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ABSTRACT We investigate the uplink non-orthogonal multiple access (NOMA)-based Internet-of-
Things (IoT) networks, where each IoT device (station: STA) equipped with a single antenna exploits the
constellation-rotated space-time line code (CR-STLC) to send signals to an access point (AP) equipped
with two receive antennas. The AP decodes the signals transmitted from the STAs with the optimal joint
maximum-likelihood (JML) detector. As a main result, we mathematically analyze both the bit-error-
rate (BER) performance and the spatial diversity order of each STA in the two-user uplink CR-STLC
NOMA system. In particular, it is shown that the two-user uplink CR-STLC NOMA system achieves the
optimal diversity order regardless of the constellation rotation angle in the high signal-to-noise ratio (SNR)
regime. We also consider two different rotation angle optimization techniques (dynamic rotation & fixed
rotation) to improve the BER performance in the practical SNR regime, and found that the fixed rotation
approach is simple but yields almost the same performance as the dynamic approach. Finally, we show that
the uplink CR-STLC NOMA system achieves the spatial diversity order of 1 even when more than two
STAs send packets simultaneously. It is worth noting that all STAs obtain an improved spatial diversity
gain compared to that without constellation rotation.

INDEX TERMS Bit-error-rate, constellation rotation, Internet-of-Things, joint maximum-likelihood detec-
tion, non-orthogonal multiple access, space-time line codes, spatial diversity, uplink networks.

I. INTRODUCTION

WITH the proliferation of wireless devices to realize
hyper-connectivity networks including humans and

Internet-of-Things (IoT), the sixth-generation (6G) networks
are expected to require much higher spectral efficiency
(SE), massive connectivity, energy efficiency (EE), and lower
latency performance than the fifth-generation (5G) [1], [2].
To fulfill these requirements, non-orthogonal multiple access
(NOMA) is being actively studied in both academia and
industry as one of the most promising techniques for massive
IoT networks [3]–[5]. Basically, the NOMA allows multiple
devices to share the common radio resource blocks through
power- or code-domain multiplexing, which are referred to as
PD-NOMA and CD-NOMA, respectively. Thus, the NOMA

can overcome the limitation of orthogonal multiple access
(OMA)-based communication schemes such as limited radio
resources, and significantly improve SE, EE, and system
capacity [5]–[7].
In particular, since explosive traffic is expected in the

uplink rather than the downlink in massive IoT networks,
various techniques for NOMA-based uplink IoT networks
are being studied recently. Introducing some of them, a sin-
gle carrier index modulation-based NOMA technique for
improving the EE of IoT devices and a signal detection tech-
nique considering the sporadic traffic patterns of IoT devices
have been proposed in [8] and [9], respectively. Most exist-
ing studies on the uplink NOMA assume that channel state
information (CSI) is known at the access point (AP), i.e., the
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receiver (CSIR). However, in massive IoT networks, it seems
infeasible for an AP to obtain full CSI from a massive num-
ber of IoT devices (stations: STAs) to itself due to significant
signaling overhead [10], [11]. Instead, each STA can easily
obtain its CSI from itself to the AP by observing the down-
link common pilot signal broadcast from the AP, considering
the channel reciprocity property in the time-division duplex
(TDD) system [3], [12], which is a dominant frame structure
of contemporary commercial wireless systems including the
third generation partnership project (3GPP) 5G new radio
(NR) [13], [14]. This motivates us to investigate the uplink
NOMA system where CSI is known only at the transmitter
(CSIT) in this paper.
With this perspective, the space-time line code (STLC)-

based NOMA system (STLC NOMA) has been proposed for
two-user uplink IoT networks, assuming that each STA has
its own CSI, while the AP has only the channel gain of the
wireless channel vector from each STA to itself, not full CSI
of the STA (CSIT) in [15], [16]. The STLC was proposed
in [17] as the symmetric communication technique of the
well-known space-time block code (STBC). It is known
that the STLC achieves full-rate and full-spatial diversity
performance in the 1×2 single-input multiple-output (SIMO)
systems when CSI is known to not the receiver but the trans-
mitter. With a basic property of the STLC, the signals do not
experience phase distortion like the conventional maximum
ratio transmission (MRT) and the STLC receiver can blindly
decode the received signals without CSI [18]. Furthermore,
it can be implemented with a low-complexity linear encod-
ing and decoding procedure [19], [20]. Through computer
simulations in [15], [16], it was shown that the uplink
STLC NOMA system achieves almost the same bit-error-rate
(BER) performance as the OMA technique as signal-to-noise
ratio (SNR) increases by applying the constellation rotation
method to the STLC (we define this as constellation rotated
(CR)-STLC).
The constellation rotation has been applied to the PD-

NOMA systems for improving error performance or increas-
ing sum-rate [21]–[25]. In particular, uplink NOMA systems
require more sophisticated constellation rotation techniques
than downlink because each user experiences independent
fading channels with different phase distortions. In the
downlink NOMA system, each STA receives superposed sig-
nals from the AP through its own channel, and the error
performance can be improved by increasing Euclidean dis-
tances among constellation points [21], [22]. In the uplink,
on the other hand, the AP receives the superimposed signals
from multiple STAs where multiple signals from STAs expe-
rience different fading channels and the constellation phase
of signal from each STA needs to be carefully adjusted at
each STA before uplink signal transmission.
For this reason, in [23], it is assumed that an uplink

user knows global CSI and even power ratio between
its own signal and another user’s signal. Based on this
assumption, an instantaneous constellation rotation method
was proposed for uplink SIMO NOMA systems. In [24],

FIGURE 1. A system model of the NOMA-based uplink IoT network.

the constellation rotation technique was also proposed for
an uplink single-input single-output (SISO) NOMA system
under the assumption that multiple transmitters and a receiver
have global CSI and the channel coefficients from multiple
transmitters to a single receiver are controlled to be identical
to each other. However, these assumptions may not be fea-
sible due to the signaling overhead or power limitations at
STAs in practical massive IoT networks. The constellation
rotation was designed for increasing the constellation-
constrained capacity in [24] and [25], not considering the
error performance. Furthermore, existing studies adopted the
successive interference cancellation (SIC) to detect multiple
signals from STAs even though it does not result in an
optimal performance in the uplink NOMA system, which
has been known to have the error floor phenomenon.
Recently, it has been shown that the joint maximum like-
lihood (JML) detector achieves the optimal performance
with tolerable computational complexity in uplink NOMA
systems [26]–[28].
Meanwhile, the error performance analysis of the NOMA

system is being actively studied as summarized in [27],
[29]. In particular, two-user and quadrature phase-shift key-
ing (QPSK) modulation have been mainly investigated for
uplink NOMA systems [26], [27]. In [30], the error rates
have been analyzed for downlink/uplink NOMA systems
that consider multi-user, 4-quadrature amplitude modula-
tion (QAM), and the SIC receiver. Recently, generalized
BER performance considering an arbitrary number of STAs,
general modulation orders, and an arbitrary number of AP
antennas has been mathematically analyzed for uplink and
downlink in [28] and [29], respectively. However, these stud-
ies assume CSIR. In addition, the additive white Gaussian
noise (AWGN) channel is considered and the fading effects
due to wireless channels were not investigated in [27], [30].
It is worth noting that the uplink CR-STLC NOMA system
considered in this paper is similar to [27] because the phase
distortion caused by channels is compensated by STLC
operations.
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In this paper, we consider more than two IoT devices while
only two IoT devices are considered in [15] and we provide
novel theoretical results. Specifically, main contributions of
this paper are summarized as follows.

• To the best of our knowledge, there is no study on
the uplink NOMA system with CSIT except for our
previous studies [15], [16]. We exploit the constellation
rotation technique to improve performance in terms of
BER rather than sum-rate. Unlike conventional con-
stellation rotation methods applied to uplink NOMA
systems, the proposed technique (especially the fixed
rotation technique) does not require instantaneous CSI
feedback or channel tuning.

• We mathematically analyze the BER performance of
the CR-STLC NOMA system for two-user uplink
IoT networks and it is validated through Monte-Carlo
computer simulations.

• We consider both dynamic and fixed constellation
rotation methods for the two-user uplink CR-STLC
NOMA system, and then derive the optimal rotation-
angle for a given SNR value to improve the BER
performance in the practical SNR regime.

• We extend the system model of the uplink CR-STLC
NOMA to the case where more than two STAs exist
for massive IoT networks and mathematically analyze
the spatial diversity order of each STA.

The remainder of this paper is organized as follows.
In Section II, we introduce the system model of the CR-
STLC NOMA system considering an uplink IoT network. In
Section III, we mathematically analyze the BER performance
and spatial diversity order for each STA. In Section IV, we
derive the optimal rotation angle for the two-user uplink
CR-STLC NOMA based on the minimum distance between
constellation points and the average BER performance
criteria, respectively. In Section V, we verify the analy-
sis results by comparing them with computer simulations,
and show various simulation results considering multiple
STAs or other modulation schemes. Conclusion is drawn in
Section VI.
Notations: Throughout this paper, (·)∗, |·|, and ‖·‖ denote

the complex conjugate operator, the absolute value, and the
Euclidean norm, respectively. If | · | is applied for a set, then
it denotes the cardinality of the set, which is defined as the
number of elements in the set. The term Pr(·) denotes the
probability of an event, E[ · ] denotes the statistical expec-
tation. Both �[ · ] and �[ · ] denote the real and imaginary
components of a complex number, respectively. Moreover,
�·� and �·	 represent the floor function that gives the greatest
integer number less than or equal to the input real number
and the ceiling function that gives the least integer greater
than or equal to the input real number, respectively. The
vector or matrix transpose operation is denoted by [ · ]T, the
2 × 2 identity matrix is denoted as I2, the imaginary unit is
denoted by j, i.e., j �

√−1, and the complex Gaussian ran-
dom variable with a zero mean and σ 2 variance is denoted
as CN (0, σ 2).

II. SYSTEM MODEL
We consider a NOMA-based uplink IoT network, in which
N IoT devices (stations: STAs) equipped with a single
antenna transmit data to an access point (AP) with two
antennas, as illustrated in Fig. 1. The STAs obtain the
CSI between themselves and the AP by overhearing the
broadcast downlink common reference signals from the AP
with the channel reciprocity property of TDD wireless com-
munication systems [12]. It is assumed that the CSI is
available only at each STA (CSIT) and the channel estima-
tion is perfect. It is also assumed that each STA employs a
quadrature phase-shift keying (QPSK) modulator for energy
efficiency and low complexity of IoT networks. Each STA
encodes two consecutive QPSK modulated symbols into
two STLC signals exploiting its local CSI. Here, we apply
constellation-rotated STLC (CR-STLC). The basic idea is
to rotate the constellation of the QPSK symbol to a cer-
tain angle before STLC encoding to increase the minimum
distance between the constellation points of the superim-
posed symbols, which dominantly affects the symbol- or
bit-error. Specifically, each STA receives rotation angle
θn[◦] (n ∈ {1, 2, . . . ,N}, 0◦ ≤ θn < 45◦) from the AP
and then rotates the QPSK symbols to θn. Therefore, the
CR-STLC signals of the nth STA to be transmitted at the
time-slot t (∈ {1, 2}), sn,t, are encoded as follows:

sn,1 = √
Pn
h∗
n,1xn,1e

jθn + h∗
n,2

(
xn,2ejθn

)∗
√|hn,1|2 + |hn,2|2

, for t = 1,

sn,2 = √
Pn
h∗
n,2

(
xn,1ejθn

)∗ − h∗
n,1xn,2e

jθn

√|hn,1|2 + |hn,2|2
, for t = 2, (1)

where xn,t denotes the normalized QPSK symbol of the nth
STA at the time-slot t, such that E[|xn,t|2] = 1, ∀n, t, and
hn,m denotes the wireless channel coefficient between the
nth STA and the m (∈ {1, 2})th receive antenna of the
AP. All wireless channels are assumed to follow identi-
cally and independently distributed (i.i.d.) complex Gaussian
distribution with a zero mean and a unit variance, i.e.,
hn,m ∼ CN (0, 1), ∀n,m, and to be static for at least two
time-slots.1 Also, Pn is the fixed average transmit power of
the nth STA depending on the energy status of STAs and
the channel conditions, such that E[‖sn‖2] = 2Pn, where
sn = [sn,1 sn,2]T.
The STAs transmit CR-STLC signals to the AP simul-

taneously during two time-slots through the common radio
resource block. The received signals at two antennas of the

1. The 5G NR supports flexible transmission time interval (TTI) accord-
ing to the numerology with TDD operation. The downlink and uplink
transmissions can also be dynamically switched in each TTI. In general,
the time duration of the TTI is determined so that it is smaller than a channel
coherence time and the channel reciprocity property between downlink and
uplink are preserved [12], [13]. This is more reasonable for IoT networks
since most IoT applications request to send short packets and most IoT
devices are fixed over time [31].This implies that the wireless channels can
be assumed to be static within each TTI in practice. For our system model,
we can regard the two consecutive time-slots consisting of downlink and
uplink as a single TTI in 5G NR systems.
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FIGURE 2. Received signal constellation of superimposed QPSK symbols in the two-user uplink CR-STLC NOMA and error event, when P1γ1 = P2γ2.

AP are then written as:

ym,t =
N∑

n=1

√
d−α
n hn,msn,t + wm,t, ∀m, t, (2)

where ym,t denotes the received signal of the mth antenna at
the time-slot t, and wm,t ∼ CN (0,N0) denotes the additive
white Gaussian noise at the ym,t. Also, dn and α denote
the distance from the nth STA to the AP and the path-loss
exponent, respectively.
From (2), the AP performs STLC decoding [17] that is a

simple linear combining procedure as follows:

r1 = y1,1 + y∗2,2 =
N∑

n=1

√
Pnd

−α
n ‖hn‖xn,1ejθn + w1,1 + w∗

2,2,

r2 = y∗2,1 − y1,2 =
N∑

n=1

√
Pnd

−α
n ‖hn‖xn,2ejθn + w∗

2,1 − w1,2,

(3)

where rt represents the tth STLC decoding signal and hn
(= [hn,1 hn,2]T) denotes the channel coefficient vector from
the nth STA to the AP. We can observe that each rt has the
ordinary QPSK symbols of N STAs corresponding to the
time-slot t without phase distortion by wireless channels.
Note that the signals are still rotated to θn as predefined,
and the variance of the noise is doubled to 2N0.

The AP then detects the QPSK symbols of each STA,
xn,t for all n and t, through the JML detector considering
the rotation angles. Let γn be the effective channel gain of

the nth STA defined as γn � ‖gn‖2, where gn �
√
d−α
n hn,

i.e., gn ∼ CN (0, d−α
n · I2). It is assumed that the AP knows

the partial CSI, which is the effective channel gain of each
STA by using the blind energy estimation method based on
the clustering algorithm such as k-means and Gaussian mix-
ture model without the pilot signal [32]–[34]. For example,
a soft k-means clustering method (expectation-maximization
(EM) algorithm) can be exploited to blindly estimate the
channel gains of multiple STAs in uplink CR-STLC NOMA
systems, which infers the means of the Gaussian mixture
model for given the number of STAs and modulation orders.
Of course, there may exist estimation errors in practice, but
in this paper, we assume that the AP perfectly estimates
the effective channel gain of each STA. It is worth not-
ing that the results derived under this assumption is still
meaningful in that it can represent an upper bound on the
fundamental performance of the uplink CR-STLC NOMA
system. Then, the estimate of all signals are represented as
follows:

[
x̂1,t, . . . , x̂N,t

] = arg min
xn,t∈X

∣∣∣∣∣
rt −

N∑

n=1

√
Pn

√
γnxn,te

jθn

∣∣∣∣∣

2

,

where X is a set of normalized QPSK symbols, i.e., X �
{c1, c2, c3, c4} = {−1+j√

2
,

−1−j√
2

,
1+j√

2
,

1−j√
2
}.

III. PERFORMANCE ANALYSIS
In this section, we mathematically analyze the BER
performance and the spatial diversity order of each STA
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TABLE 1. Euclidean distances set 1 (μ = cos θ + sin θ and ν = cos θ − sin θ).

in the uplink CR-STLC NOMA system. Specifically, before
Section III-D, we first consider the two-user uplink NOMA
system, i.e., N = 2, which has been strikingly investi-
gated in many literature [8], [9], [15], [16], [23]–[27].
Then, the spatial diversity order analysis for the uplink CR-
STLC NOMA system is derived for more than two STAs
(N ≥ 3) in Section III-D.

A. BER OF THE FIRST STA
In the two-user uplink CR-STLC NOMA systems, since
the angle difference between θ1 and θ2, |θ1 − θ2|, is crit-
ical for BER, without loss of generality (w.l.o.g.), only
the QPSK symbols of the second STA for two time-
slots are assumed to be rotated by θ , i.e., θ1 = 0 and
θ2 = θ . Fig. 2 shows the superimposed QPSK symbols,
rt (t ∈ {1, 2}), which are the decoded signals from the
received CR-STLC signals at the AP. In addition, this fig-
ure shows the QPSK mapping rule of each point, and Ci =√
P1γ1c�i/4	 + √

P2γ2ejθc(((i−1)mod4)+1) (i ∈ {1, 2, . . . , 16}),
in which the first and last two bits are for STA 1 and 2,
respectively. We only consider, w.l.o.g., error cases where
the first bit of the first STA for time-slot 1 is zero to one
due to the symmetry.2 Therefore, the bit error event occurs
at the AP when the JML detector detects one of the ‘×’
marks not ‘•’ marks for the first STA as shown in Fig. 2(a).

By exploiting the union bound technique of the detection
error probability, the conditional BER of the first STA for
given channel gains, namely γ1 and γ2, is derived as follows:

Pr(E | γ1, γ2, θ, b1,1 = 0)

≤
8∑

p=1

16∑

q=9

Pr
(
Cp | b1,1 = 0

)
Pr
(
Cq | γ1, γ2, θ,Cp

)

(a)≤
8∑

p=1

16∑

q=9

1

8
Q

⎛

⎝

√
δ2
p,q

4N0

⎞

⎠, (4)

2. Since the signals for each time-slot of both STAs are independently
detected from each STLC decoding signal (3) through the JML detector
and the two signals form the same constellation, the BER for each time-
slot is the same. Considering the error event of the first STA, the error
performances of the two bits in a QPSK symbol are the same to each other
as well. By the symmetry of QPSK modulation, the conditional bit error
probabilities are the same when 0 and 1 are assumed to be sent.

where E denotes the bit-error event for given conditions,
bn,l (n ∈ {1, 2}, l ∈ {1, 2}) denotes the lth bit of the STA n,
δp,q denotes the Euclidean distance between the constella-
tion points Cp (p ∈ {1, 2, . . . , 8}), i.e., bit-correct point, and
Cq (q ∈ {9, 10, . . . , 16}), i.e., bit-error point. Since the prob-
abilities that each QPSK symbol is transmitted are equal, i.e.,
Pr(Cp | b1,1 = 0) = 1/8, (a) is satisfied. We then derive a
general detection error probability for all pairs of bit-correct
point and bit-error point.
Considering the transmit symbols of both STAs and the

rotation angle, the general Euclidean distance is derived as

δp,q =
√

αp,qP1γ1 + βp,qP2γ2 + ζp,q
√
P1P2

√
γ1γ2, (5)

where αp,q, βp,q, and ζp,q are given in Table 1 for all p and
q. Here, μ = cos θ + sin θ and ν = cos θ − sin θ . Note that
ζp,q is a function related on θ .
For the tractable analysis of the BER performance, we use

an upper bound of the Q-function in [35], the exponential
bound defined as

Q

⎛

⎝

√
δ2
p,q

4N0

⎞

⎠ ≤ 1

2

V∑

v=1

av exp

(

−bv
δ2
p,q

8N0

)

, (6)

where av = 2(λv − λv−1)/π ; bv = 1/ sin2 λv; λv = vπ/2V
for v = 1, 2, . . . ,V; and λ0 = 0. As V increases, the tighter
exponential bound (6) is achieved (V = 50 is sufficient for
the tight bound as shown in Section V).
From (4) to (6), the upper bound expression of the BER

performance of the first STA in the two-user uplink CR-
STLC NOMA system, denoted by Pb,1, can be derived as
follows:

Pb,1 ≤ 1

8

8∑

p=1

16∑

q=9

EZ1,Z2

[
1

2

V∑

v=1

av exp

(

−bv
δ2
p,q

8N0

)]

= 1

16

8∑

p=1

16∑

q=9

V∑

v=1

avEZ1,Z2

[

exp

(

−bv
δ2
p,q

8N0

)]

, (7)

where random variables are defined as Zn := γn, ∀n for
channel gains.
Let’s define σn � d−α

n for simplicity. Then, the proba-
bility density function (PDF) of Zn is given by fZn(zn) =
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TABLE 2. Euclidean distances set 2 (μ = cos θ + sin θ and ν = cos θ − sin θ).

(zn/σ 2
n ) exp(−zn/σn) from the definition of γn. The expec-

tation term in (7) can be derived as follows:

EZ1,Z2

[

exp

(

−bv
δ2
p,q

8N0

)]

=
∫ ∞

0

∫ ∞

0
exp

(

−bv
δ2
p,q

8N0

)

fZ1(z1)fZ2(z2)dz1dz2

=
∫ ∞

0

∫ ∞

0
exp

(
−bv αp,qP1z1 + βp,qP2z2 + ζp,q

√
P1P2

√
z1z2

8N0

)

× z1
σ 2

1

exp

(
− z1

σ1

)
z2
σ 2

2

exp

(
− z2

σ2

)
dz1dz2

= 1

σ 2
1 σ 2

2

[
1

A2
+ ρ1ρ2

27

b2
vζ

2
p,q

A3
+ 15ρ1ρ2

24

b2
vζ

2
p,q

B3

+ 3ρ2
1ρ2

2

210

b4
vζ

4
p,q

AB3
− 5ρ3

1ρ3
2

218

b6
vζ

6
p,q

A2B3
+ ρ4

1ρ4
2

225

b8
vζ

8
p,q

A3B3

−
(

9
√

ρ1ρ2

2

bvζp,q
B5/2

+ 15
√

ρ1ρ2
3

27

b3
vζ

3
p,q

B7/2

)


(
bv, ζp,q,B

)
]

,

(8)

where ρn = Pn/N0 denotes the system SNR of the nth STA,


(
bv, ζp,q,B

) =
⎧
⎨

⎩

tan−1
(

8√
ρ1ρ2bvζp,q

√
B
)
, if ζp,q ≥ 0,

π − tan−1
(

8√
ρ1ρ2bvζp,q

√
B
)
, if ζp,q < 0,

and

A = αp,qβp,q

64
ρ1ρ2b

2
v + σ1αp,qρ1 + σ2βp,qρ2

8σ1σ2
bv + 1

σ1σ2
,

B = 4αp,qβp,q − ζ 2
p,q

64
ρ1ρ2b

2
v + σ1αp,qρ1 + σ2βp,qρ2

2σ1σ2
+ 4

σ1σ2
.

By substituting (8) to (7), the closed-form of the BER upper
bound of the first STA is achieved.

B. BER OF THE SECOND STA
With the same approach as Section III-A, from (7), the BER
upper bound of the second STA in the two-user uplink CR-
STLC NOMA system, Pb,2, can be derived as follows:

Pb,2 ≤ 1

16

∑

p∈P

∑

q∈Q

V∑

v=1

avEZ1,Z2

[

exp

(

−bv
δ2
p,q

8N0

)]

, (9)

where P = {1, 2, 5, 6, 9, 10, 13, 14} and Q =
{3, 4, 7, 8, 11, 12, 15, 16} represent the sets of points where
the first bit of the second STA is zero and one, respectively
(refer to Cp and Cq in Fig. 2(b)). Also, δp,q is equal to (5)
where αp,q, βp,q, and ζp,q are given in Table 2 for all p (∈ P)

and q (∈ Q). The expectation term is the same as (8).

C. DIVERSITY ORDER
From the analytical BER expression in (7) and (9), by using
the Taylor series expansion under the high SNR regime, i.e.,
ρn → ∞, the BER upper bound can be approximated as

Pb,n ≈ 10

σ 2
n

V∑

v=1

av
b2
v

1

ρ2
n
. (10)

We can intuitively observe that the approximated expression
is independent of ζp,q. In other words, the BER performance
of the uplink CR-STLC NOMA system is not related to the
inter-rotation angle in the high SNR regime.
The diversity order of each STA, denoted by ηn, can be

derived as follows:

ηn � − lim
ρn→∞

logPb,n
log ρn

≈ − lim
ρn→∞

log
(

10
σ 2
n

∑V
v=1

av
b2
v
ρ−2
n

)

log ρn
= 2.

(11)

From (11), it is clear that the uplink CR-STLC NOMA
achieves the optimal spatial diversity order of two for both
STAs when there are two STAs, which is the same as the
OMA with two receive antennas in the AP.

D. DIVERSITY ORDER FOR MORE THAN TWO STAS
From now on, we consider an uplink CR-STLC NOMA
system with more than two STAs. Although we can straight-
forwardly obtain the mathematical BER expressions of the
uplink CR-STLC NOMA system for N STAs by defining
N sets of 42N−1 Euclidean distances as the aforemen-
tioned approach, the complexity of the error rate calculation
increases exponentially with the number of STAs [27]. From
this perspective, we analyze the generalized spatial diversity
order to present the BER behavior in the high SNR regime
instead of the BER performance itself for N STAs.
For convenience and w.l.o.g., we only consider the QPSK

symbols of STAs for the first time-slot, and define a set
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K = {n|xn,1 �= x̂n,1,∀n}. We also define K as the number
of elements in set K, i.e., K = |K|, and w.l.o.g. assume
that xn,1 �= x̂n,1 for 1 ≤ n ≤ K and xn,1 = x̂n,1 for
K < n ≤ N. Note that we have proved from (11) that
the uplink CR-STLC NOMA system achieves the optimal
diversity order of two when K = 2. Let xi = [x(i)1,1, . . . , x

(i)
N,1]

(i ∈ {1, 2, . . . , 4N}) be a vector consisting of the QPSK sym-
bols of N STAs for representing constellation points, where
x(i)n,1 = c((�(i−1)/4n−1� mod 4)+1). For example, if N = 4 and
i = 200, then x200 = [c4, c2, c1, c4]. We then define the
general constellation point of superimposed QPSK symbols
from N STAs in the uplink CR-STLC NOMA system as
C(xi) = ∑N

n=1
√
Pnγnx

(i)
n,1e

jθn . Also, we assume that all STAs
have the same transmit power, i.e., Pn = P, ∀n.

Given the channel gains, an upper bound on the con-
ditional pairwise error probability (PEP) for i �= j can be
derived as follows:

Pr(xi → xj|γ1, . . . , γN, θ1, . . . , θN)

= Pr
(�[W] > |C(xi) − C(xj)|/2

)

≤ Pr
(
W > |C(xi) − C(xj)|/2

)

= Pr

(

W >

∣∣∣∣∣

K∑

n=1

√
Pγñx

(i,j)
n ejθn

∣∣∣∣∣

/
2

)

(b)= exp

⎛

⎝−
∣∣∣∣∣

K∑

n=1

√
Pγñx

(i,j)
n ejθn

∣∣∣∣∣

2/
8N0

⎞

⎠, (12)

where x̃(i,j)n � x(i)n,1 − x(j)n,1 and a random variable is defined
as W := |w1,1 +w∗

2,2| for noise in (3). Since the PDF of W
is given by fW(w) = (w/N0) exp(−w2/2N0), (b) is satisfied.

From the following derivation, it does not depend on the
specific constellation points, so we denote x̃(i,j)n as x̃n for
the convenience of notation. Assuming that x̃1ejθ1 ⊥ x̃2ejθ2 ,
w.l.o.g., x̃1ejθ1 ∈ R and j̃x2ejθ2 ∈ R, and (12) can then be
stated as follows3:

exp

⎛

⎝−1

8

∣∣∣∣∣

K∑

n=1

√
ργñxne

jθn

∣∣∣∣∣

2⎞

⎠

= exp

(

−1

8

∣∣∣∣
√

ργ1̃x1 +
K∑

n=3

�
[√

ργñxne
jθn

]

3. We present Lemma 1 in APPENDIX A, which reveals that this
assumption is sufficient to prove the statement.

+j
(

√
ργ2̃x2 +

K∑

n=3

�
[√

ργñxne
jθn

])∣∣∣∣

2
)

= exp

(

−ρ
(√

γ1̃x1 + G1
)2

8

)

exp

(

−ρ
(√

γ2̃x2 + G2
)2

8

)

,

(13)

where ρ = P/N0 and

G1 =
K∑

n=3

�
[√

γñxne
jθn

]
, G2 =

K∑

n=3

�
[√

γñxne
jθn

]
.

Let (13) be a function denoted by D(xi, xj) for simplicity.
If G1 ≥ 0, then D(xi, xj) ≤ exp(−ρ(

√
γ1̃x1)

2/8)·exp(0), and
by using the Taylor series expansion under the high SNR
regime, we can derive

EZ1

[
exp(−ρ(

√
γ1̃x1)

2/8) · exp(0)
]

=
∫ ∞

0
exp

(
−ρ(

√
z1̃x1)

2/8
)
fZ1(z1)dz1 ≈ 64

σ 2
1 x̃

4
1

ρ−2.

Based on the same approach as (11), this proves that the
spatial diversity order is two. The same result is also given
when G2 ≥ 0, so we can state that the diversity order of the
PEP, Pr(xi → xj), is greater than or equal to two (exactly
two due to the degrees of freedom) when G1 ≥ 0 or G2 ≥ 0.

Now, we assume G1 > 0, G2 > 0 and define D′(xi, xj) :=
exp(−ρ(

√
γ1̃x1 −G1)

2/8) ·exp(−ρ(
√

γ2̃x2 −G2)
2/8) to con-

sider the opposite case. From (14) at the bottom of this page,
w.l.o.g., we can derive

EZ1

[
exp

(
−ρ(

√
z1̃x1 − G1)

2/8
)]

≤
√

32π(G2
1σ1̃x2

1)
3/2

(σ1̃x2
1 + 8/ρ)7/2

ρ−1/2 + O(ρ−1),

for a sufficiently high SNR. The PEP then can be derived
as (15) at the bottom of the next page. Here, the remaining
integrals with respect to zn for n ≥ 3 do not affect the
exponent of ρ−1. Therefore, (15) can be approximated as
Fρ−1 +O(ρ−3/2) in the high SNR regime for some constant
F. This means that the diversity order of the PEP, Pr(xi →
xj), is greater than or equal to one for all N (≥ 3) STAs.
Let C(x∗

i ) be the closest constellation point to C(xi) among
C(xj) (j ∈ {1, 2, . . . , 4N}\i) and δ∗

i be the Euclidean dis-
tance between the constellation points C(xi) and C(x∗

i ), i.e.,

EZ1

[
exp

(
−ρ

(√
z1̃x1 − G1

)2
/8

)]
=

∫ ∞

0
exp

(
−ρ(

√
z1̃x1 − G1)

2/8
)
fZ1(z1)dz1

=
√

8πG2
1σ1̃x2

1

(
G2

1σ1̃x2
1ρ

3 + 12σ1̃x2
1ρ

2 + 96ρ
)

(
σ1̃x2

1ρ + 8
)3
√

σ1̃x2
1ρ + 8

⎡

⎣erf

⎛

⎝
√

1

8

√
G2

1σ1̃x2ρ2

σ1̃x2ρ + 8

⎞

⎠ + 1

⎤

⎦ exp

(

− G2
1ρ

σ1̃x2
1ρ + 8

)

+ 8
(
G2

1σ1̃x2
1ρ

2 + 8σ1̃x2
1ρ + 64

)

(
σ1̃x2

1ρ + 8
)3

exp

(

−G2
1ρ

8

)

(14)
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δ∗
i = minj∈{1,...,4N }\i |C(xi)−C(xj)|. Using a simple inequal-
ity, Pr(W > δ) ≤ 4 Pr(�[W] > δ/

√
2), a lower bound of the

conditional PEP can be derived as follows:

Pr
(
xi → x∗

i |γ1, . . . , γN, θ1, . . . , θN
)

= Pr
(�[W] > δ∗

i /2
) ≥ 1

4
Pr
(
W > δ∗

i /
√

2
)
. (16)

Since the diversity order of the last inequality term is one
according to the same derivation as above ((12) to (15)), we
can state that the diversity order of Pr(xi → x∗

i ) is less than
or equal to one.
Using the Sandwich theorem, we can obtain

1

4N

4N∑

i=1

Pr
(
xi → x∗

i

) ≤ Pb,n ≤ 1

4N

4N∑

i=1

4N∑

j=1
j �=i

Pr
(
xi → xj

)
.

Here, the diversity order of the first inequality term is less
than or equal to one, and the last inequality term is greater
than or equal to one, i.e.,

1 ≥ − lim
ρ→∞

log 1
4N

∑4N
i=1 Pr

(
xi → x∗

i

)

log ρ

≥ ηn ≥ − lim
ρ→∞

log 1
4N

∑4N
i=1

∑4N
j=1
j �=i

Pr
(
xi → xj

)

log ρ
≥ 1.

Hence, 1 ≥ ηn ≥ 1, we can conclude that the uplink CR-
STLC NOMA system for more than two STAs achieves the
spatial diversity order of one.

IV. OPTIMIZING ROTATION ANGLE OF CR-STLC NOMA
Although it has been observed that the BER performance of
the two-user uplink CR-STLC NOMA system is not closely
related to the inter-rotation angle (|θ1 − θ2|) in the high
SNR regime, performance optimization is required to achieve
better BER in the practical SNR ranges. In this section, we
introduce two methods to design the inter-rotation angle:
dynamic rotation and fixed rotation.

A. DYNAMIC CONSTELLATION ROTATION METHOD
The rotation angle (w.l.o.g., θ1 = 0 and θ2 = θ ) can be
instantaneously assigned according to the effective chan-
nel gain ratio of the two STAs to maximize δmin(θ) which

is the minimum Euclidean distance between the superim-
posed QPSK constellation points with respect to θ [23].
Considering, w.l.o.g., only the case that P1γ1 ≥ P2γ2, two
minimum distances D1(θ) and D2(θ) along θ are obtained

by D1(θ) =
√

2P1γ1 + 2P2γ2 − 4
√
P1P2

√
γ1γ2 cos θ and

D2(θ) =
√

2P1γ1 + 4P2γ2 − 4
√
P1P2

√
γ1γ2μ from (5),

respectively.4 From these, δmin(θ) can be defined as
δmin(θ) = min(D1(θ),D2(θ)), so θ∗ can be obtained by
solving the following:

θ∗ = arg max
θ

min(D1(θ),D2(θ)), for 0◦ < θ < 45◦. (17)

Here, since D1(θ) is a monotonic increasing function
and D2(θ) is a monotonic decreasing function in the
θ ∈ (0, 45), (17) can be solved from θ which satisfies
D1(θ

∗) = D2(θ
∗). In other words, the optimal rotation angle

in terms of the minimum Euclidean distance is derived from
the intersection point of D1(θ) and D2(θ). We can solve it,
which gives:

θ∗ = arcsin

(
1

2

√
P2γ2

P1γ1

)

. (18)

Finally, by also considering the case P1γ1 < P2γ2, it can
be generalized as follows:

θ∗ = arcsin

(
1

2

√
min(P1γ1,P2γ2)

max(P1γ1,P2γ2)

)

. (19)

B. FIXED CONSTELLATION ROTATION METHOD
Although the dynamic rotation method achieves optimal
BER performance irrespective to the SNR value, it causes
significant signaling overhead because each STA needs to
continuously receive θ∗ from the AP.

It is more practical to assign a fixed rotation angle that
takes into account the expected effective channel gain ratio of
the two STAs. Specifically, using the analytical BER expres-
sions in (7) and (9), we can obtain θ∗

avg that minimizes
the average BER. Let Pb,avg be the average BER of the
two STAs in the two-user uplink CR-STLC NOMA system,

4. The opposite case, i.e., P1γ1 < P2γ2, can be derived similarly by

defining D2(θ) =
√

4P1γ1 + 2P2γ2 − 4
√
P1P2

√
γ1γ2μ.

Pr
(
xi → xj

) ≤ EZn

[
D′(xi, xj

)]

=
∫

· · ·
∫

R
N+
D′(xi, xj)fZ1 · · · fZN (zn)dz1 · · · dzN

≤
∫

· · ·
∫

R
N−2+

[√
32π

(
G2

1σ1̃x2
1

)3/2

(
σ1̃x2

1 + 8/ρ
)7/2

ρ− 1
2 + O

(
ρ−1

)][√
32π

(
G2

2σ2̃x2
2

)3/2

(
σ2̃x2

2 + 8/ρ
)7/2

ρ− 1
2 + O

(
ρ−1

)]

fZ3(z3) · · · fZN (zN)dz3 · · · dzN

=
∫

· · ·
∫

R
N−2+

32π
(
G2

1σ1̃x2
1

)3/2(
G2

2σ2̃x2
2

)3/2

(
σ1̃x2

1 + 8/ρ
)7/2(

σ2̃x2
2 + 8/ρ

)7/2
ρ−1 + O

(
ρ−3/2

)
fZ3(z3) · · · fZN (zN)dz3 · · · dzN (15)
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FIGURE 3. Average BER performance of two STAs for various constellation rotation
angles in the two-user uplink CR-STLC NOMA system when E[P1γ1] = E[P2γ2].

i.e., Pb,avg � (Pb,1 + Pb,2)/2. By exploiting critical point
theorem, θ∗

avg can then be derived as follows:

θ∗
avg =

{
θ

∣∣∣∣
dPb,avg

dθ
= 0

}
, for 0◦ < θ < 45◦. (20)

V. SIMULATION RESULTS
The BER performance of the uplink CR-STLC NOMA
system and its mathematical analysis results in Section III
are verified through Monte-Carlo simulations. First, the
two-user uplink IoT network is considered to verify the
BER performance analysis results of the CR-STLC NOMA
performed in Section III, and then the simulation results con-
sidering more than two STAs or other modulation schemes
are presented. From now on, we assume Pn = P, ∀n. That
is, all STAs transmit their CR-STLC signals, (1), with the
same average power.
Fig. 3 shows the BER performance of each STA versus the

transmission SNR, ρ = P/N0, in the two-user uplink CR-
STLC NOMA system when E[γ1] = E[γ2] (σ1 = σ2 = 1)
and V = 50. Since E[P1γ1] = E[P2γ2], it can also be rep-
resented as the average BER performance for both STAs.
For the fixed constellation rotation method, we choose
θ ∈ {10, 24, 30, 40} regardless of SNR values as examples.
Recall in Section IV that we have introduced two constel-
lation rotation angle design methods (dynamic or fixed) to
achieve better BER performance in the mid and low SNR
regimes. According to the SNR through numerical results
based on (20), we obtain θ∗

avg as shown in Fig. 4, which is
around 24◦. We can observe from this figure that the two-
user uplink CR-STLC NOMA system has various optimal
rotation angles according to the transmit SNR and channel
variance of each STA. Interestingly as shown in Fig. 3, a
near-optimal BER performance becomes achieved over all
SNR values if we set that θ = 24◦ for the fixed constellation
rotation method.

FIGURE 4. Optimal rotation angle of the fixed constellation rotation method for two
STAs according to the SNR.

On the other hand, we can show in Fig. 3 that the average
BER performance of the uplink CR-STLC NOMA (θ �=
0) is significantly improved over the STLC NOMA (θ =
0) as well as the optimal diversity is achieved (11). Of
course, the dynamic rotation method shows the best BER
performance in the entire SNR regime. However, it can also
be observed that the fixed rotation method is comparable to
the dynamic rotation method with the significantly reduced
signaling overhead because it does not require instantaneous
rotation angle feedback. It is also observed that the BER
upper bound analysis results are well matched to the Monte-
Carlo simulations,5 and that the average BER performance
of the uplink CR-STLC NOMA in the high SNR regime
is independent of the inter-rotation angle as discussed in
Section III.
Fig. 5 compares the performance of the uplink CR-STLC

NOMA with both the conventional two-user uplink NOMA
technique and the OMA-based two-user STLC. To the best
of our knowledge, there is no uplink NOMA system consid-
ering CSIT except for our previous studies [15], [16]. CSIR
was assumed in conventional NOMA systems in the litera-
ture. From Fig. 5, we observe that the constellation rotation
method slightly improves the BER performance in the uplink
NOMA system with CSIR. In contrast, the constellation rota-
tion method significantly improves the BER in the uplink
CR-STLC NOMA system. Although the uplink CR-STLC
NOMA results in worse BER performance than [23], the
signaling overhead due to CSI sharing and rotation angle
acquisition is significantly lower than [23] because only
transmitters (STAs) need to know full CSI and each STA
adopts a fixed rotation angle.
Furthermore, the BER performance of the two-user uplink

CR-STLC NOMA approaches that of the OMA-based STLC
system as the SNR increases.6 It is meaningful that even

5. Due to the basic property of union bound, the analytical expressions
are not tight in the low SNR regime. Specifically, the union bound of
the BER is derived by summing the exclusive PEPs even though there
exist many intersection regions in the probability space for the low SNR
regime [26].

6. we analytically proved in APPENDIX B that the BER performances of
the two systems are exactly the same in the high SNR region.

VOLUME 3, 2022 713



Lee et al.: PERFORMANCE ANALYSIS OF UPLINK NOMA WITH CR-STLC

FIGURE 5. Average BER performance of two STAs in the two-user uplink CR-STLC
NOMA, STLC NOMA, STLC OMA, and CSIR NOMA systems.

FIGURE 6. Average BER performance of N STAs with QPSK modulation in the
uplink CR-STLC NOMA system.

if two STAs simultaneously send their signals using the
same radio resources, a quite similar performance with the
OMA scheme is achieved as if there would be no inter-STA
interference. Also, it should be emphasized that the proposed
CR-STLC NOMA doubles the uplink throughput compared
to the conventional OAM-based STLC while satisfying the
error performance requirement.
Figs. 6 and 7 show the BER performance of the uplink

CR-STLC NOMA system considering multiple STAs and M-
ary modulations, respectively. Specifically, Fig. 6 shows the
BER performance of the uplink CR-STLC NOMA system
with N STAs when there exist more than two STAs with
QPSK modulation and σn = 1, ∀n. The rotation angles are
set to θ = [0, 15, 30] for N = 3, θ = [0, 12, 24, 36] for

FIGURE 7. Average BER performance of two STAs in the two-user uplink CR-STLC
NOMA system for different modulation schemes.

N = 4, and θ = [0, 9, 18, 27, 36] for N = 5, respectively,
where θ = [θ1, θ2, . . . , θN]. As discussed in Section III, the
uplink CR-STLC NOMA system with two STAs achieves
an optimal spatial diversity gain of 2, but the diversity order
when there exist more than two STAs becomes 1. Somewhat
interestingly, this is a very meaningful result in the sense that
all STAs obtain the improved spatial diversity gain compared
to that without constellation rotations.
Fig. 7 shows the BER performance of the uplink CR-

STLC NOMA system with two STAs for various M-ary
modulations. For the rotation angle, we set θ = 12◦ for
8-PSK and θ = 24◦ for 16-QAM modulations. It is worth
noting that constellation rotation significantly improves the
BER performance of the two-user uplink CR-STLC NOMA
system as in the case of QPSK modulation. Based on the
BER tendency in the high SNR regime shown in Fig. 7, we
expect that the CR-STLC technique achieves the optimal
spatial diversity gain regardless of the modulation schemes
in the two-user uplink NOMA networks.
On the other hand, in practical IoT networks, there may

exist estimation errors not only in the CSI at each STA
but also in the effective channel gain at the AP. These
estimation errors result from the time-varying nature of
wireless channels or imperfection of channel estimation tech-
niques in general. Such a channel uncertainty is modeled as
h̃n,m � hn,m+εn,m, where h̃n,m and hn,m denote the exact (or
current) CSI and the estimated (or outdated) CSI, respec-
tively, and εn,m represents the estimation error [17]. The
resultant estimation error is assumed to follow i.i.d. com-
plex Gaussian distribution with a zero mean and variance
of σ 2

ε , where variance σ 2
ε represents a mean-squared error

(MSE) of estimation, i.e., E[|hn,m − h̃n,m|] = σ 2
ε . Fig. 8

shows the average BER performance of two STAs in the
two-user uplink CR-STLC NOMA system for varying the
effect of channel estimation error when σ1 = σ2 = 1 and
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FIGURE 8. Average BER performance of two STAs in the two-user uplink CR-STLC
NOMA system for channel estimation error.

θ = 24◦. As expected, the BER performance become grad-
ually deteriorated as the CSI uncertainty σ 2

ε increases, but
it seems to be tolerant until σ 2

ε = 10−3.

VI. CONCLUSION
We have investigated the uplink non-orthogonal multiple
access (NOMA) system with a constellation-rotated space-
time line code (CR-STLC). In particular, we have mathemat-
ically analyzed the BER upper bound of each IoT device
(station: STA) in the two-user uplink CR-STLC NOMA
system and found that the optimal spatial diversity gain
could be achieved regardless of the inter-constellation rota-
tion angle of the two STAs. However, to achieve better
BER performance in the mid and low SNR regime, we
have applied the inter-rotation angle optimization methods
named dynamic rotation and fixed rotation. We found that the
fixed rotation method with an optimal rotation angle achieves
almost the same performance as the dynamic rotation method
and obtained that value as θ∗

avg ≈ 24◦. Simulation results
have verified our mathematical analyses. Finally, we show
that the uplink CR-STLC NOMA system still achieves the
spatial diversity order of 1 even if more than two IoT
devices send packets to an access point (AP) simultaneously.

Although it is not the optimal diversity order, the proposed
system is still meaningful in the sense that all STAs obtain
an improved spatial diversity gain compared to that with-
out constellation rotation. As a further study on the uplink
CR-STLC NOMA system, we will analyze the generalized
BER performance for more than two STAs and arbitrary
modulation schemes.

APPENDIX A
Lemma 1: It is sufficient to prove the spatial diversity

order of the multi-user uplink CR-STLC NOMA system
with assumption x̃1ejθ1 ⊥ x̃2ejθ2 .
Proof: Let φ (∈ (0, π)) be the angle difference between

x̃1ejθ1 and x̃2ejθ2 . Then, w.l.o.g., we can denote that x̃1ejθ1 ∈
R and e−jφ x̃2ejθ2 ∈ R. Using x̃nejθn = an + bnejφ and

|an + bne
jφ |2 = a2

n + b2
n + 2anbn cos φ

≥ min(1, 1 + cos φ)
(
a2
n + b2

n

)
,

where an = �[̃xnejθn ]−�[̃xnejθn ] cot φ and bn = �[̃xnejθn ]
sin φ

, (12)
can be stated as (21) at the bottom of the page. Since
coefficients do not affect the spatial diversity order, we can
state that the assumption is sufficient.

APPENDIX B
When all STAs use orthogonal radio resource blocks in an
uplink IoT network, each STA can send signals without
interference from other STAs. Hence, this can be equivalently
regarded as a single-user STLC system for each resource
block, and from [17, eq. (16)] the BER performance of the
STA n, P(OMA)

b,n , can be approximated for the high SNR
regime as follows:

P(OMA)
b,n ≤ EZn

[
Q

(√
ρnγn

2

)
+ Q

(√
ρnγn

)]

≤ 1

2
EZn

[
V∑

v=1

av
{

exp
(
−bv ρnγn

4

)
+ exp

(
−bv ρnγn

2

)}]

=
V∑

v=1

av

(
8

(bvρnσn)2
+ 2

(bvρnσn)2

)
≈ 10

σ 2
n

V∑

v=1

av
bv

1

ρ2
n
.

(22)

Although it can be tractably derived without an upper-bound
of the Q-function, the exponential bound is exploited for a

exp
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√
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8

)

(21)
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fair comparison with (10). By comparing (22) with (10), we
observe that the CR-STLC NOMA achieves the same BER
performance as the OMA-based STLC in the high SNR
regime in the two-user uplink IoT network.
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