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ABSTRACT This article presents a precisely synthesized full order as well as reduced order continuous time
large signal and small signal model of a hybrid phase-duty controlled triple-active bridge (TAB) converter
based on higher order harmonic frequency inclusive averaging model. Such model helps to accurately
predict the steady state circuit parameters such as inductor current, average output voltage, output voltage
ripple etc. that in turn can be used to formulate the loss minimized optimal phase-duty modulation strategy
for a TAB. Further, the derived full order small signal model can specifically model the high frequency
dynamics of the converter which are neglected in the reduced order modeling. Moreover, in order to facilitate
decoupled power flow in a TAB, a decoupler network is formulated based on meticulously modeled converter
plant considering higher order harmonics of the bridge voltages into calculation. Finally, a controller-based
decoupled power management strategy is proposed in this study that decouples the TAB control loops
and facilitates faster transient performance with two independent PI controllers. An 800 W TAB converter
proof-of-concept is designed, fabricated, and tested to verify the established modeling techniques and the
proposed controller decoupling action. With the implementation of the decoupled control under an 80% load
transient at the 2nd output port, the experimental results show 30% improvement in overshoot compared to
the fundamental harmonic based decoupling method.

INDEX TERMS Frequency selective small and large signal modeling, loss optimized decoupled control,
triple-active-bridge (TAB).

I. INTRODUCTION
In cutting-edge applications such as electric-vehicle power
train, space power supplies, smart/micro-grids wherever mul-
tiple energy resources (e.g., solar cells, wind energy, fuel
cell, battery units, local loads etc.) are engaged together
to efficiently support the power system, a power electronic
converter that can control and direct the power flow with
high performance, is needed [1], [2], [3]. Here, an isolated
omni-directional multiport converter (MPC) that utilizes a
single power stage to interconnect all the ports, instead of
individual dc-dc stage, can be employed to simplify the de-
sign. One of the prominent circuit topologies among the
multi-winding transformer coupled MPC family is multi-
active bridge (MAB) converter, that has been first proposed

in [3]. An n-port MAB converter is comprised of n full-
bridge modules magnetically coupled through an n-winding
high-frequency (HF) transformer as illustrated in Fig. 1.
The reported applications of MAB converter are widespread
from distributed space power supplies [4], [5], renewable
generation systems [6], [7], EV on-board chargers [9] to more-
electric aircraft power systems [10].

Owing to the inherent power flow cross-coupling problem,
the primary research focus on the MAB converter design has
been on decoupling the control loops [6], [11], [12], [13],
[14], [15], [16] and to replace the complex multi-input-multi-
output (MIMO) system with multiple independent single-
input-single-output (SISO) control loops. Such decoupling
techniques that are reported in literature, can be broadly
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FIGURE 1. Generic n-port MAB converter topology and phase shifts of the
respective half-bridge gating signals.

categorized into two methods: software-based and hardware-
based. In software-based decoupling techniques [6], [11],
[12], [13], modified control algorithms are employed in the
controller in order to restrict the coupling effects of the TAB
converter. The works in [6], [11] use different bandwidths for
the SISO control loops to decouple them from one another.
However, in this process, a control loop having maximum
bandwidth can adequately attenuate the disturbance from
other loops, but the loops with lower bandwidth will have
deteriorated dynamic performance. Other such techniques use
feedforward compensators, which dynamically decouples the
power control loops with the help of decoupling matrices that
are precomputed and stored as a look-up table in the con-
troller [12]. In the work [12], the TAB converter is modeled
using fundamental harmonic approximation (FHA) that leads
to inaccurate calculation of the decoupling matrices; hence,
it results in poor decoupling performance. Another method
to route the matrix power flow in a MAB is time-sharing
(TS) based control [13]. Although this DAB-like MAB con-
trol method solves the power coupling challenge and helps in
achieving better light load efficiency, the MAB converter with
TS-control strategy suffers from higher output voltage ripple,
increased output capacitor sizing and reduced power rating of
the ports.

In order to attain decoupled power transfer in a scalable
MAB topology while avoiding complex controller implemen-
tation, a few hardware based decoupling approaches have
been introduced in the literature [14], [15]. In the work
presented in [14], the coupling between the MAB ports is
eliminated by removing the leakage inductance from a mas-
ter port, whereas similar decoupling approach adopted in
[15] introduces a resonant capacitor in series with a port’s
leakage inductance to make the leakage impedance at fun-
damental frequency zero. However, such strategy requires a
modified configuration of the MAB converter that annihilates
the fundamental architectural symmetry of the topology and
hence puts down the inherent design advantages of the con-
verter. Also, by eliminating the equivalent impedance from

a port of a MAB structure, the RMS and peak of that port’s
current increases considerably that incurs more conduction
and switching losses.

Nevertheless, none of the reported literature on decoupling
control of TAB or MAB, takes care of the increased sys-
tem losses at the non-unity gain and light load conditions
due to increased port current RMSs and peaks [4], [5]. The
application of the optimal phase-duty control under power
flow decoupling action is fairly non-existent in the literature.
The authors in [16] made an effort to propose a universal
solution to control the decoupled MAB power flow under
minimum current point tracking (MCPT) algorithm in or-
der to reduce the conduction loss but the implementation of
power flow decoupling strategy is based on FHA model with
compromised accuracy. The FHA based analysis misses out
information about the current shapes and thus fails to precisely
calculate the conduction as well as the switching loss of the
converter, thus, leads to a non-loss-optimal point converter
operation. Consideration of switching frequency harmonic
components in the modeling of dual-active-bridge (DAB) con-
verters can be found in [17]; however, no such approach is
present for TAB and its accurate large and small signal model
formulation. Therefore, through the present work, the authors
precisely synthesize the required TAB winding current and
output voltage information from a loss inclusive full-order
average model (FOAM) that takes the higher order switching
frequency harmonics into account as proposed in the article.
In contrast to the FHA based FOAM, our modeling method
results in higher estimation accuracy for the state-variables
due to higher order harmonics under consideration, leading to
the accurately optimized TAB modulation strategy. Further-
more, in order to decouple the power flow in such a TAB
converter, a decoupling matrix is formulated in this work from
the generalized-harmonic-approximated (GHA) plant model,
which when cascaded with the plant, decouples the control
loops. Further, a detailed GHA oriented small signal modeling
of the TAB converter is also presented in this work that can be
used while modeling the controller for the plant. Finally, a loss
optimal decoupled TAB converter power flow management
scheme is presented in this work. For validation purposes of
the claims stated in the work, a triple active bridge (TAB) con-
verter for space application is designed to be rated for 400 W
at each of the output ports, where the input and output port
voltages range between 160V, 90-140V, and 16-27V, respec-
tively. The major contributions of the work can be briefed as
follows:

1) The analytically developed GHA based generic model
of the n-port MAB converter involving phase-duty-
based multivariable control works as a building block
for the development of the reduced order TAB plant
model.

2) This article presents the FHA and GHA based full or-
der as well as reduced order large signal and small
signal continuous time modeling of the TAB converter
along with their comparison with regard to the control
parameters.
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FIGURE 2. Typical TAB port voltage and current waveforms.

3) The power flow decoupling matrices are formulated
(and implemented in the digital controller), based on
the GHA based reduced order TAB circuit model, which
reduces the settling time and overshoot by 3.5 folds and
3 folds, compared to the existing FHA based decoupling
action, respectively.

4) Closed loop implementation of the proposed optimal-
duty cycle control has been established in this work
alongside the power loop decoupled controller.

II. GHA-BASED VOLTAGE WAVEFUNCTION AND POWER
FLOW SYNTHESIS IN A MAB CONVERTER
To elucidate the operation and modeling of any converter
power stage from the MAB family (including TAB), this
section presents the frequency domain approach to accurately
formulate the converter ports’ voltage, current and power flow
waveshapes for a generalized MAB converter. The topology
of a generic n-port MAB converter is presented in Fig. 1,
where n active full bridges are magnetically coupled through
a multi-winding high-frequency transformer having a turns
ratio of n1, n2, . . . nn. The corresponding dc link voltage and
the leakage inductance of the transformer, connected to port-i
(1 ≤ i ≤ n), are highlighted as V ′

i and L′
i . The degrees of

freedom to control the power flow in a MAB are defined by
the bridge voltage duty ratios (δi) and the inter- bridge phase
differences (ϕi, ϕ1 = 0). The phase displacement between the
gating signals of the two half-bridge (HB) legs of any particu-
lar AB controls the duty cycle of the bridge output voltage as
shown in Figs. 1 and 2.

Due to the complexity in analyzing the power transfer
between the MAB ports under phase-duty control using the
time-domain MAB model, a GHA based frequency domain
analysis is carried out in this article. Utilizing the Fourier
series expansion, each of the quasi-square shaped ac bridge
voltages (v′

i, for port-I H-bridge) can be expressed as a se-
ries combination of sinusoidal voltage sources of odd order

harmonics and can be expressed as,

v′
i (t ) = 4V ′

i

π
·

∞∑
k=1,3,...

1

k
dki sin{k(ωt − ϕi )}, (1)

where dki = cos(kδi ); ‘k’ is the order of the harmonic, and
ω = 2π fsw; fsw being the operating switching frequency.

The total power sourced by the any of the MAB port (port-i)
can be quantified as the summation of the power transfers to
the rest of the ports, as represented in (2).

Pi =
n∑

j =1
j �= i

Pi j =
n∑

j =1
j �= i

4V ′
iV ′

j

π3 fswL′
i j

·
∞∑

k=1,3,...

1

k3

[
dkidk j sin{k(ϕi − ϕ j )}

]
(2)

where ϕ j and ϕi are the corresponding phase shifts; Vi and Vj

are the dc link voltages, respectively and Li j is the equivalent
line inductance between the ports, given in (3).

Li j = Li + L j + LiL j

⎛
⎝ n∑

k �=i, j

1

Lk

⎞
⎠ ; i �= j. (3)

Here, Li and L j represent the transformer leakage induc-
tances of I and j-th ports referred to the port-1, respectively:

Li = L′
i (

ni
n1

)2; L j = L′
j (

n j
n1

)
2
. The derivation of the GHA

based generalized MAB power flow model is further em-
ployed later in this work in order to synthesize the GHA
oriented reduced order model of the TAB converter under
study as well as its decoupler network.

III. DERIVATION OF THE HARMONIC-INCLUSIVE
AVERAGE MODEL (HIAM) OF TAB CONVERTER
In the quest to accurately estimate the transformer winding
currents and their RMSs and further to develop an efficient
decoupled closed loop controller for a TAB converter, precise
synthesis of the converter’s large signal as well small signal
average models is extremely necessary. In this work, the gen-
eralized averaging technique [18] is employed to model the
TAB converter, where the higher order switching frequency
harmonic terms are included alongside the fundamental, in
Fourier series of the state variables (HIAM). The existing
fundamental component-oriented GAM models of DAB leads
to an inaccurate steady state model of the converter due to
exclusion of the higher order components. Whereas the pro-
posed HIAM of TAB helps to predict the precise large signal
as well as small signal disturbances in the system.

A. HARMONIC-INCLUSIVE FULL ORDER LARGE SIGNAL
MODEL (HIFOAM) DEVELOPMENT
The derivation of the large signal state space model of the
TAB converter starts from the �-equivalent model of the TAB,
as highlighted in Fig. 3(a). Here, on-state resistances of the
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FIGURE 3. (a) �-equivalent model of the TAB converter with lumped
winding resistances. (b) Example output Port Model in a TAB.

switching devices and the transformer winding resistances are
lumped together (R12, R23 and R13) and are placed in series
with the inter-port impedances. The time-varying ac quasi-
square port voltages can be represented as:

v1 (τ ) = s1 (τ ) vin (τ ) (4)

v2 (τ ) = s2 (τ ) vo2 (τ ) (5)

v3 (τ ) = s3 (τ ) vo3 (τ ) (6)

where vin(τ ), vo2(τ ), and vo3(τ ) are the dc link port voltages
and s1(τ ), s2(τ ), and s3(τ ) are the switching functions that
depend on the phase-duty control variables and can be defined
as given in (7) shown at the bottom of this page derived
from the switching modulation scheme. , where i signifies a
particular TAB port; i = 1, 2, or 3 and ω = 2π fsw; fsw being
the switching frequency.

In this work, for the ease of modeling, the port-2 and port-3
of TAB converter are taken as output ports while port-1 works
as an input to the system. Furthermore, the inter-port inductor
currents of the � TAB circuit, i12, i13 and i23, and the output
capacitor voltages vo2 and vo3 are selected as the primary state
variables for the modeling purposes. Now, applying KVL and
KCL in Fig. 3, the state equations of a TAB converter are
obtained.

di12 (τ )

dτ
= − R12

L12
i12 (τ ) + s1 (τ ) vin (τ )

L12
− s2 (τ ) vo2 (τ )

L12
(8)

di13 (τ )

dτ
= − R13

L13
i13 (τ ) + s1 (τ ) vin (τ )

L13
− s3 (τ ) vo3 (τ )

L13
(9)

di23 (τ )

dτ
= − R23

L23
i23 (τ ) + s2 (τ ) vo2 (τ )

L23
− s3 (τ ) vo3 (τ )

L23
(10)

dvo2(τ )

dτ
= − vo2 (τ )

R2C2
+ s2 (τ ) i12 (τ )

C2
− s2 (τ ) i23 (τ )

C2

− IN,2 (τ )

C2
(11)

dvo3 (τ )

dτ
= − vo3 (τ )

R3C3
+ s3 (τ ) i13 (τ )

C3
− s3 (τ ) i23 (τ )

C3

− IN,3 (τ )

C3
. (12)

Where C2, C3 are the output dc link capacitances and
IN,2(τ ), IN,3(τ ) are dc load currents.

Equations (8)–(12) are simultaneously time-varying and
nonlinear in nature. In order to obtain the linear time-invariant
model, the next step is to apply the averaging method by
approximating each state variable, x(τ ) as an exponential
Fourier series.

x (τ ) =
∞∑

k=−∞
〈x〉k (τ ) e jkωsτ , (13)

where ωs = 2π
Ts

, and 〈x〉k is the kth coefficient in the Fourier
series that represents the amplitude of kth harmonic.

Similar to a conventional state-space average model, in the
TAB model equivalent, few of the state variables such as the
input and output voltages, vin, vo2, and vo3, and load currents
IN,2, IN,3 can be simplified using small ripple approximation,
which means that only dc term in the Fourier series will
remain. On the other hand, for the purely ac current state vari-
ables, i12, i13 and i23, need to be approximated by first k odd
terms in their Fourier series due to the half-wave symmetry
of their wavefunctions. Also, the state equations are expanded
using the following relationships [21]:

d

dt
〈x〉k =

〈
d

dt
x

〉
k
− jkωs〈x〉k (14)

〈xy〉k =
∞∑

i=−∞
〈x〉k−i〈y〉i (15)

Applying (15), (16) to the state space equations in (8)–(12),
the zeroth and 1st harmonic coefficients of i23 and only zeroth
coefficient of vo2 can be determined as (16)–(19), shown at
the bottom of next page. Same approach is taken for other
state variables as well.

Now, applying the small ripple approximation criteria
on the input and output side capacitor voltages, the fol-
lowing can be deduced: 〈vin〉0 = V1, 〈vin〉kR = 〈vin〉kI = 0,
〈vo2〉kR = 〈vo2〉kI = 0, 〈vo3〉kR = 〈vo3〉kI = 0, where k is any
odd switching frequency harmonic. On the other hand, the
zeroth and higher order Fourier coefficients of purely ac
switching functions are obtained as:

〈s1〉0 = 〈s2〉0 = 〈s3〉0 = 0;

〈s2〉kR = − 2

πk
cos (kδ2) sin (kϕ2) ;

〈s2〉kI = − 2

πk
cos (kδ2) cos (kϕ2) ;

si (τ ) =
⎧⎨
⎩

1,
δ1+ϕi

ω
≤ τ ≤ π+ϕi−δ1

ω

0, 0 ≤ τ ≤ δ1+ϕi
ω

; ϕi+π−δ1
ω

≤ τ ≤ ϕi+π+δ1
ω

;
−1 ,

ϕi+π+δ1
ω

≤ τ ≤ 2π+ϕi−δ1
ω

2π + ϕi − δ1

ω
≤ τ ≤ 2π

ω
(7)

618 VOLUME 4, 2023



〈s3〉kR = − 2

πk
cos (kδ3) sin (kϕ3) ;

〈s3〉kI = − 2

πk
cos (kδ3) cos (kϕ3) .

Finally, by using the obtained coefficient values in the
extended kth harmonic order state equations (similar to (16)–
(19)), a final set of differential state equations is formed
with two output capacitor voltages and 6k variables rep-
resenting the first kth coefficients of the three inter port
inductor currents as the complete state variables. Thus, the
state-space matrix of the TAB converter is formulated and
shown in (20) shown at the bottom of this page. where, X =
[vo2 vo3 i12kR i12kI i13kR i13kI i23kR i23kI ]T ;

A is a 8 × 8 matrix that can be represented as⎡
⎢⎣

a11 . . . a18
...

. . .
...

a81 . . . a88

⎤
⎥⎦; M is a 3 × 8 matrix that can be represented

as

⎡
⎢⎣

M11 . . . M13
...

. . .
...

M81 . . . M83

⎤
⎥⎦ and N = [vin IN,2 IN,3]T . The individual

terms of the state-space matrix are highlighted in the appendix
section.

The steady state large-signal values of the state variables
such as output port voltages and transformer winding currents
can be obtained by solving Ẋ = 0. In order to validate the
effectiveness of the formulated large signal GHA oriented
averaging model over the FHA based model, the variations
in steady state TAB output voltages for both the modeling
approaches are plotted in Figs. 4 and 5 with a wide sweep
in ϕ2. The modeling errors from the GHA and FHA oriented
average models with respect to the experimentally evaluated
data are also presented in the plots. It can be inferred from
both the plots that the large signal TAB model considering
up to 5th order harmonic provides an average of 4% better
accuracy than the conventional FHA based full order model,
which in turn facilitates the improved and precise estimation
of the converter steady state parameters depending on the

FIGURE 4. Comparison of experimental and estimated port-2 dc voltage,
derived from FHA and GHA based Full Order TAB model with a variation in
ϕ2.

FIGURE 5. Comparison of experimental and estimated port-3 dc voltage,
derived from FHA and GHA based Full Order TAB model with a variation in
ϕ2.

phase-duty control variables. Please note that the TAB cir-
cuit parameters as per the model developed and experiments
conducted are given in Table 1. Moreover, such precisely
quantified large signal steady state model helps obtaining the
optimal duty cycle parameters depending on the output gain
and load condition through TAB loss optimization framework,
discussed in [3], [4].

d〈i23〉0

dt
= −R23

L23
〈i23〉0 + 〈s2〉0〈vo2〉0

L23
+ 2

L23
〈s2〉1R〈vo2〉1R + 2

L23
〈s2〉1I 〈vo2〉1I − 〈s3〉0〈vo3〉0

L23
− 2

L23
〈s3〉1R〈vo3〉1R

− 2

L23
〈s3〉1I 〈vo3〉1I (16)

d〈i23〉1R

dt
= − R23

L23
〈i23〉1R + ωs〈i23〉1I + 1

L23
(〈s2〉0〈vo2〉1R + 〈s2〉1R〈vo2〉0) − 1

L23
(〈s3〉0〈vo3〉1R + 〈s3〉1R〈vo3〉0) (17)

d〈i23〉1I

dt
= − R23

L23
〈i23〉1I − ωs〈i23〉1R + 1

L23
(〈s2〉0〈vo2〉1I + 〈s2〉1I 〈vo2〉0) − 1

L23
(〈s3〉0〈vo3〉1I + 〈s3〉1I 〈vo3〉0) (18)

d〈vo2〉0

dt
= − 1

R2C2
〈vo2〉0 + 1

C2
〈s2〉0〈i12〉0 + 2

C2
(〈s2〉1R〈i12〉1R + 〈s2〉1I 〈i12〉1I ) − 2

C2
(〈s2〉1R〈i23〉1R + 〈s2〉1I 〈i23〉1I ) (19)

Ẋ = AX + MN (20)
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TABLE 1. TAB Circuit Parameters

B. FULL ORDER SMALL SIGNAL AVERAGE MODEL
DEVELOPMENT
In order to design a controller for the TAB converter and also,
to perform dynamic stability analysis, the derivation of small-
signal control-to-output transfer functions are necessary. In
(20), when there is a small perturbation in the phase shift
control variables ϕ2 and ϕ3, the state variables of [X ] will
deviate from their steady state operating points. Although the
duty variables of a TAB are varied in steady state to achieve
lesser conduction and switching losses [3], the converter out-
put voltage or current or power is regulated by controlling the
phase-shift variables using some robust PI based controller
and the dynamics of the duty cycle variables are much slower
(∼100-1000 times) than the phase shift variables. Therefore,
in this article, while deriving the small signal model, the per-
turbations in the duty cycle variables δ2 and δ3 are neglected.
Hence, the deviations of the state variables are defined as,

�ϕ2 = ϕ2 − φ2;
�ϕ3 = ϕ3 − φ3;
�vo2 = vo2 − Vo2;
�vo3 = vo3 − Vo3;

�ii jkR = ii jkR − Ii jkR;
�ii jkI = ii jkI − Ii jkI (21)

Where i, j = 1, 2, or 3; i �= j. Here, the upper-case vari-
ables depict steady state values while the lower-case and �

variables present the large-signal and small-signal states, re-
spectively.

Equation (20) contains nonlinear terms with multiplication
of state variables with control inputs. Such a term sin(kϕ3)vo2,
under small �ϕ3, can be approximated using (22).

vo2 sin (kϕ3) = sin {k (�ϕ3 + φ3)} (�vo2 + Vo2)

= Vo2 sin (kφ3) + Vo2 cos (kφ3) k�ϕ3 + �vo2 sin (kφ3)
(22)

In a similar fashion, all the nonlinear terms can be also
approximated.

The HIFOAM based (approximated up to kth order har-
monic) small-signal model of the TAB converter can thus be

determined by substituting equations of (21) in (20) and is
given in (23) as a form of a matrix equation.

ẋ = Ax + Bϕ. (23)

Where, x = [�vo2 �vo3 �i12kR �i12kI �i13kR�i13kI�i23kR

�i23kI ]T ;

ϕ = [�ϕ2 �ϕ3]T ; B = [B1 B2 B3 B4 B5 B6 B7 B8]T ;

B1 =
[
−

∑ 4dk2

πC2
{i2kR cos (kϕ2) − i2kI sin (kϕ2)} 0

]
;

B2 =
[

0 −
∑ 4dk2

πC3
{i3kR cos (kϕ3) − i3kI sin (kϕ3)}

]
;

B3 =
[

2V2dk2cos (kϕ2)

πL12
0

]
; B4 =

[
2V2d2sin (kϕ2)

πL12
0

]
;

B5 =
[
0

2V3dk3cos (kϕ3)

πL13

]
; B6 =

[
0 − 2V3dk3sin (kϕ3)

πL13

]
;

B7 =
[
−2V2dk2 cos (kϕ2)

πL23

2V3dk3cos (kϕ3)

πL23

]
;

B8 =
[

2V2dk2sin (kϕ2)

πL23
− 2V3dk3sin (kϕ3)

πL23

]
.

From (23), the control-to-output transfer functions can be
obtained as,

x (s) = M (s) ϕ (s) , (24)

where M is a matrix of {(2+6n) × 2} size and can be obtained
as M = (sI − A)−1B; n = number of harmonics accounted
under GHA consideration.

Therefore, the control-to-output voltage gains can be calcu-
lated by (25) and (26).

�vo2 = M11�ϕ2 + M12�ϕ3. (25)

�vo3 = M21�ϕ2 + M22�ϕ3. (26)

It is clear from (25) and (26) that any disturbance in the
phase shift of any individual port will simultaneously affect
the output voltages of both the ports. Such cross-coupling
between the TAB ports demands the development of the de-
coupled control loops.

C. REDUCED ORDER AVERAGE MODEL DEVELOPMENT
While the previously obtained full order model helps to ac-
curately predict the steady state dynamics of the converter, a
higher order harmonic-inclusive reduced order average model
(HIROAM) is also derived in the article in order to model the
TAB plant and its decoupling network with less computational
complexity and hence implementation simplicity. The prime
applicability of the HIROAM has been to design and digitally
implement the decoupled control mechanism, presented in the
following section, whereas the previously derived HIFOAM
is employed to build the loss optimal multi-variable (hybrid
phase-duty control, see [5]) control that ensures the maximum
efficiency tracking of the converter for wide load and gain
range. In such reduced order continuous time modeling, the
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high frequency leakage inductor dynamics of the transformer
is neglected [14] and only low frequency output capacitor
dynamics are modeled.

In this study, sufficient effort has been put forward to derive
a precise model of the TAB plant by taking higher order har-
monics into account while involving the bridge voltage duty
variables in the control system. The derivation of HIROAM
begins with the GHA based quantified power flow calculations
that are shown in Section II with an example of a n-port
generic MAB. Using the port power equation, given in (2), the
dc output port current of ith port in a n-port MAB converter
can be obtained as

Ii = Pi

Vi

=
n∑

j = 1
j �=i

4Vj

π3 fswLi j
·

∞∑
k=1,3,...

1

k3

[
dkidk j sin{k(ϕ j − ϕi )}

]
.

(27)

The Taylor series of the above port current Ii around a dc
operating point I∗

i is,

Ii = I∗
i + �I∗

i =
n∑

j =1
j �= i

∞∑
k=1,3,...

M∗
i,j,k sin{k(ϕi − ϕ j )}

+
n∑

j =1
j �= i

∞∑
k=1,3,...

kM∗
i,j,k cos{k(ϕi − ϕ j )}

(
�ϕi − �ϕ j

)
,

(28)

where M∗
i,j,k = 4Vj

π3 fswLi j
· dkidk j

k3 .

Thus, the small signal variation in Ii, �I∗
i can be modeled

as (29).

�I∗
i =

n∑
j =1
j �= i

∞∑
k=1,3,...

Gi j,k�ϕi, (29)

where Gi j = −
n∑

j =1
j �= i

∞∑
k=1,3,...

kM∗
i,j,k cos{k(ϕi − ϕ j )} .

Applying the modeling method to a TAB converter, the
output port current disturbances caused by the perturbation in
phase shift variables can also be modeled and the small signal
transfer function matrix of the converter is expressed in (30).

�I =
[

�I2

�I3

]
=

[
G22,k G23,k

G32,k G33,k

] [
�ϕ2

�ϕ3

]
= Gk�φ.

(30)
As predicted from the HIFOAM, the cross-coupled inter-

action between the control variables and the outputs are also
observed from this HIROAM. Moreover, it is to be noted

FIGURE 6. Calculated control-to-output gains by different modeling
approaches, simulation, and experimentally measured data: (a) �vo2

�ϕ2
; (b)

�vo2
�ϕ3

.

that the GHA based modeling (up to 5th order) of the plant
helps in gaining a maximum of 7% better accuracy than the
conventional FHA based reduced order modeling of the TAB
converter.

To compare the above discussed full order and reduced
order continuous time small signal models of the TAB topol-
ogy, the port-2 output voltage, vo2-to-port-2 phase shift (ϕ2)
and port-2 output voltage, vo2-to-port-3 phase shift (ϕ3) trans-
fer functions obtained from various modeling techniques are
graphically presented in Fig. 6(a) and (b), respectively. The
accuracy of the developed models is assessed by measuring
the control-to-output transfer functions of the TAB dc-dc con-
verter through both MATLAB Simulink-based simulation and
experimental approaches. To measure the control-to-output
transfer function, a sinusoidal perturbation signal with a vary-
ing frequency ( fpert ) is superimposed on the steady-state
phase-shift control variables of port-2 (ϕ2) and port-3 (ϕ3)
separately. The resulting superimposed phase-shift is fed to
the PWM generator, which controls the switching devices
in the power stage of the converter. The magnitude of the
perturbation signal (�ϕ2 or �ϕ3) is set to 0.02, regardless
of the value of fpert . During the study, the perturbations in
the output voltages of the TAB converter are recorded at
each fpert through an FFT analysis on the measured data.
The control-to-output gain at fpert is calculated using the
formula Gain = 20log10( �vo2

�ϕ2
) or 20log10( �vo2

�ϕ3
) with �ϕ2,

�ϕ3 = 0.02. The simulation and experimental results of the
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FIGURE 7. �-equivalent circuit of the TAB converter with zero leakage
inductance of the transformer associated with port-1.

control-to-output transfer functions are presented in Fig. 6.
The comparison between the calculated and measured transfer
functions indicates a close match, demonstrating the accu-
racy of the developed models. However, some discrepancies
are observed in between the reduced-order continuous-time
model and the measured results. In contrast, the proposed
higher order harmonic-inclusive full-order continuous-time
model provides more accurate results, especially at the low
and high-frequency zones. This finding further validates the
accuracy of the formulated small-signal model of the con-
verter. Thus, in this article, the derived full order small signal
model is used to design the controller parameters of the TAB
converter for better precision.

IV. LOSS MINIMIZED POWER FLOW LOOP DECOUPLING
MECHANISM AND ITS DIGITAL IMPLEMENTATION
In order to obtain a robust and strict dynamic performance in
a TAB converter, decoupling the control loops is necessary.
An obvious approach to perform this task is to make leakage
inductance of a transformer winding (of master port) near zero
[14]. This phenomenon can be well understood if we deduce
the equivalent circuits of the TAB network with line/leakage
inductance associated with input port-1 (master port) to be
zero, i.e., L1 = 0, as shown in Fig. 7. In such scenario, the
inter-port line inductances in �-equivalent circuit becomes,
L12 = L2, L13 = L3 and L23 = ∞ (using (3)). This means no
power can be transferred between the output ports: port-2 and
port-3. Hence, the power sunk at port-2 and port-3 can be
obtained from (2), as highlighted in (31).

P2 = P12 + P32

=
n∑

j =1
j �= i

4V ′
1V ′

2

π3 fswL2
·

∞∑
k=1,3,...

1

k3 [dk1dk2 sin{k(ϕ1 − ϕ2)}] ;

P3 = P13 + P23

FIGURE 8. TAB converter plant and decoupled control system block
diagram.

=
n∑

j =1
j �= i

4V ′
1V ′

3

π3 fswL3
·

∞∑
k=1,3,...

1

k3 [dk1dk3 sin{k(ϕ1 − ϕ3)}]

(31)

It is evident from (31) that the individual power flow to
the output ports is decoupled from each other, i.e., P3 does
not depend on ϕ2 and P2 does not depend on ϕ3. In this
way a DAB-like power flow can be achieved between the
TAB master port and any other existing port in the system.
However, this approach has a few drawbacks. First, obtaining
a zero-leakage transformer is practically not feasible. Third, as
the leakage inductance of a TAB port is reduced, it makes the
converter more lossy with an increase in total winding RMS
currents. Therefore, a controller based decoupling approach
is adopted in this work while maintaining the minimal con-
duction loss operating point [4] by employing the duty cycle
control variables.

A decoupling matrix, H is formulated in this work based on
the HIROAM of TAB, as observed in (32), which decouples
the control loops when placed in cascade with the converter
plant Gk. The previously derived HIFOAM is not utilized
here in order to circumvent the computational complexity
of the decoupling matrix elements, which is done online by
the controller. While there are some loop decoupling control-
based works reported in the literature [6], [11], [12], [13],
their limitations are as follows: (a) loop transfer functions
are formulated using FHA-based approximation by ignoring
the higher order harmonics effect, while this assumption will
often fail due to non-sinusoidal nature of the bridge voltages
and currents, (b) the existing decoupled control schemes for
a TAB converter fails to optimally adjust the bridge voltage
duty cycles for a wide gain and load range operation, which
is essential in order to achieve better system efficiency by
minimizing the conduction as well as switching losses.

The proposed decoupled control system of the converter is
depicted in Fig. 8. The focus of the decoupling network is
to decompose the MIMO control system of a TAB into two
separate independent SISO systems. Thus, the whole system
can be controlled using independent non-interactive loop con-
trollers, GPII2

(s) and GPII3
(s). The PI controllers are derived
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while maintaining sufficient bandwidth and phase margin of
the closed loop control system, derived from the full-order
small signal model of the TAB. To achieve complete decou-
pling of the control loops, the H matrix is obtained as,

Hk =
[

H22,k H23,k

H32,k H33,k

]
= G−1

k =
[

G22,k G23,k

G32,k G33,k

]−1

= 1

G11,kG22,k − G12,kG21,k

[
G22,k −G23,k

−G32,k G33,k

]
. (32)

For every optimum operating point, the small signal trans-
fer function matrix of the converter is only a constant, i.e.,
no pole or zero is involved since the inductor dynamics are
already neglected, and so does the decoupling network Hk ,
which is the inverse matrix of Gk.

Additionally, to achieve optimal phase-duty control in
the TAB dc-dc converter, the authors have previously pre-
sented a mathematical framework for a multivariable multi-
constrained loss optimization problem [4], [5]. The objective
function in this work aims to minimize the total loss, encom-
passing both conduction and switching losses in the switching
network of the TAB, consisting of three full-bridge cells.
The winding RMS currents that equivalently relate to the
conduction loss in the system, are quantified from the previ-
ously derived loss-inclusive large-signal model of the TAB,
whereas the obtained instantaneous switching currents are
used in the switching loss calculation while accounting for
the soft-switching events [5].

By optimizing the objective function based on specific
design inputs, such as converter circuit parameters, output
port voltage gains (m2 = V2

V1
, m3 = V3

V1
), and load requirements

(P2, P3), the optimal set of phase and duty control variables
(δ∗

k , ϕ∗
k ) can be accurately derived. For a DAB converter, this

optimization program can be solved offline using numerical
optimization tools, and the obtained control variable set can
be stored as a look-up table (LUT) in the controller. How-
ever, for a TAB, due to its complexity, the size of the LUT
would become excessively large, leading to memory alloca-
tion challenges on the DSP. In this work, addressing a TAB
converter, the authors have developed polynomial regression-
based models for the optimal duty cycle control variables [18].
These models can be easily implemented within the DSP to
achieve the desired control variables in real-time, considering
the online load and voltage gain conditions of the TAB ports.

To formulate these optimal duty cycle calculation mod-
els, the loss optimization routine from [5] is executed to
calculate the optimal control variable sets for various combi-
nations of discrete gain and load values of the TAB converter
ports. This data is then used to create a seven-column matrix
(m2, m3, P2, P3, δ1, δ2, δ3) containing the TAB port gain, load,
and the corresponding optimal duty cycle variables. Applying
the least-mean-square method to this dataset, the authors sta-
tistically formulate the regression models for the optimal duty
variables (δk), where δk is expressed as a polynomial func-
tion of the TAB ports’ voltage gain and load condition: δ∗

k =

FIGURE 9. Implemented complete control system block diagram in the
TAB converter under study.

∑3
i=2 akmi + bkPi + ckm2

i + dkP2
i + Ck , where k ∈ [1, 3], i ∈

[2, 3] ak, bk, ck, dk are the system coefficients and Ck is
a constant. These models, expressed as second-order poly-
nomial functions of the TAB ports’ voltage gain and load
condition, yield median errors of 4%, 5.2%, and 4.3% com-
pared to the actual optimal δ1, δ2and δ3 datasets, respectively.
Such precise models can be easily established inside the
DSP without experiencing any memory allocation-based chal-
lenges. Thus, with the sensed output voltages and currents, the
controller can update the bridge duty cycles online.

In closed-loop implementation (Fig. 9), standalone PI con-
trollers are utilized to track referenced output voltages or
currents by dynamically adjusting the phase shift control pa-
rameters (ϕ2, ϕ3), while the duty-cycle parameters are updated
using the optimal duty regression models to ensure maximum
efficiency operation. The update rate of the optimal duty cycle
block is maintained significantly slower (over 1000 times)
than the time constant of the inbuilt PI controller, which mod-
ulates the phase shifts (ϕ2, ϕ3) dynamically. Consequently,
any change in the operating duty cycle has a negligible effect
on the output currents or voltages.

Moreover, based on sensed output voltages, online calcu-
lated optimal duty cycle control variables, and the phase shift
variables from the previous cycle, the elements of the decou-
pling matrix Hk can be calculated and updated online within
the controller. Additionally, the implemented decoupling ma-
trix formulation accounts for up to the 5th order harmonics,
providing better decoupling compared to when Hk is derived
based on the conventional FHA-based plant model.

V. SIMULATION AND EXPERIMENTAL RESULTS
This section presents the simulation and experimental valida-
tion and benchmarking of the proposed decoupled power flow
management in an 800 W TAB converter. The major circuit
parameters of the converter under test are depicted in Table 1.
The simulation study is carried out in MATLAB/Simulink
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FIGURE 10. Transient response of TAB port voltages under step load at
Port 2.

simulation package. The port-1 of the TAB is used as the input
port and the input voltage is kept constant at 160V, whereas
the port-2 and port-3 are connected to resistive loads deliv-
ering power at voltage levels of 114V and 23V, respectively,
as per the specification requirements in space-shuttle power
conversion [20]. In the designed control system, two control
loops are used to regulate the two output voltages. Phase shift
control coupled with the optimal duty cycle control is used to
control the power flow in the system. The PI controller for the
voltage loop is designed to be of a lower bandwidth and hence
slower than the inner current loops. For the current controller
a crossover frequency of 1.2 kHz is selected, whereas the volt-
age controller bandwidth is kept as 12 Hz, which is, however,
adjustable with the selection of controller coefficients. The
decoupling matrix is calculated while considering up to 5th
order harmonic and the parameters are obtained online based
on the converter operating point.

In order to verify the usefulness of the proposed decoupling
technique, two simulation cases are considered, and the results
are summarized in Figs. 10 and 11.

1) Case-1 (Fig. 10): A load step is provided to the Port-2
load by reducing the port-2 load resistor value from 120
	 to 27 	 at t = 0.02 sec. Under this experiment, the

FIGURE 11. Transient response of TAB port currents under current
reference change at Port 3.

voltage regulation of port-3 is kept under observation.
For a comparative analysis, this same experiment is
carried out with FHA and GHA based quantification of
the Hk matrix. Also, the same controller’s performance
is tested in the absence of the decoupling network.
The results, presented in Fig. 13, show that in case of
coupled plant, such load transient in port-2 results in
maximum overshoot of 0.5 V at port-3 capacitor volt-
age. This overshoot decreases by a significant margin
once the decupling matrix is introduced in series with
the TAB plant. Moreover, under the application of the
GHA (k = 5) based decoupler, the overshot reduces by
23% compared to the FHA based decoupler. Also, the
settling time reduces by 41% with as higher harmonics
are modeled in the Hk formulation.

2) Case-2 (Fig. 11): Under this case, the TAB converter’s
output currents are regulated at certain values while the
outputs are connected to dc battery loads. A change
in port-3 output current reference is imposed on the
control system at t = 0.02 sec to observe its effect on
the port-2 current regulation. It can be inferred from
the simulation results that the port-2 current experiences
a disturbance of 2.85 % when there is no decoupling
strategy involved. However, after applying the FHA and
GHA based decoupling, this disturbance reduces by
56% and 78%, respectively. Further, the settling time
of the current disturbance is reduced by 39% after ap-
plication of the GHA based decoupling over the FHA
method.
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FIGURE 12. Triple Active Bridge (TAB) dc–dc converter prototype.

These simulation results validate the effectiveness of imple-
menting a decoupling network computed using GHA method
to reflect the impact of higher order harmonics modeling on
the system dynamic performance.

Experiments on the laboratory proof-of-concept of the TAB
converter are also performed to showcase performance of the
decoupled control strategy. The converter prototype with ma-
jor circuit components is highlighted in Fig. 12. The major
circuit parameters of the converter under the test are depicted
in Table 1. The port-1 of the TAB is used as the input port and
the input voltage is kept constant at 160V, whereas the port-2
and port-3 are connected to resistive loads delivering power at
voltage levels of 114V and 23V, respectively. Further, a three
winding planar transformer is employed to couple all the three
ports that has a turns ratio of 7:5:1.c The central controller is
implemented on a Texas Instruments TMS320F28379D DSP.
The PI controller for the voltage loop is designed to be of
a lower bandwidth and hence slower than the inner current
loops. For the current controller a crossover frequency of 1.2
kHz is selected, whereas the voltage controller bandwidth is
kept as 12 Hz, which is, however, adjustable with the selection
of controller coefficients. The decoupling matrix is calculated
while considering up to 5th order harmonic and the param-
eters are obtained online based on the converter operating
point.

To benchmark the contribution of the GHA based decoupler
formation over the FHA based design, two experimental load
transient results at different loading conditions are depicted in
Figs. 13 and 14 comparing both strategies. For both the decou-
pler based control systems, the PI controller coefficients are
optimally tuned for the best performance, i.e., least overshoot
and settling time. This ensures a fair comparison between the
two decoupling strategies. During the light load experiment,
presented in Fig. 13, the converter is delivering a constant
22W at the 3rd output port at a voltage level of 22V, while
the secondary output is being regulated at 114 V. A 80% load
transient is provided to the 2nd output port by controlling the
electronic dc load connected at the output side. The results
show that under application of FHA based decoupled control
the secondary port dc link experiences a voltage dip of 2V

FIGURE 13. Experimental dynamic behavior of the TAB output ports under
different decoupling actions due to 80% load transient in Port-2: (a) FHA
based decoupling; (b) GHA based decoupling. Scale: I2 (ch 1, dc coupled):
1.25 A/div; I3 (ch 3, dc coupled): 0.5 A/div; Vo2 (ch 2, ac coupled): 2 V/div;
Vo3 (ch 4, ac coupled): 1 V/div.

FIGURE 14. Experimental dynamic behavior of the TAB output ports under
different decoupling actions due to load transient in Port-2 from 60 W to
500 W while Port-3 is connected to a constant 400 W load: (a) FHA based
decoupling; (b) GHA based decoupling. Scale: I2 (ch 2, dc coupled):
2 A/div; I3 (ch 4, dc coupled): 2 A/div; Vo2 (ch 3, ac coupled): 5 V/div; Vo3

(ch 1, ac coupled): 2 V/div; time: 4 ms/div.

when the output load current increases, whereas it becomes
1.8V under the GHA based control. The observed effect of
the same load transient on the 3rd port is a voltage dip of 0.5V
and 0.3V under the FHA and GHA based decoupling actions,
respectively. The settling time of the voltage transient on 3rd
port is similar in both the cases. Thus, it can be concluded
that with the implemented GHA based decoupler network, the
dynamic performance of the converter has gained an improve-
ment of 40% in terms of voltage overshoot.

Further, in order to observe a more prominent difference
in control dynamics between the two decoupling actions, a
load transient experiment is carried out in the developed TAB
converter at a higher load condition that is depicted in Fig. 14.
Here, the port-2 of the converter that is connected to a 120V
dc link, is undergoing a load transient from 60W to 500W
while the port-3 is supporting a constant dc load of 400W
at 20V output. It can be clearly observed from the results
that the output voltage at port-2 experiences a similar dip
of 9V due to increased load demand under the influence
of both the FHA and GHA based decouplers. However, the
port-3 output voltage observes a dip of 1.4V with applied
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FIGURE 15. Experimental TAB waveforms under load transient at Port-3 (200 W to 50 W) under 160 V to 115 V (200 W, port-2) and 28 V(port-3)
conversion, showcasing optimal duty cycle control: (a) Primary and Secondary bridge circuit voltage and current waveforms; (b) Tertiary bridge voltage
and current waveforms. Zoomed in waveforms before and after optimal duty cycle transition (which occurs 5 ms after the load transient) are shown in
(a.1) to (a.2) and (b.1) to (b.2). Scale for waveforms (b): i’3 (ch 4, dc coupled): 10 A/div; v’3 (ch 3, dc coupled): 10 V/div.

FHA based decoupled control whereas it only sees a 0.4V
dip in case of proposed GHA oriented decoupling action,
implying a 3.5 folds reduction in overshoot. Also, the pro-
posed decoupler helps to lower settling time of the port-3
voltage by three folds compared to the existing decoupling
strategy.

Furthermore, verifying the capability of the implemented
control algorithm to track the optimized duty cycle operation
under any output load or voltage variation, an experimental
result is taken under 75% load change at port 3. The wave-
forms presented in Fig. 15 indicate that the converter was
operating in steady state under TPS [5] modulation (employ-
ing ϕ2, ϕ3, δ3) scheme before the load change. Following the
load step-down event at port-3 (P3 = 50 W), the converter
still operates in the same PWM mode without changing the
operating duty cycles, while the output voltages are tracked by
the implemented decoupled PI loops. Owing to the decoupled
control, although there is a limited disturbance observed in
port-3 dc link voltage (can be seen from peak voltage of the
bridge voltage, v’3) due to the load transient, the port-2 dc
link voltage stays constant at 120V. After 4.5ms following
the load transient event, the optimal duty tracking control
block inside the controller updates the operating duty cycles
(by incorporating all the optimal duty variables δ1, δ2, δ3, i.e.,
PPS [5]) minimizing the losses in the switching network.
Comparing the zoomed-in results presented in (a.1-a.2) and
(b.1-b.2), it can be observed that the port-3 RMS current,
and all the switching current peaks have decreased consider-
ably after the application of modified duty cycle parameters.
Under the above-mentioned operating condition, this hybrid
phase-duty controlled TAB achieves a 3.4% better TAB power
stage efficiency than the conventional phase modulated con-
trol. Thus, it is validated from these results that the proposed
control strategy facilitates the online dynamic tracking of the

optimized control variables and hence minimized switching
network losses in a TAB.

VI. CONCLUSION
This work showcases the theoretical modeling for any phase-
duty controlled converter under the MAB family utilizing
a frequency-domain GHA technique that circumvents the
complex time domain based operating mode dependent for-
mulations of winding currents and port-voltages. Moreover,
a detailed GHA-based precise full order model of a TAB
converter is derived while considering higher order harmonics
into calculation in order to attain adequately superior steady
state model accuracy. The comparison with the experimen-
tal steady state data demonstrates a 5% better accuracy in
estimating the output port voltage by employing the GHA
based full order model compared to the FHA based model-
ing approach. Furthermore, in order to precisely synthesize a
decoupler network that decouples the power flow in a TAB
converter, a reduced order phase-duty controlled TAB plant
transfer function model is precisely synthesized by including
higher order harmonics of the bridge voltages and currents
into calculation. The load transient simulation result validates
that the GHA based formulation of the decoupler network
helps achieving 23% less overshoot compared to the FHA
based decoupler implementation. Further, the experimental
step-up load transient result benchmarks the reduction in
overshoot and setting time by 3 and 3.5 folds, respectively,
under the influence of implemented GHA oriented decoupler
compared to the FHA based decoupling action. Moreover,
it is experimentally validated that the proposed phase-duty
optimal decoupled control helps reducing the total winding
current RMS by 31% over the state-of-the-art leakage induc-
tance minimized hardware based decoupling method; hence,
achieving a 3.4% better TAB power stage efficiency.
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APPENDIX

X =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vo2

vo3

i12kR

i12kI

i13kR

i13kI

i23kR

i23kI

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− 1
R2C2

0 − ∑ 4dk2sin(kϕ2 )
kπC2

−∑ 4dk2cos(kϕ2 )
πkC2

0 0
∑ 4dk2sin(kϕ2 )

πkC2

∑ 4dk2cos(kϕ2 )
πkC2

0 − 1
R3C3

0 0 −∑ 4dk3sin(kϕ3 )
πkC3

−∑ 4dk3cos(kϕ3 )
πkC3

−∑ 4dk3sin(kϕ3 )
πkC3

−∑ 4dk3cos(kϕ3 )
πkC3

2dk2sin(kϕ2 )
πkL12

0 − R12
L12

kωs 0 0 0 0

2dk2cos(kϕ2 )
πkL12

0 −kωs − R12
L12

0 0 0 0

0 2dk3sin(kϕ3 )
πkL13

0 0 − R13
L13

kωs 0 0

0 2dk3cos(kϕ3 )
πkL13

0 0 −kωs − R13
L13

0 0

− 2dk2sin(kϕ2 )
πkL23

2dk3sin(kϕ3 )
πkL23

0 0 0 0 − R23
L23

kωs

− 2dk2cos(kϕ2 )
πkL23

2dk3cos(kϕ3 )
πkL23

0 0 0 0 −kωs − R23
L23

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

dk2 = cos (kδ2) ; dk3 = cos (kδ3) .

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 − 1
C2

0
0 0 − 1

C3

0 0 0
− 2 cos(kδ1 )

πkL12
0 0

0 0 0
− 2 cos(kδ1 )

πkL13
0 0

0 0 0
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

; N =
⎡
⎣ vin

IN,2

IN,3

⎤
⎦B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−∑ 4dk2
πC2

{i2kR cos (kϕ2)
−i2kI sin (kϕ2)} 0

0
−∑ 4dk2

πC3
{i3kR cos (kϕ3)

−i3kI sin (kϕ3)}
2V2dk2cos(kϕ2 )

πL12
0

2V2d2sin(ϕ2 )
πL12

0

0 2V3dk3cos(kϕ3 )
πL13

0 − 2V3dk3sin(kϕ3 )
πL13

− 2V2dk2cos(kϕ2 )
πL23

2V3dk3cos(kϕ3 )
πL23

2V2dk2sin(kϕ2 )
πL23

− 2V3dk3sin(kϕ3 )
πL23

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;ϕ =
[

�ϕ2

�ϕ3

]

x =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�vo2

�vo3

�i12kR

�i12kI

�i13kR

�i13kI

�i23kR

�i23kI

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

;

A′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− 1
R2C2

0 −∑ 4dk2sin(kϕ2 )
kπC2

−∑ 4dk2cos(kϕ2 )
πkC2

0 0
∑ 4dk2sin(kϕ2 )

πkC2

∑ 4dk2cos(kϕ2 )
πkC2

0 − 1
R3C3

0 0 −∑ 4dk3sin(kϕ3 )
πkC3

−∑ 4dk3cos(kϕ3 )
πkC3

−∑ 4dk3sin(kϕ3 )
πkC3

−∑ 4dk3cos(kϕ3 )
πkC3

2dk2sin(kϕ2 )
πkL12

0 − R12
L12

kωs 0 0 0 0

2dk2cos(kϕ2 )
πkL12

0 −kωs − R12
L12

0 0 0 0

0 2dk3sin(kϕ3 )
πkL13

0 0 − R13
L13

kωs 0 0

0 2dk3cos(kϕ3 )
πkL13

0 0 −kωs − R13
L13

0 0

− 2dk2sin(kϕ2 )
πkL23

2dk3sin(kϕ3 )
πkL23

0 0 0 0 − R23
L23

kωs

− 2dk2cos(kϕ2 )
πkL23

2dk3cos(kϕ3 )
πkL23

0 0 0 0 −kωs − R23
L23

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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