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ABSTRACT Non-orthogonal multiple access (NOMA) is being widely considered as a potential candidate
to enhance the spectrum utilization in beyond fifth-generation (B5G) communications. In this article,
we derive closed-form expressions for the ergodic rate and outage probability of a multiple-antenna-
assisted NOMA-based cooperative relaying system (CRS-NOMA). We present the performance analysis
of the system for two different receive diversity schemes — selection combining (SC) and maximal-ratio
combining (MRC), in Nakagami-m fading. We also evaluate the asymptotic behavior of the CRS-NOMA
to determine the slope of the ergodic rate and diversity order. Our results show that in contrast to the
existing CRS-NOMA systems, the CRS-NOMA with receive diversity outperforms its orthogonal multiple
access (OMA) based counterpart even in the low-SNR regime, by achieving higher ergodic rate. Diversity
analysis confirms that the CRS-NOMA achieves full diversity order using both SC and MRC schemes,
and this diversity order depends on both the shape parameter m and the number of receive antennas.
We also discuss the problem of optimal power allocation for the minimization of the outage probability
of the system, and subsequently use this optimal value to obtain the ergodic rate. An excellent match
is observed between the numerical and the analytical results, confirming the correctness of the derived
analytical expressions.

INDEX TERMS Non-orthogonal multiple access, cooperative communications, relaying, Nakagami-m

fading, ergodic rate, outage probability, diversity order.

. INTRODUCTION

ITH the proliferation of wireless communications

devices and high-speed data services, the demand
for spectrally efficient multiple access technologies are
ever-increasing, especially for beyond-fifth-generation (B5SG)
applications. Non-orthogonal multiple access (NOMA) is
by now well-recognized as a potential candidate for effi-
cient spectrum utilization and can also achieve low latency
and massive connectivity [1], [2]. Although in NOMA, less
power is allocated to each individual user as compared to
conventional orthogonal multiple access (OMA), the over-
all spectral efficiency of the system increases because of the
more frequent user scheduling and larger bandwidth available
for each user. In order to further enhance the performance
of NOMA, a user cooperation scheme was proposed in [3],

where the users with strong channel conditions acted as
relays for weak users in orthogonal time slots.

An intriguing application of NOMA for a decode-
and-forward (DF) cooperative relaying system (CRS) was
proposed in [4]. In contrast to the conventional OMA-based
DF relaying where two time slots are needed to deliver
a single symbol to the destination, two different symbols
were delivered to the destination in two time slots in the
system shown in [4]. In particular, analytical expressions
for the ergodic rate and for near-optimal power alloca-
tion over Rayleigh fading were derived in [4]. Exact and
approximate closed-form expressions for the ergodic rate of
CRS-NOMA over Rician fading were presented in [5]. In the
CRS-NOMA schemes discussed in [4] and [5], two symbols
were independently decoded in two different time slots at
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the destination. A novel receiver design was proposed for
CRS-NOMA in [6], where the destination jointly decoded
the two symbols using maximal-ratio combining (MRC),
resulting into a (slightly) better ergodic rate as compared to
that in [4], at a cost of higher system complexity. In [7] the
CRS-NOMA with amplify-and-forward (AF) relaying was
shown to outperform DF-based CRS-NOMA in terms of the
ergodic rate. It is important to note that although the CRS-
NOMA system in [4] is shown to outperform CRS-OMA
at high transmit SNR (p), the ergodic rate of CRS-NOMA
is worse as compared to that of CRS-OMA in the low-p
regime. Moreover, the analysis of outage probability of the
CRS-NOMA system was not provided in [4].

Multiple-antenna technology is another well-established
methodology to increase the spectrum utilization efficiency
of a wireless communications system using spatial diver-
sity. A multi-antenna assisted relay-based downlink NOMA
system was proposed in [8], where antenna selection
is performed at the transmitter and MRC is employed
at the receiver. It was shown in [8] that the proposed
NOMA system enjoys both transmit and receive diversity. A
performance analysis of CRS-NOMA with Alamouti space-
time block coding (A-STBC) for a 2 x 1 multiple-input
single-output (MISO) system was presented in [9], where
the source and the relay were each equipped with two trans-
mit antennas, and the relay and the destination each had a
single receive antenna. It can be noted from [9] that even
with an increase in the system complexity (due to the use
of A-STBC), the performance of CRS-NOMA was worse
in terms of ergodic capacity as compared to that of the
CRS-OMA in the low-p regime.

Motivated by this, a simple but effective multiple-antenna-
assisted receiver architecture for CRS-NOMA was proposed
in [10], which enhances the system performance especially
in the low-p regime. This work considered a CRS-NOMA
system where the source and the relay were each equipped
with a single transmit antenna, and the relay and the destina-
tion were equipped with multiple receive antennas. Selection
combining (SC) and MRC were used for signal reception
and a performance analysis (in terms of ergodic rate, out-
age probability and diversity order) in Rayleigh fading was
presented in [10]. It was shown that the signal-to-noise ratio
(SNR) at which the ergodic rate of CRS-NOMA becomes
higher than its OMA-based counterpart decreases with an
increase in the number of receive antennas at the destination
and the relay.

In this article, we present a generalization of the results
presented in [10] by analyzing the performance of the
multiple-antenna-assisted CRS-NOMA in the presence of
Nakagami-m fading. The Nakagami-m distribution, which is
a mathematically tractable, flexible and generalized fading
model, spans the widest range of the amount of fading (AoF)
among most of the widely considered multipath fading mod-
els. It converges to the Rayleigh, one-sided Gaussian and a
nonfading additive white Gaussian noise models as special
cases for m =1, m = 0.5 and m — oo, respectively. It can
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also closely approximate the Hoyt (for m < 1) and Rice
distributions (for m > 1). Moreover, the Nakagami-m model
offers the best representation of land-mobile propagation,
indoor-mobile multipath and ionospheric radio links [11].
All of these attractive properties justify the motivation for
the analysis of multiple-antenna-assisted CRS-NOMA in the
presence of Nakagami-m fading. The main contributions of

this article are itemized as follows:
« We derive analytical expressions for the ergodic rate

of CRS-NOMA over Nakagami-m fading for two dif-
ferent diversity combining schemes — SC and MRC.
This generalizes the results for the ergodic rate derived
in [10]. Note that by substituting m = 1 into the rate
expressions presented in this article, one can obtain the
rate expressions derived in [10]. Furthermore, we also
derive an analytical expression for a high-SNR approx-
imation of the ergodic rate for CRS-NOMA, which in
turn is used to determine the slope of the ergodic rate
in the high-SNR regime.!

o In [10], the outage probability for CRS-NOMA was
derived by considering the outage of the two different
symbols independently. In contrast, in this article we
provide a new definition of the outage probability of
CRS-NOMA, where the system is considered to be in
outage when either or both of the symbols are in outage.
An analytical expression for the outage probability of
CRS-NOMA is derived, and this expression is then used
as a system design tool for obtaining the optimal power-
allocation coefficient. Note that the analysis in [10]
was presented for a fixed value of the power-allocation
coefficient.

« We also derive the diversity order for the CRS-NOMA
and show that the system achieves full diversity order
for both diversity combining schemes; this diversity
order depends on the shape parameter m as well as
the number of receive antennas.

« For a given set of system parameters (i.e., number of
receive antennas at the destination and the relay, channel
statistics, and target data rate of the system), with the
help of the analytical expression for the outage proba-
bility, we numerically find the optimal power-allocation
coefficient that minimizes the outage probability and
then use that optimal coefficient in the evaluation of
the ergodic rate.

« We compare the performance of CRS-NOMA with that
of the corresponding OMA system in terms of ergodic
rate, and show that the former outperforms the latter,
even in the low-SNR regime. We also provide extensive
numerical and analytical results to illustrate the effect
of the shape parameter m and the number of receive
antennas on the performance of CRS-NOMA for both

SC and MRC receivers.
The organization of the rest of this article is as follows. We

illustrate the system model in Section II. Section III deals

1. Note that the analysis of the ergodic rate in the high-SNR regime was
not presented in [10].
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FIGURE 1. System model for CRS-NOMA with multiple receive antennas.

with the analysis of ergodic rate, outage probability and
diversity order of the CRS-NOMA with SC receivers. The
performance analysis of CRS-NOMA with MRC receivers
is presented in Section IV. In Section V a detailed discus-
sion on the optimal power allocation strategy is presented
along with extensive numerical and analytical results. Finally,
conclusions are drawn in Section VI.

Il. SYSTEM MODEL

Consider the three-node system shown in Fig. 1 consisting of
a source S, a relay R and a destination D. It is assumed that
the system operates in half-duplex mode and that the source
and relay each have a single transmit antenna. Moreover,
the number of receive antennas at the relay and the destina-
tion is denoted by N, and Ny, respectively. We denote the
channel coefficient between the transmit antenna of S and
the i receive antenna of R by hg; with 1 <i < N,, and
that between the transmit antenna of S and the /™ receive
antenna of D by hyg; with 1 <j < N,. Similarly, the chan-
nel coefficient between the transmit antenna of R and the k"
receive antenna of D is denoted by A4 with 1 < k < Ny.
Furthermore, we assume that Ay, ;, hyqj and hyg x are mutu-
ally independent and Nakagami-m distributed with shape
parameter denoted by my,(Vi), msq(¥j) and m,;(Vk), respec-
tively, and mean-square value denoted by 2, (Vi), Q2,4(V))
and Q,4(Vk), respectively, with Qg < Q4. Note that we
assume all of the wireless links to follow quasi-static block
fading, and we also assume that my,., mgg, m,y € Z;, where
Zy is the set of positive integers.

For each link, we assume that perfect channel state
information (CSI) is available at the receiver side. Also,
we assume that only statistical CSI is available at the
source S regarding hg.;,i € {1,2,...,N,} and hyj,j €
{1,2,...,Ng4}, and at the relay R regarding h,ix, k €
{1,2,..., Ng}. A similar requirement on CSI knowledge was
assumed in [4] (except for the addition of multiple antennas).

Denoting by s and s, the unit-energy complex constella-
tion symbols and by P the power budget of the source for
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each time slot, the symbol transmitted from the source in
the first time slot is given by

VaiPsy + +/axPs»,

where a1 and a; are the power allocation coefficients with
constraints a; > ap and a; + a» = 1. After receiving the
signal from S, the destination combines the signals and then
decodes symbol s; only by considering the inter-symbol
interference from s, as additional noise, whereas the relay
combines the signals and then decodes both symbols (it first
decodes s; and then s2) using successive interference can-
cellation (SIC).> Considering the power budget at the relay
to be equal to that of the source, and the SIC at the relay to
be perfect, the relay transmits the decoded symbol s, to the
destination using full transmit power P (i.e., ~/Ps) in the
second time slot. In this manner, two different symbols are
delivered to the destination in two time slots. In contrast to
this, in the conventional OMA-based three-node DF cooper-
ative relaying system, only a single symbol is delivered to
the destination in two time slots.

lll. CRS-NOMA WITH SC
In this section, we provide the performance analysis of CRS-
NOMA for the case where selection combining is used for
signal reception at both the relay and the destination. The
signals received at the relay and the destination in the first
time slot are, respectively,

Ysr,SC = hgrix (\/ aiPsi + +/ azPsz) + Rgr,
Vsd,SC = hsa j+ (\/ a1 Psy + \/azP52> + Rgd,

K

where i = argmax; .;y, (|hs;]) and j* =
argmaxliiSNdﬂhxd,jl). Moreover, ng and ng denote
zero-mean complex additive white Gaussian noise (AWGN)
with variance o2. The relay decodes the symbol s
with signal-to-interference-plus-noise ratio (SINR) given
by ]{Y(r{)sc = gga1P/{gga:P + o2}, and then applies
SIC to decode the symbol s, with SNR given by
v = gwaP/0?, where go = |hy.+|%. Similarly, the
destination decodes the symbol s; with SINR given by
Vsd,SC = 8sa@1P/{gsaaxP + %}, where gyq = |hya j|*.

The relay transmits the symbol s, to the destination in
the next time slot. The signal received at the destination is

given by
Yrd.SC = hra kN Psz + 1,

where k* = argmaxlSkSNdﬂhrd’kD and n,y is zero-mean
complex AWGN with variance o2. The destination decodes
the symbol s, with SNR given by y,4.sc = guP/c?, where
8rd = lhya i

2. Note that in this article, we assume that no error occurs during SIC.
However, in a practical NOMA system, an erroneous decoding of s; and/or
imperfect/outdated CSI will result in imperfect SIC, which will degrade the
overall system performance. Therefore, the results presented in this article
for ergodic rate and outage probability will serve as an upper-bound and a
lower-bound, respectively, for those of a practical NOMA system.

1909



KUMAR et al.. NOMA-BASED COOPERATIVE RELAYING WITH RECEIVE DIVERSITY IN NAKAGAMI-m FADING CHANNELS

In the following subsection, we present the ergodic rate
analysis for CRS-NOMA.

A. ERGODIC RATE
The ergodic rate for the symbol 51 is given by (see [4], [5])

[
€50 = = minflogs(1 + ). oma (1 +740c) |
a1 pX
Ellog,( 1+ ————
{ ng( e 1)}
E{log, (1 + pX) — logy(1 + a20X)}
1 /oo 1 —Fx(x)
=5751P —dx
22" )y 1+ px

*®1-F
— pag/ —X(x)dx]’ (1)
o 14 paxx

NN NS

where p = P/o?, X £ min|[gs, ga] and Fx(x) denotes
the cumulative distribution function (CDF) of the random
variable X.

Theorem 1: A closed-form expression for the ergodic rate
for symbol s; in Nakagami-m fading using SC in CRS-
NOMA is given by (2), shown on the bottom of the page,
where 7 = Z':iglukﬂﬂ, o= Y ol W =
(N’};‘O)m” + (ng“)m“’, I'(-) denotes the Gamma function
and f{[~, -] denotes the upper-incomplete Gamma function.

Proof: See Appendix A.

Similarly, the ergodic rate for the symbol s, is given by

(see [4], [5])

|
Csy.5C = ]E{ 3 mln[log2(1 + ){Y(f)sc), log, (1 + Vrd,SC)]}

1
= EE{]ng(l + ,Omin[gerZs gra'])}

P /OOI—FY(X)
T 2In2J)y 14 px

dx, 3

where Y £ min [gsraz, gral.

Proposition 1: A closed-form expression for the ergodic
rate for symbol sy for the CRS-NOMA using SC in
Nakagami-m fading is given by (4), shown on the bot-
tom of the page, where ay,,, = Ne—koms  NVa—go)mu

1 a2y Qa
— Myd—
and v =) " £Get1.
Proof: Similar to the arguments in Appendix A and using
a transformation of random variables, for m,; € Z4 we have

1 —Fy(x)

= X 2

ko+-+- +kmxr =Ny qo+-- +q’”rd =Na
ko#N, q0#Nda

( N, >< Ny )(_I)N,.+Nd—k0—qo
kO»klw--,kmS, qo0, 4915 -« - s 9my
msr—1 1 ku+l Mgy 7| ma—1 1 Get1
G |G | TE)
u=0 : T e=0 ’

v

Mrd T+v

X X exp(—iy.qgoX)- ®))
(Qrd) p( 0,490 )

Using (3), (5) and [12, Eq. (3.383-10), p. 348], the closed-

form expression for Csz,sc becomes equal to (4). [ |
Therefore, using (2) and (4), the ergodic rate for the CRS-

NOMA using SC in Nakagami-m fading is given by

Csc = Cy, sc + Cy, sC- (6)

> )y

ko+ki 4+ +kmg =Ny lo+11+++lny=Na
ko#Ny lo#Ny

mﬁl< 1 )kw} (msr>r
X —

o\l Qg
n=0

v
x {exp( ko’l‘)) x F[—t - w,
0

( Nr >< Nd )(_1)Nr+N,1—k0—lo
ko, ki, ..o kg, ) \dos 1, .o Iy

mgg—1

B ()] ) re o
p! Qsd pr+w

v=0

'\ 1 g )\
ko’l°:| - 10 exp( ko.lo )F[—t —w, kol ] } )
1Y a pa pa
2

Cy,,sc =

21112 Z Z

ko+ki+-+kmg =Nr qo+q1 +"'+erd:Nd
ko#Nr q0#Na

Mgy
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( Ny ) < Na )(_1)Nr+Nd_k0_q0
k(),k],...,km" Qqulm--v‘]m,d

’”ﬁl< 1 )k,m ( )f ’"ﬁ1<1)qe+1 (mrd>“r(r+u+1)
X — —_— — — ex
=0 w! a2 e=0 g! Qy prtY P

(-
0

v, —“k"'q‘)} @)
P
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It can be shown with the help of some algebraic manip-
ulations that for my,, = mgg = my = 1, (6) reduces
to [10, Eq. (6)]. Furthermore, for my, = my = my = 1
and N, = Nj = 1, (6) reduces to [4, Eq. (14)].

Contrary to the NOMA-based system, in CRS-OMA the
source S transmits the symbol s; to both relay and des-
tination in the first time slot. The signals received at the
corresponding nodes are given by

Ysr,SC—OMA = hsr,i* ‘/;Sl + ngr,
Ysd,SC—OMA = hgd j* VPsi + n.

After receiving the signal from the source, the relay decodes
the symbol s; and re-encodes and forwards this symbol to
the destination in the next time slot. The signal received at
the destination is given by

Yrd.SC—OMA = hyd ps N/ Ps1 + Ny,

Therefore, assuming that the destination applies MRC on the
two copies of s1 (received in two orthogonal time slots), the
ergodic rate of CRS-OMA with SC is given by (see [13])

Csc—oma = 0.5Ew [log,y (1 + Wp)],

where W £ min{ gsr» &sd+&ra}. Since the focus of this article
is on the NOMA-based systems, we do not present a closed-
form analysis for CRS-OMA.

B. HIGH-SNR APPROXIMATION OF THE ERGODIC RATE
Although the analytical expressions in (2) and (4) represent
the exact ergodic rate for s1 and s, respectively, it is difficult
to draw insights from these expressions. Therefore, in this
section, we derive a high-SNR approximation of the ergodic
rate of s; and s>.

From (1), it is straightforward to show that for p > 1,

a1 pX

1 1+ ——
oot i)

1 ai
~ -1 1+ —).
> ng( +a2>

1
Cy s = E]E

)

It can be noted from (7) that at high SNR, the ergodic rate
of 51 becomes (almost) constant (w.r.t. p) and depends only
on the ratio of the power allocation coefficients a; and aj.
On the other hand, for the case of s, at p > 1, it can be
deduced from (3) that

_ 1 1 1
Cysc = EE{logz(PY)} =3 log, p + EE{logz Y}

o
3 f log, (x)fy (x)dx,

0
where fy(x) denotes the PDF of the random variable Y.
Using (5), the expression for fy(x) can be given by (9),
shown on the bottom of the page.

Substituting the expression for fy(x) from (9) into (8) and
solving the integral using [12, Eq. (4.352-1), p. 573], a high-
SNR approximation of Csz,SC is given by (10), shown on the
bottom of the page, where ¥ (-) is the Euler psi function or
digamma function (defined as the logarithmic derivative of
the Gamma function). Therefore, a high-SNR approximation
of Csc can be obtained by adding (7) and (10).

It has already been noted from (7) that the ergodic rate of
s1 becomes approximately independent of p at high SNR.
On the other hand, the first term 0.5 log, p on the right-hand
side of (10) exhibits a positive constant slope when plotted
against p in dB, while the terms thereafter are independent
of p. Therefore, it is straightforward to conclude that at high
SNR, Csc grows as 0.5 log, p + O (1), where O'(-) denotes
the Landau symbol.

It is worth noticing that this result is in line with [14],
where it has been established that for an My x Mg (here My
and Mg denote the number of transmit and receive anten-
nas, respectively) multiple-input multiple-output (MIMO)
system, the capacity grows as min(Mr, Mg)log, p + O (1),
as p — oo. Note that in our system, the number of trans-
mit antennas is equal to one in both time slots (i.e.,
min(Mr, M) for our system is equal to 1), and the factor
of 0.5 (in the term 0.5log, p) appears due to the relaying
protocol.

1

RN DR PR

kot +king =Ny q0-+-+Gm,y=Na

L ) ( Na >(_1)Nr+Nd_k0_qO
c o MMy ‘IO»le--yfIm,d

ko#Ny q0#Na
mg—1 k 7| ma—1 v
1 1 Mgy 1 4e+1 My 1
TR THE) |2 wnlorat ] o
n=0 e=0
- 1 1 N, Ny
Cosc ™ tlogpt i T ) ( )( )
2 2In2 ko+--+kmg. =Nr Go++++qm,;=Na Ko K e Ky \GOs 1 -+ g
ko#Ny qo#Ng
mg—1 ky, T | ma—1 qe v
x (= 1)NrtNa—ko=4o H (%) " ( mgszr ) 1_[ (%) " <%) TI+U
=0 e azsigsy £=0 & rd Olko’qo

x [Fe+v+D{YE+v+1) —Inogg} — @ +0TE +0){YE +v) —Inagg}]
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C. OUTAGE PROBABILITY

Assuming the target data rate for both symbols to be the
same, denoted by R, and defining 6 £ 22R _ 1, the non-
outage event for the system is defined as the event when
the symbol s1 is successfully decoded in the first time slot
at the destination, the symbols s; and s, are successfully
decoded in the first time slot at the relay, and the symbol
s is successfully decoded in the second time slot at the
destination. Using this definition, the outage probability for
the CRS-NOMA with SC is defined as

1 2
Psc £ 1 —Pr(yasc = 0) Pr<ys(r,)SC =0, Vs(r,)SC = 9)

a1pgsd 9)

X Pr(ym,sc >0 =1—Pr< >
(v ) apgsa + 1

X r(alpg" >0, a085 > 9) Pr(gmap > 0)
azp8sr +1

1 —Pr(gsq = A1) Pr(gsr = A2) Pr(ga = A3z)
= 1 - {1 - ngd(Al)}{l - ngr(Az)}{l - Fgrd(A3)}’
1D

where Ay £ 0/{p(ai — ax0)}, Ay £ max{0/{p(a; —
a20)},0/(azp)} and A3 £ 6/p. It is important to note
that (11) holds good only for the case when a; > a6,
or equivalently, ay < 1/(1 4 6); otherwise, both the relay
and destination will fail to decode s; in the first time slot
and the outage probability of the system will always be 1.
A similar phenomenon was reported in [15]. Using (29)
and (11), an analytical expression for the outage probability
of CRS-NOMA with SC is given by (12), shown on the
bottom of the page.

D. DIVERSITY ANALYSIS

In order to obtain insights on the asymptotic performance
of the system, we present the diversity analysis of CRS-
NOMA with SC in this subsection. With some algebraic
manipulation, (11) can be written as

PSC = ngd(Al) + ngr(AZ) + F )‘d(AS)
- Fg.vd(Al)ngr(AZ) - ngr(AZ)Fgrd(A3)
= Fou(B3)Fgy (A1) + Foy (ADFg, (82)F, (A3).
(13)

Define the function

T Qux) 2 — y(m @) (14)

I"'(m) T Q

Using the series expansion of the exponential and the lower-
incomplete Gamma functions [16, Eq. (8.11.4), p. 180],

we have

00 00 (—1)P mx\m+p+8
T(m,Q,x)=;)gm(5>

=t (8) o ()

2 ¢(m, Q) " + ﬁ(w+‘). (15)

Using the multinomial theorem and (29), the expression for
F,,(©1) can be represented as

ngd(Al) = [T(msd, Qsd’ Al)]Nd
= (€, Q)™ AT 1 o (AN

e} msgNa
= |:€(msda Q.S‘d) (—> ] p_mS{INd
a; — axf

+ ﬁ(p*(mstdJrl)).

It is clear from (16) that F,,(A;) decays as pMsiNa
for p — oo. Similarly, it can be shown that Fy (Aj)
and Fg,,(A3) decay as p ™V and p~"Nd, respectively,
for p — oo. Therefore, it is straightforward to conclude
using (13) that the diversity order of CRS-NOMA with SC
is min{mgyNy, mg-N,, mqNg}.

In the next section, we analyze the performance of CRS-
NOMA with MRC.

(16)

IV. CRS-NOMA WITH MRC
The signals received (after applying MRC) in the first time
slot at the relay and the destination are respectively given by

Ysr,MRC = hg (hsr <\/‘ﬁ51 + aZPSZ) + nsr)’
ysd.MRC = b, (hsd <\/ a1Ps1 + +/ azPS2) + nsd),

where hy = [hsr,lhsr,Z ceey hsr,Nr]T S (CNrXI, hy =
[hsd,l hsd,2 ceey hsd,Nd]T € (CNdXI, g = [nsr,l Ngr,2
cees nsr,Nr]T € (cN,xl’ ngg = [Nsg1M5q2 ..., nsd,Nd]T €
CNax1 ()H ig the Hermitian operator and ()T is the trans-
pose operator. The elements in vectors hg and hy are
independent and distributed according to the Nakagami-m
distribution with shape parameter myg and myg, respec-
tively, and mean-square value 2 and g4, respectively.
The elements in ng and ngg are independent and distributed
according to CN (0, 02).

The relay decodes the symbol s; with SINR yS(r{hRC =
gsra1P/{gsraxP + 02} and then applies SIC to decode the
symbol s, with SNR ys(f ;VIRC = gsrazP/a2, where gy =
YN kg il?. Similarly, the destination decodes the symbol

Mgd Na
Psc=31—-| ——~ 1 —
[ (msq)
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14 (era g_zAZ)

N,

Na
- | =~ 7 (12)

I"'(mg,) I (myq)
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s1 X;Vith SINR yyiMRC = gsad1 P/{gsaazP+0}, where gy =
Z/:dl |hsd,j|2-

The relay transmits the symbol s, to the destination. The
signal received at the destination is given by

Yrd, MRC = hgi(hrd Psy + nm[>7

where kg = [hya1 haa - - -5 han,)T € CN1 with inde-
pendent elements each of which is Nakagami-m distributed
with shape parameter m,y and mean-square value 2,7, and
Mg = [N Myan -, nan,]T € CNe<1 contains indepen-
dent elements each distributed according to CA(0, o). The
destination decodes the symbol s, with SNR y,yMrc =
grdP/Oz’ where g4 = Zivil |hrd,k|2-

In the following subsection, we present the ergodic rate
analysis for CRS-NOMA with MRC.

A. ERGODIC RATE
The ergodic rate for symbol s; is given by

- 1
Cs; MRC = EE[logz(l + pX) —logy (1 + azpX)]

e /wl—FX(x)d
“o2m2|? )y iy O

f”l—FX(x)
~ oa WY
P o 1+ paxx

dx:|, a7

where X' £ min{gs, gsa)-

Theorem 2: In the case of CRS-NOMA with MRC in
Nakagami-m fading, an analytical expression for the ergodic
rate for the symbol 51 is given by (18), shown on the bottom
of the page, where ® = (my,/ Q) + (Mgq/ Lsa)-

Proof: See Appendix B. |

Similarly, for the symbol s;, the ergodic rate is given by

E[log,(1 + p min{ggaz, gra})]

P /"0 1 — Fy(x)
" 2In2 1+ px

- 1
Cs, MRC = 3

dx, (19)

where Y £ min{gy-az, gra}.

Proposition 2: In the case of CRS-NOMA with MRC in
Nakagami-m fading, an analytical expression for the ergodic
rate for the symbol s is given by (20), shown on the bottom

= Mg myd
of the page, where E = aum T oo

Proof: Following the arguments in Appendix B and with
the help of a transformation of random variables, we have

mg-Ny—1 mygNg—1

1 — Fy(x) = exp(—Ex) Z Z

srm dle_v

Q“Q" wlv!’

2y

Using (19), (21) and [12, Eq. (3.383-10), p. 348], the ana-
Iytical expression for the ergodic rate for symbol s, in
CRS-NOMA with MRC in Nakagami-m fading reduces
to (20). [ |

Therefore, using (18) and (20), the ergodic rate for the
CRS-NOMA using MRC is given by

Cmre = Cs; MrC + Csy MRC- (22)

It can be shown using some algebraic manipulations
that for my, = my = my = 1, (22) reduces to [10,
Eq. (16)]. Furthermore, for mg, = mg = my = 1 and
N, =Ny =1, (22) reduces to [4, Eq. (14)].

In contrast to this, following a similar line of reasoning as
in the previous section for CRS-OMA with SC, the ergodic
rate for the case of CRS-OMA with MRC can be given by

Cumrc—oma = 0.5Epy[logy (1 +Wp)],
where W = min{gsr, gsa + Grd}-

B. HIGH-SNR APPROXIMATION OF THE ERGODIC RATE
Similar to the case of CRS-NOMA with SC, a high-SNR
(p > 1) approximation of the ergodic rate of s; in the case
of CRS-NOMA with MRC can deduced using (17) via

- 1 aipX
e = 5o (14 947 )|

D og, (144
~ =1lo =).
5 [25) a

Note that the high-SNR approximation of the ergodic rate of
s1 in CRS-NOMA with MRC shown in (23) is independent
of p and is equal to that of the CRS-NOMA with SC. On
the other hand, for the case of s;, it follows from (19) that
for p > 1, we have

(23)

1 1
Flog o+ EE{logz v}

1 1 [
=3 log, o + 3 / log, (X)fy(x)dx.  (24)
0

Cs,MRC ~

: msizw:—lms% lmﬁfrm;dr(u+u+1) (q))F o} 1 < d >F d

exp| — =V, —|———exp| — —u—=v, —

T oM L L Taharanter TP\ ) LT T T Ga ) LT T e
(13)

mg-Ny—1 mgNg—1
mh.m" Frw+v+1) ) )

C rd 2| —p—v, = 20
52,MRC = 21112 Z Z Q# rdazl“"! phtY exp P n—=v P (20)

n=0 v=0
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Using (21), the expression for fy,(x) can be given by

dFy ()
v =—+
ST r_l rN 1
mi ded: mvrm,deXP(— X)
A !

x [Ex"*” — (e V)x“+“_l]. 25)

Substituting the expression for fy)(x) from (25) into (24),
and solving the integral using [12, Eq. (4.352-1), p. 573],
we obtain

CSQ,MRC
mgNr—1 mpgNyg—1
— " msrm /

N
) g2’“Lzlz Z X_: TQEQY 1

x [M(u+v+ 1){W(M+v+l)—1nu}
- (w+vF'(p+v){y+v) —InE},

vl Enty

(26)

By adding (23) and (26), an analytical expression can be
obtained for the high-SNR approximation of Cyrc.

Following a similar line of argument as given for the
case of CRS-NOMA with SC, it is straightforward to con-
clude using (23)—(26) that at high SNR, Cyrc grows as
0.5logy p + O (1).

C. OUTAGE PROBABILITY

Similar to Section III-C, in the case of CRS-NOMA with
MRC in Nakagami-m fading, the outage probability is
defined as

1
Pyre = 1 — Pr(ysa.Mre > 6) Pr (J/f, }VIRC

= 1= {1=Fg,(AD}H1

9’ ys(r?\/IRC = 9)
— Fo, (M) {1 = Fg, (A9)}.
(27

Using (27), (31) and [12, Eq. (8.352-1), p. 899], an analytical
expression for the outage probability is given by (28), shown
on the bottom of the page.

D. DIVERSITY ANALYSIS

Using (14), (15), (27), (31) and [12, Eq. (8.352-1), p. 899],
it can be shown that Fg , (A1), Fy,,(A2) and Fg,, (A3) decay
as p~MsalNa | p=msNr and p—malNd | respectively, for p — oo.
Then following a similar approach as in Section III-D, it
can be shown that the diversity order of CRS-NOMA with
MRC is equal to min{msyNg, ms-Ny, mgNg}.

10
o (1,2)
10 * SC: (2,2)
& MRC: (2,2)
) o SC:(2,3)
B 0% MRC: (2,3)
o oxp
%3 P AN S W) \VO W S o S x p?
a .......... o p7
& 10tk
f
g
=
O 10%¢
1076 ¢
3
10'7 1 1 T 1 \'\ 1 1 1 |
0 5 10 15 20 25 30 35 40

p = P/o* (dB)

FIGURE 2. Outage probability for CRS-NOMA. Here solid lines represent the
analytical results, and the value of N and m are indicated in the form (N, m).

V. RESULTS AND DISCUSSION

In this section, we evaluate the analytically derived results for
the ergodic rate and outage probability, and compare them
with numerically computed results. Unless stated otherwise,
we set Qg = 1, Qg = 10, 2,y = 2.5 and R = 1 bps/Hz.
As discussed in Section III-B, the design constraint a; <
1/(1 4+ @) implies a valid range 0 < a» < 1/(1 + 9), i.e.,
0 < a» < 0.25. For every given p, mgq = mg, = m;g = m and
N, = Ny = N (although the analysis presented in this article
also holds good for the case where mgyy # myg #= myq and
N, # Ng), we find the optimal value of a; that minimizes the
outage probability of CRS-NOMA, and then use that optimal
value of a; to find the ergodic rate (unless stated otherwise).
The optimization of a; is performed using a numerical search
over the finite set a; € {0.01,0.02, ..., 0.24}.

Fig. 2 shows the outage probability of CRS-NOMA for
different values of the shape parameter m and the number of
receive antennas N. It can be noted from the figure that the
outage probability of the system decreases with an increase
in the value of the shape parameter as well as the number
of receive antennas. In the case of Nakagami-m fading, the
amount of fading is inversely proportional to to the shape
parameter (the constant of proportionality being equal to 1),
therefore, with an increase in the value of m, the fading
becomes less severe, resulting into a lower outage prob-
ability. On the other hand, as the number of antennas N
increases, the outage probability decreases by the virtue of
the increased spatial diversity. It can also be noted from the
figure that the diversity order of CRS-NOMA is equal to mN,
as derived analytically in Sections III-D and IV-D. Therefore,
the diversity order depends on the shape parameter m as well

14 (mstd,

0

)/(merr, %Az) (mrde, A3>

Pyrc=1—-11-

I (mgaNg)

1914

1-— 28
I (myyNg) 8

[ (mgNy)
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FIGURE 3. Optimal value of ap to minimize the outage probability of CRS-NOMA
with SCform=2, N=2and p =2dB.
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FIGURE 4. Optimal value of a5 to minimize the outage probability of CRS-NOMA
with SC for m=2, N =2 and p = 20 dB.

as on the number of receive antennas, which is in line with
the results reported in [17].

The optimal value of a, for the minimization of the out-
age probability turns out to be between 0.1 and 0.08 for the
system parameters selected in this article. The reason for
this is explained via Figs. 3 and 4. For CRS-NOMA with
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FIGURE 5. Ergodic rate for m = 2 and different values of N. The analytical results
are represented using solid lines.

SC, it can be noted from (11) that A3(= 6/p) is indepen-
dent of a;. Therefore, the optimal value of a> to minimize
Psc will depend only on F, (A7) and Fy  (A3). Denoting
1 —Fg,(Ay) and 1 — F, (A3) by Fg (A1) and Fy (As),
respectively, which are the complementary CDFs (CCDFs)
of the random variables gy; and gy, respectively, the product
Fou (A1) Fy,, (A2) should be maximized in order to minimize
Psc. Fig. 3 (a) shows the variation of A; and A, w.r.t. ap. It
can be noted from the figure that the value of A; becomes
minimal for a; = 0.01, whereas the value of a, that mini-
mizes A is found to be equal to 0.2. Therefore, F, (A1)
and Fg . (A3) will attain the corresponding maximum values
at ap = 0.01 and a> = 0.2, as shown in Fig. 3 (b). Since
Psc is a function of F, (A1) and Fg (A7), and the product
Fou(A1) X Fg (A3) attains a maximum value at a; = 0.09,
the optimal value of a, that minimizes Psc turns out to be
0.09, as shown in Fig. 3 (c). Furthermore, Fig. 3 (c) demon-
strates that choosing the optimal value of a; does not have
a significant effect on the value of the outage probability,
because of the small value of p (=2 dB). A similar process
to obtain the optimal value of @, for the minimization of
Psc for p =20 dB is shown in Fig. 4, where the effect of
the optimal value of ay can easily be noted (as the values
of the outage probability for non-optimal values of a, are
significantly larger). The optimal value of a> for minimizing
PyRrce can be obtained in a similar fashion.

Fig. 5 shows the effect of N on the ergodic rates for m = 2.
It can be noticed from the figure that for the single-antenna
system (N = 1), OMA performs better than NOMA in the
low-p regime. It is evident from the figure that by using
a multi-antenna receiver architecture, CRS-NOMA outper-
forms CRS-OMA at a lower value of p. Moreover, it can
be noted that MRC reception has a significant advantage
over SC reception in terms of the ergodic rate. Fig. 6 shows
the effect of the shape parameter m on the ergodic rate for
N = 2. It can be seen from the figure that as the value of
the shape parameter m increases, the value of p at which
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FIGURE 6. Ergodic rate for N = 2 and different values of m. The analytical results
are represented using solid lines.
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FIGURE 7. Difference between the ergodic rate for CRS-NOMA and CRS-OMA.

CRS-NOMA outperforms CRS-OMA decreases, because of
less severe fading. The advantage of using MRC receivers
over SC receivers are also clearly visible from the figure.

Fig. 7 shows the effect of the shape parameter m and the
number of antennas N on the difference between the ergodic
rate of the CRS-NOMA and its OMA-based counterpart. It
is evident from the figure that the performance superiority of
CRS-NOMA over CRS-OMA increases with an increase in
the number of antennas and/or the shape parameter m. It is
also evident from the figure that this performance difference
increases monotonically in the low-to-mid p regime and
then saturates for large p. Note that we have proved that
the ergodic rate of the CRS-NOMA grows as 0.51log, p for
large values of p (irrespective of the value of m and N), and
using the arguments in [14, p. 37], it can be proved that the
ergodic rate of the CRS-OMA also grows as 0.5log, p for
large p. Since the ergodic rate for both CRS-NOMA and
CRS-OMA have the same slope for large p, this is the reason
that the difference between the ergodic rate of CRS-NOMA
and CRS-OMA saturates at high SNR.
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FIGURE 8. Comparison of the exact ergodic rate and the corresponding high-SNR
approximation, for m = 2 and fixed ay = 0.1.

Finally, Fig. 8 shows a comparison of the exact ergodic
rate (plotted via numerical evaluation) and the correspond-
ing high-SNR approximation (plotted using the analytical
expression). A tight agreement between the exact and the
approximate results in the mid-to-high SNR regime con-
firms the accuracy of the analysis. It is also noteworthy
that the ergodic rate becomes parallel to 0.5log, p in the
high-SNR regime, which verifies the results established in
Sections III-B and IV-B, and also indicates that the slope of
the ergodic rate at high SNR does not depend on the number
of receive antennas or the value of the Nakagami-m shape
parameter.

VI. CONCLUSION

In this article, we presented a comprehensive performance
analysis of the multiple-antenna-assisted non-orthogonal
multiple access-based cooperative relaying system (CRS-
NOMA) in the presence of Nakagami-m fading, considering
two different signal combining schemes — SC and MRC.
In particular, we have derived exact analytical expressions
for the ergodic rate and outage probability, along with a
high-SNR approximation of the ergodic rate. Regarding the
ergodic rate, our results show that in contrast to existing
CRS-NOMA systems, the CRS-NOMA with receive diver-
sity outperforms the corresponding OMA-based system even
in the region of low transmit SNR. We also provide an
explicit analytical proof that the CRS-NOMA with receive
diversity achieves full diversity order, which depends on
the number of antennas as well as the Nakagami-m shape
parameter. The results also indicate that increasing the num-
ber of receive antennas and/or the value of m also increases
the performance gap between CRS-NOMA and CRS-OMA
(especially in the region of low transmit SNR). For any fixed
values of number of receive antennas and shape parameter,
this performance difference increases monotonically with an
increase in the transmit SNR regime and saturates in the
region of large transmit SNR. We also provided an explicit
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analytical proof that at high SNR, the ergodic rate grows as
0.51og, p for both SC and MRC receivers. Due to the gener-
ality of the Nakagami-m fading model and the multiplicity of
diversity combining schemes considered, the results obtained
in this article serve as a practical system design tool and
can be used to analyze the performance of the CRS-NOMA
with receive diversity under a variety of fading models
of practical interest. Some interesting directions to further
enhance the spectral efficiency of the CRS-NOMA include
the consideration of full-duplex relaying and multiple-input
multiple-output (MIMO) communication. Also, investigation
of the performance of CRS-NOMA considering imper-
fect SIC, correlated fading links, imperfect/outdated CSI
and finite blocklength coding represent further interesting
directions for future research.

APPENDIX A

PROOF OF THEOREM 1

Using a transformation of random variables and assum-
ing mg € Z,, the CDF of g5 can be given by (see [18,
Eq. (9)], [12, Eq. (8.352-1), p. 899])

_ " N,
Mgy
14 (ers Qyr X)

F, (x)=
() T (mg)
: m 1 " Nr
—MgrX < migrxt
=|1—-ex
p( Qyr ) Z Q!

Il
+

N, _
(k L r L )(_1)Nr ko
Kottt =N, N0 e e

ko#Nr

mgr—1 k T
1 ntl m
x II (_') <er) o
=0 - sr

—(Ny — ko)myg, x]
Qg ’

X exp|: 29)

-1
where 7 = Y7

10 wky 4. Similarly, for myy € Z,, we have

R
lo 1,y I,

ZO+11+"‘+lmsd=Nd
lo#Na

ngd(x) =1+

mgg—1 l w
1 v+1
X H — Msd x?
v! Qgq
v=0
—(Ng — lp)ymygq ]
—_— x|,

X exp|: o
S

where w = Z:"fo_l vl,+1 and y(-,-) denotes the lower-
incomplete Gamma function.

Therefore, the expression for 1 — Fyx(x) can be given
by (30), shown at the bottom of the page. Using (1), (30)
and [12, Eq. (3.383-10), p. 348], the analytical expression
for Csl,SC reduces to (2); this completes the proof.

APPENDIX B
PROOF OF THEOREM 2
Using a transformation of random variables, the prob-
ability density function (PDF) of gs(x) is given by
(see [17, Eq. )]
xmerr—l m;’:_a'rNr —MgyX
fgxr(‘x) = MmN, N
Qs rr(msr,N,) $2r
Therefore, using [12, Eq. (3.381-1), p. 346] and

[12, Eq. (8.351-1), p. 899], the CDF of g, (for my € Zy)
is given by

Fa, ) = [ o0 a

g\ "Nl b
:1—exp< er ) Z QZ ' (31)
ST lLIO sr
Similarly, the CDF of gy;(x) is given by
msgNg—1 v oV
—MggXxX mg,x
Fs(x)=1—exp< ) 4
fud Qa ;) QY !
Therefore, for X = min{g,,, gsa},
1 - FX (x) = 1 - ngr (x) - gsd (x) + ngr (x)ngd ('x)
mgrNy—1 mggNg—1 mﬂm s
= exp(—®x) Z Z o Ld . (32)
Q1

where ® = (m,,/ szsr>+(msd/s2sd). Using (17), (32) and [12,
Eq. (3.383-10), p. 348], the analytical expression for Cs; MRC
reduces to (18); this completes the proof.

1 —Fx(x) =1—Fg,(x) — Fg,(x) + Fg,,(X)Fg,,(x)

N,
- 2. 2. <k0,k1,...,

kotki+-++kmg =Ny lo+l1++ln,;=Ng
ko#Ny lo#N,

mgq—1 1,
« Mgy ! ld—[ l + Mgq th+w exp| — (Ny — ko)mg +
Qqr v! Qsa 2

v=0
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