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ABSTRACT The article proposes a nonlinear current control system of reluctance synchronous machines
(RSMs) in combination with analytical flux linkage prototype functions. For highly nonlinear machines,
such as RSMs, the magnetic characteristics change significantly throughout the whole operation range due
to saturation and cross-coupling effects. Therefore, the current controller tuning must be adapted online to
achieve a fast and accurate tracking performance. The proposed current controllers are derived based on
the system theoretic concept of the exact input/output (I/O) linearization of the current dynamics. Thus,
the nonlinear control system is simplified to an integrator which, in combination of proportional–integral
controllers, can be tuned by means of pole placement similar to a phase-locked loop. For I/O linearization
and control, the magnetic saturation and cross-coupling effects in the flux linkages and the differential
inductances must be considered which is done by the utilization of analytical flux linkage prototype functions
instead of lookup tables. The performance of the developed nonlinear current control system is validated
by both, simulation and experimental results, for a highly nonlinear 1.5 kW RSM. The results underpin 1)
the very high approximation accuracy and the continuity and differentiability of the flux linkage prototype
functions over the whole operation range and 2) the very fast and accurate tracking performance of the
nonlinear I/O control system.

INDEX TERMS Analytical flux linkage prototype functions, nonlinear current control, reluctance syn-
chronous machine (RSM), saturation effects.

NOTATION
N,R: natural, real numbers. x := (x1, . . . , xn)� ∈ Rn: col-
umn vector, n ∈ N where “�” and “:=” denote “trans-
posed” and “is defined as,” respectively. a�b := a1b1 + · · · +
anbn: scalar product of vectors a and b. ‖x‖ :=

√
x�x: Eu-

clidean norm of x. X ∈ Rn×m: matrix with n rows and
m columns. In := diag(1, . . . , 1) ∈ Rn×n: identity matrix.
f (t ) ◦——• f (s): Laplace transform f (s) of a function f (t ).
T p(φp ) =

[
cos (φp ) − sin (φp )
sin (φp ) cos (φp )

]
: Park transformation matrix with

angle φp ∈ R and J:=T p(π/2)=
[

0 −1
1 0

]
: counterclockwise ro-

tation matrix (by π
2 ).

I. INTRODUCTION
In recent years, reluctance synchronous machines (RSMs)
have drawn attention from industry to their various appli-
cations due to their compact design, high efficiency, and
reliability [1], [2], [3]. As both the efficiency requirements
and the price of rare earth materials are increasingly rising,
RSMs are considered as a viable alternative to induction ma-
chines (IMs) and permanent magnet synchronous machines
(PMSMs). Moreover, without the need for windings and/or
permanent magnets in the rotor, the simple and rigid ro-
tor structure allows the operation under harsh environmental
conditions.
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However, RSMs possess extremely nonlinear magnetic
characteristics [4]. Their flux linkages and differential
inductances vary considerably with the currents throughout
the entire operation range. Both changes are caused by mag-
netic saturation which, additionally, leads to cross-coupling
of direct (d)- and quadrature (q)-axis. Due to the complex
system description and controller design, the implementation
of conventional control approaches may be difficult and so-
phisticated [5]. In order to achieve good drive performance,
the nonlinear saturation effects of RSMs must be properly
handled in the control algorithms, e.g., by using nonlinear cur-
rent control strategies [6], optimal feedforward torque control
(OFTC) [7], [8] or model predictive control [9].

Regarding the control of RSMs, two standard approaches
are often adopted: direct torque control (DTC) [10], [11] and
field oriented control (FOC) [12], [13]. DTC possesses fast
torque control dynamics while it results in a variable switch-
ing frequency and high torque ripple. On the other hand, FOC
(vector control) preserves better steady-state torque response
and hence higher system efficiency, but system parameters
must be known, e.g., stator resistance, differential induc-
tances, and flux linkages. To ensure good current dynamics,
adaptive current controllers [6], [14], [15], [16] are developed
where the proportional–integral (PI) controller parameters
are updated online with the varying differential inductances.
In [14] and [15], stationary and transient inductances are in-
troduced in the system model, which leads to a more complex
expression and is physically questionable. The cross-coupling
is neglected in [15] to simplify the controller design; con-
sequently, current control performance cannot be ensured in
highly saturated conditions. In contrast to that, Hackl et al.
[6] propose a nonlinear disturbance compensation method
with online tracking of the flux linkages and the differential
inductances, so the cross-coupling can be compensated for
to achieve good current dynamics for both direct and quadra-
ture components. In [16], the controller structure is achieved
via a change of controller state variable, i.e., mapping the
current to the flux linkage. Without knowing the differential
inductances, the saturation effects are simply taken into ac-
count with the nonlinear flux linkages. Hackl [17] introduces
a completely parameter-free control method for SMs, which
guarantees tracking with prescribed asymptotic and transient
control accuracy.

To compensate for the magnetic saturation and cross-
coupling effects of RSMs, the nonlinear flux linkages and/or
(differential) inductances are usually saved as lookup tables
(LUTs). However, all LUTs consume a certain amount of
memory and require data interpolation/extrapolation process,
which imply burdens on memory and computation in the real-
time system. On the contrary, analytical functions are usually
parameterized by only a few parameters and are designed
to be continuous (or even continuously differentiable) in the
whole current range. Hence, they are promising and might
be preferable to LUTs in real-time control system with lim-
ited storage. Polynomial functions [14], [18] are commonly
adopted due to simplicity and wide applicability. In order

to improve the fitting performance, higher polynomial orders
must be chosen. For example, the seventh-order polynomials
are suggested in [18] to approximate the self-axis flux link-
age curves of surface mounted PMSMs (SPMSMs), which
exhibit almost linear magnetic behavior without saturation.
Besides, some prototype functions [19], [20], [21], [22], [23]
are specifically designed to naturally incorporate the nonlin-
ear saturation effects. Among all the developed solutions, Su
et al. [23] propose analytical flux linkage prototype functions
for nonlinear SMs, which, for the whole operation range, 1)
achieve good to very good estimation accuracies, 2) preserve
continuity and differentiability, and 3) obey the rule of energy
conservation (reciprocity rule). Moreover, they easily allow
us to derive analytical functions for the self-axis and cross-
coupling differential inductances. All these properties are very
relevant for current control of RSM, and therefore, these flux
linage prototype functions are employed in combination with
nonlinear current control system.

In [24] (in German), a nonlinear current control system,
based on the concept of input/output (I/O) linearization, has
been proposed for RSMs. As it is a model-based approach,
the machine’s parameters must be known from either finite-
element analysis (FEA) or experimental measurements. The
I/O linearization technique from the system theory transfers
a nonlinear control system to a linear system, i.e., a chain of
integrators. Hence, the controller parameters can be designed
conveniently with the help of conventional PI controllers and
simple pole placement. If the actual current-dependent flux
linkages and differential inductances are known and available
online, an excellent current control performance over the com-
plete operation range can be achieved.

Main contributions of this article are as follows.
1) A precise definition of the current control objectives and

a generic nonlinear machine model and the derivation of
the nonlinear current dynamics of RSMs using current-
dependent differential inductances and flux linkages.

2) The adaption of the nonlinear I/O-linearization-based
current control system from [24] (only available in Ger-
man) in order to allow for the utilization of flux linkage
prototype functions from [23] instead of commonly
used LUTs—to do so, the considered RSM must be
experimentally identified (as no FEA data are available)
and the prototype functions must be designed and fitted
properly.

3) The design, fitting, and utilization of generic flux link-
age prototype functions for experimentally identified
RSMs (instead of RSMs for which FEA data are avail-
able as in [23]) to a) compensate for the magnetic
saturation and cross-coupling effects and b) obtain ana-
lytical functions for the differential inductances for the
I/O linearization based current controller (due to contin-
uous differentiability, the differential inductances can be
directly derived by analytical differentiation of the flux
linkage prototype functions)—by this approach, instead
of (at least) five LUTs (with n × n data points each)
solely 6 or 15 parameters must be stored.
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4) The effectiveness of the proposed control method is
validated by simulation and experimental results.

5) The benefits and potential of utilizing the analytical
prototype functions in closed-loop current control are
confirmed by a thorough comparison between differ-
ent updating approaches of the machine nonlinearities
(e.g., LUTs, simplified prototype functions, and pro-
posed prototype functions).

6) A detailed evaluation of a) the transient, steady-state,
and decoupling control performance of the different ap-
proaches by the integral-time-weighted-absolute-error
(ITAE) performance measure, b) the required memory,
and c) the execution time is presented.

Novel scientific outcomes of this article are as follows.
1) Machine model (over)simplification is still a common

practice, although it deteriorates the control perfor-
mance significantly in particular for nonlinear machines
as presented for RSMs in this article.

2) For the very first time, the developed flux linkage pro-
totype functions for RSMs are applied in combination
with the nonlinear I/O-linearization-based current con-
trol system in order to reduce the required memory
to a minimum while control performance and model
accuracy are not deteriorated at all. The minimalistic
memory requirement and continuous differentiability of
the flux linkage prototype functions in combination with
the nonlinear control system make the proposed method
very attractive for storage-limited (e.g., electromotive or
industrial) applications.

3) The prototype functions come with an inherent and ex-
cellent extrapolation capability in contrast to the limited
range of conventional LUTs, which allows for a safe
and reliable over-current operation (as it might occur in
real-world applications).

II. MODELING AND PROBLEM STATEMENT
First, the adopted machine model is briefly introduced. Some
assumptions are made in the following derivation: 1) mechan-
ical losses (due to friction) and iron losses (due to eddy current
and hysteresis effects) are neglected and 2) flux linkages are
independent of temperature, speed, and position. Then, the
current dynamics of the machine are formulated. Afterward,
the resulting control problem is stated and a proper design of
the nonlinear current control system is presented.

A. NONLINEAR RSM MODEL
The nonlinear machine model in the rotating (d,q)-reference
frame is given by [24]

udq
s = Rsi

dq
s + ωpJψdq

s (idq
s ) + d

dtψ
dq
s (idq

s )

d
dtωp = np

�m

(
mm(idq

s ) − ml

)
d
dt φp = ωp

⎫⎪⎪⎬⎪⎪⎭ (1)

where udq
s := (ud

s , uq
s )� are the stator voltages, idq

s :=
(ids , iqs )� are the stator currents, ψdq

s := (ψd
s , ψ

q
s )� are the

flux linkages (which are functions of idq
s and stator and rotor

temperature, angular velocity, and rotor angle [neglected in
this article]) and Rs is the stator resistance. The electrical an-
gular frequency ωp = npωm rotates the (d,q)-reference frame
synchronously, where np and ωm denote the number of pole
pairs and the mechanical angular frequency, respectively. φp is
the electrical angle (of the Park transformation). Furthermore,
�m is the moment of inertia, while, for κ ∈ {2/3,√2/3},1

mm(idq
s ) = 2

3κ2 np(idq
s )�Jψdq

s (idq
s ) (2)

represents the (averaged) electromagnetic torque and ml is an
external load torque.

B. CURRENT DYNAMICS
To further derive the nonlinear current dynamics of RSMs, the
last term of the voltage equation in (1) is rewritten as

d
dtψ

dq
s (idq

s ) = ∂ψ
dq
s (idq

s )

∂idq
s

d
dt idq

s = Ldq
s (idq

s ) d
dt idq

s (3)

where the differential inductance matrix Ldq
s is defined as the

(partial) derivative of the flux linkages with respect to the
stator currents, i.e.,

Ldq
s (idq

s ) :=

⎡⎢⎣ ∂ψd
s (idq

s )
∂ids

∂ψd
s (idq

s )
∂iqs

∂ψ
q
s (idq

s )
∂ids

∂ψ
q
s (idq

s )
∂iqs

⎤⎥⎦ :=
[

Ld
s (idq

s ) Ldq
s (idq

s )

Lqd
s (idq

s ) Lq
s (idq

s )

]
(4)

where Ld
s & Lq

s and Ldq
s & Lqd

s are the self-axis and cross-
coupling differential inductances, respectively. By obeying
the energy conservation rule, the reciprocity relation holds
true: The (differential) cross-coupling inductances must equal
for all idq

s , i.e., Ldq
s (idq

s ) = Lqd
s (idq

s ). Finally, substituting (3)
into (1) and solving for the current derivative yields the current
dynamics as follows:

d
dt idq

s = Ldq
s (idq

s )−1 ·
[
udq

s − Rsidq
s − ωpJψdq

s (idq
s )

]
(5)

where the inverse of the differential inductance matrix is given
by

Ldq
s (idq

s )−1 = 1

det(Ldq
s (idq

s ))

[
Lq

s (idq
s ) −Ldq

s (idq
s )

−Lqd
s (idq

s ) Ld
s (idq

s )

]
. (6)

The (exact) knowledge of the differential inductances and
the flux linkages is crucial for the following and all other
model-based controller designs; usually, for those, LUTs are
used, whereas here, for the very first time, analytical and
differentiable flux linkage prototype functions are used.

C. CURRENT CONTROL OBJECTIVE
Control objective of the nonlinear current controllers is sta-
ble, fast, and accurate tracking of a given current reference
(e.g., obtained by OFTC [7]). Moreover, in order to allow for
a simple design of the outer (speed and/or position) control

1κ allows for an amplitude or power invariant Clarke transformation.
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loops, the closed-loop current dynamics must be identical
throughout the whole operation range. The nonlinear current
dynamics, as shown in (5), are coupled due to the inverse
inductance Ldq

s (idq
s )−1 but also due to the back electromo-

tive force (EMF) term ωpJψdq
s (idq

s ). To alleviate the highly
nonlinear characteristics of RSMs, a current control method
based on the input–output linearization is proposed as will
be explained in detail in the next section. In order to achieve
the control objective, few considerations must be taken into
account while developing the nonlinear current control system
as follows.

1) The modeling correctness must be ensured in accor-
dance with the revisited machine model and current
dynamics. Inappropriate model simplification, e.g., as-
suming constant machine parameters and/or neglecting
the saturation and cross-coupling effects, may lead to
unsatisfactory control performance.

2) Resistance Rs and flux linkages ψdq
s (idq

s ) (which can
be obtained by FEA or measurements) must be known,
as a model-based control method will be developed.
In addition, stator currents idq

s , mechanical angle φm,
and mechanical angular velocity ωm are available for
feedback.

3) Nonlinear machine characteristics can be stored either
in LUTs or represented by analytical prototype func-
tions (which is the proposed method in this article).

III. CURRENT CONTROLLER DESIGN
In this section, the nonlinear controller design based on exact
input/output (I/O) linearization and the tuning of the PI con-
troller with anti-windup are discussed. After I/O linearization,
the PI controller design is independent of the nonlinear ma-
chine parameters.

A. PI CONTROLLER WITH ANTI-WINDUP
It is well known that PI(D) controllers may encounter integral
windup due to actuator saturation of the plant. This causes
large overshoots and/or oscillations in the closed-loop system
response. To prevent the windup problem, a simple and effec-
tive anti-windup method utilizing conditional integration [25]
is applied. A compact state-space description of the PI con-
troller with anti-windup is given by [24]

d
dt ξ

dq
i = faw(û,udq

s,pi)e
dq
s

udq
s,pi(e

dq
s ) = Kdq

p edq
s + Kdq

i ξ
dq
i

⎫⎬⎭ (7)

with PI controller outputs udq
s,pi := (ud

s,pi, uq
s,pi)

� (functions of

the tracking errors edq
s := (ed

s , eq
s )�), integral actions ξdq

i :=
(ξd

i , ξ
q
i )� of the PI controllers and the proportional Kdq

p ∈
R2×2 and integral Kdq

i ∈ R2×2 gain matrices. In the case of
current control, the tracking errors

edq
s := idq

s,ref − idq
s

FIGURE 1. Nonlinear current controllers with I/O linearization. (a) Block
diagram of the closed-loop current control system. (b) Controller structure.

are defined by the difference between the current references
idq
s,ref := (ids,ref, iqs,ref)

� and the real currents idq
s . Moreover, the

anti-windup decision function

faw

(
û,udq

s,pi

)
=

⎧⎨⎩1, ‖udq
s,pi‖ < û

0, ‖udq
s,pi‖ ≥ û

(8)

stops the integration in (7) if the controller output udq
s,pi :=

(ud
s,pi, uq

s,pi)
� exceeds the admissible voltage magnitude û.

According to the applied modulation scheme, for pulsewidth
modulation (PWM), the voltage threshold of the inverter is
half of the dc-link voltage udc, i.e., û = udc

2 ; whereas, for space
vector modulation (SVM), it is û = udc√

3
.

B. BASIC CONCEPT
The basic idea of the I/O linearization is to transform the
nonlinear current dynamics of RSMs in (5) into a simple
integrator, i.e.,

d
dt idq

s = udq
s,pi(e

dq
s ) ◦——• id/qs (s) = 1

s ud/q
s,pi (s) (9)

whose virtual inputs correspond to the outputs of the current
PI controllers udq

s,pi. To realize (9), a nonlinear feedforward
and decoupling of the current dynamics are necessary (see
Section III-C).

Neglecting the inverter dynamics and the PI controller non-
linearity [due to the anti-windup decision function in (8)], the
closed-loop current control systems [as shown in Fig. 1(a)]
consisting of the integrator as in (9) and the PI controller
in (7) become, for both d- and q-axis current components,
second-order systems of the following form:

F d/q
CL (s) := id/qs (s)

id/qs,ref(s)
= kd/q

p s + kd/q
i

s2 + kd/q
p s + kd/q

i

. (10)

Proportional gains kd/q
p and integral gains kd/q

i can be tuned
by pole placement according to the given desired closed-loop
polynomial

χ
d/q
ref (s) = s2 + 2Dd/qω

d/q
0 s +

(
ω

d/q
0

)2
(11)

VOLUME 3, 2022 585



SU ET AL.: NONLINEAR CURRENT CONTROL OF RSMS WITH ANALYTICAL FLUX LINKAGE PROTOTYPE FUNCTIONS

where damping Dd/q > 0 and eigenfrequency ωd/q
0 for d and

q components are free design parameters.
A comparison of the coefficients of the desired polynomial

in (11) and in the denominator of the closed-loop transfer
function (10), i.e.,

χ
d/q
CL (s) = s2 + kd/q

p s + kd/q
i (12)

eventually leads to the following tuning rules.
1) For given eigenfrequencies ωd/q

0 (in terms of the d and
q-axis bandwidths) and dampings Dd/q, the controller
parameters are obtained as follows:

kd/q
p = 2Dd/qω

d/q
0 ∧ kd/q

i =
(
ω

d/q
0

)2
. (13)

2) For given proportional gains kd/q
p > 0 (as large as pos-

sible) and dampings Dd/q, the integral gains become

kd/q
i = (ωd/q

0 )2 (13)=
(

kd/q
p

2Dd/q

)2

. (14)

Normally, an identical choice for d and q components is
sufficient, i.e., kp = kd

p = kq
p and ki = kd

i = kq
i . Therefore, the

controller parameters in (7) can be derived with the form of
diagonal matrix

Kdq
p :=

[
kp 0

0 kp

]
∧ Kdq

i :=
[

ki 0

0 ki

]
(15)

i.e., Kdq
p = kpI2 and Kdq

i = kiI2.

C. CONTROLLER STRUCTURE
The overall controller structure of the nonlinear current con-
trol with I/O linearization is given by

udq
s,ref = Ldq

s (idq
s ) · udq

s,pi(e
dq
s )︸ ︷︷ ︸

nonlinear decoupling and PI controller

+ udq
s,ff(ωp, idq

s )︸ ︷︷ ︸
nonlinear feedforward

(16)

and is illustrated in Fig. 1(b) with the stator voltage ref-
erences udq

s,ref := (ud
s,ref, uq

s,ref )
� and the feedforward terms

udq
s,ff := (ud

s,ff, uq
s,ff )

�. It consists of two parts: 1) the product

of the differential inductance matrix Ldq
s (idq

s ) in (4) and the
PI controller output udq

s,pi(e
dq
s ) in (7) and 2) the additive but

nonlinear feedforward term

udq
s,ff(ωp, idq

s ) = Rsidq
s + ωpJψdq

s (idq
s ). (17)

Both parts require an online adaption of the nonlinear flux
linkages ψd

s (idq
s ) and ψq

s (idq
s ) and the differential inductances

Ld
s (idq

s ), Lq
s (idq

s ) and Ldq
s (idq

s ) (= Lqd
s (idq

s )), which can be
stored in LUTs or represented by prototype functions (see
Section IV).

With sufficiently high switching frequencies and if inverter
nonlinearities and voltage drop on the cables are negligible,
the inverter output can be seen as (approximately) equivalent
to the stator voltage vector udq

s at the machine’s terminals,
i.e., udq

s ≈ udq
s,ref. Under this assumption, the exact I/O lin-

earization of the current dynamics in (5) can be achieved by

means of the controller structure in (16) as it compensates
the additive disturbance terms in the current dynamics (5)
with the help of the feedforward term in (17) and achieves
a decoupling of the d and q current components by means of
the multiplication Ldq

s (idq
s ) · udq

s,pi(e
dq
s ). As a result, inserting

(16) with (17) into (5) finally yields (9) as

d

dt
idq
s

(5),(16)= Ldq
s (idq

s )−1

·
[
Ldq

s udq
s,pi + udq

s,ff − Rsidq
s − ωpJψdq

s (idq
s )

]
(17)= udq

s,pi.

IV. FLUX LINKAGE PROTOTYPE FUNCTION
In this section, the analytical flux linkage prototype functions
of RSMs are introduced. The prototype functions are phys-
ically motivated and designed to describe the self-axis and
cross-coupling saturation effects. Furthermore, the fitting pro-
cedure of the prototype function to approximate the nonlinear
flux linkages of the considered RSM is discussed.

A. ANALYTICAL PROTOTYPE FUNCTIONS
The RSM flux linkages can be approximated by the following
form of analytical prototype functions [23]:

ψ̂d
s (ids , iqs ) = ψ̂d

s,self (ids ) − ψ̂d
s,cross(ids , iqs )

ψ̂
q
s (ids , iqs ) = ψ̂

q
s,self (iqs ) − ψ̂

q
s,cross(ids , iqs )

}
(18)

where ψ̂d
s,self (ids ) & ψ̂

q
s,self (iqs ) and ψ̂d

s,cross(ids , iqs ) &

ψ̂
q
s,cross(ids , iqs ) represent self-axis and cross-coupling

saturation terms, respectively. The overall flux linkages
are obtained by subtracting the cross-coupling saturation
terms from the self-axis saturation terms. The cross-coupling
saturation terms can be expressed in a general form as

ψ̂d
s,cross(ids , iqs ) =

n∑
i=1

kiF ′
i (ids )Gi(i

q
s )

ψ̂
q
s,cross(ids , iqs ) =

n∑
i=1

kiFi(ids )G′
i(i

q
s )

⎫⎪⎪⎬⎪⎪⎭ (19)

where k1, . . . , kn are cross-coupling constants, F1(ids ), . . . ,
Fn(ids ) & G1(iqs ), . . . ,Gn(iqs ) describe the cross-coupling ef-
fects and F ′

1 (ids ), . . . ,F ′
n (ids ) & G′

1(iqs ), . . . ,G′
n(iqs ) control the

impact of the cross-coupling effect for different current levels
on the prototype function; F ′

i (ids ) := d
dids

Fi(ids ) and G′
i(i

q
s ) :=

d
diqs

Gi(i
q
s ) denote the respective derivatives of the functions

Fi(ids ) and Gi(i
q
s ). The number n of cross-coupling terms in

(19) can be chosen arbitrarily in accordance with given accu-
racy requirements. Usually, n = 2 or n = 3 result in sufficient
fitting accuracies.

To describe the self-axis saturation effects of the flux link-
ages, it is pointed out in [23] that the sum of a hyperbolic
function and a straight line would be well suited for RSMs.
Therefore, the d- and q-axis self-axis saturation terms in (18)
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for zero cross-coupling current are defined as follows:

ψ̂d
s,self (ids ) = ad1 tanh (ad2ids ) + ad3ids

ψ̂
q
s,self (iqs ) = aq1 tanh (aq2iqs ) + aq3iqs

}
(20)

which mean ψ̂d
s (ids , iqs = 0) and ψ̂q

s (ids = 0, iqs ), respectively.
Both ψ̂d

s,self and ψ̂q
s,self are single variant functions, which are

dependent only on self-axis current components, with separate
function parameters ad1, ad2, ad3 and aq1, aq2, aq3.

For the cross-coupling saturation characteristics of RSMs,
the flux linkages saturate and reduce gradually due to the
increase of the cross-coupling currents. Hence, a bell-shaped
Gaussian function is a good candidate. In order to achieve a
better fitting performance, n = 3 is chosen in the following,
which results in three (modified) Gaussian functions in the
cross-coupling terms (19) as follows:

F1(ids ) = 1 − e−(
ad4 ids

)2
, . . . ,F3(ids ) = 1 − e−(

ad6 ids
)2

G1(iqs ) = 1 − e−(aq4iqs )2
, . . . ,G3(iqs ) = 1 − e−(aq6iqs )2

⎫⎬⎭ .
(21)

These describe how ids affects ψ
q
s and how iqs affects

ψd
s , respectively. The shared parameters ad4, ad5, ad6 and

aq4, aq5, aq6 affect the widths of the corresponding Gaussian
functions. Afterward, the derivatives of (21) are given by

F ′
1 (ids )=2a2

d4ids e−(ad4ids )2
, . . . ,F ′

3 (ids )=2a2
d6ids e−(ad6ids )2

G′
1(iqs )=2a2

q4iqs e−(aq4iqs )2
, . . . ,G′

3(iqs )=2a2
q6iqs e−(aq6iqs )2

⎫⎬⎭
(22)

which control the extent of the cross-coupling saturation ef-
fects for different (self-axis) current levels.

B. FITTING
After introducing the flux linkage prototype functions in (18),
an effective fitting must be implemented in order to obtain the
optimal set of function parameters.

A fitting procedure is designed in a step-by-step man-
ner by fitting (i) the separate parameters ad1, ad2, ad3 and
aq1, aq2, aq3 in the self-axis saturation terms ψ̂d

s,self and ψ̂q
s,self

(20), respectively; (ii) the shared parameters ad4, ad5, ad6,

aq4, aq5, aq6 and k1, k2, k3 in the cross-coupling terms ψ̂d
s,cross

and ψ̂q
s,cross [recall (19), (21), and (22)]; and (iii) the overall

fitting of all parameters

adq = (ad1, . . . , ad6, aq1, . . . , aq6, k1, k2, k3)�

in the flux linkage prototype functions ψ̂d
s and ψ̂q

s as in (18).
Using the already fitted parameters from steps (i) and (ii) as an
initial guess, the optimal parameter vector adq can be derived
efficiently in step (iii) (usually) with very few iterations and
very high fitting accuracy.

C. APPROXIMATION RESULTS
To prove the effectiveness, the flux linkage prototype func-
tions in (18) are used to approximate the real flux linkages of
the considered 1.5 kW RSM. Its flux linkages ψd

s and ψq
s are

acquired by the state-of-the-art constant speed measurement

method with a prescribed current region, i.e., ‖idq
s ‖ ≤ 9.0 A.

In Fig. 2, the approximation results using (18) are presented.
Fitted d-axis flux linkage ψ̂d

s and q-axis flux linkage ψ̂q
s are

shown in Fig. 2(a) and (b), respectively. Both flux linkages
are smooth due to their continuous differentiability in (18).
Moreover, the normalized approximation error

εd/q
s := |ψd/q

s − ψ̂
d/q
s |

ψ
d/q
s,max

· 100%

is introduced to quantify the fitting accuracy, where ψd/q
s,max

are the maximum real values of the d and q flux linkage
components. In Fig. 2(c) and (d), the normalized errors εd

s and
ε

q
s are shown. Both error plots illustrate a (very) high fitting

accuracy with less than 1.4 % approximation errors.
Besides, the approximated differential inductances L̂d

s =
∂ψ̂d

s (idq
s )

∂ids
, L̂q

s = ∂ψ̂
q
s (idq

s )
∂iqs

and L̂dq
s = ∂ψ̂d

s (idq
s )

∂iqs
= ∂ψ̂

q
s (idq

s )
∂ids

, de-

rived by analytical differentiation of the flux linkage prototype
functions (18), are shown in Fig. 2(e), (f), and (g), respec-
tively. Without designing additional prototype functions for
the differential inductances, L̂d

s , L̂q
s and L̂dq

s utilize directly the
already fitted parameters in adq. Moreover, the flux linkage
prototype functions also allow for correct extrapolation for
both, approximated flux linkages and differential inductances,
outside the fitted current range as shown in Fig. 2(a), (b),
(e), (f), and (g), which is not (directly) feasible with LUTs.
Therefore, the proposed flux linkage prototype functions (18)
are very attractive for the proposed and any other current
control system (16).

V. SIMULATIVE AND EXPERIMENTAL VALIDATION
In this section, both simulations and experiments are con-
ducted in order to demonstrate the effectiveness of the
proposed nonlinear current control system using flux linkage
prototype functions for RSMs. The nonlinear current con-
trollers (7) with the concept of the exact I/O linearization
(9) and the flux linkage prototype functions (18) are imple-
mented in MATLAB/Simulink and at a laboratory setup. The
block diagram of the implemented control system is shown in
Fig. 3. Key parameters of laboratory setup, implementation,
and controllers for simulations and experiments are collected
in Table 1.

For the identical current reference trajectories, the con-
trol performance is evaluated by the following two scenarios
throughout the whole operation range, i.e., ‖idq

s ‖ ≤ 5.7 A.
1) Operation at idle speed (see simulation [ ] and mea-

surement [ ] results in Fig. 5).
2) Comparison of the control performance during opera-

tion while flux linkages and differential inductances are
updated using LUTs [ ], simplified prototype func-
tions [ ] and the proposed flux linkage prototype
functions in (18) [ ] (see respective measurement
results in Fig. 6).

In order to ease the legibility of Fig. 5, both simulation and
measurement results are merged and depicted, where Fig. 5(a)
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FIGURE 2. Flux linkage approximation results of a 1.5 kW RSM using the flux linkage prototype functions (18). (a) Fitted d-axis flux linkage ̂ψd
s . (b) Fitted

q-axis flux linkage ̂ψ
q
s . (c) Normalized d-axis error εd

s . (d) Normalized q-axis error εq
s . (e) Approximated d-axis differential inductance ̂Ld

s . (f) Approximated
q-axis differential inductance ̂Lq

s . (g) Approximated cross-coupling differential inductance ̂Ldq
s .

shows the overall duration of the assigned current pattern
including direct currents ids,ref & ids , quadrature currents iqs,ref

& iqs and norm of the control input ‖udq
s,ref‖ (& inverter voltage

limit û). Whereas Fig. 5(b), (c), and (d) illustrates the same
quantities as Fig. 5(a) but over a smaller time interval (zoomed
versions).

A. IMPLEMENTATION
1) SIMULATIONS
Machine model (1) and inverter (for more details see,
e.g., [26], Ch. 14]) are built in the stator fixed (α, β)-reference
frame. An inverse interpolation method is carried out in

simulations to extract the machine stator currents iαβs :=
(iαs , iβs )� = T p(φp)idq

s from the available flux linkage maps,

i.e., idq
s = f −1(ψdq

s ). In contrast, the nonlinear PI controllers
(7) and also the controller structure (16) with I/O linearization
are implemented in the rotating (d,q)-reference frame and
output the voltage references udq

s,ref.
As illustrated in Fig. 3, the generated voltage references

udq
s,ref are transformed by the inverse Park and inverse Clarke

transformation in order to obtain the voltage references
in the (α, β)-reference frame and in the (a, b, c)-reference
frame, respectively, i.e., uαβs,ref := (uαs,ref, uβs,ref )

� and uabc
s,ref :=

(ua
s,ref, ub

s,ref, uc
s,ref )

�. The implemented regularly sampled
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FIGURE 3. Block diagram of the implemented nonlinear current control system with flux linkage prototype functions or LUTs in simulations and
experiments.

TABLE 1. Key Parameters of Laboratory Setup, Implementation, and
Control System for Simulations and Experiments

SVM applies the required pulse pattern sabc
s := (sa

s , sb
s , sc

s )� ∈
{0, 1}3 to the voltage source inverter, such that the three-phase
stator voltages uabc

s := (ua
s , ub

s , uc
s )� of RSM are produced

according to the desired references uabc
s,ref. Due to the asym-

metrical sampling, the voltage references are updated at both,
the positive and negative peak, of the triangular carrier.

2) EXPERIMENTS
At the laboratory setup, as depicted in Fig. 4, the employed
RSM under test is not connected to a load machine. Its me-
chanical angular velocity is thus not kept constant and, on the

FIGURE 4. Laboratory setup comprising (A) 1.5 kW RSM, (B) SEW inverter,
(C) laptop, and (D) UltraZohm real-time system.

contrary, will change due to the applied RSM torque. This pro-
duces time-varying disturbances, e.g., counter voltages, which
must be compensated for dynamically by the proposed current
control system. It is implemented in C on the open-source
real-time system UltraZohm [27].

For the discrete-time implementation, the nonlinear PI con-
troller (7) with anti-windup (8) is discretized by means of the
(simple) explicit Euler method, i.e., x(t ) ≈ x[n] and d

dt x(t ) ≈
x[n]−x[n−1]

Tsam
, where x[n] := x(nTsam) and the sampling period

Tsam = 1
fsam

� 1.

B. DISCUSSION OF THE RESULTS
1) SCENARIO (I)—IDLE SPEED OPERATION (SEE FIG. 5)
For a chosen current reference over the whole operation range,
the simulation results [ ] and the measurement results
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FIGURE 5. Simulation results [ ] and measurement results [ ] of the nonlinear current control (16) with I/O linearization for the RSM using the
flux linkage prototype functions (18) (as depicted in Fig. 2). (a) Entire operation at idle speed. (b) Zoom 1. (c) Zoom 2. (d) Zoom 3.
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FIGURE 6. Measurement results of the nonlinear current control (16) with
I/O linearization for the RSM using 1) five LUTs [ ]; 2) simplified
prototype functions [ ]; and 3) the flux linkage prototype functions (18)
[ ].

[ ] are shown in Fig. 5. It can be seen that simulation
and measurement results coincide very well. Thus, the ma-
chine’s nonlinearities are properly taken into account in the
realistic simulation model. The control performance of the
proposed current control system is confirmed by its fast
and very accurate reference tracking capability. For both d
and q components, an (almost) identical transient behavior
with similar rise and settling times is ensured. As a con-
sequence, the outer control loops can be easily designed
based on simple approximations of the closed-loop current
dynamics.

Due to the severe magnetic saturation of RSMs, the flux
linkages saturate and thus the differential inductances vary
notably with the applied stator currents throughout the entire
operation range, as shown in Fig. 2(a) and (b) and Fig. 2(e),
(f), and (g), respectively. The developed nonlinear current
controllers based on I/O linearization effectively alleviate the
effects of the machine’s nonlinearities. Especially, the good
decoupling behavior in Fig. 5, when d or q currents are at high
steady-state values, the other component can rapidly follow a
jump of the respective reference value. By means of the in-
troduced controller structure (16), the differential inductance
matrix Ldq

s allows for 1) direct and quite accurate decoupling
and 2) compensation of the magnetic nonlinearities. More-
over, using the flux linkage prototype functions (18) makes
memory-expensive LUTs obsolete and allows for a meaning
extrapolation.

It can be concluded that the system knowledge is of key
importance and can be put to full effect with the proposed con-
trol strategy; therefore, the control performance of nonlinear
RSMs can be greatly improved.

2) SCENARIO (II)—COMPARISON (SEE FIG. 6)
To show the potential of the utilization of prototype functions
in the control system, measurement results are shown in Fig. 6

TABLE 2. Comparison of Integral Time-Weighted Absolute Error (ITAE),
Execution Time Texe of an ISR, and Memory (Required Floating-Point
Variable Numbers) by Different Compensation Methods (Corresponding to
Fig. 6)

where the flux linkages and the differential inductances of the
RSM [in the controller structure (16)] are compensated for
and updated in different ways by the following:

1) five LUTs with 20 × 20 supporting points and linear
interpolation method [ ];

2) simplified prototype functions without considering the
cross-coupling effects [ ] (i.e., ψ̂d

s (ids )= ψ̂d
s,self (ids ) &

ψ̂
q
s (iqs )= ψ̂q

s,self (iqs ) in (20) and L̂dq
s = L̂qd

s = 0);
3) proposed flux linkage prototype functions (18) [ ] (as

presented in Fig. 2).
Although different controller tunings might lead to dif-

ferent control performances, the tuning is kept identical for
all approaches in order to achieve a fair comparison of the
control performances and different compensation methods.
Moreover, it is important to note that, due to the exact I/O-
linearization approach, a more aggressive tuning will not lead
to, e.g., a better decoupling performance. The control perfor-
mance is mostly affected by precise system knowledge requir-
ing high-resolution LUTs or well-fitted flux linkage prototype
functions considering magnetic saturation and cross-coupling
effects. It can be observed that the results using LUTs or
the proposed prototype functions as in (18), both considering
cross-coupling effects, are similar and lead to a very good
control and decoupling performance. Direct current ids and
quadrature current iqs are decoupled and track the reference
steps very quickly and accurately. In contrast to that, when
solely the simplified prototype functions without considera-
tion of the cross-coupling effects are used, the decoupling
performance is significantly deteriorated at t = 0.01 s for ids
and t = 0.02 s for iqs , whereas rise time and steady-state per-
formance are similar to the other two approaches. Moreover,
in particular at t = 0.02 s for iqs , undesired current ripples
are visible, which are due to the insufficient amount of
data points of the used LUTs and the insufficient interpo-
lation accuracy (with 400 data points each). In conclusion,
the magnetic saturation and cross-coupling effects must be
taken into account in the nonlinear current control sys-
tem design to achieve an improved and decoupled control
performance.

For further comparisons of the measurement results in
Fig. 6, Table 2 lists several parameters of the different non-
linear current control algorithms that were evaluated by 1)
the integral time-weighted absolute error (ITAE) performance
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measure

ITAEd/q
(

ed/q
s , 0, tend

)
:=

∫ tend

0
τ |ed/q

s (τ )| dτ

for both d and q components and tend = 0.03 s; 2) (average)
execution time Texe of an Interrupt Service Routine (ISR); and
3) number of required floating-point variables (parameters)
saved in the memory. As already observed in Fig. 6, using
the simplified prototype functions results in the worst control
performance with the highest values for ITAEd and ITAEq.
However, the least memory is needed, i.e., six parameters
for the self-axis saturation functions (20). When it comes to
the comparison between LUTs and flux linkage prototype
functions (18), the ITAE values when using (18) are slightly
better than those when LUTs are used. This might be a re-
sult from insufficient supporting points of the saved LUTs
and/or the inaccurate inter/extrapolation of LUTs. Using the
prototype functions (18) requires (slightly) longer execution
time due to the chosen hyperbolic and (modified) Gaussian
functions, whereas—most importantly—the stored amount of
data (variables/parameters) can significantly be reduced to
only 15 parameters in contrast to 2000 when LUTs are used.
The saved storage can, therefore, be utilized to compensate
for further nonlinear effects such as inverter nonlinearities or
iron losses.

The potential of using flux linkage prototype functions in
control is confirmed by simulation and measurement results.
With high approximation accuracy and continuous differentia-
bility, the (fitted) flux linkages and (approximated) differential
inductances can be utilized directly in the proposed current
control scheme and make LUTs obsolete. Apart from that,
the prototype functions can also be used to compensate for
machine parameters in OFTC [7], which will be presented in
a follow-up publication.

VI. CONCLUSION
In this article, a nonlinear current control system for RSMs
with I/O linearization and analytical flux linkage prototype
functions was proposed. Based on the idea of I/O lineariza-
tion, the nonlinear control system can be simplified to an
integrator for both current components. Hence, the PI con-
troller design is independent of the machine parameters and
can be achieved simply by pole placement. For the designed
controller structure, the nonlinear flux linkages and differ-
ential inductances must be updated online at each sampling
instant. To do so, analytical flux linkage prototype functions
with few parameters were utilized instead of LUTs. Thanks to
their excellent fitting accuracies, the approximated flux link-
ages and differential inductances can be used directly. Finally,
the presented nonlinear current controllers for RSMs were
validated by simulations and at a laboratory setup. Simula-
tion and measurement results matched nicely and illustrated
the very good control performance: The closed-loop current
dynamics were shown to have 1) fast and accurate current
reference tracking capabilities and 2) an (almost) identical

closed-loop response over the entire operation range. In addi-
tion, by comparing different solutions for making the machine
parameters available to the control system, the full advantages
of the flux linkage prototype functions were confirmed as a
(very) good control performance and much lower memory
requirements in the real-time system are achieved.
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