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ABSTRACT This paper investigates a multi-user massive multiple-input multiple-output (MU-mMIMO)
hybrid precoding (HP) scheme using low-resolution phase shifters (PSs) and digital-to-analog converters
(DACs). The proposed HP approach involves two stages: RF beamforming based on the slowly time-
varying channel second-order correlation matrix, and baseband MU precoding based on the instantaneous
effective baseband channel to mitigate MU-interference by a regularized zero-forcing (RZF) technique.
We consider three HP design architectures: (i) HP using full-resolution PSs and DACs, with a baseband
transfer block for constant-modulus RF beamformer, (ii) HP using b-bit PSs and full-resolution DACs,
with an orthogonal matching pursuit (OMP) based algorithm that can approach the optimal unconstrained
RF beamformer, and (iii) HP using b-bit PSs and q-bit DACs, taking into account also DAC quantization
noise. Illustrative results show that the proposed HP schemes with low-resolution PSs can approach
the sum-rate of full-resolution PSs by using only 2-bit PSs, while offering higher energy efficiency.
Furthermore, a study of sum-rate results for various PS and DAC quantization levels reveals that HP can
achieve near-optimal performance with only 2-bit PSs and 5-bit DACs. Moreover, a comparison of the
different array configurations, namely, uniform linear array (ULA), uniform circular array (UCA), uniform
rectangular array (URA), and concentric circular array (CCA), indicates that URA and CCA outperform
UCA and ULA in terms of spectral and energy efficiencies.

INDEX TERMS Massive multiple-input multiple-output (mMIMO), hybrid precoding, energy efficiency,
low-resolution digital-to-analog converters (DACs), low-resolution phase shifters (PSs), uniform linear
array (ULA), uniform circular array (UCA), uniform rectangular array (URA), concentric circular array
(CCA).

I. INTRODUCTION

MULTIPLE-INPUT multiple-output (MIMO) refers to
utilizing multiple antennas at base station (BS)

for improving data rates through spatial multiplexing in
single-user MIMO (SU-MIMO) and multi-user MIMO
(MU-MIMO) operation modes [1]. Since user equipment
cannot have a large number of antennas due to its lim-
ited size, MU-MIMO provides much better advantages than
SU-MIMO; however, MU-MIMO is not a scalable technol-
ogy. To meet the growing demand for increased throughput

with limited resources such as bandwidth, massive MIMO
(mMIMO) is one of the core technologies for next gen-
eration wireless communication systems [2]–[4]. Massive
MIMO (also known as large-scale antenna systems, very
large MIMO, hyper MIMO) uses a large number of antennas
at BS, which significantly improves the spectral efficiency,
simplifies the signal processing, and enhance the energy
efficiency by directing the beams selectively to the users.
One of the key features of mMIMO is the reduction of
interference at the BS, commonly known as precoding, which
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plays an important role in the reliable downlink transmission
as it involves the encoding of the signal at the transmitter
side. A comparison of various linear precoding techniques is
presented in [5], which relates to the design of single-stage
fully-digital precoder (FDP) where the number of costly and
energy-intensive radio frequency (RF) chains is equal to the
number of BS antennas. Hence, the use of single-stage FDP
in mMIMO creates two challenging problems: (i) increased
expense and energy consumption due to the use of large
number of RF chains, and (ii) the use of significant amount
of spectral resources and increased channel state information
(CSI) overhead. Hybrid precoding (HP) has been explored
as a way forward to solve these problems [6].
HP is a two-stage precoder consisting of an analog RF

beamforming stage and a digital baseband precoding stage,
and with much-reduced system complexity/hardware cost, it
can achieve the performance close to FDP which requires
full instantaneous CSI. In HP, large-dimensional process-
ing is carried out by phase shifters (PSs) at the transceiver
RF front-end, followed by low-dimensional processing at
the baseband level. A few RF chains and digital-to-analog
converters/analog-to-digital converters (DACs/ADCs) con-
nect the RF and the baseband stages. Compared to FDP,
the number of RF chains in HP varies from the number of
transmission streams (or equivalently the number of single-
antenna users to be served) and the number of antennas
at the BS. Furthermore, at the RF-stage, two commonly
used methods of processing input paramters are: (i) using
fast time-varying CSI [7]–[13], and (ii) using slowly time-
varying instantaneous CSI [14]–[22]. Most of the HP designs
have assumed the use of full-resolution PSs and DACs to
achieve a satisfactory performance close to FDP structures.
However, because of the increased complexity and costs,
implementing ∞-bit PSs and DACs/ADCs is impractical.
The recent studies show that there has been an increased
interest in the use of small, power-efficient, and inexpensive
devices for hardware efficient transceivers capable of beam-
forming. Therefore, the use of low-resolution PSs [23]–[31]
and DACs/ADCs [32]–[37] allows a more viable HP to be
designed.

A. PRIOR WORKS
1) HYBRID PRECODING TECHNIQUES

In [7], a low complexity HP technique is proposed, which
gives the sum-rate close to FDP by reducing the number
of RF chains but requires full instantaneous CSI. Both the
number of RF chains and PSs are reduced in [8], where
the HP is designed for multi-carrier mMIMO which offers
the same sum-rate as FDP. Refertence [9] presents the
idea of hybrid precoder and combiner (HPC), in which
matrix decomposition is used to transform an unconstrained
high-dimensional digital precoder into a hybrid structure
that includes RF and baseband precoders. Similarly, [10]
implements an HPC architecture for sub-connected/partially-
connected array structures (where each RF chain is connected

to only a subset of the antenna elements). To have an energy-
efficient HPC, the NP-hard problem is solved by using
the two-layer optimization approach (interference alignment
and fractional programming). Additionally, [11] describes
the design of low-complexity hybrid block diagonalization
HPC for SU-mMIMO, which achieves a sum-rate that is
comparable to the conventional block diagonalization (BD).
Similarly, [12] proposes a low-complexity mmWave MU-
MIMO HPC design in which the RF-stage is designed
using virtual path selection and the baseband stage is con-
structed using zero-forcing (ZF). In [13], HP is designed
for full-connected and partially-connected structures based
on manifold optimization, which gives high performance but
requires perfect CSI.
Different HP solutions presented in [7]–[13] provide a

comparable sum-rate to FDP but requires the use of large
CSI overhead. Among the HP designs based on the slowly
time-varying CSI, joint spatial division and multiplexing
(JSDM) approach in [14] is used to construct the HP, which
requires reduced-dimensional channel state information at
the transmitter (CSIT). This work is further extended for
large number of users in [15], where the authors split the
users into multiple groups based on their identical chan-
nel covariance eigenvectors, and then design the two-stage
HP by leveraging the near-orthogonality of the different
user groups’ eigen-spaces. The RF beamformer is designed
using an average signal-to-leakage-plus-noise-rate (SLNR)
criterion based on dominant eigenvalues in [16], where
the baseband precoder is designed using zero-forcing (ZF)
to reduce the inter-group interference. The HP is config-
ured for fully-connected (FC) and partially-connected (PC)
hybrid structures in the wideband channel in [17], showing
a sum-rate performance close to FDP. The RF beamforming
and baseband stages are constructed using minimum-mean-
squared error (MMSE) and weighted MMSE (WMMSE)
approaches in [18], which enhance the sum rate by sup-
pressing inter-group and intra-group interferences. At the
RF stage, a phase mode transformation technique is used to
design the HP in [19], which transforms the uniform circu-
lar array (UCA) into a reduced virtual uniform linear array
(ULA). A non-linear HP scheme is subsequently introduced
in [20], which takes into account multi-cell mMIMO systems
and improves error performance compared to linear HP tech-
niques by using the MMSE approach. Then, in [21], a hybrid
linear/Tomlinson-Harashima precoder (HL-THP) architec-
ture is implemented, in which users are divided into groups
and, by using CSI, the inner (outer) precoder mitigates
inter-group (intra-group) interference. In [22], a mmWave
MU-MIMO HP is designed using gradient-projection method
and requiring partial CSI. Particularly, the designed HP takes
into account the performance loss due to beam-misalignment
and thus, achieves performance close to FDP.

2) HP WITH LOW-RESOLUTION PSS

The HP studies [7]–[22] provide a comparable sum-rate
to FDP but they involve the use of costly full-resolution
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hardware components. In [23], the HP design using finite-
resolution PSs is presented, which gives high spectral
efficiency for SU-mMIMO. In [24], the authors present
the HP architecture with low-resolution PSs for downlink
multi-user multiple-input single-output (MU-MISO). A PSs
selection technique is suggested in [25] to increase the
spectral efficiency and decrease power consumption, but it
requires perfect CSI and rich scattering channels. The HPC
design is described in [26], which first uses low-resolution
PSs to iteratively design the RF beamformer and combiner,
and then designs the baseband precoder and combiner on the
basis of the reduced-dimensional effective channel. In [27],
an analog RF beamformer based on low-resolution PSs is
constructed by exploiting the antenna diversity, and achieves
a high sum-rate for MU-MISO. Similarly, the RF beam-
former using low-resolution PSs is built in [28] with the
constraints of discrete phase and constant amplitude for MU-
MISO. Later, the authors broaden the research work in [29],
where they use low-resolution PSs for MU-MISO to design
the dynamic sub-connected HP (each RF chain is dynami-
cally connected to a set of antennas via a switch network),
and optimize the sum-rate by using fractional programming
(FP). Reference [30] compares the sum-rate performance
of SU-mMIMO with few-bits PSs using an HP architec-
ture based on Hadamard RF codebook. Then, a dynamic
sub-connected HP design for MIMO orthogonal frequency
division multiplexing (MIMO-OFDM) is presented in [31].
By utlizing the switch network to connect each RF chain to
a set of antenna and avoid overlapping, block coordination
descent (BCD) approach is used to maximize the spectral
efficiency while using low-resolution PSs.

3) HP WITH LOW-RESOLUTION DACS/ADCS

The HP techniques in [23]–[31] use low-resolution PSs only
and utilizes full-resolution DACs/ADCs. A finite-alphabet
MU-mMIMO precoder is introduced in [32] based on alter-
nating direction method of multipliers (ADMM), and shows
significant advantages of the reduced-complexity HP struc-
ture. A quantized linear precoder is designed in [33], and
shows that the sum-rate performance of infinite-resolution
DACs can be approached by using finite-resolution DACs.
In [34], the authors use additive quantization noise (AQN)
model for the analysis of low-resolution DACs and compare
the energy efficiency of fully-connected and partially-
connected HP with quantized FDP. A HP architecture
based on channel inversion and singular value decompo-
sition (SVD), and using only few-bit ADCs is presented
in [35], providing a comparable sum-rate to that obtained
using full-precision ADCs. In [36], a comparison of the
spectral and energy efficiencies of HP with FDP under the
hardware constraint of few-bit ADCs is presented, which
shows peak performance with ADCs resolution of 5-bits.
To reduce the CSI overhead, an angular-based HPC struc-
ture using low-resolution DACs/ADCs is introduced in [37],
where the RF-stage is designed using slowly time-varying
CSI and the baseband-stage is formulated based on MMSE

criterion. The HP design in [32]–[37] consider the use of low-
resolution DACs/ADCs only while utilizing high-resolution
PSs at the RF stage.

4) ANTENNA ARRAY STRUCTURES

In mMIMO, the number of the antenna elements as
well as their arrangement at the transmitter side is crit-
ical in the generation of narrower beams with reduced
sidelobes, as it can offer small interference to the unin-
tended users. The above-mentioned research studies mostly
use uniform linear array (ULA) at the BS for the HP
design [7]–[11], [14]–[18], [20], [21], [23]–[28], [32]–[36].
However, it is not applicable to deploy a large single-
dimensional (1D) ULA at the BS because of: (i) spatial
inefficiency, and (ii) restriction to illuminate both azimuth
and elevation angles at the same time. The antenna elements
can be arranged on a two-dimensional (2D) grid to overcome
the aforementioned issues. Different HP designs using uni-
form rectangular array (URA) [29]–[31], [37]–[41], uniform
circular array (UCA) [14], [19] and concentric circular array
(CCA) [42] are presented, which shows high spatial, spectral
and energy efficiencies. In [43], a comparison of different
2D array structures in mMIMO is presented by using low-
resolution DACs only, which shows both URA and CCA
can provide high sum-rate.

B. CONTRIBUTIONS AND ORGANIZATION
In this paper, we present the analysis of different 2D
array structures (ULA, URA, UCA, and CCA) in mMIMO,
where we compare the spatial, spectral and energy effi-
ciencies by designing the HP using low-resolution PSs and
quantized DACs. The proposed HP scheme includes two
cascaded stages: (i) the RF beamforming stage is designed
via the eigen-decomposition of mMIMO channel second-
order correlation matrix, and (ii) the baseband MU precoding
stage is constructed via the regularized zero-forcing (RZF)
technique [44], [45] to mitigate the MU interference in
the reduced-dimension effective MU-channel. The main
contributions are summarized below:

• Energy-Efficient HP Design Using Low-Resolution
PSs: Most of the existing HP designs (e.g.,
in [7]–[11], [14]–[21], [32]–[37]) assume the use of
full-resolution PSs for the implementation of RF-stage.
However, the components required for phase shift with
high accuracy can be expensive [46]. Therefore, it is
reasonable to use cost-effective PSs in HP. One possi-
ble way to design the HP with low-resolution PSs is to
design the RF beamformer assuming infinite-resolution
PSs and then, quantize each PSs value by a finite set [7].
This approach, however, is not suitable for systems
with low-resolution phase constraint and requires full
CSI. Furthermore, the HP designs which are presented
in [23]–[25], [27]–[30] are considered for SU-mMIMO
and MU-MISO systems. In this paper, we design the HP
using low-resolution PSs for MU-mMIMO by taking

1844 VOLUME 2, 2021



into account the few-bit phase constraint and formu-
late the optimization problem which is solved using
orthogonal matching pursuit (OMP) [47], [48]. The
algorithmic precoding solution takes the input as the
optimal unconstrained (full-resolution) RF beamformer
and approximates the constrained (quantized) RF beam-
former by exploiting the dominant eigenvectors at the
RF. We present the illustrative results of the proposed
HP scheme and show that it is possible to approach
the performance limit of the unconstrained RF-stage
with as low as 2-bit PSs (i.e., sum-rate degradation ≈
2-3 bits/s/Hz).

• Comparison of 2-D Antenna Array Structures: In this
work, we compare the spatial, spectral and energy effi-
ciencies of different 2D antenna array structures using
low-resolution PSs and DACs. The array structure used
in [7]–[11], [14]–[18], [20], [21], [23]–[37] is either
ULA or URA. However, in this work we compare four
different 2D array structures using low-resolution PSs
and DACs. The simulation results show that the sum-
rate of both CCA and URA can approach the sum-rate
of their FDP counterparts with much-reduced number
of RF chains.

• HP Design Using Low-Resolution PSs and DACs: As
mentioned above, the HP is designed using either only
low-resolution PSs [23]–[31] or only low-resolution
DACs/ADCs [32]–[37]. To the best of our knowl-
edge, the design of a MU-mMIMO HP using both
low-resolution DACs and low-resolution PSs has not
been considered yet. Moreover, we also compare the
performance of such a reduced-complexity HP for dif-
ferent 2D array structures, i.e., ULA, URA, UCA, and
CCA. The simulation results give useful results about
the combination of various low-resolution DACs and
PSs for near optimal performance. The proposed HP
using 2-bit PSs and 5-bit DACs can achieve almost the
same spectral efficiency while offering higher energy
efficiency than the HP using full-resolution PSs and
DACs. Therefore, the designed HP saves power con-
sumption and cost while having negligible impact on
the performance.

• Design of the Quantized Variable Gain RF Beamformer:
In this work, we design the HP in which the RF beam-
forming stage is constructed using eigen beamforming
based on user’s angular location. Eigen beamform-
ing can give sum-rate performance of HP close to
FDP [14]–[17], however, the RF beamformer results in
having non-constant modulus entities. The quantization
of such variable gain RF beamformer is challenging.
Also, to the best of our knowledge, the quantization
of analog precoder designed using eigen beamform-
ing has not been considered yet. Therefore, we solve
this problem to modify our system model to have a
constant modulus RF beamformer and introduces a
transfer block at the baseband stage by formulating
an optimization problem. The resulting RF beamformer

requires double-PS structure and follows the constant
modulus constraint, i.e., the gain of each entity of RF
beamformer can vary between 0 and 2. The result-
ing HP with constant-modulus gives the same sum-rate
performance as the variable gain RF beamformer.
The main contributions of this work as compared to
the related work in the literature are summarized in
Table 1.

The rest of this paper is organized as follows. In Section II,
we introduce the system model of the MU-mMIMO HP
architecture. In Section III, the HP is designed using low-
resolution PSs. In Section IV, we present the HP design
using low-resolution PSs and quantized DACs for 2D array
structures. Section V gives the illustrative results. Finally,
Section VI concludes the paper.
Notation: The following notations are used throughout

this paper. Boldface lower-case and upper-case letters denote
column vectors and matrices, respectively. ()T , ()H and
()† represent the transpose, complex-transpose and Moore-
Penrose inverse operations, respectively. ‖.‖2 and ‖.‖2

F
represent the 2-norm and the Frobenius norm of a vector or
matrix, respectively. Ik, E [.], Q(.) and tr(.) denote k×k iden-
tity matrix, the expectation operator, quantizer function and
the trace operator, respectively. We use xk ∼ CN(0, σ ) when
xk is a complex Gaussian random variable with zero-mean
and variance σ .

II. SYSTEM AND CHANNEL MODEL
In this section, we introduce the system and channel models
of the proposed hybrid MU-mMIMO systems.

A. SYSTEM MODEL
We consider a MU-mMIMO system with three different HP
structures shown in Figure 1. At first, the HP architecture
is depicted in Figure 1(a), which considers full-resolution
hardware components, i.e., ∞-bit DACs and PSs. Then,
the HP using b-bit PSs and ∞-bit DACs is shown in
Figure 1(b), which offers an energy efficient structure due to
less power consumption of finite-bit PSs. Finally, the least
power consuming HP model is presented in Figure 1(c),
which uses b-bit PSs and q-bit DACs. The BS employs
N antenna elements at the transmitter, which are fed by
NRF RF chains to serve K single-antenna users, where
K ≤ NRF � N. As shown in Figure 1(a), the hybrid
precoder B = BABD is divided as the RF beamformer BA
∈ C

N×NRF and the baseband precoder BD ∈ C
NRF×K . The

design of HP helps in reducing the number of RF chains
from N to NRF . Then, the received signal at the kth user is
expressed as:

yk = hHk Bs + nk. (1)

The system model shown in Figure 1(c) employs low resolu-
tion q-bit DACs between the RF and the baseband precoders
to reduce the system complexity/cost. To model the pre-
coded signal at the transmitter, we consider the non-uniform
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TABLE 1. A brief comparison of the related literature.

FIGURE 1. MU-mMIMO HP architectures: (a) HP with ∞-bits DACs and PSs (b) HP with b-bit PSs and ∞-bit DACs (c) HP with q-bit DACs and b-bit PSs.

quantizer, and adopt the additive quantization noise (AQN)
model as in [49], [50]. Then, the received signal at the kth
user is given as:

yk = hHk BAQ{TBDs} + nk,

= hHk BA{γTBDs + nq} + nk,

= γhHk BATBDs
︸ ︷︷ ︸

Desired Signal

+ hHk BAnq
︸ ︷︷ ︸

Quantization Noise

+ nk
︸︷︷︸

Noise

, (2)

where s ∈ C
K is the transmitted data signal satisfying the

power constraint, i.e., E{‖s‖2
2} ≤ P, where P is the transmit

power at the BS, nk denotes the additive circular symmetric
Gaussian noise such that nk ∼ CN(0, 1), γ is the distor-
tion factor of q-bit DAC, nq ∼ CN(0,Rnq) is the additive
Gaussian quantization noise which is uncorrelated with s,
and T ∈ C

NRF×NRF is the transfer block which is introduced
at the baseband stage to have a constant-modulus RF beam-
former B̂A ∈ C

N×NRF such that B̂AT = BA. The covariance
matrix of nq can be written as [37], [51]:

Rnq = E

[

nqnHq
]

= γ (1 − γ )diag
(

TBDBHDT
H
)

. (3)
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For q = 1, 2, . . . , 5, the exact values of γ are 0.6366,
0.8825, 0.96546, 0.990503, and 0.997501, respectively,
whereas for q > 5, the distortion factor γ can be
approximated as γ ≈ 1 − π

√
3

2 2−2q [50].

B. CORRELATION CHANNEL MODEL
Assuming no line-of-sight propagation, the channel of user
k is given as:

hk = R
1
2
k h

i.i.d
k , (4)

where h i.i.d
k ∈ C

N ∼ CN(0, IN). We consider correlated
channel coefficients hk such as hk ∼ (0,Rk), i.e., the channel
vector of kth user depends on the covariance matrix Rk ∈
C
N×N . We let Rk = Uk�kUH

k , where Uk ∈ C
N×r is the tall

unitary matrix of eigenvectors corresponding to the non-zero
eigenvalues and �k ∈ C

r×r is the diagonal matrix containing
r eigenvalues of Rk. Using Karhunen-Loeve decomposition,
we can write the channel vector hk for user k as:

hk = Uk�
1
2
k wk, (5)

where wk ∈ C
r ∼ CN(0, Ir) is the complex coefficient vec-

tor. In overall, the channel matrix including all users can be
expressed as:

H = [h1,h2, . . .,hK]. (6)

The correlation matrix Rk = E [hkhHk ] is obtained by using
the one-ring model [14], [52], [53], where a user is located at
some distance rd, and the mean elevation (azimuth) angle is
defined as θ (φ). For the array structures shown in Figure 2,
we assume a uniform distribution of power received from the
antennas, and compute the correlation between the channel
coefficients of the antennas 1 ≤ m, n ≤ N, which is given
as:

Rm,n = 1

2δaδe

∫ δa

−δa

∫ δe

−δe

e−j
2π
λ
kT (β+θ,μ+φ)(vm−vn) dμ dβ, (7)

where λ is the wavelength, δa is the angle spread around
mean azimuth angle, δe is the angle spread around mean
elevation angle, k(β, μ) = [ sin(μ) cos(β), sin(μ) sin(β)]T

is the wave vector for a planar wave, and vm, vn ∈ R
2 is the

coordinate position of the array element, i.e., vn = [xn, yn]T .
For 1D array structure (i.e., ULA), it is assumed that array
elements are placed along y-axis only, which means xn=0.
The correlation matrix R depends on the antenna array con-
figuration used at the BS as shown in (7). Therefore, the
corresponding rank of R = U�UH plays an important role
in the spectral and energy efficiencies of the array structure.

III. HYBRID PRECODER DESIGN USING
LOW-RESOLUTION PSS
In the eigen beamforming, the hybrid precoder B ∈ C

N×K is
constructed by concatenating the RF-precoding stage BA ∈
C
N×NRF and reduced-dimensional MU baseband precoding

stage BD ∈ C
NRF×K . The HP design based on eigen beam-

forming results in non-constant modulus entities at the RF

FIGURE 2. 2D Array structures: (a) ULA (b) URA (c) UCA (d) CCA.

stage. As discussed earlier, the quantization of this variable
gain RF-stage is challenging. To solve this issue, we formu-
late an optimization problem and introduce a transfer block
T ∈ C

NRF×NRF such that B̂AT = BA, where BA ∈ C
N×NRF is

the variable gain RF beamformer, T ∈ C
NRF×NRF is the trans-

fer block placed at the baseband stage and B̂A ∈ C
N×NRF

is the RF beamformer with constant-modulus entities. The
design of the RF-stage together with the transfer block and
the baseband stage is explained in the following sections.

A. VARIABLE-GAIN RF BEAMFORMER
We assume K users are clustered into G groups based on their
angle-of-departure (AoD) information, where each group
contains Kg number of users such that K = ∑G

g=1 Kg. For
simplicity, we also assume that the users in the same group
have identical covariance matrix Rg, where g = 1, 2, . . . ,G.
The index gk = ∑g−1

g′=1 Kg′ + k is used to denote the kth
user in group g. Then, the channel vector for the user k in
group g is hgk ∼ CN(0,Rg), where Rg = Ug�gUH

g is the
covariance matrix of the group g. Based on the AoD of the
users, the correlation matrix can be written as:

Rg =
[

U+
g ,U−

g

][

�+
g ,�−

g

][

U+
g ,U−

g

]H
, (8)

where U+
g ∈ C

N×r+g is the matrix of eigenvectors corre-
sponding to the dominant eigenvalues for the user group g.
Similarly, �+

g ∈ C
r+g ×r+g is the diagonal matrix of the dom-

inant eigenvalues. As a result, the data streams per group
is bounded by Sg ∈ [0, min{Kg, r+g }]. Furthermore, the
multiplexing gain limits the maximum number of indepen-
dent data streams per group that can be transmitted, which
is min{Kg, r+g }. Thus, the total data streams can be written

VOLUME 2, 2021 1847



MAHMOOD et al.: ENERGY-EFFICIENT MU-MASSIVE-MIMO HYBRID PRECODER DESIGN

as S =∑G
g=1 Sg. The selection of NRFg is a design parame-

ter and the performance of HP heavily depends on its value
such that: (i) NRFg ≥ Sg to ensure that the minimum num-
ber of RF chains used per group in HP is not less than
the transmitted signals per group, and (ii) the total number
of RF chains is determined by the number of groups for K
users (i.e., NRF =∑G

g=1 NRFg ). The RF beamforming matrix
BA depends on the second-order statistics as it relies on the
eigenvalues and eigenvectors extracted from the covariance
matrix Rg. If BAg = U+

g is the RF beamforming matrix of
group g, then the complete RF beamforming matrix can be
written as:

BA = [BA1 ,BA2 , . . .,BAG
]

. (9)

B. DESIGN OF TRANSFER BLOCK AND
CONSTANT-GAIN RF BEAMFORMER
From (9), we can see that BA has non-constant modulus
entities, which results in a variable-gain RF-stage. To the
best of our knowledge, the design of constant-gain analog
precoder in mMIMO, which is based on eigen beamforming
has not been considered yet. For this challenging issue, we
formulate an optimization problem and introduce a transfer
block T ∈ C

NRF×NRF as shown in Figure 1(b) such that
BA = B̂AT, where BA ∈ C

N×NRF is the variable-gain RF
beamformer as given in (9), T ∈ C

NRF×NRF is the transfer
block placed at the baseband stage and B̂A ∈ C

N×NRF is the
RF beamformer with constant-gain. The transfer block T and
the RF beamformer with constant-modulus B̂A is designed
as:

arg min
T,B̂A

∥

∥

∥BA − B̂AT
∥

∥

∥

2

2
,

s.t. B̂A ∈ BAo , (10)

where BAo represents the set of matrices of size N × NRF
satisfying the unit-modulus property for the constrained
RF-beamformer B̂A, which is constructed using double-PS
structure as shown in Figure 1(b). The optimization problem
is formulated to design the RF beamformer B̂A satisfying
the modulus constraint and targeting the same performance
as BA, where BA is the RF beamformer whose entities
does not satisfy the modulus constraint. Since (10) is non-
convex because of the unit-modulus constraint, and as proven
in [39, Lemma 1], we can dissolve B̂A into B̂A1 ∈ C

N×NRF
and B̂A2 ∈ C

N×NRF based on double-PS structure, and can
rewrite the equivalent optimization problem as:

arg min
T,B̂A1 ,B̂A2

∥

∥

∥BA −
(

B̂A1 + B̂A2

)

T
∥

∥

∥

2

2
,

s.t. B̂A1 , B̂A2 ∈ BAo ,

B̂A = B̂A1 + B̂A2 (11)

Then, the optimal solution for the transfer block T and
constant-modulus RF beamformer B̂A is given as:

B̂A1(a, b) = e
j
(

∠BA(a,b)+cos−1
(

BA(a,b)
2τ

))

, (12a)

B̂A2(a, b) = e
j
(

∠BA(a,b)−cos−1
(

BA(a,b)
2τ

))

, (12b)

T =
(

B̂A1 + B̂A2

)†
BA, (12c)

where τ = 1
2 maxa,b |BA(a, b)| is the half of the highest

modulus element at BA. Each RF chain is connected to the
corresponding antenna element through two PSs, which are
summed up together to formulate the RF beamforming gain.
This summation allows the gain of each RF beamformer
entity to vary between 0 and 2, i.e., by relaxing the unit-
modulus constraint, the new constraint of the analog stage is
|B̂A(a, b)| ≤ 2 ∀ a, b. By implementing the double-PS struc-
ture, we can have PS-only RF beamformer without having
any impact on the performance of eigen beamforming. In
other words, without T and double-PS structure at RF stage,
we would require variable-gain controllers together with PSs,
which makes the implementation of HP using low-resolution
PSs challenging.

C. RF BEAMFORMER QUANTIZATION
By the introduction of the transfer block in the HP archi-
tecture, each entity of the RF beamformer B̂A, which is
expressed in (12), can be converted to a modulus constraint
within 0 and 2 (Figure 1(c)). Thus, the analog precoder B̂A
can have only PSs for the RF processing. Since the phase
of each entry of B̂A tends to be highly quantized as well
as the use of full-resolution PSs is impractical because of
the high cost and power consumption, therefore, we need
to investigate the performance of our proposed HP by using
low-resolution PSs to be used in a more realistic scenario.
For this purpose, we quantize the phase of each entry of B̂A,
i.e., phases of the (2 × NRFN) entries of B̂A are quantized
up to b bits of precision. Each (i, j)th entry is quantized to
its nearest neighbor based on the closest Euclidean distance.
Thus, we can write as:

l̂ = arg min
l∈Lo

∣

∣

∣

∣
ϑ − 2π l

L

∣

∣

∣

∣
, (13)

where ϑ is the unquantized phase of each entity of RF
beamformer obtained from (12), L = 2b and Lo is the set of
all possible quantized phase values, i.e., Lo = {0, . . . , 2b−1}.
Then the quantized phase of each entry of B̂A can be written
as:

ϑ̂ = 2π l̂

L
.

D. RF BEAMFORMER DESIGN FOR LOW-RESOLUTION
PSS
As discussed earlier, the straightforward approach for HP
using low-resolution PSs is to design the RF-stage based
on full-resolution PSs first, and then quantizing the value of
each PSs to a finite set. However, this approach yields a large
sum-rate degradation and thus, it is not effective for very low-
resolution PSs. To reduce the sum-rate degradation resulting
from the constraint of low-resolution PSs, we design the RF
beamformer by minimizing the Euclidean distance between
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the HP using full-resolution PSs and the HP using low-
resolution PSs. The optimization problem can be formulated
as:

arg min

T(q),B̂
(q)
A

∥

∥

∥

∥
B̂AT − B̂

(q)
A T

(q)
∥

∥

∥

∥

F
,

s.t. B̂
(q)
A ∈ B̂

(q)
A ,

∥

∥

∥

∥
B̂

(q)
A T

(q)
∥

∥

∥

∥

2

F
= NRF, (14)

where B̂
(q)
A represents the set of matrices of size N × NRF

under the following constraints: (i) the gain of each entity
of the matrix can vary between 0 and 2, and (ii) the phase
of each matrix entity is quantized to enable the use of
low-resolution PSs at the RF-stage, B̂AT is the optimal

unconstrained precoding matrix, B̂(q)
A and T(q)

are the
RF beamformer and the transfer block designed for low-
resolution PSs, respectively. The design problem can be
defined as finding the projections of the optimal uncon-

strained precoder B̂AT onto the set of B̂(q)
A and T. Each

entry of B̂(q)
A follows modulus constraint and can have a dis-

tinct phase value as depicted by the constraint B̂(q)
A ∈ B̂

(q)
A .

Furthermore, ‖B̂(q)
A T(q)‖2

F = NRF represents the normal-
ized transmit power constraint of the RF beamformer. Due
to the complex non-convex nature of the feasible set B̂

(q)
A ,

the problem of finding the projections is difficult. However,
we can notice that there exits a connection between B̂A and
B̂(q)
A by exploiting the structure of the channel H. This can

be further explained by the following remarks.

1) Structure of unconstrained RF beamformer: The design
of unconstrained RF beamformer B̂A is based on
Karhunen-Loeve decomposition of the covariance
matrix R. Thus, the eigenvectors (column vectors)
for the corresponding dominant eigenvalues form an
orthonormal basis.

2) Relation between B̂A and B̂
(q)
A : We notice that there

exits an association between B̂A and B̂
(q)
A as both are

based on the dominant eigenvalues extracted from the
covariance matrix. In fact, B̂

(q)
A is the set of quantized

matrices of U+, where U+ = [U+
1 ,U+

2 , . . . ,U+
G].

3) Transfer block: The problem of finding projection of
B̂A onto B̂(q)

A alone is challenging. By using the transfer
block T, we can find the projection of B̂AT onto the
set of B̂(q)

A and T.
4) Design of B̂(q)

A : It must be seen that the feasible quan-
tized RF beamformers in B̂

(q)
A are of size N × NRF .

Thus, each column of the constrained RF beamformer
B̂(q)
A can be designed by applying NRF vectors, where

each vector follows the constant-modulus and have
distinct phase values only. Furthermore, by using the
transfer block T, we can form the arbitrary linear com-
binations of NRF vectors and design the constrained

Algorithm 1: Constrained RF Beamformer Design via
Orthogonal Matching Pursuit
Given: Optimal unconstrained RF beamformer
B̂A = [B̂A1 , B̂A2 , . . . , B̂AG ]

1 for g = 1:G do

2 B̂(q)
Ag

= [ ]

3 Bresg = B̂AgTg
4 for j ≤ NRFg do
5 ϒg = (Û+

g )∗Bresg
6 Find the index l which maximizes (ϒgϒ

∗
g )

7 B̂(q)
Ag

=
[

B̂(q)
Ag

|Û+(l)
g

]

8 Compute T(q)
g by using least squares

T(q)
g = (B̂(q)∗

Ag
B̂(q)
Ag

)−1B̂(q)
Ag

B̂Ag

9 Bresg = B̂AgTg−B̂
(q)
Ag

T
(q)
g

∥

∥

∥

∥
B̂AgTg−B̂

(q)
Ag

T(q)g

∥

∥

∥

∥

F

10 end

11 T̃(q)
g = NRFg

∥

∥

∥

∥
B̂(q)
Ag

T(q)g

∥

∥

∥

∥

F

T(q)
g

12 end

13 T̃(q) = [T̃(q)
1 , T̃(q)

2 , . . . , T̃(q)
G ]

14 B̂(q)
A = [B̂(q)

A1
, B̂(q)

A2
, . . . , B̂(q)

AG
]

15 return T̃(q)
, B̂(q)

A

RF beamformer by reducing the Euclidean distance,

i.e., ‖B̂AT − B̂(q)
A T(q)‖F .

Based on remark 2, the optimal constrained RF beam-
former can be found by replacing B̂

(q)
A with Û

+, where
Û

+ represents the set of matrices of quantized eigenvec-
tors corresponding to the dominant eigenvalues, i.e., Û+.
Subsequently, we can rewrite the optimization problem as
follows:

arg min

T(q),B̂(q)
A

∥

∥

∥

∥
B̂AT − B̂(q)

A T
(q)
∥

∥

∥

∥

F
,

s.t. B̂
(q)
A ∈ Û

+,
∥

∥

∥

∥
B̂

(q)
A T

(q)
∥

∥

∥

∥

2

F
= NRF. (15)

We can append the constraint B̂(q)
A into the optimization

objective and formulate the equivalent problem as [48]:

arg min

T(q)

∥

∥

∥

∥
B̂AT − Û+T(q)

∥

∥

∥

∥

F
,

s.t.

∥

∥

∥

∥
diag

(

T
(q)

T
(q)∗)∥∥

∥

∥

0
= NRF, (16)
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where the constraint ‖diag(T(q)T(q)∗
)‖0 = NRF states that

the matrix T(q)
acts as an auxilliary variable and can only

have a maximum of NRF non-zero rows. As a result, only
NRF columns of Û+ are selected and thus, the transfer block

T(q)
can be designed by NRF non-zero rows. The constrained

RF beamformer is formulated by projecting the NRF columns
of Û+ onto B̂A. By employing the orthogonal matching pur-
suit (OMP) technique proposed in [47], [48], we present
an algorithmic solution to design the constrained RF beam-
former for low-resolution PSs. The pseudo-code is given in
Algorithm, which can be summarized as: (i) the algorithm

starts by initializing the constrained precoder B̂(q)
Ag

as an
empty matrix, (ii) finds the vector along which the uncon-
strained precoder has the maximum projection, (ii) append

the selected column vector to the empty matrix B̂(q)
Ag

, (iv)

using least squares, find the transfer block T(q)
g , (v) remove

the contribution of the selected vector, and (vi) finding the
column along which the residual precoding matrix Bresg has
the largest projection. The algorithm continues until we find
NRFg precoding vectors. As a result, we get an N×NRFg RF
precoding matrix and NRFg × NRFg transfer matrix. Finally,
from Lemma 1, step 11 ensures that the transmit power
constraint is satisfied. The process is repeated for all G user
groups. Combining the RF and transfer matrix of all groups,
we get a large N×NRF RF preoding matrix and NRF ×NRF
transfer matrix which minimizes ‖B̂AT − B̂(q)

A T(q)‖2
F .

Lemma 1: If the Euclidean distance before normalization
is ‖B̂AgTg − B̂(q)

Ag
T(q)
g ‖F ≤ ζ , then the Euclidean distance

after normalization is ‖B̂A,gTg − B̂(q)
A,g T̃

(q)
g ‖F ≤ 2ζ .

Proof: See the Appendix.

E. BASEBAND MU PRECODER DESIGN
After the design of RF beamformer B̂(q)

A for b-bit PSs, the base-
band MU precoder BD can be determined by using the joint
group processing (JGP) [14]. The overall reduced dimensional

effective channel matrix is expressed as H = T̃(q)B̂(q)H
A H.

Using (6) and (9), HH can be written as:

HH =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

HH
1 B̂

(q)
A1

T̃(q)
1 HH

1 B̂
(q)
A2

T̃(q)
2 . . . HH

1 B̂
(q)
AG

T̃(q)
G

HH
2 B̂

(q)
A1

T̃(q)
1 HH

2 B̂
(q)
A2

T̃(q)
2 . . . HH

2 B̂
(q)
AG

T̃(q)
G

...
...

. . .
...

HH
GB̂

(q)
A1

T̃(q)
1 HH

GB̂
(q)
A2

T̃(q)
2 . . . HH

GB̂
(q)
AG

T̃(q)
G

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

(17)

where the diagonal matrices HH
g B̂

(q)
Ag

T̃g ∈ C
Kg×NRFg are the

effective channel matrix for group g and the off-diagonal

matrices HH
g B̂

(q)
Aĝ

T̃ĝ ∈ C
Kg×NRFĝ represent the effective

interference channel matrix between groups g and ĝ, ∀ĝ �= g.
By applying the well-known RZF technique [44], [45], BD
can be defined as:

BD = ηXHH, (18)

where HH is the reduced-dimension effective channel as
given in (17), X = [HHH+αNRFINRF ]−1, INRF ∈ C

NRF×NRF ,
α is the regularization parameter and η is the normalization
factor used to satisfy the power constraint, which can be
written as:

η =
√

√

√

√

S

tr{HHXHT̃(q)HB̂(q)H
A B̂(q)

A T̃(q)XH}
. (19)

Therefore, the signal-to-interference-plus-noise ratio (SINR)
at the user k in group g can be computed as follows:

SINRgk =
P
S

∣

∣

∣

∣
hHgk B̂

(q)
A T̃(q)XT̃(q)HB̂(q)H

A hgk

∣

∣

∣

∣

2

1 + P
S

∑

i �=gk

∣

∣

∣

∣
hHgk B̂

(q)
A T̃(q)XT̃(q)HB̂(q)H

A hi

∣

∣

∣

∣

2
,

(20)

where P
S

∑

i �=gk |hHgk B̂
(q)
A T̃(q)XT̃(q)HB̂(q)H

A hi|2 accounts
for MU interference. Hence, the corresponding sum-rate
performance can be computed as:

Rsum =
G
∑

g=1

Kg
∑

gk=1

E
[

log2
(

1 + SINRgk
)]

. (21)

IV. HYBRID PRECODER DESIGN USING
LOW-RESOLUTION PSS AND DACS
In this section, we design the HP using low-resolution hard-
ware components (i.e., q-bit DACs and b-bit PSs). The
HP structure is shown in Figure 1(c). Based on the AoD
information of users, we design the RF beamformer and the
baseband MU precoder along with a transfer block such that
quantization error is minimized.1

A. RF BEAMFORMER AND TRANSFER BLOCK DESIGN
Following the same user distribution as discussed in
Section III-A, K users are clustered into G groups. Based
on the AoD of the users, the correlation matrix of group
g is given in (8), which consists of the dominant eigenvec-
tors U+

g ∈ C
N×r+g corresponding to the dominant eigenvalues

�+
g ∈ C

r+g ×r+g . Moreover, min{Kg, r+g } limits the maximum
number of the independent data streams that can be transmit-
ted. By using Karhunen-Loeve decomposition, we can write
the user channel vector hgk and the overall channel matrix
H as given in (5) and (6), respectively. If BAg = U+

g is
the RF beamforming matrix of group g having non-constant
modulus, then the complete RF beamforming matrix can be
written as given in (9). As discussed in Section III-B, the
variable-gain RF beamforming matrix BAg can be converted
to a constant-gain beamforming matrix B̂Ag by using a trans-
fer block Tg at the baseband. Using this approach, we can
rewrite (9) as:

BA =
[

B̂A1T1, B̂A2T2, . . ., B̂AGTG
]

. (22)

1. Part of the work done in this Section IV has been presented in a
conference paper [43].
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B̂Ag and Tg can be found using (12), respectively. However,
since the RF beamformer employs b-bit PSs for the phase
quantization, we can rewrite (22) as:

B
(q)
A =

[

B̂
(q)
A1

T
(q)
1 , B̂

(q)
A2

T
(q)
2 , . . ., B̂

(q)
AG T

(q)
G

]

. (23)

By using the solution given in Algorithm, we can find B̂(q)
Ag

and T(q)
g for HP using b-bit PSs at the RF-stage. The overall

RF beamforming matrix and the transfer matrix for low-
resolution PSs can be given as:

B̂
(q)
A =

[

B̂
(q)
A1

, B̂
(q)
A2

, . . ., B̂
(q)
AG

]

. (24)

T
(q) =

[

T
(q)
1 ,T

(q)
2 , . . .,T

(q)
G

]

. (25)

B. BASEBAND MU PRECODER DESIGN WITH
FINITE-RESOLUTION DACS
In this section, the design of the baseband MU precoder B̂(q)

D
using q-bit DACs is presented. After designing RF beam-

former B̂(q)
A and the transfer block T(q)

for b-bit PSs as
given in (24) and (25), respectively, the quantized baseband

precoder B̂(q)
A can be designed using RZF as given in (18).

The use of q-bit DACs introduces the quantization noise.
Therefore, the signal to quantization, interference and noise
ratio (SQINR) at the user k in group g can be computed as
given in (26), as shown at the bottom of the page, where
P
S

∑

i �=gk |hHgk B̂
(q)
A T̃(q)XT̃(q)HB̂(q)H

A hi|2 accounts for the
interference experienced by users in group g from the users

in group ĝ �= g and P
S |hHgk B̂

(q)
A T̃(q)Rnq(T̃

(q)HB̂(q)H
A hgk)

H|2
is the quantization noise when using q-bit DACs. Hence, the
corresponding sum-rate performance of HP with b-bit PSs
and q-bit DACs can be computed as:

Rsum =
G
∑

g=1

Kg
∑

gk=1

E
[

log2
(

1 + SQINRgk
)]

. (27)

V. ILLUSTRATIVE RESULTS
In this section, the Monte-Carlo simulation results are
presented based on the hybrid precoding for various array
structures. For the presented results, we equip the BS with
100 isotropic antennas, which are arranged in 1×100 ULA,
which requires 50λ space in one direction with half wave-
length (i.e., λ

2 ) spacing between antenna elements. On the
other hand, 10 × 10 URA configuration requires just 5λ

space in horizontal and vertical directions, which is equiva-
lent to a space of 25λ2. For UCA, we assume the antennas
are equally distributed on a circle of radius λ� where λ is
the wavelength and � = 1

2
√

(1−cos( 2π
N ))2+sin( 2π

N )2
. Thus, UCA

with 100 antennas has a radius of about 7.96λ (i.e., diame-
ter of 15.92 λ) and requires an array size of approximately
199λ2. In CCA, the antennas are distributed on multiple cir-
cular rings, where the radius of each nth ring is λRn, while
Rn = nL [54]. Following this arrangement, the corresponding
number of antennas on nth ring is Nn = 2πRn

d , where d is the
antenna spacing which is selected as λ

2 for all array structures
and L is the inter-ring spacing which is selected as 0.55λ.
Thus, 100 antennas can be arranged in just 5 rings in CCA
and the maximum ring radius in CCA is about 2.75λ, which
is more than 8 times smaller in size than UCA having the
same number of antennas. In other words, this is equivalent
to a space of approximately 24λ2. In terms of the spatial effi-
ciency, considering the carrier frequency as 6 GHz, then the
array sizes of ULA, URA, UCA, and CCA are respectively
2.5 m, 0.0625 m2, 0.49 m2, and 0.0592 m2. Thus, CCA is the
highest spatially efficient structure, whereas ULA offers the
least spatial efficiency. For all the illustrative results pro-
vided hereafter, we compare the performance of different
array structures, when N = 100. We consider three differ-
ent user groups (G = 3), which are located around the BS
at mean elevation angle θ = 73◦, mean azimuth locations
(φ1, φ2, φ3) = (30◦, 90◦, 150◦) with δa = 15◦ and δe = 12.5◦.
The signal-to-noise-ratio (SNR) is defined as P

σ 2K
and the

regularization parameter α = σ 2

P [45]. Based on the AoD
information of the user groups, the HP is designed by con-
catenating RF beamformer and the MU baseband precoder.
The rank of the covariance matrix R

(

please see (7)
)

can
vary for different array structures, which can impact the
performance of the proposed HP schemes. A detailed dis-
cussion about the rank of ULA, URA, UCA, and CCA for a
varying number of antennas is provided in [42]. Since the RF
beamformer can be designed for constant and variable-gain
entities, therefore, we first compare the performance of the
HP for the two cases: (i) HP with variable-gain RF beam-
former, and (ii) HP with transfer block and constant-gain RF
beamformer. To compare the performance of these two HP
schemes, we assume full-resolution hardware components
(i.e., DACs and PSs).
In Figure 3(a), the sum-rate of proposed HP scheme with

variable-gain RF beamformer is compared to FDP as well
as different HP techniques (i.e., phase extraction alterna-
tive minimization (PE-AltMin) method in [13] and iterative

SQINRgk =
P
S

∣

∣

∣

∣
hHgk B̂

(q)
A T̃(q)XT̃(q)HB̂(q)H

A hgk

∣

∣

∣

∣

2

1 + P
S

∑

i �=gk

∣

∣

∣

∣
hHgk B̂

(q)
A T̃(q)XT̃(q)HB̂(q)H

A hi

∣

∣

∣

∣

2

+ P
S

∣

∣

∣

∣

∣

hHgk B̂
(q)
A T̃(q)Rnq

(

T̃(q)HB̂(q)H
A hgk

)H
∣

∣

∣

∣

∣

2
(26)
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FIGURE 3. Sum-rate comparison of ULA, UCA, URA and CCA using full-resolution
PSs and DACs: (a) variable-gain RF beamformer (b) constant-modulus RF beamformer
(with transfer block).

phase matching (IPM) HP technique in [26]) for different
array structures, whereas in Figure 3(b), the sum-rate of
HP with transfer block and constant-gain RF beamformer is
presented. It can be seen that both HP schemes (i.e., two-
stage HP as in Fig. 3(a) and three-stage HP as in Fig. 3(b))
yield similar performance for ULA, URA, UCA, and CCA.
Furthermore, FDP achieves higher sum-rate at the expense
of large number of RF chains, i.e., NRF = N = 100, whereas
for both proposed HP schemes, we can approach the sum-
rate of FDP with relatively small number of RF chains, i.e.,
NRF = 9. Also, both CCA and URA can give high sum-rate
when compared to ULA and UCA as well as the HP solu-
tions presented in [13] and [26]. In the following analysis,
we provide an extensive comparison of spectral and energy
efficiencies of the array structures for the case of: (i) HP
with b-bit PSs and ∞-bit DACs, and (ii) HP with b-bit PSs
and q-bit DACs.

FIGURE 4. Sum-rate comparison with 1-bit PSs: (a) ULA (b) UCA (c) URA (d) CCA.

A. HP WITH B-BIT PSS AND ∞-BIT DACS
In this section, we analyze the performance of ULA, URA,
UCA, and CCA by evaluating the proposed HP schemes
when using few-bit PSs only. Figure 4 depicts the sum-rate
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FIGURE 5. Sum-rate comparison with 2-bit PSs: (a) ULA (b) UCA (c) URA (d) CCA.

of different array structures for the following cases: (i) FDP,
(ii) HP using ∞-bit PSs, (iii) HP using 1-bit PSs

(

phase
quantization of (ii)

)

, (iv) HP using 1-bit PSs (OMP), (v)
HP using PE-AltMin [13], and (vi) HP using IPM [26]. By

using the same simulation parameters as mentioned earlier,
it can be seen that the proposed OMP based HP design for
1-bit PSs can provide higher sum-rates than the HP designed
with simple phase quantization as well as different HP solu-
tions (i.e., [13], [26]) for URA and CCA array structures.
Also, the sum-rate degradation is reduced to around (3-4)
[bps/Hz] at low SNR, whereas at high SNR, the degrada-
tion is ≈ (8 − 10) [bps/Hz] due to high quantization error.
However, by using only 2-bit PSs, we can approach the
sum-rate of ∞-bit PSs as shown in Figure 5. In this case,
the sum-rate degradation is reduced to ≈ (2 − 3) [bps/Hz]
at all SNR values. From Figures 4 and 5, we can also see
that URA and CCA can give higher sum-rate than ULA and
UCA for both 1-bit and 2-bit PSs.
Figure 6 plot the sum-rate vs. b, where b is the number

of the bits of the PSs, and compares the spectral efficiency
of ULA, URA, UCA, and CCA. The results are presented at
SNR of 0, 10 and 20 dB. Figure 6 indicates that the proposed
HP scheme with 2-bit PSs can approach the performance
of HP with ∞-bit PSs. For a given SNR, the sum-rate
performance gap between the FDP and HP with ∞-bit PSs
in the case of URA and CCA is much smaller than in the
case of ULA and UCA. Furthermore, for all array structures,
the sum-rate gap increases with increasing SNR. Similarly,
for the same SNR values, we investigate the sum-rate vs.
NRFg of FDP, HP’s with ∞-bit and 1-bit PS in different
array structures as plotted in Figure 7. The results show that
both URA and CCA can give high sum-rate with a slight
increase in NRFg . The sum-rate increases by approximately
20 % for ULA and UCA, and almost 10 % for URA and
CCA by increasing NRFg from 3 to 4. Also, in Figure 8,
we plot the sum-rate vs. NRFg of FDP, HP’s with ∞-bit and
2-bit PS. It can be seen that by increasing NRFg from 3 to
4, the proposed HP scheme using either URA or CCA can
approach the performance of FDP with ∞-bit PSs, and offers
a slightly lower sum-rate with 2-bit PSs. On the other hand,
the proposed HP scheme using ULA and UCA requires more
RF chains to approach the performance of the FDP.
The use of low-resolution PSs with the proposed HP

scheme not only offers high spectral efficiency but can also
provide high energy efficiency compared to FDP and HP
using full-resolution PSs. The energy efficiency is defined
as the ratio of the sum-rate Rsum and the total power
consumption Ptotal, i.e.,

ε = Rsum
Ptotal

= Rsum
PT + NRFPRF + NPSPPSb

, (28)

where PT represents the total transmission power, NRF is the
total number of RF chains, PRF is the power consumption of
each RF chain, and PPSb is the power consumption of b-bit
PSs. As in [39], we use PT = 1 W and PRF = 250 mW. The
use of transfer block yields a constant-gain RF beamformer
but also doubles the number of PSs per each RF chain
due to double-PS structure (as discussed in Section III-B).
Thus, NPS = 2 × NRF × N. We use 5 mW and 10 mW
as the power consumption values for 1-bit and 2-bit PSs,
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FIGURE 6. Sum-rate vs b at SNR = (0,10,20) dB: (a) ULA (b) UCA (c) URA (d) CCA.

i.e., (PPS1 = 5 mW, PPS2 = 10 mW) [55], [56]. Figure 9
analyzes the energy efficiency of ULA, UCA, URA, and
CCA vs. transmit power, which varies from −30 dB to 30
dB and compares ε at SNR = 15 dB for four cases which

FIGURE 7. Sum-rate vs NRFg with 1-bit PSs at SNR = (0,10,20) dB: (a) ULA (b) UCA
(c) URA (d) CCA.

are: (i) FDP, (ii) HP using ∞-bit PSs, (iii) HP using 1-bit
PSs, and (iv) HP using 2-bit PSs. For the full-resolution
PSs, we assume 5-bit PSs be a good choice to replicate the
performance of ∞-bit PSs.
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FIGURE 8. Sum-rate vs NRFg with 2-bit PSs at SNR = (0,10,20) dB: (a) ULA (b) UCA (c) URA (d) CCA.

Figure 9 shows that both 1-bit and 2-bit PSs can offer
high energy efficiency compared to FDP and HP using ∞-
bit PSs. However, the energy efficiency decreases sharply
beyond 0 dB for all array structures because of high transmit
power. Compared to ULA and UCA, both URA and CCA
can offer higher energy efficiency when using only 1 or 2-bit
PSs at the RF-stage.

B. HP WITH b-BIT PSs AND q-BIT DACS
In this section, we examine the spectral efficiency of the
proposed HP scheme with low-resolution DACs and PSs,
i.e., the combined effect of q-bit DACs and b-bit PSs on
the sum-rate performance for ULA, URA, UCA, and CCA.
To better understand the effect of low-resolution PSs and
DACs on the sum-rate degradation Rdeg, we first plot Rdeg
due to each individual hardware component (i.e., DACs or
PSs). Figure 10 shows various Rdeg plots vs. b for differ-
ent values of q. It can be seen that 1-bit DAC can give
large sum-rate degradation (≈ 65%). The large quantization
noise introduced by the use of only 1-bit DAC impede the
performance improvement even by increasing PSs resolu-
tion (i.e., b). However, by increasing DAC resolution, we
can see that Rdeg decreases significantly, e.g., Rdeg reduces
to ≈ 25% with 5-bit DACs and 1-bit PSs. In other words,

we can approach the performance of HP with ∞-bit reso-
lution with just 5-bit DACs, offering significant advantages
in power consumption and cost.
Figure 11 plots Rdeg vs. q for different PS resolutions.

Similar to the case of 1-bit DACs, HP using 1-bit PSs can
give high Rdeg (≈ 70%). However, this degradation can be
decreased significantly by increasing the resolution of DACs.
Thus, HP with 1-bit PSs can provide higher sum-rate than
HP with 1-bit DACs. Also, for b ≥ 2, we can see that Rdeg is
almost the same for all resolution levels, i.e., b = 2, 3, 4, 5,
which indicates that the performance of HP depends more
on DAC resolution than on PS resolution. Furthermore, this
analysis gives us the least numbers of bits of DACs and PSs
required to achieve a satisfactory performance close to FDP
and HP using ∞-bit components.
Figure 12 plots the sum-rate vs. q and b for ULA, UCA,

URA, and CCA at SNR = 10 dB and b and q varying from 1
to 10. The sum-rate performance gap between the FDP and
proposed HP using ULA and UCA is larger than the case
using URA and CCA. Moreover, the analysis of the results
obtained in Figure 10 and Figure 11 gives some following
useful notes: (i) the use of low-resolution DACs significantly
degrades the sum-rate performance as compared to the use
of low-resolution PSs (e.g., R(q=1,b=10) � R(q=10,b=1)), (ii)
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FIGURE 9. Energy efficiency comparison vs. transmit power at SNR= 15 dB:
(a) ULA (b) UCA (c) URA (d) CCA.

single-layered array structures (i.e., ULA and UCA) give low
sum-rate, whereas, the multi-layered array structures (i.e.,
URA and CCA) can approach the sum-rate of FDP, and

FIGURE 10. Sum-rate degradation vs. b for different DAC resolutions at SNR =
10 dB: (a) ULA (b) UCA (c) URA (d) CCA.

(iii) the optimal sum-rate can be obtained by using different
combinations of q and b and thus, offers the choice to use
which combination of low-resolution hardware components
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FIGURE 11. Sum-rate degradation vs. q for different PS resolutions at SNR = 10 dB:
(a) ULA (b) UCA (c) URA (d) CCA.

for increased sum-rate. This can also be better understood
by the equal-sum-rate contour plots shown in Figure 13. It
can be observed that we can get reasonably high sum-rate

FIGURE 12. Sum-rate vs. q and b at SNR = 10 dB: (a) ULA (b) UCA (c) URA (d) CCA.

by using the proposed HP with (q ≥ 5, b ≥ 2), which is,
in particular, close to that of FDP for both CCA and URA.
Table 2 provides the sum-rate performance comparison for
different quantization levels of DACs and PSs in mMIMO.
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FIGURE 13. Equal-sum-rate contour plots at SNR = 10 dB: (a) ULA (b) UCA (c) URA (d) CCA.

TABLE 2. Performance comparison for different resolutions of DACs and PSs.

TABLE 3. Performance comparison of ULA, UCA, URA and CCA using low-resolution

PSs and DACs.

Finally, Table 3 gives the comprehensive comparison of spa-
tial, spectral and energy efficiencies of ULA, UCA, URA,
and CCA when using few-bit DACs and PSs.

VI. CONCLUSION
In this paper, we have presented the MU-mMIMO hybrid
precoder (HP) design for low-resolution PSs and/or DACs,
and investigated its performance using different 2D antenna
array structures. In the HP design, the RF precoder has
been developed via the slow time-varying AoD information,
whereas the reduced-size effective CSI is utilized at the
baseband precoder. Considering the hardware complexity,
we have considered the following cases in the HP design:
(i) low-resolution PSs only, and (ii) low-resolution PSs
and DACs. An optimization problem has been formulated
to provide an RF beamformer with uniform gain enti-
ties by introducing a transfer block at the baseband stage.
Furthermore, we have proposed an algorithmic solution
using orthogonal matching pursuit (OMP) to reduce the
Euclidean distance between the HP with full-resolution PSs
and the HP with low-resolution PSs. Based on OMP, we
have first designed HP using b-bit PSs and ∞-bit DACs,
then constructed the HP using b-bit PSs and q-bit DACs to
significantly reduce hardware complexity and costs in MU-
mMIMO HP systems. The spectral and energy efficiencies
of ULA, UCA, URA, and CCA have been compared using
Monte Carlo simulations. Illustrative results indicate that the
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proposed HP using both URA and CCA can provide high
sum-rates, which are comparable to their FDP counterparts.
Also, the use of low-resolution PSs and DACs can provide
high energy efficiency. Finally, we have presented different
combinations of PS and DAC quantization levels to achieve
near-optimal sum-rate. It has been shown that HP using only
2-bit PSs and 5-bit DACs can provide high performance close
to FDP.

APPENDIX
A. PROOF OF LEMMA 1:
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