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ABSTRACT Generalized Spatial Modulation (GSM) enables a trade-off between very high spectral effi-
ciencies and low hardware costs for massive MIMO systems. This is achieved by transmitting information
via the selection of active antennas from a set of available antennas besides the transmission of conven-
tional data symbols. GSM systems have been investigated concerning various aspects like suitable signal
constellations, efficient detection algorithms, hardware implementations, spatial precoding, and error con-
trol coding. On the other hand, determining the capacity of GSM is challenging because no closed-form
expressions have been found so far. This paper investigates the mutual information for different GSM
variants. We consider a multilevel coding approach, where the antenna selection and IQ modulation are
encoded independently. Combined with multistage decoding, such an approach enables low-complexity
capacity-achieving coded modulation. The influence of the data symbols on the mutual information is
illuminated. We analyze the portions of mutual information related to antenna selection and the IQ mod-
ulation processes which depend on the GSM variant and the signal constellation. Moreover, the potential
of spatial modulation for massive MIMO systems with many transmit antennas is investigated. Especially
in systems with many transmit antennas much information can be conveyed by antenna selection.

INDEX TERMS Spatial modulation, information theory, capacity.

I. INTRODUCTION

MULTIPLE antenna systems have become popular since
the seminal work of [1] and are an integral part

of many state-of-the-art communication standards. With the
trend to higher carrier frequencies like mm-wave or even
beyond, antennas grew extremely small and many elements
can be incorporated into an antenna array of moderate size.
Massive Multiple-Input Multiple-Output (MIMO) systems
are currently discussed where hundreds of antennas at the
base station lead to the channel hardening effect [2], [3]
enabling high spectral efficiencies with very simple signal
processing techniques. However, with a growing antenna
number, the number of AD/DA converters, mixers, and
amplifiers grows as well.
A completely different approach is pursued with GSM

where information is conveyed by antenna selection. In
GSM systems, only a small subset of transmit antennas

is activated simultaneously, and, consequently, all remain-
ing antennas are inactive. Originally, Spatial Modulation
(SM) uses only a single active transmit antenna in each
time slot, whereas GSM activates multiple transmit anten-
nas at a time [4]–[6]. Furthermore, GSM and Generalized
Multistream Spatial Modulation GMSM can be distin-
guished. While the former system transmits the same data
symbol over all active antennas, the latter allows transmitting
independent data streams over active antennas. If antenna
selection can be implemented by fast switching devices,
only a few radio frequency (RF) chains are needed, low-
ering the implementation costs. In massive MIMO systems,
extremely high spectral efficiencies can be achieved with
SM. However, an appropriate number of receive antennas is
required to enable the receiver to detect the transmit signal.
Furthermore, the computational complexity of the optimal
Maximum Likelihood (ML) detector for SM increases
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rapidly as more antennas or larger modulation orders are
used.
Inspired by the favorable properties, a lot of research has

been spent on SM. Detailed information about the various
facets of SM and a large number of applications can be
found in the overview papers and surveys [7]–[10] and the
references therein.
Plenty of work has been spent to optimize signal constel-

lations and detection algorithms in uncoded SM systems.
For instance, signal constellations have been investigated
to improve the performance of SM [5], [6], [11]–[17].
For these uncoded approaches, suboptimal antenna detec-
tion algorithms are analyzed in [11], [18]–[23]. Furthermore,
precoding for SM systems has been investigated in order
to mitigate spatial correlations [24], [25]. Fewer publica-
tions consider coded spatial modulation schemes. Some focus
on combinations of SM with space-time coding [26]–[28].
Others generalize traditional coding techniques like trellis-
coded modulation to SM transmission [25], [29], [30].
While the analysis of coded and uncoded SM in terms of

error rate performance provides valuable insights about struc-
tural properties of SM systems, the ultimate performance
limits have to be tackled by looking at the system capac-
ity. The GSM capacity is difficult to determine because
no closed-form solution for the differential entropy of
a Gaussian Mixture Model (GMM) exists. Therefore, the
mutual information is usually approximated by lower and
upper bounds [31]–[34] or computed numerically. The latter
approach is limited to only small system dimensions due to
the curse of dimensionality [35]. In [36], the capacity of an
SM system with a single active transmit and a single receive
antenna is analyzed. The mutual information is approximated
by exploiting an ML detection resulting in a discrete memo-
ryless channel with pairwise error probabilities. A significant
gap between the numerically computed mutual information
and this approximation is observed. A lower bound on the
mutual information for the non-orthogonal downlink trans-
mission with finite transmit alphabets and spatial modulation
is derived in [37]. The authors in [38] considered a GSM
system with linear precoding using Na = Nt active antennas.
Two different precoders are considered and their performance
in terms of overall mutual information as well as antenna
detection mutual information is compared to a conventional
GSM system. The mutual information is approximated in
the same way as in [36] using the pairwise error probability
of a maximum likelihood detector.
Many of these publications consider rather small SM

systems or they concentrate on the overall mutual
information and do not analyze the specific mutual
information obtained from the antenna selection process.
Recently, the authors in [39] proposed to use the cut-
off rate instead of the mutual information for analyz-
ing generalized spatial modulation systems with transmit
precoding. Another interesting approach is Huffman coding-
based spatial modulation presented in [40]. Moreover, the
authors provide upper and lower bounds for the mutual

information of an SM system with one active transmit
antenna.
In this work, we investigate the capacity of different vari-

ants of SM systems. Similar to coded modulation [41], we
partition the SM system into two levels, i.e., the antenna
selection level and the IQ modulation level. In combination
with multistage decoding, such an approach enables low-
complexity capacity-achieving coded modulation. To achieve
the overall channel capacity, the code rates have to be chosen
according to the capacity rule [41] for each of the levels.
We investigate the portions of mutual information related to
antenna selection and the IQ modulation processes which
depend on the GSM transmission system and the signal
constellation. The presented analysis provides the following
contributions.
1) We derive upper and lower bounds on the mutual

information for different versions of SM systems. The
tightness of the bounds is analyzed for small system
sizes by comparing them with results from numerical
integration.

2) The mutual information of different SM variants is
investigated. In particular, the rates for the antenna
selection level and the IQ modulation level are con-
sidered.

3) The influence of the data symbols on the antenna
detection is investigated. We demonstrate that the sig-
nal constellations have little impact on the overall
mutual information until the information of the IQ
modulation level saturates due to the finite alphabet
size. However, the partitioning of the rates for the
antenna selection level and the IQ modulation level
depends on the signal constellation.

4) The bounds can be used to investigate the mutual
information of massive MIMO systems with many
transmit but only a few active antennas. We demon-
strate that much information can be conveyed by
antenna selection for large systems, whereas the por-
tion of the mutual information provided by the IQ
modulation level becomes comparably small.

The paper is organized as follows: Section II introduces
the considered system model and various variants of SM.
The mutual information achievable with SM is derived in
Section III. Upper and lower bounds are proposed for each
SM variation in Section IV. Numerical results are presented
in Section V before Section VI concludes this paper.

II. SPATIAL MODULATION SYSTEM MODEL
In this section, we introduce the notation and describe the
system model. Random variables are denoted by calligraphic
letters X , Y , and the corresponding signals by small letters
x and y. They can take values from the sets X and Y with
cardinalities |X| and |Y|, respectively. The probability of
discrete random variables is denoted by Pr{X = x}, and
the terms p(y|x), p(x, y) represent the conditional and joint
probability density functions. The mutual information of two
random variables X and Y is termed I(X ;Y). Moreover,
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vectors and multivariate random variables are denoted in
bold letters y and Y , respectively.

A. GENERAL SYSTEM DESCRIPTION
GSM is a MIMO transmission strategy conveying
information by selecting Na active antennas from a set
of Nt transmit antennas. Hence, the transmit vector x =[
x1 · · · xNt

]T is sparse and contains Nt − Na zeros. The
assignment of data symbols onto the active antennas can
be expressed by the Nt × Na mapping matrix Fl having a
single one in each row and Na ones in total. For instance,
the matrix

Fl =
⎡

⎣
1 0
0 1
0 0

⎤

⎦

maps symbol s1 onto antenna 1 and symbol s2 onto antenna
2. The index l denotes the set of active antennas termed
antenna pattern. It can be chosen from l ∈ {1, 2, . . . ,Np} with
Np =

(Nt
Na

)
. Therefore, the selection of Na active antennas

and the mapping of data symbols onto these antennas can
be described by a bijective function

x = f (s, l) = Fl · s. (1)

The Na × 1 vector s comprises the data symbols sμ ∈ S to
be transmitted. They are assumed to have zero mean and an
average power E{|S|2} = 1 per symbol.
The receiver is equipped with Nr antennas and has the

tasks to detect the antenna selection index l as well as the
data symbols s transmitted over all active antennas. The
received vector can be described by

y = ρ ·H · x+ n = ρ ·HFl · s+ n = ρ ·Hl · s+ n (2)

with the Nr × Nt channel matrix H and the noise vec-
tor n. The channel matrix H is assumed to consist of
i.i.d. complex Gaussian random variables with zero mean
and variance σ 2

H = 1. The matrix Hl = H · Fl con-
tains only those columns of H associated to active antenna
elements. The factor ρ scales the overall transmit power.
Assuming Additive White Gaussian Noise (AWGN) with
average power σ 2

N = 1 per receive antenna, the likelihood
function of the SM system has the form

p(y | H, x) = p(y | H, s, l) (3)

= 1

πNr
e−‖y−ρHx‖2 = 1

πNr
e−‖y−ρHls‖2 .

At each receive antenna, we obtain the average
Signal-to-Noise Ratio (SNR)

γ̃ = ρ2 · Naσ
2
HE{|S|2}
σ 2
N

= ρ2Na. (4)

Due to σ 2
H = 1, the overall received signal power depends

on the number of receive antennas. In order to ensure a fair
comparison of systems with different Nr, we also incorporate

the number of receive antennas into the SNR measure and
obtain

γ = γ̃ · Nr = ρ2NaNr . (5)

The SNR defined in (5) is used in subsequent sections when
presenting numerical results.

B. VARIANTS OF SPATIAL MODULATION
Different variants of SM exist in the literature. In this paper,
we distinguish the following approaches assuming equally
likely antenna patterns, i.e., Pr{L = l} = 1

Np
holds.

1) Generalized Space Shift Keying

With Generalized Space Shift Keying (GSSK), information
is only conveyed via the selection of Na active antennas and
no data symbols are transmitted. For this strategy, the data
symbol vector s = 1 becomes the all-one vector of length
Na. For a fixed channel matrix H and a particular antenna
pattern l, the received vector

y = ρ ·Hl1+ n = ρ · h̃l + n (6)

is Gaussian distributed with conditional mean μl =
E{Y|Hl} = ρh̃l and covariance matrix �l = I. For Na = 1,
the vector h̃l is simply the l-th column of H, whereas h̃l
equals the sum of those columns of H corresponding to active
antennas for Na > 1. Without conditioning on Hl, the dis-
tribution of y becomes a Gaussian Mixture Model (GMM)

p(y|H) = 1

Np
·
Np∑

l=1

p(y|H, l) (7)

with mean

μY |H = 1

Np
·
Np∑

l=1

μl = ρ

Np
·
Np∑

l=1

h̃l

and covariance matrix

�Y |H = I+ 1

NP

NP∑

l=1

μl ·
(
μl − μY |H

)H
. (8)

Space Shift Keying (SSK) with Na = 1 is included as a
special case.

2) Generalized Spatial Modulation

In contrast to GSSK, GSM transmits the same data symbol s
over Na active antennas. In this case, s = s · 1 holds leading
to the received vector

y = ρ ·Hl1 · s+ n = ρ · h̃ls+ n . (9)

Conditioned on H and l, y is Gaussian distributed with zero
mean and covariance matrix

�l = �Y |Hl = ρ2h̃lh̃Hl + I . (10)

The covariance matrix of the resulting GMM becomes

�Y |H = 1

Np

Np∑

l=1

�l = I+ ρ2

Np

Np∑

l=1

h̃lh̃Hl . (11)

1224 VOLUME 3, 2022



FIGURE 1. Transmitter model for multilevel coded SM.

3) Generalized Multistream Spatial Modulation

For GMSM, the vector s contains Na independent data sym-
bols, each transmitted over one of the active antennas. The
received vector y has the general form as described in (2)
and is conditionally Gaussian distributed with zero mean and
covariance matrix

�l = �Y |Hl = ρ2HlHH
l + I. (12)

The covariance matrix of the resulting GMM is

�Y |H = I+ ρ2

Np

Np∑

l=1

HlHH
l . (13)

III. MUTUAL INFORMATION OF SM SYSTEMS
As described in the introduction, the capacity of SM systems
representing the maximum mutual information I(X ;Y|H) =
h(Y|H) − h(Y|X ,H) has been analyzed under various
assumptions. A major difficulty is the computation of the dif-
ferential entropy h(Y|H) because no closed-form solutions
exist for Gaussian mixture models. Furthermore, the compu-
tation via numerical integration is restricted to small system
dimensions only, because the sampling space increases
exponentially with Nr and Nt.
In this section, we first exploit the system descriptions in

Section II and provide expressions for the mutual information
of GMSM, GSM, and GSSK systems. Subsequently, results
obtained by numerical integration are presented for small
Nr. This includes the investigation of the influence of the
modulation scheme onto the mutual information.

A. MULTI-LEVEL CODING FOR SM SYSTEMS
The bijective mapping x = f (s, l) introduced in Section II
suggests to apply a multi-level coding approach as depicted
in Figs. 1 and 2. Similar to the coded modulation scheme
proposed in [41], [42], the SM system is split into two levels
by multiplexing the stream of information bits u onto two
branches. In the upper branch, indices l are generated for the
selection of active antennas. The lower branch determines
the data symbols s to be transmitted. These data symbols
are then assigned to the active antennas in the block pattern
mapping delivering the transmit vector x.
At the receiver, multi-stage decoding is performed. First,

the antenna pattern is identified. Based on the decision l̂, the
data symbols can be detected. The corresponding estimated
information bits û1 and û2 are demultiplexed for obtaining
the final bit vector û.

FIGURE 2. Receiver model for multilevel coded SM.

Applying the chain rule [43], the channel dependent
mutual information I(X ;Y | H) of a general GMSM system
can be described by

I(X ;Y | H) = I(S,L;Y | H)

= I(L;Y | H)+ I(S;Y | L,H). (14)

The term I(L;Y|H) in (14) represents the mutual
information related to the antenna selection and detection
process and corresponds to the upper branches in Figs. 1
and 2. The second term I(S;Y|L,H) denotes the mutual
information for a known antenna pattern l and represents
a conventional Na × Nr MIMO system with the channel
matrices Hl. It corresponds to the lower levels in Figs. 1
and 2.

1) MUTUAL INFORMATION OF IQ MODULATION LEVEL

For the general GMSM system, the mutual information
I(S;Y|L,H) of the IQ modulation level is maximized for
Gaussian distributed transmit symbols yielding the classical
MIMO capacity

I(S;Y | Hl) = C(Hl)

= log2 det
(
I+ ρ2HlHH

l

)
. (15)

For GSM transmitting the same data symbol s over all active
antennas, maximum ratio combining h̃Hl y = ρ|h̃l|2s + h̃Hl n
can be performed once the antenna pattern has been detected
leading to

I(S;Y|Hl) = log2

(
1+ ρ2‖h̃l‖2

)
. (16)

For GSSK, no data symbols are transmitted and
I(S;Y|Hl) = 0 holds. Averaging over all antenna patterns
and channel realizations yields

I(S;Y | L) = EH

⎧
⎨

⎩
1

Np

Np∑

l=1

I(S;Y | Hl)

⎫
⎬

⎭
. (17)

2) MUTUAL INFORMATION OF ANTENNA SELECTION
LEVEL

The computation of the mutual information I(L;Y|H)

in (14) is more involved. It has to be mentioned that even
though the chain rule allows the separation of antenna selec-
tion and data symbol transmission, the mutual information
I(L;Y|H) is affected by the type of modulation because
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FIGURE 3. Capacities of antenna selection level with Nt = 4, Na = 2, Nr = 2 and
QAM modulation schemes.

this influences the distribution of Y . For a particular channel
matrix H, it is defined by

I(L;Y | H) = h(Y | H)− h(Y | L,H).

According to Section II-B, Y conditioned on l and H is
again Gaussian distributed. For GMSM and GSM, Y has
zero mean and covariance matrix �l. Its differential entropy
can be computed as

h(Y|l,H) = log2 det(πe�l). (18)

For the GSSK variant, the conditional mean is nonzero and
the covariance matrix equals the identity matrix leading to
h(Y|l,H) = log2 det(πeI) = Nr log2(πe). The computation
of the differential entropy h(Y | H) requires the density

p(y | H) = 1
Np
·∑Np

l=1 p(y | Hl) (19)

of a GMM. A simple analytical treatment via covariance
matrices is no longer possible, as p(y|H) is not Gaussian [32]
and no closed-form solution for the differential entropy
exists [44]. A straightforward way is to compute p(y|H) and
subsequently h(Y|H) numerically. This requires an appro-
priate sampling of a 2Nr-dimensional space which becomes
quickly infeasible due to the curse of dimensionality and
necessitates the development of efficient bounds. Next, we
discuss some numerical results for small system dimensions.

B. NUMERICAL RESULTS
For small system dimensions, the level-specific mutual
information can be numerically computed. Fig. 3 shows
results for GMSM as well as for GSM and allows a com-
parison of the level capacities. The considered SM system
employs Nt = 4 transmit, Nr = 2 receive antennas, and
Na = 2 transmit antennas are active. The total mutual
information I(X ;Y) is represented by solid lines, whereas
dashed lines represent the information I(L;Y) transmitted
via the antenna selection. The MIMO part I(S;Y|L) is not
shown for clarity. The distribution of the overall mutual
information I(X ;Y) into the two levels differs for GMSM

FIGURE 4. Capacities of antenna selection level with Nt = 10, Na = 2, Nr = 2 and
QAM modulation schemes.

and GSM. Moreover, it also depends on the modulation
alphabet. To show the influence of the modulation alpha-
bet, results with Gaussian random variables as well as with
4-QAM symbols are provided.
Regarding the modulation level and the high SNR regime,

the curve for GMSM with Gaussian symbols has a slope of
2 bit/s/Hz per 3 dB increase in SNR, i.e., GMSM benefits
from a Degree of Freedom (DoF) of 2. The slope of GSM
is smaller and will asymptotically become 1 bit/s/Hz per
3 dB increase in SNR. The curves with 4-QAM saturate at
log2(M

Na
(Nt
Na

)
) = log2(4 · 6) ≈ 4.6 bit/s/Hz for GSM and at

log2(4
2 · 6) ≈ 6.6 bit/s/Hz for GMSM, respectively. On the

other hand, for low SNR values, all systems obtain a similar
performance. For GSM with 4-QAM, a significant part of the
overall mutual information results from the antenna selection
level which partly compensates the loss in the modulation
level compared to Gaussian data symbols.
Fig. 4 shows similar results for Nt = 10 transmit anten-

nas. However, the antenna selection level contributes a larger
share to the overall information I(X ;Y). Compared with
the case for Nt = 4, I(L;Y) increases significantly, partic-
ularly for the digital 4-QAM modulation. Up to an SNR of
10 dB, GSM with 4-QAM achieves a performance close to
the optimal Gaussian distribution of data symbols. Moreover,
the differences between GMSM and GSM become smaller.
Next, we consider the influence of the signal constella-

tion on the mutual information. In [5], [6], [11]–[13], [45],
various two-dimensional signal constellations have been
investigated for SM with a single active antenna and
compared to conventional Phase Shift Keying (PSK) and
square Quadrature Amplitude Modulation (QAM) constel-
lations. Particularly, [12], [45] proposed the star-QAM
constellations. The star-QAM has two amplitude levels, M/2
symbols per level, which were optimized according to the
constellation figure of merit.
Fig. 5 presents the mutual information for different

signal constellations with M = 16 using GMSM. At an
SNR of approx. 16 dB, I(S;Y|L) begins to stagnate
due to the finite alphabet size |S|. Up to this point,
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FIGURE 5. Comparison of mutual information of different signal constellations with
M = 16 using GMSM with Nt = 10, Na = 2, Nr = 2.

FIGURE 6. Comparison of mutual information of different signal constellations with
M = 32 using GMSM with Nt = 10, Na = 2, Nr = 2.

all constellations show the same total mutual information
I(X ;Y). Similarly, themultidimensional signal constellations
from [14], [17] obtained no performance gain compared to the
two-dimensional signal constellations. Beyond 16 dB, the PSK
constellation leads to a slightly larger mutual information than
the star-QAM constellations with two different magnitudes or
square QAM with three magnitudes. It seems that a smaller
number of symbol magnitudes is beneficial for the antenna
detection and increases I(L;Y). Note that the rates I(L;Y)

and I(S;Y|L) both depend on the signal constellation.
The results for 32-valued alphabets in Fig. 6 show greater

gains of PSK and star-QAM over square QAM. In general,
the Gaussian symbol alphabet leads to the largest overall
mutual information. However, finite alphabets imply only
very small losses for low SNR values. Interestingly, the
antenna selection level benefits from finite alphabets and
becomes more important.

IV. BOUNDS ON MUTUAL INFORMATION
As mentioned in the previous section, the entropy of GMMs
cannot be easily computed. Closed-form expressions do not
exist and numerical integration becomes cumbersome when

the number of dimensions increases. Therefore, upper and
lower bounds have been derived [32], [44], [46]. We adopt
these results to the SM variants discussed in Sections II-B
and III-A. Essentially, bounds on the critical term h(Y|H)

will be derived from which approximations of the mutual
information terms can be concluded. Throughout the follow-
ing derivation, only Gaussian distributed data symbols except
for Generalized Space Shift Keying (GSSK) are assumed.
We start the analysis for a particular channel realization
H and determine the expectation w.r.t. the channel statistics
afterwards.

A. LOWER BOUND ON MUTUAL INFORMATION
A lower bound on h(Y|H) can be obtained by applying
Jensen’s inequality. As the logarithm is a concave function,

E
{
log2 Y

} ≤ log2(E{Y})
holds. Inserting this inequality into the expression for the
differential entropy h(Y|H), we obtain

h(Y|H) = −
∫

CNr

1

Np

Np∑

l=1

p(y|Hl) log2
1

Np

Np∑

i=1

p(y|Hi)dy

≥ − 1

Np

Np∑

l=1

log2

⎛

⎝ 1

Np

Np∑

i=1

∫

CNr
p(y|Hl)p(y|Hi)dy

⎞

⎠.

The integral over the product of two Gaussian distributions
with means μl, μi, and covariance matrices �l, �i, yields a
Gaussian distribution [44]

zl,i =
∫

CNr
p(y|Hl) · p(y|Hi) dy

= e−(μl−μi)
H(�l+�i)

−1(μl−μi)

det(π(�l +�i))
. (20)

With this intermediate result, the differential entropy is lower
bounded by

h(Y|H) ≥ log2 Np −
1

Np
·
Np∑

l=1

log2

⎛

⎝
Np∑

i=1

zl,i

⎞

⎠.

1) LOWER BOUND FOR GSSK

For GSSK, the received vector given in (6) leads to identical
covariance matrices �l = I but different means μl. With
�l +�i = 2I and (20), the variables zl,i become

zl,i = (2π)−Nr · e− 1
2 ρ2

∥
∥
∥h̃l−h̃i

∥
∥
∥

2

leading to lower bounds on the differential entropy

h(Y|H) ≥ log2 Np −
1

Np

Np∑

l=1

log2

⎛

⎜
⎝

Np∑

i=1

e
− 1

2 ρ2
∥∥
∥h̃l−h̃i

∥∥
∥

2

(2π)Nr

⎞

⎟
⎠

= log2
(
Np
)+ Nr · log2(2π)

− 1

Np
·
Np∑

l=1

log2

⎛

⎝
Np∑

i=1

e
− 1

2 ρ2
∥
∥
∥h̃l−h̃i

∥
∥
∥

2
⎞

⎠
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and the mutual information

I(L;Y|H) = h(Y|H)− h(Y|L,H) = h(Y|H)− h(N )

≥ log2
(
Np
)+ Nr

(
1− log2(e)

)

− 1

Np
·
Np∑

l=1

log2

⎛

⎝
Np∑

i=1

e
− 1

2 ρ2
∥
∥∥h̃l−h̃i

∥
∥∥

2
⎞

⎠. (21)

2) LOWER BOUND FOR GSM AND GMSM

Compared to GSSK, the received vector y follows a GMM
with zero mean, i.e., μl = 0 ∀l, but varying covariance
matrices. Hence, the variables zl,i in (20) become

zl,i = 1
det(π(�l+�i))

leading to the lower bounds on the differential entropy

h(Y|H) ≥ log2
(
Np
)+ Nr log2(π)

− 1

Np
·
Np∑

l=1

log2

⎛

⎝
Np∑

i=1

1

det(�l +�i)

⎞

⎠

and the mutual information

I(L;Y|H) ≥ log2
(
Np
)− Nr log2(e)

− 1

Np
·
Np∑

l=1

log2

⎛

⎝
Np∑

i=1

det �l

det(�l +�i)

⎞

⎠ . (22)

Lower bound will be denoted by Il(L;Y|H) and Il(X ;Y|H),
respectively.

B. UPPER BOUNDS ON MUTUAL INFORMATION
1) TRIVIAL UPPER BOUND ON MUTUAL INFORMATION

An upper bound on the differential entropy of a Gaussian
mixture model is obtained by rewriting the sum in the
logarithm and neglecting one non-negative term [44].

h(Y|H) = −EY |H

⎧
⎨

⎩
log2

⎛

⎝ 1

Np
·
Np∑

i=1

p(y|Hl)

⎞

⎠

⎫
⎬

⎭

= −EY |H
{

log2

(
1

Np
· p(y|Hl) · (1+ εl)

)}

with εl =
∑Np

i �=l p(y|Hi)

p(y|Hl)

= log2 Np − EY |H
{
log2(p(y|Hl))+ log2(1+ εl)

}

≤ log2 Np − EY |H
{
log2(p(y|Hl))

}

= log2 Np + h(Y|L,H) (23)

The inequality in (23) is the consequence from log2(1+εl) ≥
0 holds for εl ≥ 0. Inserting the upper bound on h(Y|H)

into the mutual information yields the trivial upper bound

I(L;Y|H) ≤ log2 Np + h(Y|L,H)− h(Y|L,H)

= log2 Np. (24)

Obviously, this is a rather loose upper bound as it just con-
siders the entropy of the antenna selection process without
the information loss during transmission.

2) REFINED UPPER BOUND ON MUTUAL INFORMATION

The upper bound can be tightened by merging a subset of L
mixture components p(y|Hl) of the GMM to a new Gaussian
distribution f̃L(y) with the first two moments being the mean
of those of the merged components. The optimization of this
approximation requires to check all

(Np
L

)
possible subsets for

all 1 ≤ L ≤ Np and to determine the one with the smallest
differential entropy because approximating a GMM by a
Gaussian distribution increases entropy. In order to keep
the complexity moderate, we simplify this optimization and
consider only Np subsets {1, . . . ,L} for 1 ≤ L ≤ Np. L = Np
means that the GMM is completely replaced by a single
Gaussian distribution. For the merged Gaussian components,
the expressions
• fL(y|H) =∑L

l=1 p(y|Hl)

→ f̃L(y|Hl) ∼ L · CN (y;μfL , �fL)

• μfL = 1
L

∑L
l=1 μl

• �fL = 1
L

∑L
l=1 �l + μl · (μl − 1

L

∑L
i=1 μi)

H

hold. We obtain a refined upper bound on the differential
entropy

h(Y|H) = −EY |H

⎧
⎨

⎩
log2

⎛

⎝ 1

Np

⎡

⎣fL(y)+
Np∑

i=L+1

p(y|Hi)

⎤

⎦

⎞

⎠

⎫
⎬

⎭

= − 1

NP

∫

CNr
fL(y)

log2

(
1

NP
fL(y)

[

1+
∑NP

i=L+1 p(y|Hi)

fL(y)

])

+
NP∑

l=L+1

p(y|Hl) log2

(
1

NP
p(y|Hl)[1+ εl]

)
dy

≤ − 1

NP

∫

CNr
fL(y) log2

(
1

NP
fL(y)

)
dy

− 1

NP

NP∑

l=L+1

∫

CNr
p(y|Hl) log2

(
1

NP
p(y|Hl)

)
dy

≤ − 1

NP

∫

CNr
f̃L(y) log2

(
1

NP
f̃L(y)

)
dy

− 1

NP

NP∑

l=L+1

∫

CNr
p(y|Hl) log2

(
1

NP
p(y|Hl)

)
dy.

The last inequality holds because the GMM distribution fL(y)
is replaced by a Gaussian distribution f̃L(y) with identical
covariance matrix. With this approach, a refined upper bound

I(L;Y|H) ≤ Iu(L;Y|H,L)

= log2 Np −
L

Np
log2(L)+

L

Np
· log2 det

(
�fL

)

− 1

Np
·

L∑

l=1

log2 det(�l) (25)

on the mutual information is obtained. The tightest upper
bound is Iu(L;Y|H) = minL Iu(L;Y|H,L). Numerical
investigations reveal that in almost all cases L = Np is the
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best choice, i.e., the distributions of all antenna patterns are
merged into a single Gaussian distribution. As the mutual
information Iu(L;Y|H) is always non-negative and further-
more upper bounded by log2 Np, we can further tighten the
bound by applying

Iu(L;Y|H)← min
{
max[0, Iu(L;Y|H)], log2 Np

}
(26)

before averaging w.r.t. the channel statistics.

3) VARIATIONAL UPPER BOUND ON MUTUAL
INFORMATION

Based on the derivations in [46], we derive now a vari-
ational upper bound. We introduce variational parameters
φl′|l which have to fulfill the condition

∑NP
l′=1 φl′|l = 1 ∀l.

The differential entropy can be rewritten to

h(Y | H) = − 1

Np

NP∑

l=1

∫
p(y|Hl)

× log2

NP∑

l′=1

φl′|l · p(y|Hl′)

Npφl′|l
dy

≤ − 1

Np

NP∑

l=1

NP∑

l′=1

φl′|l

×
∫
p(y|Hl) · log2

(
p(y|Hl′)

Npφl′|l

)
dy

= log2 NP + 1

NP

NP∑

l=1
[
NP∑

l′=1

φl′|l ·
(
hl,l′(Y)+ log2 φl′|l

)
]

. (27)

The inequality holds due to Jensen’s inequality because the
sum over l′ with coefficients φl′|l can be interpreted as
an expectation being moved outside of the logarithm. The
function

hl,l′(Y) = −
∫
p(y|Hl) · log2 p(y|Hl′)dy

in (27) denotes the cross entropy between the condi-
tional distributions p(y|Hl) and p(y|Hl′). For two Gaussian
distributions, it has the general form

hl,l′(Y) = log2 det(π�l′)+ log2 e
tr
{
�−1
l′ �l

}

+ log2 e
(μl−μl′ )H�−1

l′ (μl−μl′ ) (28)

and will be specified for particular SM versions below.
The upper bound can be tightened by choosing the vari-

ational parameters φl′|l such that they minimize the term in
the square brackets of (27) for each outer index l. Equating
the partial derivative w.r.t. φl′|l to zero and normalizing the
result to

∑
l′ φl′|l = 1 yields

φl′|l = 2−hl,l′ (Y)

∑
l′′ 2
−hl,l′′ (Y)

. (29)

Inserting the variational coefficients in (29) into (27) leads
to the solution

h(Y | H) ≤ log2 NP − 1

NP

NP∑

l=1

log2

∑

l′
2−hl,l′ (Y). (30)

Variational Upper Bound for GSSK: For GSSK, �l = I
holds for all l and the cross-entropy in (28) becomes

hl,l′(Y) = NR log2(eπ)+ log2 e
ρ2‖h̃l−h̃l′ ‖2 . (31)

Inserting (31) into (30) leads to the upper bounds

h(Y | H) ≤ log2 NP + NR log2(eπ)

− 1

NP

NP∑

l=1

log2

(
∑

l′
e−ρ2‖h̃l−h̃l′ ‖2

)

(32)

on the differential entropy and

Iv(L;Y | H) = log2 NP − 1

NP

NP∑

l=1

log2

(
∑

l′
e−ρ2‖h̃l−h̃l′ ‖2

)

(33)

on the mutual information of the antenna selection branch.
Variational Upper Bound for GSM and GMSM: For GSM

and GMSM, the received signals have zero mean and the
covariance matrices for a given antenna pattern l become
�l = �Y |Hl = ρ2h̃lh̃Hl + I and �l = ρ2HlHH

l + I, respec-
tively. As a function of �l, the cross-entropy in (28) and
the variational upper bounds have identical forms. The
cross-entropy becomes

hl,l′(Y) = log2 det(π�l′)+ log2 e
tr
{
�−1
l′ �l

}

. (34)

Inserting (34) into (30) leads to the upper bound on the
differential entropy

h(Y | H) ≤ log2 NP + NR log2(π)

− 1

NP

NP∑

l=1

log2

⎛

⎝
∑

l′

e
−tr

{
�−1
l′ �l

}

det �l′

⎞

⎠. (35)

With this intermediate result, the variational upper bound
on the mutual information of the antenna selection branch
becomes

Iv(L;Y | H) = log2 NP − NR log2(e)

− 1

NP

NP∑

l=1

log2

(
∑

l′

det �l

det �l′
e
−tr

{
�−1
l′ �l

})

.

(36)

C. ERGODIC UPPER BOUND ON MUTUAL INFORMATION
In [47], the capacity of SM systems was derived. The authors
argue that the antenna selection process essentially selects
code words defined by the channel matrix H. Therefore,
the channel coefficients can be interpreted as data symbols
and the expectation w.r.t. the channel statistics becomes an
expectation w.r.t. the source statistics. In the case of Rayleigh
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fading, the channel coefficients are complex Gaussian dis-
tributed and achieve the channel capacity. For general
channel statistics, the approach in [47] requires a shaping of
the input distribution and knowledge of the channel statistics
at the transmitter in order to achieve capacity.
Mathematically, this interpretation moves the expectation

w.r.t. the channel statistics in (17) into the logarithm. Due
to Jensen’s inequality, the capacity formula derived in [47]

CAWGN = Nr · log2(1+ SNR) (37)

is an upper bound on the achievable mutual information. It
represents the capacity of Nr parallel AWGN channels having
identical SNRs. Particularly, it seems to be independent of
Nt and Na.
We follow a different interpretation to obtain the result

in (37) and consider a general MIMO system y = Hx + n
with Gaussian distributed transmit vector x. The MIMO
system has the instantaneous channel dependent capacity

C(H) = log2 det(ρ2HHH + I) (38)

and the ergodic capacity

C̄ = EH{C(H)} (39)

For fixed Nr, Na and σ 2
H = 1

Nt
being the variance of a single

channel coefficient, the capacity becomes in the asymptotic
limit Nt →∞

C(H) −−−−→
Nt→∞

log2 det(ρ2I+ I) = log2

Nr∏

i=1

(
1+ ρ2

)

= Nr · log2

(
1+ ρ2

)
= CAWGN. (40)

Hence, the capacity asymptotically approaches the result
in (37). In order to obtain the same average SNR as defined
in (4), the total transmit power ρ2Na has to be distributed
onto the Nr parallel AWGN channels, i.e., SNR = ρ2Na/Nr
holds in (37).

V. NUMERICAL RESULTS
While the results presented in Section III-B focused on small
systems with at most Nt = 10 transmit and up to Nr = 2
receive antennas, this section now considers larger systems
with much more antennas. This is accomplished by using
upper and lower bounds on the mutual information derived
in the previous section. The channel matrices have been
generated using i.i.d. complex Gaussian coefficients with
σ 2
H = 1. For small system dimensions, 1000 channels have

been sampled to obtain accurate average mutual information
results. For the system with Nt = 100 and Na = 2, only
10 channels have been used due to the high computational
costs. For GMSM and GSM, the data symbols are complex
Gaussian distributed with variance σ 2

S = 1.
First, we analyze the tightness of the bounds by comparing

them with results from numerical integration for systems
with a small number of receive antennas. Second, we analyze
the performance of different SM variants and consider the

FIGURE 7. Level-specific mutual information I(L;Y) of SM systems with Nt = 10,
Na = 2, Nr = 2 and Gaussian transmit symbols (blue: GMSM, cyan: GSM, green:
GSSK).

influence of data symbols on the mutual information of the
antenna selection. Finally, we compare the SM performance
with the ergodic MIMO capacity in (39) and the asymptotic
capacity in (40), particularly for large systems.

A. ACCURACY OF BOUNDS
We start the discussion by investigating the accuracy of the
bounds on I(L;Y) derived in Section IV. As the tightness of
bounds is evaluated by comparison with results from numer-
ical integration, we look at system dimensions for which
numerical integration is still feasible.
Fig. 7 illustrates results for a system with Nt = 10 trans-

mit, Nr = 2 receive and Na = 2 active antennas. For the
GMSM system presented by blue curves, the lower bound is
close to zero regardless of the SNR and not useful. It is gen-
erally very loose and provides results significantly larger than
zero only for Nr > Na. The refined upper bound Iu(L;Y)

is rather close to the true mutual information I(L;Y) but
exhibits a constant gap even for large SNR. The varia-
tional bound Iv(L;Y) is less tight than the refined upper
bound. Also for GSM depicted by cyan curves, upper and
lower bounds are not accurately predicting the true mutual
information. An intersection of refined and variational upper
bounds can be observed at an SNR of 18 dB. Beyond this
point, the variational upper bound becomes tighter and it
might be useful to take the minimum of the two upper bounds
for each SNR. In the high SNR regime, the original version
of the refined upper bound (not shown in Fig. 7) defined
in (25) becomes very loose and it grows without bound. It has
been tightened in (26) by limiting it to the theoretical maxi-
mum of log2 Np before averaging over the channel statistics.
For GSSK illustrated by green curves, upper and lower bound
become tighter but still exhibit a gap of several dB. The
intersection of refined and variational upper bounds can also
be observed, but the advantage of Iv(L;Y) at high SNR is
rather small. For the considered scenario with Nr = 2 receive
antennas, the maximum mutual information log2 Np =
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FIGURE 8. Accuracy of upper and lower bounds for GSM system with Nt = 64,
Na = 1, Nr = 2 (blue: GSM, green: GSSK).

5.49 bit/s/Hz for the antenna selection level can only be
reached with GSM and GSSK while GMSM saturates at
1.5 bit/s/Hz.
As an example of a larger SM system, we consider the

results in Fig. 8 for Nt = 64, Na = 1, Nr = 2, and the SM
variants GSM and GSSK. Please not that GMSM and GSM
are identical for Na = 1. Principally, the same observations
can be made. At low SNR, the refined upper bound is very
close to I(L;Y) for both, GSM and GSSK. At medium
SNRs, a significant gap occurs before the upper bounds
become tight in the saturation area at high SNR. The vari-
ational upper bound again outperforms the refined upper
bound at high SNR.
Astonishingly, upper and lower bounds are much tighter

for GSSK than for GSM or GMSM in both scenarios. This
is illustrated in Figs. 7 and 8 by the colored areas. We could
not find an obvious reason for this observation. According
to Section II-B, the statistical properties of GSSK on the
one hand and GSM, as well as GMSM on the other hand,
are quite different. While the GMM components of GSSK
distinguish w.r.t. their means, the GMM components of GSM
and GMSM have identical means but different covariance
matrices. This might be the reason why the bounds have
different accuracies.

B. COMPARISON OF GMSM, GSM, AND GSSK
As discussed in Section III-B, the level-specific mutual
information depends on the SM variant and the signal con-
stellation used for IQ modulation. Next, we compare GMSM,
GSM, and GSSK for systems with more receive antennas.
For these systems, accurate numerical integration becomes
challenging due to the huge amount of required RAM for
appropriately sampling the signal space.
We consider a scenario with Nt = 10 transmit and Nr = 4

receive antennas but different Na. Fig. 9 and Fig. 10 illus-
trate upper bounds on the mutual information as well as the
channel capacities C̄ and CAWGN. It can be seen that GSSK

FIGURE 9. Channel capacities and upper and lower bounds on mutual information
for Nt = 10, Na = 2, Nr = 4 (solid: min (Iu (X ;Y), Iv (X ;Y)), dotted: Il (X ;Y)).

FIGURE 10. Channel capacities and upper and lower bounds on mutual information
for Nt = 10, Na = 3, Nr = 4 (solid: min (Iu (X ;Y), Iv (X ;Y)), dotted: Il (X ;Y)).

performs close to GSM and GMSM until I(L;Y) saturates.
This is remarkable as no IQ symbols are transmitted at all. A
comparison with the channel capacity C̄ from (39) demon-
strate the high performance of SM at least in the SNR region
where I(L;Y) not saturates. The upper bounds of GMSM
and GSM systems even meet the ergodic capacity C̄ which
is itself close to the asymptotic capacity CAWGN.

C. SM PERFORMANCE FOR MASSIVE MIMO SYSTEMS
Massive MIMO systems are usually considered in multi-
user environments where the benefit comes from the channel
hardening effect which allows to keep the signal process-
ing very simple. However, we consider only point-to-point
SM communication. For the single-user point-to-point com-
munication, the comparison with the ergodic MIMO C̄ is
provided in the figures.
For large arrays with many possible antenna patterns

I(L;Y) contributes a larger share to the overall mutual
information, especially for small Na. In these regimes, SM
becomes attractive as using only a few active antennas from
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FIGURE 11. Channel capacities and upper and lower bounds on mutual information
for Nt = 64, Na = 1, Nr = 2 (solid: min (Iu (X ;Y), Iv (X ;Y)), dotted: Il (X ;Y)).

FIGURE 12. Channel capacities and upper and lower bounds on mutual information
for Nt = 100, Na = 2, Nr = 4 (solid: min (Iu (X ;Y), Iv (X ;Y)), dotted: Il (X ;Y)).

a large set of available antennas saves hardware costs at the
transmitter (only a few RF frontends are required).
Figs. 11 and 12 present results for systems with Nt = 64,

Na = 1, Nr = 2 and Nt = 100, Na = 2, Nr = 4, respectively.
First of all, the upper and lower bounds of the GSSK system
are much tighter than those of GMSM and GSM. This allows
a rather accurate prediction of the true mutual information for
GSSK. For GMSM and particularly for GSM, there are still
big gaps between upper and lower bounds and a significant
uncertainty remains.
Second, with a growing number of transmit antennas, the

upper bounds of all SM variants approach the capacity limits
up to the saturation SNR of the antenna selection level.
For Nt = 64, Iu(X ;Y) of GSSK still has a small gap to
C̄, which vanishes for Nt = 100. Here, all upper bounds
are very close to the capacity curves C̄ and CAWGN, which
are nearly identical as argued in Section IV-C. The mutual
information of GSSK saturates at log2(Np) ≈ 12.3 bit/s/Hz
at about 12 dB. Up to this SNR value, GSSK performs
within a gap of at most 2 dB to the capacity limit. For
GMSM and GSM, Iu(L;Y) saturates at about 17 dB and

24 dB, respectively. Notably, I(L;Y) provides a large por-
tion of the overall mutual information. In the high SNR
regime, GMSM and GSM clearly outperform GSSK. The
superior performance of GMSM comes at the expense of
a higher decoding complexity because after detecting the
active antennas, the data symbols need to be separated at
the receiver. Therefore, GSM transmitting the same IQ data
symbol over all active antennas might be a good trade-off
between performance and complexity.

VI. CONCLUSION
In this work, we have investigated the capacity of SM
systems. We have considered a capacity-achieving two-level
coding approach for SM. With this coding scheme, a multi-
stage detection and decoding approach can achieve the total
channel capacity, provided that the code rates are chosen
according to the capacity rule.
The presented numerical results show that SM becomes

attractive for large antenna arrays with many possible
antenna patterns, where the mutual information for the
antenna selection level provides a large share of the over-
all mutual information. For such systems, using only a few
active antennas from a large set of available antennas saves
hardware costs at the transmitter and only a small number
of receive antennas is required.
In general, GMSM with Gaussian input symbols leads

to the best possible performance. On the other hand, the
large peak-to-average power ratio of Gaussian input symbols
affects the antenna selection layer because small magnitudes
make antenna detection difficult. However, for small and
medium SNRs, the Gaussian input symbols are not required,
because finite symbol alphabets can achieve a comparable
performance. In this regime, even GSSK approaches the
capacity limit until the saturation starts due to the finite
number of antenna patterns. Finally, the partitioning of the
rates for the antenna selection level and the IQ modulation
level are clearly influenced by the signal constellation.
The accuracy of the bounds requires further work.

Generally, upper and lower bounds do not allow a tight
prediction of the achievable rates. Particularly, the rate allo-
cation for the multi-level coding approach requires more
accurate predictions.
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