controller
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FIGURE 2. Schematic diagram of an asymmetric sine wave inverter.

with time delays into the pole configuration of a con-
tinuous system. This not only organically combines the
digital system and the continuous system so that the
existing time-domain control methods such as LQR and
robust control can also be easily converted to digital
control, but also greatly simplifies the design of the
digital control system.

3) No actual parameter tuning is needed, the stability is
predictable, and it has excellent control effect, and it is
convenient for engineering applications.

The remainder of the article is organized as follows: In
Section II, the system model and the structure of the controller
are established, the effect of delay on the stability of the
digital control system is then investigated, and the stability
criterion is given. In Section III, the stability criterion of a
digital control system with delay is translated into a pole con-
figuration problem, which leads to the design of a robust LQR
digital controller. Design examples, detailed comparisons of
effects with existing methods and experimental verification
are presented in Section IV. Finally, Section V concludes the
article. When the negative half cycle of the asymmetric sine
wave is zero, the harmonic components contained are the most
complex, so the simulation and experiments in this article are
based on the asymmetric sine half wave.

II. ANALYSIS OF THE STABILITY OF DIGITAL LQR
CONTROL WITH DELAY
In this section, the system is first modeled, and the control
structure is given. Then, an example is given to illustrate the
possible instability of controllers designed by conventional
digital LQR design methods (e.g., dlqr) in inverter digital
control systems with delay due to unmodeled system charac-
teristics. Finally, a simple stability criterion for digital control
systems with delay is proposed.

A. SYSTEM MODELING AND CONTROLLER STRUCTURE
Compared with controlling the integral of the error, full uti-
lization of the system’s information can achieve better control
performance.

The state equation for the full-bridge inverter shown in
Fig. 2 with bipolar modulation can be expressed as:⎧⎪⎨

⎪⎩
L diL (t )

dt = −uc (t ) + 2Vdcu (t ) − Vdc

C duc (t )
dt = iL (t ) − io (t )

uo (t ) = uc (t )

(1)

where u denotes the control signal, uc is the capacitor voltage
(i.e., output voltage uo), iL is the inductor current, and Vdc is
the DC bus voltage. In matrix form, (1) can be expressed as:⎡

⎣ �
iL (t )

�
uc (t )

⎤
⎦ =

[
0 − 1

L
1
C 0

] [
iL (t )
uc (t )

]
+

[ 2Vdc
L
0

]
u (t )

−
[

0
1
C

]
io (t ) −

[Vdc
L
0

]

uo (t ) = [
0 1

] [
iL (t )
uc (t )

]
(2)

After calculation, the equilibrium point of the state variable
uc in (2) is not the reference voltage uref, which means that the
output of the system cannot always follow the reference signal
by relying on state feedback alone. Therefore, a feedforward
signal is added to the control signal to change the system
equilibrium position as follows:

u (t ) = [
k1 k2

] [
iL (t )
uc (t )

]
+ u f (t ) (3)

where u f is the feedforward signal used to move the equilib-
rium point of the system to the reference command and k1,
k2 are the control gain. Since the output waveform frequency
is much smaller than the switching frequency, neglecting the
differential of the reference signal, the state variables of the
system at the steady-state point satisfy the following relation-
ship:

�
iL (t ) = 0,

�
uc (t ) = 0, uc (t ) = ure f (t ) (4)

Combining (2) to (4), the proposed control method can be
obtained as follows:

u (t ) = [
k1 k2

] [
iL (t )
uc (t )

]
− [

k1 k2
] [

io (t )
ure f (t )

]
+ 1

2

+ ure f (t )

2Vdc
(5)

Through the action of the feedforward signal, as long as
the system is stable, the equilibrium position of the system
will naturally become iL = io, uc = ure f . When the controller
shown in (5) is used, system (2) can be expressed as follows:⎡

⎣ �
iL (t )

�
uc (t )

⎤
⎦ = Ac

[
iL (t )
uc (t )

]
+ Ecio (t ) + Fcure f

uo (t ) = Cc

[
iL (t )
uc (t )

]
(6)

VOLUME 4, 2023 859



NING ET AL.: IMPROVED ROBUST LQR DIGITAL CONTROL METHOD FOR HIGH BANDWIDTH INVERTERS

where Ac =
[
2k1Vdc/L (2k2Vdc − 1)/L
1/C 0

]
, Ec =[−2k1Vdc/L −1/C

]T
, Fc = [(1 − 2k2Vdc)/L 0]

T
and

Cc = [
0 1

]
. According to (6), the expression of the transfer

function of uo can be derived as follows:

uo (s) = Zo (s) io (s) + Gp (s) ure f (s)

= Cc(sI − Ac)−1 (
Ecio (s) + Fcure f (s)

)
= (−Lsio (s) + (1 − 2k2Vdc) ure f (s)

)/
D (s) (7)

where

D (s) = LCs2 − 2k1VdcCs + (1 − 2k2Vdc) = LC |sI − Ac|

Zo (s) = −Ls

LCs2 − 2k1VdcCs + (1 − 2k2Vdc)

Gp (s) = (1 − 2k2Vdc)

LCs2 − 2k1VdcCs + (1 − 2k2Vdc)
(8)

where Zo(s) represents the output impedance and Gp(s) is
the transfer function from the reference signal to the output
voltage without considering the influence of the output cur-
rent. As can be derived from (8), the numerator of the output
impedance of the inverter is reduced to Ls when controller
(5) with a feedforward signal is used. When the frequency
is lower than the crossover frequency, the amplitude of D(s)
is 〈D(s)〉 ≈ 1 + 2|k2|Vdc � 1. Therefore, within the output
waveform and its main harmonic frequency range, the output
impedance is much smaller than Ls, significantly improving
load regulation. In addition, the uo of the system can track
ure f due to lim

s→0
Gp(s) = 1 when the frequency is lower than

the crossover frequency. Therefore, the inverter can output an
asymmetrical sine wave by controlling ure f to be an asymmet-
rical sine wave.

Since the denominators of Zo(s) and Gp(s) are both D(s),
and the zero point of D(s) is related to |sI − Ac|, the stability
of the system is only determined by the matrix Ac. Therefore,
when designing the controller and analyzing the stability, the
system model can be simplified as follows:

�
x (t ) = Ax (t ) + Bu (t ) = Ax (t ) + BKx (t ) (9)

where x=[
iL uc

]T
, K =[

k1 k2
]
, A=

[
0 −1/L

1/C 0

]
, B =[

2Vdc/L 0
]T

, and k1 and k2 are coefficients. The matrix K is
critical to the stability of the system.

B. INFLUENCE OF DELAY ON THE STABILITY OF THE
DIGITAL CONTROL SYSTEM
For the continuous system shown in (9), the discrete model of
the system can be obtained by the zero-order hold on method
as follows:

x (k + 1) = Ad x (k) + Bd Kd x (k) (10)

where Ad = eATc , Bd = ∫Tc
0 eAt dtB, and Kd are discrete forms

of A, B, and K , respectively, Tc is the control period, and k is

TABLE 1. Simulation Parameters

FIGURE 3. Output waveforms of the system using the digital controller
designed by the dlqr method under different conditions. (a) fs =200 kHz,

tsensor = 0 μs. (b) fs = 200 kHz, tsensor = 1.7 μs. (c) fs =300 kHz, tsensor

= 1.7 μs. (d) fs = 200 kHz, tsensor = 1.7 μs, Q = 0.33I, R = 10.

a discrete series. For the system whose parameters are shown

in Table 1, if the weight matrices Q =
[

10 0
0 10

]
and R = 10

are selected and the control period is equal to the switching
period, then the digital LQR control law Kd can be obtained
as [−0.276 −0.077] by using the dlqr function of MATLAB.

When the feedback control law Kd is adopted, the mag-
nitudes of the eigenvalues of system (10) are all less than
1, which satisfies the stability criterion. Fig. 3(a) shows the
simulation waveform when the sampling delay (i.e., sensor
delay) is not considered; the waveform quality of the output
waveform is good, which proves that the designed control law
is stable. However, when there is a delay of 1.7 μs in the
sampling part, the output waveform in Fig. 3(b) shows that
the system has begun to appear unstable. When the control
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FIGURE 4. Schematic diagram of the processes from signal sensing to
control signal generation.

parameters and delay are consistent with those in Fig. 3(b)
but the switching frequency becomes 300 kHz, the system is
stable, and the output waveform is shown in Fig. 3(c). When
the switching frequency and delay are consistent with those in

Fig. 3(b) and the matrices Q =
[

0.33 0
0 0.33

]
and R = 10 are

selected, the system is also stable, and the output waveform is
as shown in Fig. 3(d).

It can be seen from Fig. 3 that the extra delay leads
to unmodeled characteristics of the system, making typical
digital controller design methods unable to guarantee the sta-
bility of the actual system. The effect of additional delay is
rarely considered but cannot be ignored, which makes the
stability of the inverter digital control system related to the
weight matrices Q and R. Therefore, the actual control system
needs to tune Q and R to make the system stable, which is very
inconvenient for the stability analysis of the control system
and the design of the controller. For this reason, an effective
analysis and design method needs to be proposed.

C. STABILITY ANALYSIS OF THE DIGITAL CONTROL SYSTEM
WITH DELAY
In an actual digital control system, state variables are detected
by sensors and converted into digital signals by analog to
digital convertors (ADCs). The digitalized signal is sent to a
microprocessor for calculation, and a pulse width modulation
(PWM) signal is generated. Completion of these processes,
introduces a delay into the system. The actual digital control
system, from sampling the state variables to changing the
state variables via the control signal, is shown in Fig. 4. The
sampling delay due to the sensor is denoted as tsensor , tSH/C

is the time required for ADC sample hold and conversion,
tcal is the time for the processor to perform data processing
and control calculations, and tPW M is the delay introduced by
the digital PWM. As shown in Fig. 4, the state variables at t0
are converted into control signals at t4, causing a time delay
of t4 − t0. This means that the changes in the state variables
occurring at t4 are actually caused by the control signals u gen-
erated based on the feedback state variables at t0. Therefore,
combined with the theory in [33], [45], the sufficient condition
for stability of the digital control system with delay is that the

FIGURE 5. Schematic diagram of closed-loop pole variation with delay.

feedback information at t0 can be used to stabilize the system
at t4, which can be expressed as making the following system
stable:

�
x (t ) = Ax (t ) + BKx (t − td ) (11)

where td = tsensor + tSH/C + tcal + tPW M represents the delay
time from obtaining the feedback signal to the state variables
being changed by the control signal.

Equation (11) relates the stability analysis and design of
digital systems to that of continuous systems with delays so
that the additional delay can be considered in the system
model. This makes the stability of the digital control system
no longer sensitive to the unmodeled characteristics caused
by delay, and improves the robustness to delay. However, note
that the system in (11) is not actually equivalent to the digital
control system, and is only used for stability judgment and
design.

The closed-loop pole locations of system (11) can be ob-
tained by solving for λ of the following equation:∣∣λI − A − BKe−λtd

∣∣ = 0 (12)

Bringing the parameters into (12), the following can be
obtained:∣∣∣∣

[
λ 0
0 λ

]
−

[
0 −1

/
L

1
/

C 0

]
− e−tdλ

[
2Vdc

/
L

0

] [
k1 k2

]∣∣∣∣
= LCλ2 − 2Vdce−tdλ (k1Cλ + k2) + 1 = 0 (13)

Based on solving (13), as the delay increases, the closed-
loop pole of the system moves to the right half-plane of the
complex plane, and the trajectory of the closed-loop pole
position changing with the delay is shown in Fig. 5. This
means that as the delay increases, the system stability de-
creases, causing a stable system to become unstable, which is
consistent with the simulation results. The reverse is also true;
therefore, as the switching frequency increases, the total delay
decreases, and the system goes from unstable to stable. The
critical point of the system stability is the closed-loop pole
position located on the imaginary axis (i.e., λ = jω), which
can be expressed as:

e−λtd = e−ω jtd = cos
(
ωtd

) − j sin
(
ωtd

)
(14)
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where ω is the oscillation frequency of the system at critical
stability and td is the maximum allowable delay for stability,
which means that when td = td , the closed-loop poles of the
system (11) lie exactly on the imaginary axis.

Combining (13) and (14), the following can be obtained:

−LCω2 −2Vdc
(
cos

(
ωtd

)− j sin
(
ωtd

))
(k1C jω+ k2)+ 1=0

(15)
Equation (15) is equivalent to the fact that the real and

imaginary parts of the equation are both zero, so the maximum
allowable delay td for system stability and the corresponding
oscillation frequency ω can be solved using the expressions:{

−LCω2 − 2Ck1Vdcω sin
(
tdω

) + 1 − 2k2Vdc cos
(
tdω

) = 0

−2Ck1Vdcω cos
(
tdω

) + 2k2Vdc sin
(
tdω

) = 0
(16)

Equation (16) can be numerically solved by iteration or
calculation software. According to the theory mentioned in
Section 3.6 of [46], the criterion for system delay stability is

td < td (17)

When the stability condition of (17) is satisfied, that is,
when the delay td of the system is less than the calculated
maximum allowable delay td , the time-delay system (11) is
stable, and then, the corresponding digital control system is
stable. Therefore, we can equivalently design a digital con-
troller by designing a time-delay stable controller.

III. DESIGN OF A ROBUST LQR DIGITAL CONTROLLER
The design of the traditional delay stable controller needs to
select the appropriate Lyapunov-Krasovskii functional first,
and then transform it into the form of an LMI. Then it is
converted into a form that can be used for controller de-
sign through matrix transformation. Finally, a solvable LMI
form can be obtained through linearization. Not only is this
not conducive to the design of the controller, but the con-
servatism and solvability depend on the selection of the
Lyapunov-Krasovskii functional and the linearization method.
Therefore, this section proposes a method to convert time-
delay stability into a closed-loop pole position configuration,
which effectively simplifies the design of time-delay stable
controllers.

A. POLE POSITION CONFIGURATION DESIGN METHOD
FOR A TIME-DELAY STABLE CONTROLLER
When td = 0, system (11) degenerates to (9); therefore, from
Fig. 5, any stable closed-loop pole position of a delay-free sys-
tem (9) corresponds to the maximum allowable delay td for a
delay system (11). Therefore, if the closed-loop pole position
corresponding to system (9) makes the td corresponding to
system (11) satisfy td > td , then system (11) must be stable.
In this way, a closed region must be found on the complex
plane. If the closed loop pole of system (9) is located in this
region, system (11) must be stable.

The closed area that is easiest to describe is a semicircle.
Therefore, first, the closed-loop poles of system (11) at td = 0

FIGURE 6. Location of the poles on the semicircular boundary.

FIGURE 7. Maximum allowable delay for stabilization at different radii
and angles.

are configured on a semicircular boundary, as shown in Fig. 6,
and the poles can be expressed as follows:

p1,2 = −r cos θ ± r j sin θ (18)

Taking λ = p1,2 as the solution of (13) at td = 0 into the
equation, the corresponding feedback coefficient k1,2 can be
obtained by the corresponding coefficient method as follows:

k1 = −rL cos θ

Vdc
, k2 =

(
1 − r2LC

)
2Vdc

(19)

The following equation can be obtained by bringing (16)
into (19):{−LCω2 − 2LCr cos θω sin

(
tdω

) + r2LC cos
(
tdω

) = 0
2LCr cos θω cos

(
tdω

) + (
1 − r2LC

)
sin

(
tdω

) = 0
(20)

where θ is the angle between the line from the pole to the
origin and the real axis, and r is the radius of the semicircle.

By numerically solving (20), the relationship between all
closed-loop pole positions located in the semicircle area and
the corresponding maximum delay td can be obtained, as
shown in Fig. 7. Fig. 7 demonstrates that when r is constant,
the maximum allowable delay td will reach the maximum
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FIGURE 8. Delay stabilization region at radius rs.

value at a certain angle, and then, as θ increases, the maxi-
mum allowable delay td of the system will decrease, and the
stability of the system will worsen. Furthermore, according
to the contour in Fig. 7, when the angle θ is constant, the
maximum allowable delay td of the system monotonically
increases with decreasing radius r. In LQR control, as the ratio
of matrices Q and R increases, the designed closed-loop pole
position becomes farther from the imaginary axis, so the td of
the system is smaller, which explains why reducing the ratio
of Q and R in the simulation can make an originally unstable
system stable.

In addition, when the frequency of the output waveform
increases, the system needs a higher bandwidth; that is, the
closed-loop pole position of the system needs to be farther
from the imaginary axis, which means that the system needs
a shorter delay. For digital control systems, the delay intro-
duced by sensors and calculations cannot be further reduced,
so increasing the switching frequency is the easiest way to
increase the system bandwidth and improve the quality of the
output waveform.

A radius rs is arbitrarily fixed in Fig. 7, and the cross-
sectional view under this radius is drawn as shown in Fig. 8.
The outline shown in Fig. 8 represents the maximum allow-
able delay td of the system corresponding to different θ under
radius rs. When θ = 0, a tds = td (θ = 0) can be obtained,
where td (θ = 0) represents td obtained when θ = 0. At the
same time, it must be possible to find a θ = θs so that the
maximum allowable delay td (θ = θs) = tds is obtained under
this angle θs. In this way, a shaded area is enclosed in Fig. 8.
In this shaded area, regardless of how the angle θ changes, it
can be guaranteed that the corresponding maximum allowable
delay td (θ ) is greater than tds. If tds > td , system (11) can be
guaranteed to be stable in this shaded area.

When the angle is fixed, the upper limit of the maximum
allowable delay td monotonically decreases with increasing
radius r. Therefore, if a set (rs, θs) can be found such that tds

in this case is just greater than td , then the system can be stable
under delay td for all r < rs. In other words, for a system with
time delay td , as long as the closed-loop pole position without
time delay is within the fan-shaped area in Fig. 9, the system
must be stable. In general, to meet the system dynamic per-
formance requirements, the position of the closed-loop pole is
usually limited, so the shaded part in Fig. 9 is finally selected
as the configurable area of the closed-loop pole that meets
the delay stability. where Re(λ) = −α, β can be considered

FIGURE 9. Closed-loop pole positions that satisfy the delay stability
condition.

FIGURE 10. Flowchart for the design of a delay- stabilized closed-loop
pole region.

optional rather than necessary. It is mainly used to limit the
dynamic performance of the system and this limitation can be
neglected by choosing α = 0 and β > rs.

In this way, the design of the digital controller is trans-
formed into the controller design of the delay continuous
system and then transformed into the closed-loop pole config-
uration of the continuous system. As long as the closed-loop
poles are located in the region of Fig. 9, the digital control
system with a delay corresponding to system (8) is stable.
Transforming the design of digital controllers into closed-loop
pole configurations for continuous systems allows the design
of digital controllers to be easily combined with other continu-
ous controller design methods, such as robust control, through
the LMI method.

For the convenience of understanding and design, the time-
delay-stable closed-loop pole region design process is summa-
rized in Fig. 10. Fig. 10. means to set an initial value r = rint

first, obtain tdi(θ = 0) through (20), and then iterate until rs

is obtained so that td ≈ tdi(θ = 0). Then, a point θ = θs that
satisfies tdi(θ = θs) = tdi(θ = 0) is obtained through a similar
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process so that (19) has approximately the same solution.
Finally, determine the closed area.

B. DESIGN OF A ROBUST LQR CONTINUOUS CONTROLLER
Another purpose of this article is to ensure the stability of the
system in the presence of parameter uncertainty, which is why
the designed controller is called robust.

The LMI method is suitable for addressing this kind of
robust continuous control problem. Before the analysis and
design, an important lemma is presented.

Lemma: Schur complementary lemma:
The following two equations are equivalent:[

A11 A12

A21 A22

]
< 0 ⇔

{
A22 < 0
A11 − A12A−1

22 A21 < 0
(21)

For the continuous-time system described in (9), achieving
the optimal output and dynamic response corresponds to min-
imizing the indicator function expressed as:

J (x, u) =
∫ ∞

0
xT Qx + uT Rudt (22)

where Q and R are weighting matrices. According to [14], ob-
taining a solution that minimizes (22) is equivalent to solving
the following LMIs at P > 0, r > 0:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

min r
(AP + BW ) + (AP + BW )T + xT

0 x0 < 0

tr
(

Q1/2P
(
Q1/2

)T
)

+ tr (Y ) < r[
−Y R1/2W(

R1/2W
)T −P

]
< 0

(23)

where W = KP and x0 represents the state initial condi-
tions. Since the variations in the input voltage, inductance,
and capacitance are all upper bounded, the variations in the
system matrices are also bounded. Taking matrix A as an
example, if the upper bound of the change in each element
of the matrix is defined as ei j , then the current change of
each element is �ai j = hi j fi jei j , where hi j = 1 means that
the current element is changed, hi j = 0 indicates that there is
no change, and | fi j | ≤ 1 is the change rate. Then, the change
in matrix A can be expressed as follows:

�A=
[
�a11 �a12

�a21 �a22

]
=

[
h11 f11e11 h12 f12e12

h21 f21e21 h22 f22e22

]
=H1F1E1

(24)

where H1 =
[

1 0
0 1

]
, E1 =

[
h11e11 h11e12

h11e21 h11e22

]
, and F1 =

�AE−1
1 . By definition, there must be F T F < I . Therefore, the

change in system parameters can be uniformly written in the
form of a matrix as follows:[

�A �B
] = HF

[
E1 E2

]
(25)

When there is parameter uncertainty, AP + BW in (23)
becomes (A + �A)P + (B + �B)W , and based on (25), the

items containing parameter changes can be expressed as fol-
lows:

�AP + �BW = HF (E1P + E2W ) (26)

Since the matrix F represents parameter uncertainty and
cannot be expressed by specific parameters, (26) cannot be
directly brought into (23) for controller design. However, re-
gardless of how F changes, there must be a square relationship
greater than 0 as follows:(√

αHT −
√

α−1F�
)T (√

αHT −
√

α−1F�
)

> 0 (27)

where � = E1P + E2W and α is a constant satisfying α > 0.
Equation (27) can be expanded to obtain:

HF� < αHHT + α−1�T F T F� (28)

Since F T F < I , (26) must be negative definite if and only
if the following conditions are satisfied:

αHHT + α−1�T � < 0 (29)

Combined with the Schur complementary lemma
and choosing A11 = 	 + 	T + αHT H + xT

0 x0, A21 =
E1P + E2W , A12 = AT

21, and A22 = −α−1, (23) then
becomes:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

min r[
	 + 	T + xT

0 x0 + αHT H �T

� −αI

]
< 0

tr
(

Q1/2P
(
Q1/2

)T
)

+ tr (Y ) < r[
−Y R1/2W(

R1/2W
)T −P

]
< 0

(30)

where 	 is (AP + BW ). The robust LQR continuous control
rate of parameter variations of the system is K = W P−1.

Thus, the LQR problem has been transformed into the form
of an LMI, and parameter variations of the system are also
considered.

However, this is a robust LQR problem for continuous-time
systems, and the ultimate goal of this article is to design a
robust LQR controller for digital systems.

C. DESIGN OF A ROBUST LQR DIGITAL CONTROLLER
According to the previous analysis, the design of a digital con-
troller can be equivalent to the design of a continuous system
with a time delay and then transformed into the problem of
selecting the closed-loop pole region, which actually becomes
the design of a digital controller in the continuous domain.
Therefore, designing a robust LQR digital controller is equiv-
alent to designing a robust LQR continuous controller within
a specified closed-loop pole region. This can be expressed as
follows:

Ds∈DRL = Ds∈CRL ∩ Ds∈D (31)

where Ds∈DRL is the solution set of the robust LQR digi-
tal controller, Ds∈CRL is the solution set of the robust LQR
continuous controller, and Ds∈D is the solution set of the
delay-stabilized controller.
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Since the design of the robust LQR continuous controller
has been transformed into LMIs, if the closed-loop pole po-
sition of the robust LQR continuous controller is to be set in
the region satisfying delay stability, then the closed-loop pole
assignment problem must first be transformed into LMIs. If
the configured pole region is symmetric about the real axis of
the complex plane and is a convex region, then there exists
Li ∈ Sm, Mi ∈ Rm such that the region can be expressed as:

{
s = x + y j|Li + sMi + sMT

i < 0
}

(32)

For the area enclosed by −β ≤ Re(λ) ≤ −α in Fig. 9, L1 =
diag(2α,−2β ), and M1 = diag(1,−1). For the area enclosed

by r ≤ rs in Fig. 9, L2 = diag(−rs,−rs), and M2 =
[

0 1
0 0

]
.

For the area enclosed by −θs ≤ θ ≤ θs in Fig. 9, L3 = 0, and

M3 =
[

sin θs cos θs

− cos θs sin θs

]
.

The closed-loop pole configuration in this region is equiv-
alent to the existence of a positive definite matrix P such that
the following expression holds:

Li ⊗ P + Mi ⊗ (AP) + MT
i ⊗ (AP)T < 0 (33)

where Li ⊗ P means each element of matrix Li multiplied by
P.

Based on the stability region obtained in Section III-A,
combined with (30), the condition for delay stability of the
system can be obtained according to the following matrix:

⎡
⎣
1 0 0

0 
2 0
0 0 
3

⎤
⎦ < 0 (34)

where 
1, 
2, and 
3 are determined as:


1 =
[

2αP + 	 + 	T 0
0 −2βP − 	 − 	T

]


2 =
[−rsP 	

	T −rsP

]


3 =
[

sin θs
(
	 + 	T

)
cos θs

(
	 − 	T

)
− cos θs

(
	 − 	T

)
sin θs

(
	 + 	T

) ]

Due to the equivalence of the digital controller and the
delay-stabilized controller, the gain matrix [k1 k2] of the
robust LQR digital controller is obtained as the common so-
lution of (30) and (34). Bringing [k1 k2] into (5) results in the
final controller.

Thus, an LMI-based design method for a robust LQR dig-
ital controller is obtained. Although this form seems very
complex, it is well suited for computer processing because the
LMI problem can be transformed into a convex-optimal prob-
lem, which can actually greatly facilitate the design process.

FIGURE 11. Experimental platform.

TABLE 2. Prototype Parameters

IV. DESIGN EXAMPLES, ANALYSIS, SIMULATION AND
EXPERIMENTAL VERIFICATION
A. DESIGN EXAMPLE, ANALYSIS AND SIMULATION
COMPARISON
A prototype of the proposed robust LQR digital control is
designed and implemented in the laboratory environment, as
shown in Fig. 11, and the load is 30 
 unless otherwise speci-
fied. The effectiveness and feasibility of the proposed control
method are verified by experimental investigation. To demon-
strate the control effects more clearly, the negative part of the
output waveform is set to 0 V, which represents the worst case
of output. The parameters and the delay time introduced by
each stage are listed in Table 2. The controller chosen for the
system is a Spartan6 from Xilinx.

The delay introduced by data conversion can be determined
based on the clock frequency of the ADC and the number of
clocks required for sampling, holding and conversion. Isolated
voltage and current sensors usually have the Hall effect type
and �-� type. The delay tsensor introduced by the Hall effect
type can be obtained from the datasheet, and the tsensor of the
�-�type can be calculated by using the digital filter structure
and oversampling rate. The max PWM delay tpwm can be
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FIGURE 12. Bode plots of digital and continuous systems with 𝒦1.

calculated by the edge modulation mode and maximum duty
cycle. Since the delay stability of the system is determined
based on the delay upper bound, there is no need to know
the precise delay value, only the maximum value. Therefore,
if further assurance of stability is desired, margins can be
considered.

Since the sum of the time delay introduced by each part
of the system is 7.5 μs, according to the process in Fig. 10,
rs = 86300 and θs = 69 ◦ can be derived as meeting the delay
stability requirement of the closed-loop system. To limit the
dynamic performance of the system, the parameters are cho-
sen as θs = 60°, α = 32000, β = 90000, Q = [10, 0; 0, 10],
and R = 10. Since the variation range of the inductance is
720 μH ≤ L f ≤ 1080 μH, the maximum variation in 1/L f

is 1/(720μ) − 1/(900μ) = 278. By analogy, combined with

(23), E1 =
[

0 278
55555 0

]
and E2 = [

389000 0
]

can be ob-

tained.
The control law 𝒦1 is calculated as [−0.0981 −0.0060]

by obtaining the common solution of (30) and (34). By solving
(16), when the control law 𝒦1 is adopted, the maximum al-
lowable delay for the closed-loop system is 11.2 μs when the
system parameters are the rated values. Since the maximum
time delay allowed by the system is greater than the actual
time delay of the system, the system is stable. In addition,
when the system parameters are L = 720 μH,Vdc = 540 V,
and C =1.8 μF, which is the worst case, the maximum allow-
able delay is obtained as 8.7 μs, which still satisfies the delay
stability requirement.

Similar to (7), when the proposed digital control method
is adopted, the approximate dynamic response of system (11)
can also be analyzed by using the transfer function. Through
a method similar to that for (7), the approximate transfer
function from the reference signal ure f to the output voltage
uo can be obtained as follows:

Gre f −o = (1 − 2k2Vdc)

L f Cf s2 − 2Cf k1Vdce−td ss + (
1 − 2k2Vdce−td s

)
(35)

FIGURE 13. Inductor current and output voltage waveforms for different
cases. (a) td = 10.9 μs and parameters are rated. (b) td = 11.5 μs and
parameters are rated. (c) td = 7.5 μs and parameters are rated.
(d) td = 7.5 μs and parameters are changed.

Fig. 12 shows the Bode plots of Gre f −o for digital control
system (11) and continuous control system (9) when the con-
trol law 𝒦1 is used. Fig. 12 shows that whether it is a digital
control system with a time delay or a continuous control
system, the bandwidth of the closed-loop system is greater
than 7.7 kHz, which can meet the output waveform quality
requirements.

To verify the above analysis, a simulation using analog
PWM modulation and no calculation delay was established,
only adding delay in the sampling part to ensure the total
delay. To identify the waveform quality of asymmetric sine
waves, the degree of distortion (DoD) is introduced as an
evaluation index as follows:

DoD =
√∫ To

0

(
ure f − uo

)2
dt√∫ To

0 u2
re f dt

× 100% (36)

where To is the period of the output waveform. A smaller DOD
represents a smaller difference between the output waveform
and the desired waveform, which means a higher quality.

Fig. 13(a) shows the output voltage waveform and inductor
current waveform when there is no parameter change and the
total delay is 10.9 μs. The system remains stable and the DoD
is only 1.2%. In contrast, Fig. 13(b) shows the waveform when
the total delay is 11.5 μs. Both the inductor current and output
voltage waveforms show obvious oscillation, indicating that
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the system is already unstable. This shows that the analysis of
the maximum allowable delay of the system and the design
method of the digital controller are correct.

Fig. 13(c) is the waveform when the total delay is 7.5 μs
and there is no parameter change, and Fig. 13(d) is the wave-
form when the total delay is 7.5 μs but the parameters become
L = 720 μH, Vdc = 540 V, and C =1.8 μF. These changes
come from bus voltage fluctuations, magnetic device satu-
ration characteristics and manufacturing tolerances, and are
manually added to the simulation to simulate the worst condi-
tions. The systems are stable, which shows that the designed
controllers have good robustness to parameter uncertainties.

To highlight the superiority of the proposed method, the
effects of the general LQR control with error integral, repeti-
tive control, MPC, SMC and deadbeat control are compared.
When comparing the general LQR method, the selected state
variable of the comparison system is [iL uc ∫(ure f − uc)dt],
and a stable control law 𝒦t = [0.223 0.027 − 595.616] un-
der the delay td = 7.5 μs is obtained through debugging.
Fig. 14(a) shows the output voltage waveform under rated pa-
rameters when using controller𝒦t with a delay of 7.5 μs. Due
to the limited integral gain, the output impedance is large at
high frequencies and the output amplitude is only 250 V, so the
DoD is 5.9%. Fig. 14(b) shows the output voltage waveform
when the parameter changes to L = 720 μH, Vdc = 540 V, and
C =1.8 μF, and the system is obviously unstable. Therefore,
the existing general LQR control methods are inferior to the
proposed method in terms of output waveform quality, load
regulation rate, and stability.

Fig. 14(c) is the output voltage waveform when the repet-
itive controller is used and the extra time delay is 0. The
repeat controller gain is 0.8 and the lead correction part is
z10. Additionally, since the amplitude is only 250 V, the DoD
is 5.7%. Fig. 14(d) is the output voltage waveform when
only 2 μs extra delay is added under repeated control, and
the system is obviously unstable at this time. Systems using
repetitive controls are less tolerant to delays than the proposed
method.

Fig. 14(e) is the MPC. Since the MPC does not directly
generate the duty cycle, to ensure the output ripple, the con-
trol cycle is selected as 1 μs, which is difficult to achieve
in practice. Since the control frequency is much higher than
other methods, the output waveform quality is very good, with
a DoD of only 0.5%. However, as shown in Fig. 14(f), the
system is already unstable with only 1μs of extra delay.

Fig. 14(g) shows the second-order SMC based on equiv-
alent control theory, and the control variable is [ure f −
uo d (ure f − uo)/dt ∫(ure f − uo)dt]. Due to the differential
term of the error, there is obvious jitter in the output waveform
affected by noise. Fig. 14(h) shows that when the delay is also
7.5 μs, the sliding mode control becomes unstable, and the
delay stability is worse than that of the proposed method.

Fig. 14(i) shows the deadbeat control, which also has good
control performance under ideal conditions. However, since
deadbeat control is highly dependent on the model, a delay

FIGURE 14. Output waveforms under different control methods and
delays. (a) General LQR with 7.5 μs delay and rated parameters. (b)
General LQR with 7.5 μs delay and changed parameters. (c) Repetitive
control with 0 μs delay. (d) Repetitive control with 2 μs delay. (e) MPC with
0 μs delay. (f) MPC with 1 μs delay. (g) SMC with 0 μs delay. (h) SMC with
7.5 μs delay. (i) Deadbeat control with 0 μs delay. (j) Deadbeat control
with 1 μs delay.
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TABLE 3. Performance Comparison of Different Control Methods

FIGURE 15. Output waveform under traditional PI control at different
output frequencies: (a) 1 kHz. (b) 50 Hz.

of only 1 μs will make the system unstable, as shown in
Fig. 14(j), and parameter changes will also lead to instability.

The simulation comparison results are summarized in
Table 3. Compared with the existing typical control methods,
the proposed method has better robustness to time delay and
parameter uncertainty and stronger system stability while en-
suring the output waveform quality and load regulation rate. In
addition, the proposed method has predictable delay stability
and a simpler implementation form, which is more conducive
to application.

B. EXPERIMENTAL VERIFICATION
To further illustrate the necessity of using the proposed
method, first, the experimental waveform of the output un-
der traditional double closed-loop PI control is compared as
shown in Fig. 15. Fig. 15(a) shows that when the output
frequency is 1 kHz, the output waveform distortion is seri-
ous, and the amplitude of the output waveform cannot reach
the rated value. However, Fig. 15(b) shows that at an output
frequency of 50 Hz, the output waveform can achieve the
required waveform quality. This is due to the additional delay
in the actual system, and the traditional double closed-loop
PI control needs to reduce the bandwidth to ensure stability.
Therefore, it is difficult to guarantee the waveform quality of
asymmetric sinusoidal waveforms.

FIGURE 16. Comparison of output waveforms under different controllers
(i.e., different maximum allowable time delay). (a) 𝒦1 (11.2 μs). (b) 𝒦2

(6.6 μs). (c) 𝒦3 (3.5 μs) (simulation).

As a comparison, Fig. 16 shows the output waveform when
the proposed robust LQR digital control method is adopted.
To further verify the correctness of the theory, a controller
𝒦2 = [−0.1408 −0.0217] with a maximum allowable de-
lay of 6.6 μs is designed for comparison. Fig. 16(a) shows
the output waveform when controller 𝒦1 is used. Similarly,
Fig. 16(b) shows the output waveform when controller 𝒦2 is
used. The oscillation in Fig. 16(b) indicates that the system
has become unstable; the output waveform can still maintain
the shape of an asymmetrical half-sine wave only due to the
feed-forward signal u f , and the DoD at this time is 2.7%. In
contrast, Fig. 16(a) shows that the output waveform quality of
the system is good, and the DoD is as low as 1.4%, which also
shows that the system is stable. Furthermore, the controller
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FIGURE 17. Output waveforms under different loads using the proposed
method. (a) 3-11A step load. (b) 30 � + 200 μH. (c) 30 � + 15 μF .

𝒦3 = [−0.2762 −0.0774] designed by the traditional LQR
digital control design method using the MATLAB dlqr func-
tion is also verified, but because the controller 𝒦3 makes the
maximum allowable delay of the system only 3.5 μs, the
system is completely unstable, which will trigger protection
in the experiment; thus, the simulation waveform is used as a
substitute, as shown in Fig. 16(c). Fig. 16(c) shows that when
the system has a time delay, the traditional digital control
design method does not necessarily guarantee stability.

The output waveforms under different load conditions are
also tested to verify the effectiveness of the proposed con-
trol method. Fig. 17(a) shows the output voltage and current
waveforms when the resistive load is stepped from 3 A to 11
A. Fig. 17(b) shows the situation of simulating a long line
with a resistive load, that is, a resistive series inductive load,
and the test condition is 30 
+200 μH. Fig. 17(c) shows
the situation of simulating a microarc oxidation load, which
is simplified as a resistive series capacitive load, and the test
condition is 30 
+15 μF. Fig. 17 shows that when using the
proposed control method, the system can maintain stability
under different load conditions, and the system always has
high waveform quality and load regulation.

The robustness of the proposed control method to
parameter uncertainties is also verified, first, for the bus

FIGURE 18. Input and output voltage waveforms at different input
voltages: (a) 540 V. (b) 460 V.

voltage. Fig. 18 shows the output voltage and input voltage
waveforms when the input voltage changes. When the input
voltage changes from 460 V to 540 V, the system is not only
stable but also maintains the output waveform quality. This
indicates that the designed controller can suppress the effect
of input voltage changes and has good robustness to the input
voltage. In addition, since the feed-forward information of the
input voltage is introduced in the control, the influence of
changes in the input voltage on the output waveform is also
suppressed.

Fig. 19 shows the output voltage waveform when the filter
capacitance is varied by ±10%, which meets the specifica-
tions of most film capacitors. The system shows a stable
response and presents a high waveform quality when the fil-
ter capacitance is varied. Due to the magnetic material, the
designed inductor itself changes inductance when the load
current changes, and no additional verification is needed.
Fig. 17(a) shows that the system is stable when the induc-
tor parameters change. The waveforms in Figs. 17, 18, and
19 demonstrate the robustness of the designed controller to
system parameter variations or uncertainties.

In addition, to further verify that the proposed method is
indeed robust to parameter uncertainties, a controller 𝒦4 =
[−0.1050 −0.0124] that only satisfies delay stability (34)
and not robustness (30) is designed for verification. Fig. 20
shows the output voltage waveform and inductor current
waveform when the system is in the worst case, that is, L =
720 μH, Vdc = 540 V, and C = 1.8 μF. The inductor current
in Fig. 20 begins to oscillate, indicating that the system is
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FIGURE 19. Output voltage and detailed zoomed-in waveforms at
different filter capacitances: (a) 2.2 μF . (b) 1.8 μF .

FIGURE 20. Output voltage and inductor current waveforms when using
controller 𝒦4.

beginning to become unstable. Compared with experiments,
the proposed method can ensure robustness to parameter un-
certainty, but if the proposed method is not used, stability
cannot be guaranteed when the parameters change.

V. CONCLUSION
In an asymmetric sinusoidal microarc oxidation inverter, the
rich harmonics of the output waveform, parameter uncer-
tainty, and delay introduced at each stage are challenges to the
design of the controller, especially when the output frequency
is higher. This article presents a novel robust LQR digital
control method for high-bandwidth inverters. The proposed
method ensures the output waveform by combining feedfor-
ward and state feedback and greatly simplifies the controller
design difficulty by converting the design of the digital con-
troller into a time domain pole configuration method, while

allowing the system to include additional delays. In addition,
robustness to parameter uncertainties is considered in the de-
sign of the digital controller.

Simulation and experiments show that compared with the
existing control methods, the proposed method can guarantee
the output waveform quality, load regulation and stability at
the same time. The proposed method has predictable stability
due to the consideration of delay and parameter uncertainty.
In addition, because the proposed method is simple to imple-
ment, requires low computing power, and can achieve high
bandwidth, it is especially suitable for inverters with high
switching frequency and output frequency. However, the pro-
posed method is a general method and can also be used for
power factor correction and dc-dc converters.

At present, the proposed method still needs computer assis-
tance to obtain a stable pole region when designing a digital
controller with an extra delay. The next step will be to propose
a simpler method for obtaining a stable region. In addition,
the proposed method is suitable for fixed switching frequency
systems, and the next research goal is to extend it to variable
frequency systems such as CRM inverters.
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