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ABSTRACT An advantage of using the composite fading models (CFMs) is their ability to concurrently
address the impact of multi-path and shadowing phenomena on the system performance in wireless
communications. A Fisher-Snedecor (FS) 7 CFM has been recently proposed as an experimentally verified
and tractable fading model that can be efficiently applied for 5G and beyond 5G wireless communication
systems. This paper provides second-order (s-order) performance analysis of the product of N independent
but not identically distributed (i.n.i.d) FS F random variables (RVs). In particular, accurate and closed-
form approximations for level crossing rate (LCR) and average fade duration (AFD) of the product of
N inid FS F (N-FS F) RVs are successfully derived by exploiting a general property of a Laplace
approximation method for evaluation of the N-folded integral-form LCR expression. Based on the obtained
s-order statistical results, the burst error rate and maximum symbol rate of the N-FS F distribution are
addressed and thoroughly examined. The numerical results of the considered performance measures are
discussed in relation to the N-FS F multi-path and shadowing severity parameters. Moreover, the impact
of the number of hops (N) of the N-FS F CFM on the s-order metrics, the burst error rate and maximum
symbol rate are numerically evaluated and investigated. The derived s-order statistical results can be
used to address the cooperative relay-assisted (RA) communications for vehicular systems. Monte-Carlo
(M-C) simulations for the addressed statistical measures are developed in order to confirm the provided
theoretical results.

INDEX TERMS 5G, 6G, burst error rate, composite fading model (CFM), Fisher-Snedecor (FS) F
distribution, second-order (s-order) statistics, vehicular communications.

I. INTRODUCTION
IRELESS communications are one of the key tech-
nologies that shape our everyday life. The emergence
of wirelessly connected nodes for 5G and beyond not only
include mobile phones, but also vehicles, trains, unmanned-
aerial-vehicles (UAVs), machines and many other connected

devices. Channel characterization and performance analysis
of such devices become an essential task for designing and
deploying inter-connected wireless systems.

Wireless communications are highly affected by the prop-
agation environment mainly due to multi-path fading and
shadowing phenomena [1]. The importance of the composite

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

VOLUME 3, 2022

2407


HTTPS://ORCID.ORG/0000-0003-4385-3356
HTTPS://ORCID.ORG/0000-0002-8495-6151
HTTPS://ORCID.ORG/0000-0002-9654-6109

STEFANOVIC et al.: SECOND ORDER STATISTICS OF N-FS F DISTRIBUTION AND THEIR APPLICATION

fading models (CFMs) is crucial due to their property to
incorporate the simultaneous effect of the multi-path and
shadowing on the system performances. The CFMs that
are based on the mixture of log-normal random variables
(RVs) have been reported in [2], [3]. Although the log-
normal RVs are in accordance with the experiments for
the shadowing effect, the performance analysis and math-
ematical manipulations with log-normal RVs can often lead
to complex analytical expressions. In [4], [5], authors con-
sidered a Gamma-shadowed Nakagami-m distribution and
provided theoretical verification for the Gamma RV as an
adequate substitute for the log-normal RV. The commu-
nication systems over K and general-K composite fading
channels have been addressed in [6] and [7], respectively.
Moreover, the CFMs that can be applied in a variety of prop-
agation scenarios are based on the mixture of some general
and Gamma distributions [8], [9], [10].

The recently proposed composite Fisher-Snedecor (FS) F
fading distribution is modeled with Nakagami-m and inverse
Nakagami-m (I-Nakagami-m) RVs, where the average power
of a Nakagami-m RV is subjected to the variations caused
by an I-Nakagami-m RV [11]. It is important to note that
the Nakagami-m distribution is capable of approximating
the Rician distribution [12], which makes the FS F CFM
attractive for application in line-of-sight (LOS) as well as
non-LOS (N-LOS) multi-path/shadowing environments. The
FS F CFM is confirmed by experiments for wireless com-
munication between two nodes and has turned out to be
mathematically more tractable than other CFMs. Moreover,
FS F CFM has been efficiently applied for channel modeling
and performance evaluation of re-configurable intelligent
surface (RIS) assisted communications [13], [14], [15],
[16], [17]. In [18], simultaneous wireless information and
power transfer (SWIPT) networks in the presence of FS F
fading are addressed. The diversity reception with selection-
combining (SC) and switched-and-stayed-combining (SSC)
over the FS F fading channel have been explored in [19]
and [20], respectively. Furthermore, statistics of the sum
of FS F RVs with application to maximal-ratio-combining
(MRC) are addressed in [21], [22]. Performance evaluation
of dual-hop amplify-and-forward (AF) relay-assisted (RA)
communications over the FS F fading channels is con-
sidered in [23]. Considerable efforts have been made in
performance analysis of the channel capacity over FS F
composite fading channels. In particular, a comprehensive
study of the achievable channel capacity in the presence
of FS F channels under different channel-state-information
(CSI) availability assumptions has been explored in [24].
The ergodic channel capacity over the FS F fading under
different power adaptation schemes are thoroughly addressed
in [25], [26]. Furthermore, the effective channel capacity as
well as the effective channel capacity in high SNR regime for
single-input single-output (SISO) and multiple-input single-
output (MISO) configurations are investigated in [27], [28].
Effective rate and achievable fixed rate capacity over com-
posite F fading channels for emerging wireless systems
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such as vehicular communications are provided in [29], [30].
Physical layer security (PLS) over FS F fading channels
are addressed in [31], [32]. Furthermore, the performance
evaluation of wireless multiple access communication links
over correlated FS F fading is investigated in [33]. The
energy detection based spectrum sensing by applying FS F
CFM is considered in [34]. In [35], authors introduced cas-
caded N-Fisher-Snedecor (N-FS) F distribution modeled as
the product of N independent but not identically distributed
(i.n.i.d) RVs and provided statistics such as probability den-
sity function (PDF), cumulative distribution function (CDF)
and moment generating function (MGF). Capitalizing on the
obtained results, [35] provided further outage probability and
bit error rate as the important system performance measures
of the cascaded N-FS F CFM. Moreover, the performance
analysis of products and ratio of the products of FS F RVs
and their applications to wireless communication scenar-
ios are investigated in [36], [37]. Indeed, the products and
the ratios of RVs play a significant role in wireless com-
munications, since the products can be used to assess the
performance of multi-hop relaying, keyhole MIMO com-
munications, RIS assisted communications, RFID systems
and multiple-scattered, multiple-shadowed fading environ-
ments [35], [36], [38], [39], [40], [41], [42], [43], while
the ratio of RVs can be used in interference limited
environments, spectrum sharing or full duplex communica-
tions [36], [37], [44], [45], [46].

However, the references mentioned above are only lim-
ited to the first-order (f-order) statistical performances of
the various fading models. In order to get a better insight
into the behaviour of time-variant channels, second-order
(s-order) statistical analysis is important. The level cross-
ing rate (LCR) and average fade duration (AFD) are widely
considered as s-order statistical measures since they can be
addressed through the integration of the first derivative of
N-FS F random process (RP) and take into account the
movement of the communicating objects [12], [47]. In par-
ticular, the LCR of N-FS F distribution is the time rate
of change of the composite faded signal, while the AFD
of N-FS F distribution is the mean time of the composite
faded signal’s being below a specified threshold. The s-order
performance analysis can be practically used for optimal
interleaver and channel coding design of wireless systems
over fading channels. Furthermore, the s-order statistics and
Doppler characterization provide useful knowledge of time-
variant composite fading channels for a variety of 5G and
beyond 5G scenarios [48], [49], [50], [S1].

The s-order statistics of the composite F distribution are
considered in [52] whereas the s-order statistics of a bivari-
ate FS 7 CFM are considered in [53]. Furthermore, the
LCR and AFD of FS F turbulence induced fading chan-
nels for N-hop free-space-optical (FSO) communications and
dual-hop RIS assisted FSO communications are investigated
in [54], [55], respectively. The s-order statistics of CFM
has been reported in [56]. Additionally, the s-order met-
rics of cascaded and multi-hop communications have been
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extensively addressed in [57], [58], [59], [60], [61], [62]
while s-order statistics of cooperative multi-hop communica-
tions with parallel links are addressed in [63], [64]. Namely,
the available s-order statistical results of the N-hop cascaded
fading channels for radio-frequency (RF) communications
are only limited to N-Rayleigh and N-Nakagami-m channel
models [57], [58], [59], [60], [61], [62], [65]. However, to
the best of the authors’ knowledge there is no reported results
on the s-order statistics of the composite N-hop cascaded
radio-frequency (RF) fading channels.

This paper provides the mathematical framework for cal-
culation of novel, accurate and fast-to-compute closed-form
s-order statistical measures such as LCR and AFD of N-FS F
RF CFM. The general Laplace approximation (GLA) method
has been exploited for derivation of closed-form approxi-
mations for LCR and AFD. The derived s-order statistics
for the observed set of identically and non-identically dis-
tributed fading parameters are confirmed by Monte-Carlo
(M-C) simulations. Moreover, capitalizing on the derived
s-order statistical results and motivated by the fact that
the available results for the burst error rate of cascaded
fading channels are only limited to the dual-hop Nakagami-m
and N-Nakagami-m fading channels [61], [66], we pro-
vide the burst error rate and maximum symbol rate for
multi-hop communications over composite N-FS F fading
channels which are based on the experimentally verified FS
F CEM [11]. One need to have in mind that the N-FS F
CFM can be used to capture propagation conditions more
realistically if compared to N-Nakagami-m [61], since N-FS
F CFM takes into account the simultaneous effect of the
multi-path and shadowing on the multi-hop communication
system. In the numerical results, novel remarks on the impact
of N, multi-path and shadowing severity values of N-FS F
CFM on the s-order measures, the burst error rate and max-
imum symbol rate have been drawn, graphically presented
and analyzed in detail. Furthermore, the obtained s-order sta-
tistical measures of N-FS F distribution are compared to the
previously published s-order statistical results for the special
case when N = 1. Lastly, the obtained s-order results of N-FS
F CFM are directly applied to cooperative communications
established through independent direct link and indepen-
dent multi-hop AF-RA links with selection-strategy (S-S) at
reception.

The main contributions of this work are listed below:

o Derivation of novel closed-form mathematical expres-
sions for PDF and CDF of double FS F distribution,
modeled as the product of two i.n.i.d FS F RVs and
expressed in terms of hypergeometric functions.

o Derivation of novel integral-form mathematical expres-
sions for LCR and AFD of N-FS F distribution,
modeled as the product of N i.n.i.d FS F RVs.

o Derivation of the closed-form approximations for LCR
and AFD of N-FS F distribution using the general
Laplace approximation (GLA) formula and validation of
the obtained closed-form formulas through simulations.
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« Performance analysis of the burst error rate and maxi-
mum symbol rate of AF-RA multi-hop communications
over FS F fading channels based on the s-order
statistics.

e S-order and burst error rate performance analysis of
cooperative communications established through direct
link and AF-RA multi-hop links over FS F channels
with S-S at reception.

« Analysis of the impact of N-FS F CFM system model
parameters on the s-order statistics and burst error rate
of the multi-hop and cooperative multi-hop AF-RA
communications where the novel remarks have been
provided.

In particular, the obtained s-order statistical results can be
useful in designing cooperative vehicular systems established
through independent direct, multi-hop and cooperative multi-
hop AF-RA links under LOS, N-LOS and N-LOS vehicle
(N-LOSv) conditions with S-S at the destination. Indeed,
vehicle-to-everything (V2X) 5G New Radio (NR) release
16 introduces the stochastic model for channel characteriza-
tion in V2X communications where a path-loss formula is
dependent on LOS, N-LOS and N-LOSv conditions [67]. The
N-LOSv communication conditions are introduced to address
the presence of blocking vehicles in V2X communications.
Thus, the AF-RA vehicle-to-vehicle (V2V) communications
can be used in vehicular networks in the absence of LOS
V2V conditions [68], [69], [70], [71]. Moreover, the selec-
tion and switching strategies can be efficiently deployed in
vehicular systems [49], [72], [73], [74], [75].

The paper is structured as follows. Sections II and III
introduce FS F and double FS F CFMs, respectively. The
s-order system performance analysis of N-FS F CFM mod-
eled as the product of N in.i.d FS F RVs is presented in
Section IV. In Section V, the s-order system performance
analysis of multi-hop and cooperative multi-hop communi-
cations is considered. The numerical results and simulation
results are given in Section VI. Lastly, Section VII concludes
this paper.

The abbreviations that are used throughout the text are
summarized in alphabetical order in Table 1.

Il. FISHER-SNEDECOR F COMPOSITE FADING MODEL
The recently proposed Fisher-Snedecor (FS) F composite
fading distribution is modeled with independent but not iden-
tically distributed (i.n.i.d) Nakagami-m and I-Nakagami-m
RVs, where the average power of a Nakagami-m RV is sub-
jected to the variations caused by an I-Nakagami-m RV [11].
The FS F RP, Zx(¢) can be expressed as

Z]:(t) = Xum () Y i (1) = X (1)

()
Ynm(t)

where X,,,(t) and Yp,,(r) are Nakagami-m and

I-Nakagami-m RPs, respectively (where the time t is

omitted in the following text for simpler notation). Since

the I-Nakagami-m RV can be expressed as Yp,, = ﬁ, the
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TABLE 1. Abbreviations used throughout the text.

Abbreviation Definition
5G 5th Generation
6G 6th Generation
AF-RA Amplify-and-forward relay-assisted
AFD Average fade duration
CDF Cumulative distribution function
CFM Composite fading model
D2D Device-to-device
f-order First-order
FG Fixed-gain
FSO Free-space-optical
GLA General Laplace approximation
in.id Independent but not identically distributed
I-Nakagami-m Inverse Nakagami-m
LCR Level crossing rate
LOS Line-of-sight
M-C Monte Carlo
MGF Moment generating function
MIMO Multiple-input multiple-output
MISO Multiple-input single-output
MRC Maximal-ratio-combining
N-ES F N-Fisher-Snedecor F
N-LOS Non line-of-sight
N-LOSv Non line-of-sight vehicle
NR New Radio
PDF Probability density function
PLS Physical layer security
RF Radio-frequency
RFID Radio-frequency identification
RIS Re-configurable intelligent surface
RP Random process
RV Random variable
s-order Second-order
SC Selection-combining
S-S selection-strategy
SISO Single-input single-output
SNR Signal-to-noise ratio
SSC Switch-and-stay-combining
SWIPT Simultaneous wireless information and power transfer
UAV Unmanned aerial vehicle
V2X Vehicle-to-everything
ZM Zero-mean

PDF of X, and Y, are [47, eq. (2.52)], respectively

2/ Q)™ w2
P Cm) = = €S )
m
2((mg — 1)/ Q25)™s _q _m=D 2
pYnm (ynm) = S F(m ) S yi%Y le Qg Yom (3)
s

where I'(-) is the Gamma function [76, (eq. (8.310.1)]. The
multi-path and shadowing severity parameters are m,, and mg,
respectively whereas the average powers of Nakagami-m and
[-Nakagami-m RVs are €2, and €2, respectively. The PDF
of Zr = ’% is [45, eq. (25)]

m

00
Pzr (zF) = / YnmPX,m (zF X ynm)pYnm Onm)dynm  (4)
0

[76, eq. (3.326.2)] and
the PDF of Zr can

From (2-4), and using
[76, eq. (8.384.1)], respectively,
be written as

My mg
m mg—1 +myg 2mpy—1
2(ge) " (%) @@

Myt

®)

pZ]:(Z]:) = 5
B(myy,, mg) (Qsmmz}‘ + Qp(ms — 1))
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where B(-, -) is the Beta function [76, eq. (8.380.1)]. It can be
noticed that pz (zF) in (5) for Q; =1 and ,, = 2 reduces
to the PDF of FS F distribution given by [35, eq. (3)]. The
closed-form CDF of Zx can be obtained from (5) by apply-
ing Fz,(zr) = [§7 pzs(zF)dzr and [76, eq. (3.194.1)],
respectively as

1/ M 2m,
()" (Q—;) "

B(myy, mg) (m; — 1)

FZ}‘(ZJT) =

meszgr
F , My, I, ———) (6
X2 l(mm+ms My, My + ms — D, (6)
where oF1(-,-;-;-) is a hypergeometric function
[76, eq. (9.100)]. Similarly, the Fz.(zF) in (6) for

Q, = Q and Q; = 1, reduces to the CDF of FS F distri-
bution. Moreover, the composite FS 7 CFM reduces to the
fading models without shadowing such as Nakagami-m (for
mg —00) and Rayleigh (for my —o0 and m,, = 1).

lll. DOUBLE FISHER-SNEDECOR F COMPOSITE FADING
MODEL
The product of two i.n.i.d FS F RPs can be written as

Z]:,/ = Z]:l Z]:2 = Xnm,l Y[nm,lxnm,2 Ylnm,2

X X
_ nm,1 Anm,2 (7)
Ynm,l Ynm,Z
The PDFs of X,,; and Yun; = ﬁ, i = 1,2 are,
respectively ’
N\ My 2my,. —1
2<I’nml ) tx .ml S
Qs n,i ——txs .
i ’ Qn; " nm,i
AXnm.i) = e ‘mimm 8
anm,l( nm,z) F(mm,-) ( )
2<msi—1)msi 2mg;—1 ( 1)
Q. Yom,i —(Zsiz y2
i Qg nm,i
pYnmi y ,' = e it ' (9)
s ( nm l) F(msi)

where m,;,, and my, are the multi-path and shadowing severity
parameters of double FS F CFM, respectively, whereas €2,
= Q; and ;, = 1. The PDF of a double FS F RV Zx, =
ZF,ZF, can be obtained from

%) F
Pz, (Z]:d) = /0 PZr, (i)ﬁzﬁ (Z}‘z)dZ]-‘2 (10)

where |Z§%| = z;_-; After substituting (8) and (9) in (10)
and using (f76, eq. (3.259.3)], closed-form PDF expression
of double FS F RV in terms of hypergeometric function
is derived and presented at the bottom of the next page.
Moreover, by transforming RVs, yr, = z ]:dZ, PDF of the
SNR is obtained and provided as (12), shown at the bottom
of the next page, where y; = €; is the average SNR value of
double FS F CFM. The CDF of double FS F distribution
can be obtained from F Zr, (zr,) = féfd Pzr, (x)dx. By using
(8-10), the szd (zF,) can be written as

dzr,

dzr,

4mm1mml (’nS1 _ l)msl

B(mm1 , My, )B(mm2 , m_vz)

F Zr, (Z]:d) =
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my .
X My, ™2 (mg, — 1)72Q1 ™1 Q™2

2mm2 Jr2mx1 -1

00 z
f
X / dzr, 2
"

1)92

My +1M
) 2 sy
meZ]:2 + (ms2 - )

/‘Zfd X2 gy (13)
x My +Mg
0 (mmlx2 + 2%, (my, — 1)521) o
By applying the variable substitution, k = mm1x2 +

Z%_—z (ms, — 1)21 and then by applying the binomial for-
mula [76, eq. (1.111)] and [76, eq. (3.259.3)], the szd zx,)
closed form expression is derived for the integer values of
my,, and presented as (14) shown at the bottom of the page.
Similarly, the closed-form SNR CDF expression F' vE, Yz,
where y; = Q; is given as (15), shown at the bottom of the

Meijer’s G functions. Although the Meijer’s G functions are
usually applied for obtaining useful and important analytical
expressions they need to satisfy specific conditions [76, eq.
(9.301)]. We provide useful and novel PDF and CDF expres-
sions of double FS F RV given in terms of hypergeometric
functions, where CDF is valid for integer values of my, .
Moreover, a similar analytical approach for derivation of the
PDF and CDF of FSO RIS assisted communications over
FS F turbulence channels has been performed in [55].

IV. N-FISHER-SNEDECOR F COMPOSITE FADING
MODEL

The faded signal at the destination of cascaded N-FS F
CFM can be modeled as the product of N i.n.i.d RPs

N N N
page. In [35], authors introduced N-FS F CFM and provided Zr, = 1_[ Zr = 1—[ X i ¥imi = 1—[ Xom, i (16)
the PDF and CDF of N-FS F distribution in terms of the o i Y
(Z ) —9 My My My B(mm2 + Mg, My, + mSZ)Zme27]
pZ]:d Fa (msl — 1)(m52 — 1)9192 B(mm] , msl)B(mmz, msz) "Fa
2
My, Moy, 2F,

s 1 s o - I )

] (y}- ) _ p— My B(mm2 + my,, My, + mxz) ymm2_1

YFa\'Vd (msl — 1) (ms2 — 1))71)72 B(mml, msl)B(mmz, msZ) Fa
X2 Fi| mp, + mg,, My, + mg,; My, + Mg, + My, + mg,; 1 — My My VF, _ (12)
(g, = 1) (ms, — 1) 7172
Fzr,(27,) = sy = 1)"™ "™ gy — 1) " (mm1 - 1)(—1)k (mg —1)"
B(mml ’ msl)B(mmZ’ msZ) k=0 k myg, + k
mn mo +Ms, +k m
(V”Lmz)m ZB(mmz, msz) mn*l)m o mzlzz]:fmsz(mmz +ms, +k, msz)
(ms1 _ ])m.vlJrk(mSz . ])mx2 (ms2 - 1)mm2+msz (ngz)mmz
My Moy 2, >
x2 Fi (mmz + myg,, My, + mg, + ks mg, + mpy, +mg, +k; 1 — (mSI — S‘(m’: —]:d1)9192> (14)
oy —1
Fyr,(vr,) = (s = 1) "2 (my, — 1) Y (mm1 B 1)(—1)k(ms1 -1
] B(mm] , msl)B(mmz, msZ) = k ms, +k
" o+, +k m
(’"Lmz)m ZB(mmz, msz) ms11—1>m o mzlzyfdmsz(mmz + mg +k, msz)
(mgy = 1) (g, — 1) (my = 1) (7)™
X2 Fi | mpmy 4 mgy, My, + mg, + ks mg; + my, +mg, +k; 1 — Mo Mg VFy (15)
(ms; — 1) (ms, = )172
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where the PDFs of X,,; and Y,,; for i = I,N are,
respectively,

My mei -1

2(m z/Q i i _Mmj 2 )
anm,i(-xl’lm,i) o ( m Frzni ) nm,i Qmixnm.t (17)
mj
2m.—1
2 mi_l/Qimsiy Jl. _msifl 2
P (i) = (ms I)“(ms)) i T Ry i (18)
i

The m,,, and mg are N-FS F multi-path and shadowing
severity parameters of i-th hop, respectively, whereas Q,,, =
Q; is the N-FS F average power of i-th hop and Q;, = 1.
Similarly, the composite N-FS F CFM becomes equivalent to
the cascaded N-Nakagami-m (for my, —o00) and N-Rayleigh
(for m;; —o00 and my,, = 1) fading models.

A. LEVEL CROSSING RATE
Level crossing rate (LCR) of N-FS F CFM for a prede-
termined threshold z;; can be obtained from the following
expression [52, eq. (4)], [77]

o0
Abfw(zm)=='l; iFPzy, 7y, (@ ZEy)diEy  (19)

where, Pzr 25, (zFy» ZFy) 1s the joint distribution of Zz,

and its first derivative Z;N. From (16), X1 can be
expressed as

[TiLs Xom.
Moreover, Pzy 77, (2Fy» 2Fy) can be written as 2N-1 folded,
integral-form expression of the joint PDF of in.id RVs,
Z]:Nv Z]-'N7 Ynm,l» Xnm,2a Ynm,27 ceey Xnm,N and Ynm,N’ as fol-
lows from [65, eq. (12)]. The equation is given at the
bottom of the next page, where PZr 25 Yo Xom 2 Yom for
independent RVs can be written as [65, eq. (13)]

Xnm,l = (20)

pZ]:NZ}-N Yﬂm.lxnm,Z'“Ynm,N (Z]:NZ]:Ny}’lWl,l-xl’l}"‘l,2 e ynm’N)
= pz]:lefN Ynm,lxnm,Z"'ynm,N (Z-FN |Z.7:NYnm,1 e )’nm,N)
X pZ]:N‘Ynm,lxnm,Z“'Ynm,N (ZIN Iynm,lxnm,Z e ynm,N)

X PYum.1 (ynm,l)pX,lm,z (xnm,2) ©PYuuN (ynm,N) (22)

The pZ]:N|Ynm,1Xnm,2“'Ynm,N (Z]'—lenYﬂ,lxnm,Z o 'ynm,N) with a
help of (20) can be expressed further as

PZ 7\ \Yum 1 X 2+ Yum N (Z]:N [Yim, 1%nm.2 - - 'ynm,N)

N
px ZFN Hi:] Ynm,i
nm, 1 N
dZ-FN Hi=2 Xnm,i

From ((19)-(23)), the NZ]-'N (zsn) of N-FS F CFM can be
written as expression (24), shown at the bottom of the page.
From (16), the first derivative of Zx, can be expressed as

dxnm, 1

(23)

N . . . .
. Xnm,i Xnm,l Ynm,l Xnm,2 Ynm,2
Zr, = l—[ - —

N _i=] Ynm,i Xnm,l Ynm,l Xnm,Z Ynm,2
X, Y,
+ nm,N _ nm,N) (25)
Xnm,N Y, nm,N
It is important to note that the first derivatives
of 2N zero-mean (ZM) independent Gaussian RVs

Xnm,l s Ynm,l, Xnm,Zs 'Ynm,Zv T Xnm,N and Ynfn,N denOte‘d as,
respectively Xoum 1> Yom, 1, Xom.2> Yam, 2+ -« o s Xum,N and Youm.N
are also 2N ZM independent Gaussian RVs. Since the linear

transformation of independent Gaussian RVs is a Gaussian
RV, D75 125 Yo 1Yy CFw1ZFYnm,1 -+ Yum,N) has a con-

ditional Gaussian distribution with the variance 022 and
FN
mean
N 7 z z 7
2 l—[Xnm,i Xnm,l Ynm,l + Xnm,Z Ynm,2
F = —_— p—
N i=1 Ynm,i Xnm,l Ynm,l Xnm,Z Ynm,2
Xomn Yo
S ) =0 (26)
Xnm,N Ynm,N

where Xnm,l’ Ynm,l,. Xnm,23 Ynm,Z" ceey ).(nm,N and ‘Ynm,N are
the mean values of Xym 1, Youm. 1, Xom.2> Yam.2, - - - » Xnm.y and
Ynm, N, respectively.

Based on (25) and with some additional mathematical

manipulations, the GZZ can be expressed as (27), given
F.N

on the next page, where the variances a}% ,i=1,N and

nm,i

2 . . 2 202 Sy

o> ,1=1,N are respectively, o: =7 —L1) and
Yim,i Q p y Xnm,i My; (mm[ )

o} =n’2 (=) as provided in [78, eq. (4)] and [52],
Yim,i vi -~ Ms;

00 00 00 00 00
pZ]:NZ}—N (Z]:Nv Z_FN) = /(; dxnm,Z ce /0 dxnm,N/(; dynm,l /0 dynm,Z e /(‘) dynm,N

X pZFNZfN Yom, 1 Xpm, 2+ Ynm,N (Z}—NZ}—NYnm,lxnm,Z o ')’nm,N)

ey

00 00 00 00 00 00
NZ]:N (zm) = / dxnm,Z/ dxnm,3 e / dxnm,N/ d}’nm,l / d}’nm,Z te / dYnm,N
0 0 0 0 0 0

dxnm, 1

dzF,

N
Zth Hizl Ynm,i
Xnm,]

1_[?]:2 Xnm,i

)anm,z (xnm,Z) © PXymoN (xnm,N)

00
X PYum (}’nm,l)pYnm,z (}’nm,Z) PYuun (ynm,N) /(; iprZ]—‘N|Z]-‘N“‘sz.N (Z]—'N|Zth e '}’nm,N)di}‘N (24)
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respectively. Moreover, in the case of N-FS F CFM, ,, =
2; and Qg = 1. It can be assumed further that the maximum
Doppler frequencies are f;, = fmx fmV

In accordance with (25)- (26) the integral expression
fo Z]—'NPZJ_- 1ZFy - Yum, N(Z]-'N |Zth + = * Yum,N)dZF, in (24) for the
case when pj. 7, .v,,y@Fyeh " Yumn) has a condi-
tional ZM Gau551an distribution can be evaluated as

oo
/(; Z]:NPZ]:N |Z.7:N Yum,n (Z'FN |Zth ynmvN)dZ]:N

1 [ee) _%fi fo S
. 9 . V4
=), e =2 o
Zr N

It is important to note that a similar analytical approach
for derivation of (28) has been performed for the case of
the s-order statistical evaluation of the Nakagami-m RV
[79, eq. (16)], product of two independent Nakagami-m RVs
[78, eq. (8)], the ratio of two independent Nakagami-m RVs
[80, eq. (20)] and the product of N independent Rayleigh
RVs [65, eq. (17)].

After introducing (17), (18) and (28) in (24), the LCR of
N-FS F for a given threshold z;, yields

2N N mm, (mx . l)mjl. 1
Nis, (an) = = | "
Zry \Zth ,1_! :nm, F( )F (ms,-) Zth

where, L is 2N-1 folded, I-F expression provided as (30)
shown at the bottom of the page.

L (29)

1) EXACT LCRFOR N =1

A closed-form LCR expression of FS F RV can be derived
from the integral-form LCR expression given by (29). From
(27-30), the LCR for N = 1 can be written as

where L; is one-folded integral-form expression given by

00 1 o}
1
L= dynm 1 _6'2 1+ thh -
0 ’ 2 Xnm,l ()'2
nm, 1 Xom. 1
_ Mmy 2 2 2
21y +20, 16_ @ i Yum,1 (mS1_1))nm,1 (32)

nm, 1

Interestingly, the LCR of the N-FS F CFM provided in (31),
after using [76, eq. (3.381.4)] and some additional mathe-
matical manipulations reduces for N = 1 to the recently
published LCR expression of the composite F fading model
[52, eq. (13)]

\/ﬂfmr(mml + mg, — 1/2) (mml)mml_l/z
NZ]:(Zth) =
T (my, )T (my,)
s —1/2 2my, —1
L (lmy —mj@)™ ™ (33)
(Ql(msl - 1) =+ mmlztzh)mrm"rmsl—]

The LCR expression of FS F can be useful for s-order
performance analysis between two communication nodes.

2) LCR APPROXIMATION FOR N=1

The general Laplace approximation (GLA) formula has been
initially proven by authors in [81], whereas in [82] authors
have shown that the GLA formula fits well with exact expres-
sions for the cases where the real-valued parameter y takes
small values. It has also been used in practice as a reli-
able and fast-computing mathematical tool for evaluation of
many-folded integral-form expressions [54], [63], [65], [77],
[78], [83], [84], [85] such as (29). In order to pro-
vide a detailed application of the GLA for evaluation of
many-folded integral-form expressions, first we provide a
closed-form approximate LCR expressions for N = 1.

" (m 3 1)m’1 sz’"l_l Althf)ugh.the exact closed-form LCR expression is already
Ny () = —m st th L (31) provided in (33), here we present a derivation of an approx-
F = m, . . .
27, " T (my, )T (my,) imate LCR expression using the GLA formula for N = 1,
N 2 2 N N 2
02 _ 1 xnm iG2 1+ Z.7:anm,1 ynm,i02 02 Z]:N nm, 1 1—[ ynml
Z]-_,N - .x2 y2 an 1 y2 x2 . Ymn,l an 1 .X2 nm 2 nm 1
nm,1 j=1 “nm,i nm,1 i=1 "'nm,i nm 2 =1 "'nm,i
2 N 2 N 2
Z.7:anm,l ynm,i 2 2 Z_7:anm,1 ynm,i 2 2
: o o o
y2 x2 . Ynm,Z Xnm.l xz xz . an,3 Xnm,l
nm,2  j=1 “'nm,i nm,3  j=1 "nm,i
2 .2 N 2 .2 N
ZFyFnm,1 ynm,iaz e — ZFyKnm,1 ynm,iaz Jo2 @7
y2 2 . Xnm,N Xom, 1 X2 X2 . YomN' ™ Xum,1
nm,N  j=1 "'nm,i nm,N  j=1 "'nm,i

00 00 00 00 00 00
L= / dxnm,Z/ dxnm,3 o f dxnm,N/ dynm,l / dynm,Z te f dynm,N
0 0 0 0 0 0

me2 —2mm1 -1 2m,,,3 72mml —1

meN—2mml—1 2m51+2mml—1 2m52+2mml—1

2’"3N +2m’"1 -1 )

nm,2 nm,3 ’ xnm,N nm, 1 nm,2 nm,N C).Z]:_N
2
_mm_m 2 M2 M2 )2 (g )y e (mgy— 1)y
Q) nN2 Q) xan Q3 xnm,3 Qy nmN sy ynm,l My ynm,Z Mgy Yam,N
nm i
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as the simplest case since the GLA formula will be further where L, is the three-folded integral-form expression given
utilized for derivation of an approximate closed-form LCR by (39) at the bottom of the page. In order to solve L, we
expression for general N. The GLA formula for the evalua- can apply the GLA formula [85, eq. (47)]

tion of one-folded integral expression in (32), can be written

00 00 00
as [78, eq. (12)] / dxnm,2/ d)’nm,I/ fi ()’nm,]’xnm,Z, ynm,Z)
0 0 0

o0 .
/ fl (ynm,l)e_yfz (y””’")dynm,1 X e_)’fZ (,Vnm,] ’Xnm,Zs}nm,Z)dynm’z
0

3
] 2\ 2f1 (ynm s Xnm,2> Ynm 2) 2 Gt Fom2-Fnm.2)
2 y . g ~ | — i i > nm, 1>Xnm,2Ynm, 40
~ (2_7[) : Me—yh(}’nm,l) (34) < ) € ( )
Y

14

92 Gum.1) def(h)
ayizzm,l
. . where f1 Vum, 1> Xum,2> Yam,2) and fo(Vum,15 Xnm,2> Yum,2) are
where fi(Vum,1) and f2(yum,1) are one-variate functions of  (hree variate functions of Yum.1s Xnm2 and yumo. After
Ynm,1, Whereas y is a real-valued parameter. After the , gimilar transformation as in (35), we can define
fOHOWIHg transformation in (32) fl (Ynm,l»xnm,Z, ynm,Z) and f2()7nm,1yxnm,2, ynm,Z) from (39),
respectively as

irr:l/l&']l+2mm| - e_Qlllztzh)mn 1 (mJ'l _l)yﬁm,l
— L 22 = (s =132, + (2 +2my =2) I (1) y’"”2 3 2 1Y ﬁ’"’2(7)%»1:712
—=¢ Q) “th’nm,1 1 Jnm,1 1 1 » (35) fl — l +zth 5 5 Z[h 7 5 s
xnm 20)'( xnm,2od)'(m”yl
and 2wi2thout loss of generality, we can set fj = 1 and f» = 2 12
Moy 2 Y, y nm, 19 ynm
+ + (mg, — l)ynm | — Cmgy + 2mpy, — 2)Inpm,1)- + Zl2h2722 41)
The yum,1 in (34) is obtained as a real and positive value Xm, 205(”,,,,1
from 9 0 =0 for y = as 2.2 2
f2())nm,l)/ Ynm,1 = Ynm,1 = Ynm,1 f M, Zzhynm,lynm,Z N (m B 1) ) N My 5
2= Q] xz 51 ynm,l QZ nm,2
- _ mml —i—msl —1 (36) nm,2
Yom. 1= thhmml +m 1 + (mg, — 1)y5m,2 - (2m51 + 2mypny — 2)ln(}’nm,l)
s1
— (me2 — 2mm1)ln(xnm,2) — (2ms2 + 2my, — 2)Zn(ynm,2)
Finally, the LCR approximation for N = 1 is given by (42)
1 ~ ~ ~ ..
3 2 The Yum,1, Xpm2 and yu, o2 are real and positive values
4my, ml (mg, — 1)™1 0 1+ 23, =l obtained from the following mathematical expressions:
1 Xom,1 th o
nm, 1
NZ]: (zm) = - a X,
\/EQTWI F(mml)F(msl) fZ()’nm,l’ nm,2> ynm,2) -0
2 1 1 8ynm,l
T 2 ~
X (—) —e_yfz(y""‘*l). 37 af2(ynm,1’xnm‘2, ynm,z) —0
Y 32f2()~’nm.]) axnm ) -
ayrzlm.] '
afZ(ynm,l’ Xnm,2s Ynm,2) —0 (43)
3) LCR APPROXIMATION FOR N=2 0Ynm,2
The integral-form LCR expression for N = 2 from (29) can for )znmJ = Ynm, 1> Xnm,2 = Xpm,2 and Yum 2 = Yum,2, Whereas
be written as the h is a Hessian 3 x 3 matrix obtain from h given by
m My s .
Nzz (@) 16 my) ) (mg, — 1)™ s ) 32]63 3 azgz
Z]:d th) = Moy My aynm,l Ynm,10Xnm,2 Ynm,10Ynm,2
V21 Q" QT (1, )T (i, ) N 21, 21 "
s, . - aXnm 23)7)1m.1 8x2 axnm Zaynm 2 ( )
(msz - 1) 20Kt 20y —1 o m.2 .
==z, - L (38) % 3 >
r (msl )F (msz) 0Ynm,20Ynm, 1 0Ynm,20%m,2 ayflm_2
o2 2 2 2 2 2 1/2
o0 o0 o0 2 ynm 27y, .1 ) ynm,lynm,ZO—j(nm_2 ynm IUYnm 5
L, = dynm,1 dxpm,2 dynm2 | 1+ zy, 2 o2 + 2z 4 3 + Zthz—gv
0 0 0 nm 20 Xum xnm,ZUXnmvl nm 20 X, 1
mmy thhyﬁm,l-‘)zlm,z 2 Mmy 2 2
20y A2 =2 2y 20y 2mgy +2my —2 T QT2 R _(msl_ )ynm.l @ Ynm,2 (mSZ— )ynm.2
nm, 1 nm,2 nm,2 e s (39)
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for Yum,1 = Yum.1, Xnm2 = Xpm2 and Yum2 = Yum,2. After
§UbStitutng fi (Ynm, 1s Xnm,2» ynm,2), )i (ynm,l s Xnm,2» ynm,2) and
h in (40), the L, is approximated as a closed-form expression.

4) LCR APPROXIMATION FOR GENERAL N

The GLA formula that can be used to evaluate the 2N-1 I-F
expression is [65, eq. (1.3)]

i=1,N and Xym,; = Xpm,i» i = 2, N. In order to apply the
GLA formula for evaluation of the 2N — 1 folded integral-
form expression L in (30), we set fi and f>, respectively
as (48) and (49), where (49) is shown at the bottom of the

page.

fl (ynm,l s Xnm, 25 Ynm,2» « + « s Xnm,N» Ynm,N)

00 00 00 2.2 N 2
75X y2 o
dxnm,Z dxnm,3 ce dxnm,N =11 Zth”nm, L nm,t 0—,2 2
0 0 0 y2 x2 . Ynm,] Xnm,l
00 00 e nm,l j=1 "nm,i
X / dynm,l / d)’nm,Z v / dynm,N Z2 x2 N 2
0 0 0 th” nm, 1 ynm,t 2 2
_— ox n
o x2 2 . x2 . Xnm.2 Xnm,]
X N (ynm,la Xnm,2s Ynm,2s « « + s Xnm,N» ynm,N) hm, i=1"nmt
0 Z2 xz N y2 .
X e_ny (.Ynm, 1 7xnm,2a}’nm,2w~-,xnm.N7ynm,N) dynm,N + —thz nm, 1 1_[ x;m’l O')% /O';
. nm,2 nm, 1
2N—1 ~ ~ ~ ~ ~ ynm,2 i=1 "nm,i
N 27 2 fl (})nm,l s Xnm,2s Ynm,2s -+« » Xnm,N» )’nm,N) 2 2 N 2
~ 2% nm, 1 Yumi o 2
v ol 4 D ] T T
et 2 3 x2 . Xnm.3 Xnm,l
nm,3  j=1 “'nm,i
—sz (ynm,l 7}nm,2a5’nm,2w~-,inm.N75’nm,N) 2.2 N 2
xe (45) Zthxnm,l ynm,i 0_2 2
2 2 Xumn! Xuma
where f1 Vum, 1, Xnm, 2 Ynm,25 - - - » Xum,N» Ynm,N) and. fo(Vm, 1, YomN =1 FYami " "
Xaum,2s Ynm2s -+ -5 Xnm,N> Ynm,N) are multi-variate functions 2 2 N 2 1/2
. X .
of Yum.1» Xum,2: Yam,2+ - - - » Xnm,N and yum, n, Whereas y is a ¥ nm, 1 Ynm.i o2 o2 (48)
real-valued parameter. The Yum, 1, Xnm,2s Ynm,2s - - - » Xnm,N and ;%m N il ximl_ YN’ Xum,1

Yaum.n are real and positive values obtained from the set of
2N — 1 differential equations,

LCR of N-FS F can be written as

afZ (ynm,l s Xnm, 2 Ynm,2» « « « s Xnm,N» )’nm,N)

From (29)-(30) and (45)-(49), a closed-form approximate

=0,
8.1 20\ 7T 22Vnf, (21 2
8f2(ynm,l’ Xnm,2s ygm,z, e ooy Xnm,N» ynm,N) —0. NZ]:N (zm) =~ (7) ﬁ (m_m])
.2 N (%)mm" (ms; — 1)™
Qi Si me —1
: X 1_[ .
3f2(ynm,l s Xnm,2> Ynm,2s -+ - s Xnm,N s )’nm,N) 0 (46) i=1 F(mm,')r(ms,‘)

8ynm,N fl (ynm,l , )?nm,Za 5’nm,2, o

B %nm,Nv S’nm,N)

f;OI‘ Yam,i = Yam,i»i = 1, N and Xpm,; = Xym,i, i = 2, N. The
h is a Hessian (2N — 1) x (2N — 1) matrix obtained from h

det(iz)

in (47), provided at the bottom of the page, for y,m.i = Ynm.i» e~ V12 (nm1-Tom,2 S, 2o Ko N T,V ) (50)
B 32fZ ()’nm,l ,Xnm,Zv---’Xnm.N»)’nm,N) 32)‘2 (Ynm,] axnm,Z,-~-axmn,NvYnm,N) . 32f2(}’nm,1 vxnm,Zq---,Xnm,NaYnm.N) ]
Byﬁm 1 aynm,l a)‘nm,Z H_Vnm, 1 aynm,N
32f2 (ynm,l sxnm,Zau-vxnm.N»YHm,N) 82f2 (Ynm.] sXnm,2 ---qxnm,Ninlm,N) L 32f2 (}’nm,l axnm,Zqmsxnm<Nvan.N)
h= 3xnln,ZaYn))1,l axﬁml 0Xpm,20Ynm,N (47)
32f2 (ynm, 1 sxnm,Zv“-sxnm,Nyynm.N) 82f2 (ynm, 1,Xnm,2» ~~axnm.NvYnm,N) . a2f2 (Ynm, 1 sxnm,2a~-~vxnm,Nsynm,N)
| a)’nm,N“)ynm, 1 3ynm,Naxnm,Z 8yﬁm,N _
mny th my 2 m3 2 my 2
f2(ynm,l > Xnm,2s Ynm,2» « - - » Xnm,N Ynm,N) = Q_ N 2 N 2 + Q_x"m’z + Q_xnm’3 R Q_xnm’N
1 Hi=1 ynm,i Hi=2 xnm,i 2 3 N
2 2 2
+ (msl - l)ynm,l + (msz - l)ynm,Z et (m»VN - 1)ynm,N - (zmsl + 2mml - 2) ln(y”m,l) - (2mm2 - 2mm1) ln(xnm,z)
— (2ms2 + 2myy, — 2) ln(ynm,z)- - = (meN — 2mml) ln(xnm’N) — (2mSN + 2my, — 2) ln(ynm,N) 49)
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B. AVERAGE FADE DURATION
The average fade duration (AFD) is the faded signal’s aver-
age time below a threshold z;; and for N-FS F CFM it can
be calculated as

Z FN (Zl‘h)
Nz Fy (Zth)
where FZ]-'N is the CDF of N-FS F RP. Fortunately, the
CDF of N-FS F RP in terms of the Meijer’s G function has
been recently provided in [35, eq. (13)] and is given by (52)
shown at the bottom of the page. The approximate closed-
form expression for AFD of N-FS F CFM with respect
to (50)-(52) is written as (53), shown at the bottom of the

page.

Az, ) = (51)

C. BURST ERROR RATE

Deep fades can degrade the system performances of a wire-
less link. During a deep fade, the faded signal envelope is
below a predetermined threshold, zr, < zs which causes
symbol errors. The evaluation of the burst error rate can be
useful for interleaver design of error correction codes that are
usually applied as a preventive mechanism against the deep
fades. The burst error rate is a process of correlated errors
that are not like the f-order statistical analysis of uniformly
spreading errors along time as addressed in [11] and [35] for
FS F and N-FS F CFMs, respectively. Moreover, the 5G
and 6G systems add the ultra-reliable low-latency commu-
nication (URLLC) which demand the performance analysis
with respect to time. Indeed, the burst error rate analysis over
time-varying fading channels represents useful performance
metrics for various 5G and beyond 5G communication sce-
narios [86], [87], [88]. The burst error rate analysis based on
s-order statistics of dual-hop and multi-hop relay communi-
cations over cascaded Nakagami-m and Log-normal fading
channels has been considered in [61] and [66].

In this paper, the burst error rate analysis of the composite
N-FS F distribution is addressed through time dependent
s-order statistical measures NZ]:N (z;n) and AZ]-'N (z;) as a
function of zz. The burst error rate is likely to occur when
a time of fade duration AZ]:N (zs) increases. Moreover, the
burst error rate has a similar behaviour to the outage prob-
ability FZ]-'N (zsn) since the burst error rate is expected to
increase for higher z;; values. In addition to the burst error
rate analysis carried out in terms of number of hops and

multi-path severities, provided in [61], [66], this paper pro-
vides the burst error rate analysis over N-FS F fading
channels addressed in terms of shadowing severities. We
evaluate the burst error rate of N-FS F CFM as [66, eq. (32)]

Lz ) [ Nz, )|
D,

BEn(zip) = 54

The average number of lost symbols LZJ—'N (zsp) are deter-
mined as the ratio of the AZJ—‘N (zsm) at a given threshold zy,
to the symbol transmission time as

AZ}‘N (Zth)

1/Dy —‘z {DsAsz (Zth)—‘ (55)

LZ]:N (Zﬂ’l) = ’V
where Dy = 1/T; is average transmission rate given in sym-
bols/sec, T is transmission time per symbol and [-] is the
ceiling function [89, eq. (04.02.02.0001.01)]. As observed

further in [66, eq. (32)] and [61, eq. (45)], the burst error
rate in (54) can’t exceed unity

Lz ) | Nz, )|

BE = min{ 1,
N (zn) = min D,

(56)

Based on (54)-(56) it can be concluded that the burst error
rate presents an upper bound of the outage probability of
N-FS F distribution for a given threshold z; that can be
expressed as

Pz, @) = Pzy, (zry <zm) = Azz, @n)Nzz, Zm) (57)
Moreover, the outage probability of N-FS F CFM is
PZfN (zm) = F Zry (zs), where F, Zry (zs) is the CDF of N-FS
F RV, already provided in (52). Since the minimum value
of LZ.‘FN (zm) in (55) is unity, than the minimum average

(Zh) [61],

[66, eq. (34)]. The maximum symbol rate of N FS F CFM,
which provides that one symbol on average is sent within
each fade duration, can be determined by

number of lost symbols can be given as Dy < 7

1
Dy=— (58)
Azz, ()

N
1 N,N+1 2 My |1 —mg, 1 —mg,, ..., 1 —mg,, 1
FZ Zf — G ) z i 19 2 ) N (52)
]-'N( N) 1—[5\;1 F(mm,-)r(msi) N+1,N+1\ “Fn 111 Qims; Moy s Mgy« Mgy 0
m m,i m; 1_ ,1_ ,...,1_ ,l ~
V() I o (A g | s e ) Jae(i)
AZ]-'N (zn) =~ N—1 l L (53)

My, Mg

7\ 2 TN i
22me7'[<7) l_[l 1 Mim; M, Izth
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2mypy, —
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FIGURE 1. Block scheme of multi-hop relaying system.
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FIGURE 2. Cooperative multi-hop communications in NLOS conditions.

V. PERFORMANCE OF MULTI-HOP AND COOPERATIVE
MULTI-HOP COMMUNICATIONS

A. MULTI-HOP AF-RA COMMUNICATION SYSTEM

The simplified scheme of the considered N-hop AF relay-
ing system is presented on Fig. 1. The total fading gain of
N-hop communication link assisted by fixed-gain (FG) AF
relays over FS F channels can be modeled with the N-FS
F CFM, as previously observed for N-hop AF-RA system
over Rayleigh [65, eq. (39)] and Nakagami-m [61, eq. (4)]
channels. We observed the case when the gain of each relay
is constant and equal to one [90]. Thus, the total fading
gain can be given by G = ]_[f\;l ZF,. The derived statisti-
cal results for NZ]—'N (zw), AZ.‘FN (zsh), BEN(zzn) and Dy are
directly applied for performance assessment of N-hop FG
AF-relaying system over FS F channels and numerically
evaluated in the next section.

B. COOPERATIVE MULTI-HOP AF-RA COMMUNICATION
SYSTEM IN NLOS CONDITIONS

Cooperative N-hop communications in N-LOS propagation
conditions assisted by L parallel independent links with S-S
at reception is presented in Fig. 2. The signal envelope at the
output of the considered cooperative system can be given by
Zr, = max(Zg,V, ..., 25,90, ..., Z5, D) [63, eq. (D],
where Zr, 0 is the signal envelope of j-th parallel link mod-
eled with N-FS F distribution. The CDF at the output of
cooperative system established through L independent N-hop
AF-RA links with S-S at reception is [63, egs. (8-9)]

L
F7,(e7) = (Fer, (27) (59
where F’ Zry is the CDF of N-FS F CFM provided in (52).
The LCR at the output of the observed cooperative system
for the threshold z;; can be given by [63, eq. (23)]

Nzz, ) = L x Nzz Ga)Fzz, Ga)*™" (60)
where the Nzz, () is provided in (29). The AFD is obtained
from the previously derived expressions as
Fz FL (Zth)

61
NZ]:L (Zth) ( )

AZ]:L (zm) =

VOLUME 3, 2022

N-1* node
2% link

FIGURE 3. Cooperative multi-hop communications in LOS conditions.

Direct link

Based on (54)-(56), the burst error rate for the considered
case can be written as

[ DAz, ) | [Nz, ) |

BE =mini 1,
L(zn) = min D,

(62)

The provided s-order statistics for NZ]—'L (zw), AZ]—'L (zs) and
BEj (zs,) are directly applied to the cooperative communi-
cations in N-LOS propagation conditions and numerically
presented in the numerical and simulation results.

C. COOPERATIVE MULTI-HOP COMMUNICATIONS IN
LOS CONDITIONS

The cooperative communications in LOS propagation con-
ditions established through independent direct link and L
independent N-hop RA links over FS JF channels with
S-S at reception is presented in Fig. 3. Similarly, the sig-
nal envelope at the output can be written as Zg,, =
max(Zr, Z]:N(l), .. .ZfN(/), . .Z]:N(L)), where Zr is the sig-
nal envelope given by (1). The CDF of the cooperative
scenario in the presence of the LOS conditions can be
written as

L
Frry, (i) = (Fery (i) ) Fer(27,)

where F, is provided in (6). The LCR of the cooperative
system under LOS conditions with S-S at reception over FS
F fading channels is [63, eq. (22)]

(63)

Nzzp1 @) = Nzg @) Fzop(zn) + Noy @) Fzz (i)

(64)

where N, is provided in (33). The AFD of the considered
cooperative system in LOS conditions can be given by

Fz (zm)
Az (@) = NZ”—(“) (65)
F.,D,L
Finally, the burst error rate for the considered case is
DAz, @) |[ Nz, , G
BEp 1 (zh) = minq 1, : : (66)

Dy

The Nz, (zm), Azz, , (zm) and BEp 1.(z) are directly used
for performance analys1s of the cooperative communications
in LOS propagation conditions and graphically presented in
the following section.
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TABLE 2. Simulation parameters.

Parameter Notation Value
Average powers Q; 1
Carrier frequency fe 1 GHz
Envelope threshold Zth 0 dB, 3 dB
Maximum Doppler frequencies fm = fm, = fmy | 740741 Hz
Multi-path severities M, 1-4
Number of hops N 1-4
Number of parallel multi-hop links L 1-3
Relative velocities V= vs = Vg 80 km/h
Shadowing severities ms, 1-4
Speed of the light c 3 x 10% m/s
Transmission symbol rate D 105 symbols/s

VI. NUMERICAL AND SIMULATION RESULTS

In this section we provide the numerically evaluated integral-
form and approximate closed-form results for multi-hop FG
AF-RA communications in terms of NZ]—'N (zem), AZFN (zen),
BEN(z;) and Ds. Moreover, this section provides the
numerical results for cooperative multi-hop AF relay com-
munications assisted by L parallel links in NLOS conditions
for NZfL (Zem), AZ]:L (zsm), BEL(zs) a well as multi-hop AF
relay communications in LOS conditions for NZFD_L (zmn),
AZfD.L (zn), BEp,1.(zsn). The considered theoretical results for
the observed N-FS F CFM system parameters are compared
with M-C simulations, where the simulation parameters are
summarized in Table 2. We simulate a cooperative multi-
hop FG AF-relaying system for different number of hops
and different values of N-FS F CFM severity parameters.
The carrier frequency used for the simulation is f, = 1 GHz
while the source and destination relative velocities are taken
to be the same v = v; = v; = 80km/h. The maximum
Doppler frequencies of the source (f;,;s) and destination (fng)
nodes are calculated as f, = fius = fma = Vfeje, where
¢ = 3 x 10% m/s. Moreover, similar simulation parameters
are used in [66].

A. LCR AND AFD OF MULTI-HOP COMMUNICATIONS
OVER N-FS F CHANNELS

Numerical results for s-order statistical measures in terms
of AFD and LCR of N-FS F distribution and their appli-
cation to multi-hop AF-RA communications for identically
and non-identically distributed fading parameters obtained
from exact integral-form and approximate closed-form math-
ematical expressions are presented in Figs. 4-8. It can be
noticed that the approximate expressions fit well with the
exact expressions for the y = 1 and observed system values.
Although the complexity of the GLA formula for obtain-
ing the LCR approximations increases for higher N, it can
be efficiently implemented for the considered N with the
help of standardized software tools such as MATLAB or
MATHEMATICA. Moreover, the presented s-order results
are confirmed by M-C simulations.

Fig. 4. shows the normalized LCR for different values
of N, multi-path and shadowing severities of N-FS F
CFM. As expected, more severe multi-path and shadow-
ing fading conditions (e.g., when all m,,, = m;, = 2) cause
NZfN (zsn) /fm to take higher values in the low threshold area.
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FIGURE 4. Normalized LCR of N-Fisher-Snedecor = CFM observed for various N
and various values of identically distributed fading parameters.
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FIGURE 5. Normalized AFD of N-Fisher-Snedecor = CFM observed for various N
and various values of identically distributed fading parameters.

A change of multi-path and shadowing severity conditions
(e.g., shift from m,,, = my;, = 2 to m,,; = my; = 4) causes
a decrease of Nzz, (zm)/fm for low zy values. Contrary, the
increase in the number of hops (N) causes the normalised
NZ]—'N (zsn) to increase in the low threshold area. The values of
AZJ—'N (zsn) multiplied by f, for the various system values of
cascaded N-FS F CFM in the case of identically distributed
fading parameters are presented in Fig. 5. It can be seen
that by increasing the value of N, AZ]—‘N (zm)fim increases for
lower threshold values while it decreases for higher thresh-
old values. It can be further observed that by increasing
N-FS F CFM multi-path and shadowing severity parameters,
Asz (zs)fm decreases for lower threshold values. Moreover,
the impact of N on AZfN (zn)fm for lower zy, is stronger than
N-FS F CFM multi-path and shadowing severities, while the
impact of severities is more dominant for higher z. It can
be concluded that s-order system performance improvement
for lower thresholds can be achieved for lower values of
N (e.g., when N = 1) and higher values of multi-path and
shadowing severities.
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FIGURE 7. Normalized AFD of N-Fisher-Snedecor = CFM observed for various N
and various identically and non-identically distributed fading parameters.

Fig. 6 shows NZFN (ze) /fm for different values of N, multi-
path and shadowing severities. Moreover, Fig. 6 includes the
cases of non-identically distributed fading parameters of N-
FS F CFM. It can be observed that NZ]-'N (zsn) /fm increases in
the region of lower threshold when multi-path fading condi-
tions shift from less severe to severe (e.g., shift from m,,, =1
to my, = 3). As observed previously for identically dis-
tributed FS F fading channels, an increase in N (e.g., change
from N = 2 to N = 1) causes NZ]:N (zn)/fm to decrease,
especially for lower z,. It can be noticed that NZfN zm) /fm
for N =1 and m;,, = 1, my; = 2 as well as for N = 1
and m,,, = 3, mg, = 2 coincides with the LCR for the same
set of multi-path and shadowing severities provided in [52],
as expected. The exact and approximate A Zr, (zen)fm expres-
sions for different values of N, multi-path and shadowing
severities with non-identically distributed fading parameters
of FS F CFM are presented in Fig. 7. One can notice that
AZ]-'N (zen)fm decreases in the region of lower threshold for
lower values of N while a decrease in multi-path fading con-
ditions from less severe to severe (e.g., shift from m,,, =3
to my, = 1) causes a slight increase in AZfN (zen)fm for
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FIGURE 8. Normalized LCR of N-Fisher-Snedecor = CFM versus @ observed for
N = 2, various 2y, values and various N-FS & CFM fading parameters.

lower thresholds. The values of AZJ-‘N (zm)fm for the special
case of (N =1, mp,, =1, mg; =2) and (N = 1, my, =3,
myg, = 2) has the same behavior as the AFD, already reported
in [52]. Fig. 8 presents the normalized NZ]—'N as a function
of Q (2 = Q) = Q) for N = 2 and for different N-FS
F CFM multi-path and shadowing severity conditions. The
normalised Nzz, takes small values in boundary regions. It
can be expected that for the small values of 2, zx, < zm,
while for the higher values of 2, zF, > zs. It can be noticed
that the normalized Nzz, in a high average power region
is influenced by N-FS F& CFM multi-path and shadowing
severity conditions. Namely, less severe fading conditions

(e.g., when my,, = my,,, = my, = m; = 4) provide less
number of crossings if compared with more severe fading
conditions (e.g., when m,,, = my,, = my, = ms, = 4). As

expected, the lower z;; values decrease the normalized NZJ-'N'

B. BURST ERROR RATE AND MAXIMUM SYMBOL RATE
OF MULTI-HOP COMMUNICATIONS OVER N-FS F
CHANNELS

The numerical results for the burst error rate and maximum
data rate of N-FS F distribution for various sets of system
model parameters evaluated from exact integral-form and
approximate closed-form expressions are compared with M-
C simulations on Figures 9-11, respectively. The burst error
rate is evaluated for constant f,, = 74.0741 Hz and Dy = 107
symbols/s and for different N-FS F CFM parameters. It can
be observed on Fig. 9. that the system performance improve-
ment in relation to the burst error rate can be achieved by
decreasing the number of hops and by increasing the val-
ues of multi-path and fading severity parameters of N-FS
JF CFM, since the burst error rate decreases. A similar
observation for the burst error rate behaviour in relation
to multi-path severity parameters has been noticed in [66]
while the decrease of the burst error rate with increase of
number of hops has been noticed in [61]. Fig. 10 shows
the burst error rate as a function of @ for N = 2 and
for different N-FS F CFM system model parameters. It is
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obvious that the high average power region is influenced by
N-FS F CFM severity conditions. The system performance
improvement in relation to BEy in high average power region
can be achieved in less severe composite fading conditions,
as expected. The lower z;; values cause decrease in the
BEy. The maximum symbol rate over N-FS F CFM for
a set of different system model parameters and constant
fm = 74.0741 Hz is observed in Fig. 11. The maximum sym-
bol rate is evaluated as Dy = 1 /AZfN (zs). The maximum Dy
is limited by the threshold value and is dependant on N-FS
F CFM fading severity parameters and number of hops.
As expected, the maximum D; increases with a decrease
in the number of hops and increase in fading severity
values.

C. S-ORDER STATISTICS AND BURST ERROR RATE OF
COOPERATIVE MULTI-HOP COMMUNICATIONS OVER
N-FS F CHANNELS

The Nz, versus zy for N = 2, N-FS F CFM severities
My, = 2, mgy = 2, my, = 2, mg, = 2), average powers
() = @ = 1) and different L as well as Nzz,, versus
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FIGURE 12. Normalized LCR for cooperative multi-hop scenario observed for N = 2
and different link settings.

zih for N = 2, N-FS F CFM severities (m,, = 2, m;, = 2,
My, = 2, mg, = 2), FS F CFM severities (m,, = 2 and
mg = 2), average powers (2 = Q1 = Q2 = 1) and different
L are presented on Fig. 12. As expected, the Nz, (zm)
provides lower normalized LCR values for lower thresholds
than Nz, (zs). Moreover, the impact of the absence of
direct LOS link on the LCR of cooperative AF-RA multi-
hop communications with S-S at reception is stronger for
lower z;; dB values and for lower number of redundant
(parallel) dual-hop AF-RA links. The BE} and BEp | versus
zm for N = 2, N-FS F severities (my,1 = 2, mg1 = 2,
Mp2 =2, msp = 2), FS F severities (m = 2 and m; = 2),
average powers (2 = Q; = Q = 1) and different L are
presented on Fig. 13. The burst error rate for the observed
system model configuration can be decreased by increasing
the number of available dual-hop parallel links. Moreover,
the absence of direct LOS link on the burst error rate can
be compensated by adding one or more dual-hop redundant
links (e.g., BEp,; of a cooperative system with direct link
assisted by one dual-hop AF-RA link has a similar behavior
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as BEj of a cooperative system established through three
parallel dual-hop AF-RA links).

The s-order statistics and burst error rate of the observed
dual-hop and cooperative dual-hop AF-RA communications
(when N = 2) are derived and numerically evaluated by using
novel analytical expressions of double FS 7 CFM (e.g., the
CDF of double FS F CFM provided in (14) has been directly
used for the derivation and numerical evaluation of the AFD
expressions provided in (51), (61) and (65) as well as for the
burst error rate expressions provided in (56), (62) and (66)
for the special case when N = 2).

Although the derived s-order statistical results are
developed for isotropic scattering conditions, as previously
observed for different mobile and vehicular systems
in [49], [61], [62], [63], [64], [65], [66], they can be
useful for s-order and burst error rate performance anal-
ysis of cooperative multi-hop AF-RA V2X systems over
composite fading channels in LOS, N-LOS and N-LOSv
communication conditions.

VIl. CONCLUSION

This paper provides accurate closed-form approximations
for LCR and AFD of N-FS F distribution. The novel
and fast-computing s-order statistical closed-form approx-
imate results fit well with the exact integral-form results
and M-C simulations. The mathematical proof that the LCR
formula of N-FS F distribution for N = 1 reduces to the
recently published results of composite F fading model has
been provided. Capitalizing on the derived s-order statis-
tical expressions, analytical and numerical results for the
bust error rate and maximum data rate of N-FS 7 CFM
are provided and applied to the multi-hop and coopera-
tive multi-hop AF-RA communications established trough
independent direct and L parallel links with S-S at desti-
nation. In general, the system performance improvement of
the AF-RA multi-hop communication system in the lower
threshold regime can be achieved by shifting from severe
to less severe multi-path and shadowing fading conditions
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and by decreasing the number of hops, since AFD and burst
error rate decrease. Numerical results for AF-RA multi-hop
communications point out that the maximum symbol rate
can be increased for lower thresholds in less severe multi-
path and shadowing fading conditions and for small number
of hops. The cooperative AF-RA multi-hop communication
performance improvement in terms of the burst error rate can
be achieved by adding more redundant (parallel) multi-hop
links. Moreover, the impact of the absence of direct LOS
link on the burst error rate can be decreased by adding more
redundant links. The provided s-order statistical results for
cooperative multi-hop AF-RA communications assisted by
L parallel links with and without direct LOS link over FS
F CFM with S-S at destination can be useful for designing
V2X systems in LOS, N-LOS and N-LOSv communication
conditions.
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