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ABSTRACT An array of detectors is widely used in deep space optical communications for both fine
beam tracking and symbol detection. In this paper, we have analyzed and compared the performance
of different combining schemes—such as equal gain combiner (EGC), selection combiner (SC) and the
maximal ratio combiner (MRC)—that are used to fuse the outputs from the elements of such arrays. The
three combining schemes are compared in terms of error rate performance and computational complexity.
Additionally, for the limiting case of continuous arrays of circular configuration, the optimization of two
important parameters—the spot size and the array size—is also discussed in order to achieve the best
error rate performance.

INDEX TERMS Array of detectors, equal gain combiner, free-space optics, maximal ratio combiner,
probability of error, selection combiner.

I. INTRODUCTION

FREE-SPACE optics is slated to become an enabler
of high data-rates in the backhaul of next generation

of wireless communication networks due to the availability of
large chunks of unused spectrum in the optical domain of the
electromagnetic spectrum [1]. However, due to the narrow
beamwidth associated with the optical signal (the beamwidth
angle is proportional to λ

D where λ is the wavelength of
light and D is diameter of transmit aperture), pointing and
tracking requirements have become more stringent for the
performance of a FSO communications link. Thus, the point-
ing and tracking subsystems form an important part of a
FSO communications receiver. At the receiver, the received
light is focused on a detection element—which is either
a single-detector or an array of detectors—that lies in the
focal plane of the aperture lens. Typically, a non-coherent
energy detection (intensity modulation/direct detection or
IM/DD) scheme is used in FSO receivers because of
its reduced hardware complexity as opposed to coherent
receivers.

A. MOTIVATION
An array of detectors can be used jointly for symbol detection
and beam tracking. This makes it an attractive alternative to
a single detector receiver that requires separate tracking and
detection channels (please see Fig. 2). For instance, [2] dis-
cusses an arrangement whereby the energy in the PPM signal
pulse is used to infer the angle-of-arrival of the received
beam in satellite communications in a joint beam tracking
and data detection arrangement with an array of detec-
tors. Such an arrangement renders a separate beam tracking
assembly/channel unnecessary. As shown in Fig. 2, commu-
nications with a single detector require a split of received
beam energy into the tracking (fraction 1 − α goes into the
tracking channel) and symbol detection channels, whereas
no such split is required in the arrangement in Fig. 3 where
the same array is used both for symbol detection and beam
tracking.
In the context of joint beam tracking and symbol detection,

the performance of detector arrays in terms of beam track-
ing (estimation of angle-of-arrival) for moving platforms is
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FIGURE 1. The figure on the top shows a 4 × 4 array of detectors receiver for FSO
with the beam spot or airy pattern focused on the array. The figure on the bottom
shows the intensity profile of the airy pattern modeled with a Gaussian function.

FIGURE 2. This figure shows the block diagram of a single-detector receiver. Only a
fraction of received energy (denoted by α) goes into the data channel, and (1 − α)

finds its way into the tracking channel. The parameter α can be varied between 0 and 1
by turning a knob on a variable beam splitter.

discussed in detail in [2]. However, there is no study avail-
able in the literature that discusses and compares the symbol
detection and error rate performance of an array of detec-
tors in the context of data combining or fusion schemes.
Therefore, in this study, we want to fill this gap by exam-
ining and comparing the system performance—in terms of
error probability and computational complexity—of different
combining schemes (such as equal gain combining, selec-
tion combining and maximal ratio combining) for an array
of detectors. The use of these different schemes to combine
the output of each element is validated by noting the fact
that the distribution of energy on the array is nonuniform,
and the intensity distribution is modeled by a two dimen-
sional circularly symmetric Gaussian distribution [3] in most
scenarios as shown in Fig. 1. Thus, if the distribution of
intensity is nonuniform and the distribution obeys a certain

FIGURE 3. This figure shows the block diagram of a detector array receiver.

model (such as a Gaussian model in our case), then apply-
ing different combining or fusing algorithms can lead to a
change—or perhaps an improvement—in the performance
(such as error probability performance) of the system. Thus,
we are motivated in the current study to apply different com-
bining schemes to the outputs of array elements in order to
maximize the error rate performance of the FSO receiver.
Here, we want to emphasize that in contrast to the conven-
tional combining schemes for the radio frequency systems
that provide diversity against channel fading, the optimal
and suboptimal combining of the outputs of the elements
of the array in an FSO channel is useful even when no
fading of the optical signal occurs. In this regard, the com-
bining schemes exploit the variation in the beam intensity
on the array in order to maximize this performance, and this
variation in energy happens even when the signal does not
undergo fading.

B. BACKGROUND LITERATURE REVIEW AND
CONTRIBUTIONS OF THIS STUDY
There are a number of studies in the literature that deal
with beam acquisition and beam tracking with detector
arrays in a free-space optical communications receiver. For
instance, regarding tracking, the authors in [4], [5] have
proposed beam position estimation and tracking algorithms
for a photon-counting detector array receiver concerning a
joint beam position tracking and symbol detection scheme
for PPM symbols in satellite communications. The authors
in [6] analyze the probability of error in detail for the
joint beam position tracking and symbol detection system,
and show that the probability of error of a maximal ratio
combining scheme is minimized if the beam is tracked accu-
rately enough in time. The authors in [7] consider time
synchronization schemes for a detector array receiver in a
photon-counting channel in deep space optical communica-
tions. The authors in [8] have considered the performance of
the communications for an array of detectors and discussed
the effects of the number of detectors and the beam param-
eter information on the performance. They showed that for
a maximal ratio combining scheme, the probability of error
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decays monotonically with the number of detectors in the
array if the area of the array is kept fixed. The authors in [9]
have discussed the signal acquisition performance obtained
with an array of detectors receiver for a photon-counting
optical channel. In that work, they have quantified the effect
of the number of detectors on the acquisition performance
of the system. The work [10] analyzes the performance of a
free-space optical multiple-input single-output receiver for
noncoherent and coherent beam combining schemes and
pointing errors. Additionally, the performance of an array
of detectors receiver in a deep-space optical communica-
tions has been discussed in [11], [12], [13], and these three
studies provide an excellent read on this topic. In the afore-
mentioned papers, the authors have discussed the effect of the
non-uniform weighting of array elements on the performance
of centroid tracking and symbol detection performance of the
receiver. Finally, the studies [14], [15], [16] discuss novel
nonlinear strategies with an array of photodetectors that min-
imize the effect of background radiation in order to enhance
the SNR at the receiver.
Regarding pointing errors, the authors in [17] consider the

optimization of outage capacity of an FSO link in terms of
the beam radius. The link employs a single detector at the
receiver, and the outage capacity is optimized for a Gaussian
beam. The authors in [18] examine the maximization of link
availability as a function of beam radius for a single-detector
FSO receiver.
Finally, references [19], [20], [21] present a good overview

of diversity combining schemes in wireless communications.
In the current study, we want to extend the work carried

out in [2] where we had considered the tracking performance
of an array of detectors in terms of Cramér-Rao bounds for
a joint communications and beam tracking system. In this
paper, we have analyzed and compared the bit error rate
performance that can be achieved with an array of detectors
in the communications mode (without considering tracking
into account). In this regard, we have examined and com-
pared the performance of different data combining schemes
such as the equal gain combiner (EGC), maximal ratio com-
biner (MRC), and the selection combiner (SC), which are
used to combine the outputs of each element of the array. We
have examined the performance of these combining schemes
for different values of spot sizes and the number of elements
in the array. As a limiting case, we have also considered the
performance in the limit as the number of detectors goes to
infinity for a fixed-size array (we call such a limiting array
the “continuous” array as opposed to a “discrete” array which
has a finite number of elements). The motivation for using
the continuous array in our analysis has been discussed in
Section III. Finally, we have considered optimizing the beam
or spot size in the focal plane and the area of the array (which
is placed in the focal plane) for the continuous array case.

C. MODEL ASSUMPTIONS
Without a loss of generality, we make the following
assumptions before we begin the analysis in this study:

1) Strictly speaking, the intensity distribution on the focal
plane is the Fourier Transform of the intensity distri-
bution impinging on the telescope aperture. Assuming
a circular aperture, the resulting intensity distribution
of the airy pattern on the focal plane is represented
by a scaled Bessel function in two dimensions [22].
Because of the mathematical tractability afforded by
Gaussian functions, we have approximated the shape
of the airy pattern by a circularly symmetric Gaussian
distribution in two dimensions [3].

2) We assume that the received signal power is large
enough so that enough photons are received for the
Gaussian approximation of the Poisson process to hold.
For large values of received signal photon rate, the
shot noise variance will depend on the received sig-
nal power. However, we assume that the thermal noise
dominates the signal dependent shot noise, and there-
fore, a signal independent zero-mean Gaussian noise
distribution is assumed in this study.

3) We assume that the noise intensity is distributed uni-
formly over the array. The noise results due to the
thermal effect that leads to dark current in detectors
as well as the unwanted background radiation that finds
its way through the optical filters onto the surface of
the array. We model the sum of all noise sources by
a zero-mean Gaussian distribution with noise power
density N0 which is measured in terms of Watts per
unit area.

4) The shape of the array is a square, and the shape of
each detector in the array is also assumed to be square.
The square shape of each detector in the array helps the
detectors fill up the entire space inside the array. Thus,
the optical fill factor of a hundred percent is assumed
in this case.1 We use a circular array configuration
during the optimization phase because a circular array
is easier to analyze mathematically in the presence of
a circularly symmetric Gaussian beam.

5) Regarding the received signal power, we consider a
classical inference viewpoint instead of the Bayesian
inference model in this paper. This implies that the
received signal amplitude is assumed to be an unknown
constant quantity instead of being modeled by a ran-
dom process. The Bayesian model will be considered
in a future study on this topic.

6) In this study, we have considered the effect of pointing
error on the optimization of system parameters (dis-
cussed in Section IV-A.1). The pointing error results
either due to the atmospheric turbulence or because
of the mechanical vibrations in the transmitter and
receiver assemblies. However, the scintillation of the
beam due to atmospheric turbulence is not considered
since the Gaussian approximation of spot energy on
the focal plane may not hold under severe scintillation.

1. Even if the optical fill factor is less than a hundred percent, we can
get close to a hundred percent effect by placing a microlens array before
the array of detectors in the focal plane.
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FIGURE 4. List of Mathematical Symbols.

Therefore, we assume that either the adaptive optics
assembly inside the receiver is able to make wavefront
corrections effectively so as to minimize the scintilla-
tion effect, or that the turbulent eddies are large enough
in size so as to only bend the beam’s direction instead
of “breaking” the beam into smaller components that
leads to the scintillation effect.

D. ORGANIZATION OF THIS PAPER
This paper is organized as follows. Section II defines the
system model in terms of a Gaussian beam and the array of
detectors. In the same section, we lay out the error probability
expressions concerning the different combining schemes that
are used to combine the outputs of the elements of the array.
Section III considers optimization of system parameters (spot
and array areas) for a continuous circular array. Section IV
discuss the simulation and experimental results in detail.
Finally, Section V argues a brief complexity analysis of
different combining schemes, and Section VI sums up the
conclusions of our study and discusses future work in the
direction of the current study.
Fig. 4 shows the list of important mathematical symbols

used in this paper.

II. PROBABILITY OF ERROR OF AN ARRAY OF
DETECTORS
The intensity distribution of the spot or airy pattern imping-
ing on the focal plane array (detector array in the focal plane)
is described by a Gaussian distribution:

�(x, y) = λp

2πρ2
exp

(
− (x− x0)

2 + (y− y0)
2

2ρ2

)
· 1A(x, y),

(1)

where λp

2πρ2 is known as the peak intensity of the spot, ρ

is known as the effective spot or beam radius on the focal
plane, and (x0, y0) represent the center of the beam on the
focal plane. The factor λp is the total power in the spot
or airy pattern in Watts. We assume that the center of the
array lies at the origin (0, 0). The factor 1A is the indicator

function on some measurable set A and A represents the
region of the detector array.
The total current of the array due to thermal and back-

ground noise is modeled by a zero-mean Gaussian random
variable whose variance is given by the factor N0|A| where
N0 is the noise power per unit area and |A| represents the
area of the detector array. The output of the mth detector in
the array is given by

Ym = �m + Nm (2)

where �m is the signal power in the mth detector of the array:
�m �

∫∫
Am

�(x, y) dy dx, where Am is the region of the mth
detector. The quantity Nm is a Gaussian random variable that
represents noise in the mth detector and its distribution is
defined as Nm ∼ N (0,N0

|A|
M ). Here, M represents the total

number of detectors in the array.

A. EQUAL GAIN COMBINER
It can be shown that—for the pulse position modulation
(PPM) scheme—the probability of error obtained with an
array of detectors for an equal gain combining scheme is
given by [10]

P(E) = 1 −
(
Q

(
−
∑M

m=1 �m√
2N0A

))M−1

, (3)

where M is the PPM order which is equal to the number
2n for a positive integer n. The function Q(·) is the tail
distribution function of a standard normal random variable.

B. MAXIMAL RATIO COMBINER
For the M − PPM, it can be shown that the probability of
error of the maximal ratio combiner is [10]

P(E) = 1 −
⎛
⎝Q

⎛
⎝−

√√√√∑M
m=1 �2

m

2N0
|A|
M

⎞
⎠
⎞
⎠
M−1

. (4)

C. SELECTION COMBINER (MAX SNR)
In this case, we choose the detector with the highest signal
power (or SNR since the noise power in each detector is the
same). For this scenario, we note that the information con-
cerning beam center location (x0, y0) is required in order
to select the detector with the maximum SNR. For SC
(Max SNR), we choose a detector of the array whose signal
power is

�max � max(�1,�2, . . . , �M). (5)

Here we want to address one important point. The quantity
�m is the signal power in the mth detector, and since the
noise power in each detector is known, the SNR of any
detector can be computed easily by figuring out the signal
power in the detector. In order to compute the signal power
in a particular detector, we need to know the spot size or
radius ρ and the location of the spot on the array (x0, y0). If
we have a knowledge (or estimate) of these two quantities,
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we can easily compare the SNR of each detector with any
other detector of the array. In this sense, the detector with
the maximum SNR can be located based on ρ̂ and (x̂0, ŷ0)

where ρ̂ is the estimate of ρ and (x̂0, ŷ0) is the estimate of
(x0, y0).2 If the estimates are poorer, we may falsely declare
that a certain detector contains the maximum SNR which
may not actually be the case. Therefore, accurate estimation
of ρ and (x0, y0) is quite important for the computation of
a sufficient statistic based on SC (Max SNR) combining
scheme.
The output of the detector containing the maximum SNR

is denoted by Ys during a PPM signal slot, and Yn denotes
the output of the same detector during a noise-only slot. For
M-PPM, the probability of a correct decision in this case is

P(C) = (P({Ys > Yn}))M−1. (6)

We know that Ys ∼ N (�max,N0
|A|
M ) Yn ∼ N (0,N0

|A|
M ).

Then P(C) = (FYn(Ys))
M−1 which implies that the condi-

tional probability is

P({Yn < Ys}|{Ys = y}) = FYn(y) = Q

⎛
⎝− y√

N0
|A|
M

⎞
⎠. (7)

Therefore,

P({Yn < Ys}) =
∫ ∞

−∞
Q

⎛
⎝− y√

N0
|A|
M

⎞
⎠fYs(y) dy (8)

where

fYs(y) = 1√
2πN0

|A|
M

exp

(
− (y− �max)

2

2N0
|A|
M

)
. (9)

Thus,

P(E) = 1 − P(C)

= 1 −
⎛
⎝∫ ∞

−∞
Q

⎛
⎝− y√

N0
|A|
M

⎞
⎠fYs(y) dy

⎞
⎠

M−1

. (10)

1) ASYMPTOTIC RESULT: M → ∞
For large M, the signal energy in the detector having
maximum SNR is approximately

S ≈ λp

2πρ2

|A|
M

. (11)

Thus, in this case, the probability of error expression
concerning an M-PPM scheme for large M is

P(E) ≈ 1 −
⎛
⎝Q

⎛
⎝−

λp

2πρ2
|A|
M√

2N0
|A|
M

⎞
⎠
⎞
⎠
M−1

2. In case the turbulence-induced scintillation is negligible, we can infer
ρ easily based on the focal length of the aperture lens.

= 1 −
⎛
⎜⎝Q

⎛
⎜⎝−

λp

2πρ2

√
|A|
M√

2N0

⎞
⎟⎠
⎞
⎟⎠
M−1

. (12)

Since M → ∞ =⇒ |A|
M → 0, for (12) we have that

lim
M→∞P(E) = 1 −

(
1

2

)M−1

, (13)

and we note that the error probability is 0.5 when M = 2.

2) SIMPLER EXPRESSION FOR HIGH SNR CASE

When the SNR is high, that is, �max >> N0
|A|
M , then (9)

can be approximated by a Dirac delta function: fYs(y) ≈
δ(y − �max). Thus, for this asymptotic case of high SNR,
expression (10) becomes

P(E) = 1 −
⎛
⎝∫ ∞

−∞
Q

⎛
⎝− y√

N0
|A|
M

⎞
⎠fYs(y) dy

⎞
⎠

M−1

= 1 −
⎛
⎝∫ ∞

−∞
Q

⎛
⎝− y√

N0
|A|
M

⎞
⎠δ(y− �max) dy

⎞
⎠

M−1

= 1 −
⎛
⎝Q

⎛
⎝− �max√

N0
|A|
M

⎞
⎠
⎞
⎠
M−1

. (14)

D. SELECTION COMBINER (MAX OUTPUT)
In the selection combining (Max Output) scheme—as the
name depicts—we choose the detector with the largest output
to detect the symbol. For the signal slot of a PPM symbol:

Y(s)
max � max

(
Y(s)

1 ,Y(s)
2 , . . . ,Y(s)

M

)
, (15)

where Y(s)
m ∼ N (�m,N0

|A|
M ). Similar to this argument, we

have that for a noise-only slot,

Y(n)
max � max

(
Y(n)

1 ,Y(n)
2 , . . . ,Y(n)

M

)
, (16)

where Y(n)
m ∼ N (0,N0

|A|
M ). Now,

P(C) =
(
P
({
Y(s)

max > Y(n)
max

}))M−1
. (17)

In this case,

P
({
Y(n)

max < Y(s)
max

}∣∣∣{Y(s)
max = y

})

= P
({
Y(n)

max < y
})

= P
({
Y(n)

1 < y
}

∩
{
Y(n)

2 < y
}

∩ . . . ∩
{
Y(n)
M < y

})

=
⎛
⎝Q

⎛
⎝− y√

N0
|A|
M

⎞
⎠
⎞
⎠
M

. (18)

The cumulative distribution function of Y(s)
max is

FYmax(y) � P
({
Y(s)

max < y
})
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= P
({
Y(s)

1 < y
}

∩
{
Y(s)

2 < y
}

∩ . . . ∩
{
Y(s)
M < y

})
(19)

=
M∏
m=1

Q

⎛
⎝− (y− �m)√

N0
|A|
M

⎞
⎠. (20)

Since ∂
∂xQ(x) = − 1√

2π
exp(− x2

2 ), we have that the proba-

bility density function of Y(s)
max is

fYmax (y) =
M∑
m=1

⎛
⎜⎜⎝ ∂

∂y
Q

⎛
⎝− (y− �m)√

N0
|A|
M

⎞
⎠ M∏

i=1
i 	=m

Q

⎛
⎝− (y− �i)√

N0
|A|
M

⎞
⎠
⎞
⎟⎟⎠

=
M∑
m=1

⎛
⎜⎜⎝ 1√

2πN0
|A|
M

exp

(
− (y− �m)2

2N0
|A|
M

)
M∏
i=1
i 	=m

Q

⎛
⎝− (y− �i)√

N0
|A|
M

⎞
⎠
⎞
⎟⎟⎠.

(21)

Therefore,

P
({
Y(n)

max < Y(s)
max

})

=
∫ ∞

−∞

⎛
⎝Q

⎛
⎝− y√

N0
|A|
M

⎞
⎠
⎞
⎠
M

fYmax(y) dy, (22)

where fYmax(y) is given by (21). Finally, the error probabil-
ity is

P(E) = 1 − P(C)

= 1 −
⎛
⎜⎝
∫ ∞

−∞

⎛
⎝Q

⎛
⎝− y√

N0
|A|
M

⎞
⎠
⎞
⎠
M

fYmax(y) dy

⎞
⎟⎠

M−1

.

(23)

1) ASYMPTOTIC RESULT: M → ∞
For the noise-only slot of M-PPM, we know (from (18))
that the maximum output—denoted by Y(n)

max—has the cumu-
lative distribution given by F(y) = (Q(− y√

N0
|A|
M

))M . For the

case of the slot containing the signal pulse, the cumulative
distribution function of the maximum output—denoted by
Y(s)

max—is

F(y) =
M∏
m=1

Q

⎛
⎝− (y− �m)√

N0
|A|
M

⎞
⎠. (24)

For large M, �m ≈ Sm |A|
M where Sm =

λp

2πρ2 exp(− (xm−x0)
2+(ym−y0)

2

2ρ2 ), where (xm, ym) denotes
the center of the mth detector. Therefore, for large M,

F(y) ≈
M∏
m=1

Q

⎛
⎝−

(
y− Sm |A|

M

)
√
N0

|A|
M

⎞
⎠

=
M∏
m=1

Q

⎛
⎝− y√

N0
|A|
M

+
Sm
√

|A|
M√

N0

⎞
⎠ (25)

and since |A|
M ≈ 0 for large M,

F(y) ≈
M∏
m=1

Q

⎛
⎝− y√

N0
|A|
M

⎞
⎠

=
⎛
⎝Q

⎛
⎝− y√

N0
|A|
M

⎞
⎠
⎞
⎠
M

. (26)

Comparing (24) and (26), we note that Y(s)
max and Y(n)

max are
identically distributed and independent for large M. In this
case, P({Y(s)

max > Y(n)
max}) = 1

2 which can be shown by the
following argument. For two identically distributed random
variables X and Y , FX(z) = FY(z) = F(z), where FX(·)
and FY(·) are cumulative distribution functions of X and Y ,
respectively. Then, the probability that Y < X is,

P({Y < X})
=
∫ ∞

−∞
P({Y < x}) dF(x)

=
∫ ∞

−∞
F(x) dF(x)

=
∫ 1

0
u du = 1

2
. (27)

Therefore, for large M, the probability of error for SC (Max
Output) is

lim
M→∞P(E) = 1 −

(
1

2

)M−1

, (28)

which is the same as the asymptotic error probability for SC
(Max SNR).

III. OPTIMIZATION OF DETECTOR ARRAY PARAMETERS
FOR CONTINUOUS ARRAY APPROXIMATION
For optimization, we consider a continuous approximation
of a practical or discrete detector array (a discrete array
is an array made up of a finite number of elements). The
continuous approximation implies the limiting case where
the number of elements M goes to infinity for the fixed
array area |A|. This implies that the area of each detector in
the array is shrinking to zero, and we are dealing with a large
number of “point” detectors. The continuous approximation
is required in order to solve the optimization problems that
follow in this section. The continuous array approximation
is justified as discussed in [23] where it was shown that the
continuous array performance is substantially close to the
performance of a finite M array if the dimensions of each
detector are much smaller than the footprint 2πρ2 of the
spot. For instance, the tracking performance of 6 × 6 (36
detectors in the array) or higher resolution arrays is close
to the continuous array’s performance if the beam footprint
2πρ2 is approximately the same size as the array.
Since the performance of EGC does not depend on M, the

EGC’s performance is the same whether a discrete array is
used or its continuous analog. However, as we will note later,
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the performance of MRC improves when M is large. Hence,
for the MRC scheme, the error probability for the continuous
array acts as a lower bound on the error probability for any
array with a finite number of detectors.
Now we consider the continuous approximation of the

array by taking M to infinity while holding the area |A| of
the array constant. The output of the mth detector of the
array is

Ym = �m + Nm (29)

where �m = ∫∫
Am

λp

2πρ2 e
− (x−x0)2+(y−y0)2

2ρ2 dx dy. For large M,

Ym = λp

2πρ2
e
− (xm−x0)2+(ym−y0)2

2ρ2 	M + Nm (30)

where Nm ∼ N (0,N0	M), N0 is noise power per unit area,
and 	M � A

M is the area of each (small) cell. The output of
the MRC is

Z =
M∑
m=1

(
λp

2πρ2
e
− (xm−x0)2+(ym−y0)2

2ρ2 	Me
− (xm−x0)2+(ym−y0)2

2ρ2

+ Nme
− (xm−x0)2+(ym−y0)2

2ρ2

)

=
M∑
m=1

λp

2πρ2
e
− (xm−x0)2+(ym−y0)2

2ρ2 	Me
− (xm−x0)2+(ym−y0)2

2ρ2

︸ ︷︷ ︸
S

+
M∑
m=1

Nme
− (xm−x0)2+(ym−y0)2

2ρ2

︸ ︷︷ ︸
N

(31)

where N ∼ N (0,N0	M
∑M

m=1 e
−(

(xm−x0)2+(ym−y0)2

ρ2 )
). As

M → ∞,

S →
∫∫

A
λp

2πρ2
e
− (x−x0)2+(y−y0)2

ρ2 dx dy (32)

and the variance of N approaches

Var[N] → N0

∫∫
A
e
− (x−x0)2+(y−y0)2

ρ2 dx dy. (33)

For EGC, the sufficient statistic is given by

Z =
M−1∑
m=0

Ym

=
M−1∑
m=0

λp

2πρ2
e
− (xm−x0)2+(ym−y0)2

2ρ2 	M + N (34)

where N := ∑M−1
m=0 Nm. The quantity N is a zero-mean

Gaussian random variable with variance N0|A|. It can be
shown that as M → ∞,

E[Z] →
∫∫

A
λp

2πρ2
e
− (x−x0)2+(y−y0)2

2ρ2 dy dx (35)

and Var[Z] = N0|A|.

A. ERROR PROBABILITY AND CHANNEL CAPACITY
EXPRESSIONS FOR CONTINUOUS ARRAY
For the on-off keying (OOK) scheme, the error probability
for MRC is

P(E) = Q

⎛
⎜⎜⎝

λp

2πρ2

∫∫
A e

− (x−x0)2+(y−y0)2

ρ2 dx dy

2
√
N0

√∫∫
A e

− (x−x0)2+(y−y0)2

ρ2 dx dy

⎞
⎟⎟⎠

= Q

⎛
⎜⎜⎜⎝

λp

2πρ2

√∫∫
A e

− (x−x0)2+(y−y0)2

ρ2 dx dy

2
√
N0

⎞
⎟⎟⎟⎠. (36)

The expression (36) is a general expression that applies to
any array configuration. It can be easily shown that for
the EGC,

P(E) = Q

⎛
⎜⎜⎝

λp

2πρ2

∫∫
A e

− (x−x0)2+(y−y0)2

2ρ2 dx dy

2
√
N0

√|A|

⎞
⎟⎟⎠. (37)

For the selection combining scheme, we note that

P(E) ≥ lim
M→∞Q

⎛
⎝
(

λp

2πρ2
|A|
M

)

2
√
N0

√
|A|
M

⎞
⎠ = 1

2
. (38)

The channel capacity for the maximal ratio combining
scheme is given by

C = ln

⎛
⎜⎜⎜⎜⎜⎝

1 +

(∫∫
A

λp

2πρ2 e
− (x−x0)2+(y−y0)2

ρ2 dy dx

)2

N0
∫∫

A e
− (x−x0)2+(y−y0)2

ρ2 dy dx

⎞
⎟⎟⎟⎟⎟⎠

= ln

(
1 +

(
λp

2π
√
N0ρ2

)2 ∫∫
A
e
− (x−x0)2+(y−y0)2

ρ2 dy dx

)
.

(39)

Moreover, the channel capacity of the equal gain combining
scheme is given by

C = ln

⎛
⎜⎜⎜⎜⎜⎝

1 +

(∫∫
A

λp

2πρ2 e
− (x−x0)2+(y−y0)2

2ρ2 dy dx

)2

N0|A|

⎞
⎟⎟⎟⎟⎟⎠

. (40)

Finally, it follows from (38) that the channel capacity for
the selection combining scheme for a continuous array is
0 nats/sec/Hz.

B. OPTIMIZATION OF BEAM RADIUS AND ARRAY AREA
FOR A CIRCULAR DETECTOR ARRAY RECEIVER
Here, we optimize two system parameters, namely the spot
radius and the array area, to optimize a particular objective
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FIGURE 5. This figure shows a circular detector array with different number of
detectors.

function (minimization of error probability or channel capac-
ity). Without any loss of generality, we assume a circular
array configuration since a circular array yields mathemati-
cally tractable analytical expressions that are easier to solve.
In the first case, we assume no pointing error, i.e., the beam
center and the array center are aligned which implies x0 = 0
and y0 = 0. In the second case, we consider optimization
under pointing errors.
Fig. 5 shows circular detector arrays of the same area but

with different numbers of detectors. The number of detectors
increases from left to right and top to bottom. The bottom
right figure shows the limiting case of the continuous array
(the number of detectors is approaching infinity). The radius
of all arrays is fixed at the number R.

1) MAXIMAL RATIO COMBINER

For a circular array configuration, we can use polar coordi-
nates to write∫∫

A
e
− x2+y2

ρ2 dx dy

=
∫ π

θ=−π

∫ R

r=0
r exp

(
− r2

ρ2

)
dr dθ

= ρ2π

(
1 − exp

(
−R2

ρ2

))
, (41)

where R is the radius of the circular detector array. Thus,
the probability of error for the MRC scheme of a circular
array becomes

P(E) = Q

⎛
⎜⎜⎝

λp

√
πρ2

(
1 − exp

(
−R2

ρ2

))

4πρ2
√
N0

⎞
⎟⎟⎠. (42)

We now need to solve the following optimization problem:

maximize
ρ,R

λp

√
2πρ2

(
1 − exp

(
− R2

2ρ2

))

4πρ2
√
N0

subject to i) ρ0 < ρ < ρ1,

ii)R0 < R < R1. (43)

We note from (42) that in order to maximize the objective
function, we need to i) minimize ρ and ii) maximize the
array radius R. Thus, ρ∗ = ρ0 and R∗ = R1. We note that
if R1 � 4ρ, then choosing an R > 4ρ will not lead to any
significant gain in terms of error probability performance
since most of the energy in the Gaussian beam is captured
with an array of radius R = 4ρ.

2) EQUAL GAIN COMBINER

For the equal gain combiner, we need to solve the follow-
ing optimization problem in order to minimize the error
probability:

maximize
ρ,R

λp2πρ2
(

1 − exp
(
− R2

2ρ2

))

4π
3
2 ρ2

√
N0R

subject to i) ρ0 < ρ < ρ1,

ii)R0 < R < R1. (44)

In the optimization problem (44), we note that ρ should be as
small as possible in order to maximize the objective function.
Regarding the array radius R, we take the partial derivative
of the objective function to R, and set the derivative equal
to zero to obtain

R2 − ρ2
0 exp

(
R2

2ρ2
0

)
+ ρ2

0 = 0 (45)

The solution to this equation is obtained by setting x = R2

2ρ2
0

and rewriting (45) in terms of x as

2x+ 1 = ex. (46)

Now, we manipulate (46) through several steps to finally
obtain

2x+ 1 = ex

=⇒ −
(
x+ 1

2

)
exp

(
−
(
x+ 1

2

))

= − 1

2
√

exp(1)

=⇒ W−1

(
−
(
x+ 1

2

)
exp

(
−
(
x+ 1

2

)))

= W−1

(
− 1

2
√

exp(1)

)
, (47)

where W−1 is the Lambert W function. Since W−1
(z exp(z)) = z for z < 0, we have that (47) is rewritten
as

−
(
x+ 1

2

)
= W−1

(
− 1

2
√

exp(1)

)
. (48)
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FIGURE 6. This table shows the default values for different system parameters
concerning the experiments in this paper.

FIGURE 7. The figure on the top shows the error probability of different combining
schemes as a beam radius ρ function. In contrast, the figure on the bottom shows the
error probability as a function of the number of detectors M in the array.

By substituting the value of x = R2

2ρ2
0
into (48), we obtain

the solution of optimum value of R:

R∗ =
√√√√−ρ2

0

(
2W−1

(
−1

2
√

exp(1)

)
+ 1

)
. (49)

Thus, from (49), the optimum value of R is equal to constant
times ρ0 where the value of this constant is approximately
1.584762.

IV. SIMULATION RESULTS AND COMMENTARY
In this section, we summarise the simulation results on the
performance comparison of the data combining schemes dis-
cussed in Sections II and III. The set of default parameter
values is listed in Fig. 6.
Fig. 7 shows the error probability for different combining

schemes as a function of spot radius ρ (left) and as a function

FIGURE 8. This figure shows the error probability of different combining schemes
as a function of noise power N0.

of a number of detectors M in the array (right). In this figure,
we assume that the beam footprint is smaller than the area
of the array, i.e., 2πρ2 < |A|. This assumption is essential
if the array is to be used effectively for tracking the beam
center on the array since the beam center’s location on the
array indicates the beam’s angle of arrival. If the beam center
and the array center are aligned, then the angle-of-arrival is
zero; otherwise, the telescope direction and the fast steering
mirror assembly must be adjusted to align the beam center
with the array center to drive the angle-of-arrival to zero.
The performance of the EGC does not depend on ρ in the

regime 2πρ2 < |A| since EGC adds the (signal plus noise)
output of each detector, and varying the beam radius will
not affect the collected signal power by the array. Therefore,
the error probability of the EGC is constant over the range
of values ρ takes in Fig. 7. However, the performance of SC
and MRC depend heavily on ρ since these schemes weight
the output of each detector element nonuniformly. For the
selection combiner of both types, we note that as the spot
radius ρ increases relative to the size of each detector in
the array, the performance of both the selection combining
schemes begins to degrade. This is rather easily explained
by the SNR of the output in the SC (Max SNR) case. For
the square array, let us define L as the length of one side of
the square array: L := √|A|. Then, the SNR (for M large
and ρ >> L/M) is given by equation (11) as

SNR =
(

λp

2πρ2

)2 |A|
M

2N0
, (50)

where we note that the SNR of the selection combiner will
degrade as we increase M in the ρ � L/M regime.

Fig. 8 indicates the error rate performance of different
combining schemes as a function of noise power N0. We note
that the performance of the two types of selection combiners
converges for large SNR. This observation can be predicted
from the fact that as the SNR improves, the detector with
the most considerable output will converge to the detector
with the largest SNR with high probability.
Figure 9 illustrates the effect of the estimation error—of

two system parameters, namely the spot radius ρ and the spot
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FIGURE 9. This figure shows the effect of estimation error on the maximal ratio
combiner’s performance. The figure on top depicts the effect of error in estimation of
ρ and the bottom figure illustrates the performance degradation with estimation error
for (x0, y0).

location (x0, y0)— on the performance of the MRC. For these
plots, the signal power is 1 W, noise power is 0.05 W/mm2,
and the beam center (x0, y0) is fixed at the point the origin
(0, 0). The error ε(x0, y0) := √

(x̂0 − x0)2 + (ŷ0 − y0)2 and
the error ε(ρ) := ρ̂ − ρ. We note that the performance of
the MRC suffers as the errors ε(x0, y0), ε(ρ) grow.

A. RESULTS ON OPTIMIZATION OF BEAM PARAMETERS
Fig. 10 depicts the error probability as a function of the
dimensions of a square array. The figure on the left side
indicates error probability as a function of factor α where
α is the normalized length of one of the four sides of a
square-shaped array: α := L

ρ
. We observe that concerning

the MRC, the length α should be as large as possible in
order to minimize the error probability. This observation
is corroborated by the optimization result obtained with a
circular array where we had observed that the array dimen-
sions have to be as large as possible in order to minimize
the error probability. From this figure, we note that the
effect of any increase in L beyond L = 4ρ is negli-
gible because most of the energy in the Gaussian beam
is captured within 4 standard deviations about the mean
position.
Regarding the EGC, we note from the top subfigure

of Fig. 10 that there is a certain α (or L or |A|) that
minimizes the error probability, and this α is constant
for any ρ. This indicates that the optimal length L of

FIGURE 10. This figure shows the error probability (of the top) and the channel
capacity (on the bottom) for the MRC and EGC schemes as a function of array
parameters α and L.

the square array is a linear function of beam radius ρ,
and the factor α is approximately 2.8 for the parame-
ter values of our experiments. This observation is similar
to the result for an optimum radius of the circular array
obtained in Section III-B.2 where the optimum radius of the
array was a constant multiple of the beam radius ρ. This
implies that the optimum array area is proportional to the
square of the beam radius for both the circular and square
arrays.
The bottom subfigure in Fig. 10 depicts the channel

capacity results related to the EGC and MRC arrays for
a continuous array configuration.
Fig. 11 is a 3-D rendering of Fig. 10 (top) to show the

dependence of the error probability on both the array length
and the beam radius on the performance of the equal gain
combiner.

1) OPTIMIZATION UNDER POINTING ERROR

In this section, we consider optimization of the beam
parameter ρ when the beam or spot deviates from its
mean position in the focal plane due to pointing error.
The pointing error is induced either because of atmo-
spheric turbulence, or due to mechanical vibrations in the
transmitter and receiver assemblies. We consider the case
when the pointing error is modeled by a Rayleigh random
variable, i.e., the error is a zero-mean Gaussian random vari-
able in each of the x and y dimensions with a uniform
variance σ 2

p .
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FIGURE 11. This figure plots the error probability as a function of the factor α and
beam radius ρ for MRC and EGC schemes.

FIGURE 12. This figure shows the probability of error performance of circular and
square arrays with the continuous configuration for MRC when the channel suffers
from pointing error.

For the continuous array configuration, Fig. 12 represents
a comparison of the probability of error performance for
the MRC as a function of beam or spot radius ρ for dif-
ferent values of the pointing error standard deviation σp.
In the same figure, we also consider a performance com-
parison of rectangular and circular arrays when the areas
of both the arrays are equal. Additionally, in Fig. 13. we
compare the error rate performance of the EGC and MRC
schemes for the continuous array configuration when the
channel suffers from pointing errors. For both the fig-
ures, the area of the arrays is A = 4 mm2, the noise
power σn = 0.1 W/mm2, and the total signal power
is 1 W.
We note from Fig. 12 that there is an optimal value

of ρ—which we denote by ρ∗—that will minimize the
error probability, and this optimal value depends on the
value of the pointing error standard deviation σp: a larger
value of σp indicates that we should choose a larger spot
radius ρ∗ in order to minimize the effect of the point-
ing error. We note that the error probability performance
of circular and square arrays is almost similar for all val-
ues of pointing error standard deviation considered in the
experiment.

FIGURE 13. This figure compares the error probability performance of EGC and
MRC schemes for continuous arrays as a function of the parameter α when pointing
error is present in the channel.

V. COMPLEXITY ANALYSIS
This section briefly analyzes the complexity of different com-
bining schemes for an array of detectors. Since the EGC
combines the outputs of all the array elements to form a
sufficient statistic, it can do so without storing each of the
element outputs. All the outputs can be combined at the cir-
cuit level without using any computational resources. Thus,
the computational complexity of EGC is O(1), where O
denotes Big O notation. Regarding the SC, both the Max
SNR and Max Output versions require a sorting algorithm
to find the maximum of the M output values. Therefore, the
selection combiner has a complexity of O(M log(M)) if we
use merge sorting. For the MRC, we have M multiplications
and M additions, and therefore, its complexity is O(M).
The SC (Max SNR) and MRC incur additional complexity

since they require the estimation of beam parameters—such
as peak intensity λp, the beam radius ρ and the location of
the beam center (x0, y0) on the array—in order to form the
sufficient statistic. The value of beam radius ρ in the focal
plane depends on the focal length of the lens; hence it is
treated as a known deterministic quantity. The estimation of
λp is straightforward via a method of moments estimator [2],
and we may ignore its complexity. Regarding the estimation
of (x0, y0), if we use a centroid estimator, we need a total
of 3M additions and 2M multiplications (please see the def-
inition of the centroid estimator in [3] or [4]). However,
if a beam center is estimated using a maximum likelihood
estimator, the complexity is O(|A|2M) +O(|A|3) [2]. Thus,
this extra complexity has to be incorporated into the total
complexity of MRC and SC (Max SNR) schemes.
Additionally, we want to point out that there is a hard-

ware complexity associated with an array of detectors. For
instance, if the number of detectors is enormous, the opti-
cal fill factor might be too small. Thus, we may place a
microlens array in front of the array of detectors to focus
the energy away from the dead area into the active area (the
detectors). This will minimize the effect of a reduced optical
fill factor.
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FIGURE 14. This table summarizes the computational complexity of different
combining schemes.

Fig. 14 summarizes the complexities of different com-
bining schemes for an array of detectors and a single
detector.

VI. CONCLUSION AND FUTURE WORK
In this paper, we have analyzed the performance of a detec-
tor array receiver in a free-space optical communication
system for different data combining schemes. The differ-
ent combining schemes considered were the equal gain
combining (EGC), selection combining (SC) (max SNR),
selection combining (Max Output), and the maximal ratio
combiner (MRC). We observe that all schemes provide good
performance when the SNR is high; however, the differ-
ence in performance becomes significant at low SNR. We
note that when the SNR is low, the MRC performed bet-
ter than all other combining schemes in terms of error rate
performance, and the EGC yielded the least performance
gain. However, under the special case when the element or
detector size was much smaller than the spot size, both ver-
sions of the selection combining schemes broke down in
error probability performance. However, the performance of
MRC only improves with a smaller detector size whereas
the performance of the EGC is independent of the spot size
to detector size ratio. Finally, when EGC is applied to the
limiting or continuous array scenario, a certain array area
will minimize the error probability. This optimum area is
proportional to the square of the beam radius. For a channel
that suffers from pointing errors, the optimal spot radius is
directly proportional to the pointing error standard deviation.
In terms of computational complexity, EGC uses up the

least computational resources (O(1)) followed by the MRC
scheme (O(M)), which is followed by the SC schemes
(O(M log(M))).
In light of the above, we propose a hybrid switching

scheme based on EGC and MRC for an array of detectors
receiver where the switch shifts between EGC and MRC
schemes depending on the available SNR. The switch con-
nects to EGC for high SNR and resorts to the MRC when
the SNR goes below a certain threshold.
In the future, we will analyze the performance of these

combining schemes and optimize beam parameters in the
presence of pointing errors and channel fading in terrestrial
free-space optical communications.
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