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ABSTRACT In this article, we propose a hybrid beamforming design for multiuser mmWave massive
MIMO systems. We adopt a two-stage approach for designing the analog and digital beamforming
separately. The analog beamforming design is based on a constrained low-rank channel decomposition
and aims to simultaneously harvest the array gain and reduce the intra- and inter-user interference. The
digital beamforming design is conducted by using the regularized channel diagonalization method, which
provides a better trade-off between multiuser interference suppression and transmit diversity, thus attaining
a better performance in low-SNR scenarios or when communicating to many users or through many data
streams. We validate the effectiveness of the proposed design through numerical simulations, which have
shown that our design outperforms several other hybrid beamforming designs in the literature.

INDEX TERMS Constrained low-rank decomposition, hybrid beamforming, multiuser MIMO, millimeter
wave, regularized channel diagonalization.

I. INTRODUCTION

THE OVERGROWING demand for high data through-
put, the increasing number of connected devices, and the

emergence of new services and applications have imposed
5G and beyond-5G (B5G) wireless communication systems
a soaring requirement for higher spectral and energy effi-
ciency [1]–[4]. Since the early envisioning of the 5G system,
massive MIMO and millimeter waves (mmWave) have been
considered as key technologies to achieve these require-
ments [5], [6]. Likewise, B5G systems will also rely on
these technologies, while continuing to move to higher
frequencies, such as the terahertz (THz) band [7]. Although
mmWave and THz bands are able to provide large contin-
uous unused/underused bandwidths, allowing much higher
data rates, these frequencies are severely affected by path
loss, penetration loss, and atmospheric attenuation [8], [9].
Therefore, massive MIMO plays an important role in mit-
igating these adverse propagation effects. Nevertheless, the
cost and power consumption of radio-frequency (RF) chains,
particularly at high frequencies, and the space occupied by
such devices, can forbid massive MIMO systems from using
conventional fully-digital beamforming (which requires one

RF chain per antenna) [10], [11]. A promising alternative is
a hybrid beamforming (HBF) architecture [11]–[15].
HBF combines a high-dimensional analog beamforming,

usually comprised of a network of variable phase shifters
(PSs), and a low-dimensional digital beamforming, which are
connected through a limited number of RF chains (e.g., much
smaller than the number of antennas) [10], [11]. This archi-
tecture can achieve near-optimal performance, supported by
the high array and multiplexing gains of massive MIMO
while allowing reduced power consumption and hardware
complexity. On the other hand, the coupling between analog
and digital beamforming and the constant modulus constraint
imposed by the PSs lead to non-linear and non-convex design
problems [16].

A. RELATED WORKS
The HBF design for single-user mmWave massive MIMO
systems has been addressed in [17]–[21]. In [17],
El Ayach et al., demonstrated that HBF design for spectral
efficiency maximization can be recast as a sparse approx-
imation problem, which aims to find the HBF that best
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approximates the optimal unconstrained beamforming (given
by the channel matrix’s SVD). To solve this approximation
problem, the authors in [17] exploit the structure of the
mmWave channel and introduced the Orthogonal Matching
Pursuit (OMP) algorithm, which performs an exhaustive
search over the array response vector codebook to design the
analog beamforming. In [18], the authors solve this approx-
imation problem with an alternating minimization algorithm
that iteratively designs the digital and analog precoders,
using closed-form solutions and phase-extraction (PE) to
ensure the feasibility of the analog precoder. Instead of using
approximation methods, the authors in [19] designed the
HBF by directly tackling the rate maximization problem.
After extracting the contribution of each element of the ana-
log beamforming to the system’s rate, they presented an
iterative coordinate descent algorithm to successively update
each of these elements. In [20], authors presented a sim-
ple yet efficient PE-based HBF design, where the analog
beamforming is simply obtained by extracting the phases of
the unconstrained optimal beamforming, while the baseband
beamforming is obtained by the least-squares solution. Most
recently in [21], the authors have proposed a constrained-
SVD (CSVD)-based joint hybrid precoder and combiner
design, in which analog precoders and combiners are, respec-
tively, the “pseudo” right and left constrained singular vectors
with constant modulus entries.
The promising results obtained in single-user (SU)-MIMO

HBF encouraged researchers to further investigate its use in
multiuser (MU)-MIMO systems [22]–[32]. Early works on
MU-MIMO HBF design have considered the single data
stream transmission for single-antenna [22], [23] and multi-
antenna [24]–[27] mobile users. In these works, the analog
beamforming is often designed to harvest the array gain
by either using equal gain transmission (EGT) [22], per-
forming an exhaustive search over an analog beamforming
codebook [24], [25], or extracting the phases of the chan-
nel’s principal singular vector pair [26], without accounting
for the multiuser interference (MUI). A different approach
has been taken in [23] and [27], where authors proposed
analog beamforming designs to simultaneously maximize
each user’s equivalent channel gain and mitigate the MUI
using Gram-Schmidt-based approaches. The digital precoder,
on the other hand, is often designed by the zero-forcing
(ZF) method. The ZF precoder allows a complete diag-
onalization of the effective channel, thus suppressing all
inter-user interference. When multi-antenna receivers are
considered, however, the complete channel diagonalization
at the transmitter using ZF precoder is sub-optimal since the
receiver can employ coordinate processing to help to reduce
the interference [33]. The alternative is a generalization of
the ZF processing for multi-antenna users, known as block
diagonalization (BD) [33].
The MU-MIMO HBF design for multiple data stream

transmission has been considered in [28]–[32]. In [28], the
authors introduced the hybrid BD (Hy-BD) scheme, in which
the analog combiner and precoder are designed by using,

respectively, exhaustive search over a DFT codebook and
EGT, in order to harvest the array gain. The digital precoder
and combiner are designed by the BD method over the
low-dimensional baseband effective channel. In [29], the
authors presented a subspace projection aided BD scheme
for fully-digital beamforming design using the angle of
departure information and used an iterative matrix decom-
position to obtain the hybrid precoder and combiner from
the fully-digital solution. Authors in [30] devised a two-stage
method, in which first, the analog precoder and combiner are
designed aiming to maximize the capacity of effective base-
band channel, and then, the digital precoder and combiner
are obtained from the traditional BD. In [31], the authors
have designed the analog beamforming using an approach
similar to [19], and also obtained the digital beamforming
from the traditional BD. Finally, the author in [32] introduced
the hybrid regularized channel diagonalization (HRCD) that
uses exhaustive search over the array response vector code-
book for designing the analog combiner, EGT for the analog
precoder, and regularized channel diagonalization for the
digital precoder and combiner. Note that the analog beam-
forming design in [22], [24]–[26], [28], [29], [31], and [32]
seeks to provide higher baseband effective channel gain, thus
increasing the desired signal’s power at the receiver, but do
not attempt to reduce inter- and intra-user interference. The
interference mitigation is performed only at the digital beam-
forming stage. And although the methods in [23] and [27]
can reduce MUI, they are designed for single data stream
transmission and therefore, do not account for intra-user
interference. Moreover, the methods in [29], [32] rely on the
perfect knowledge of the steering vectors of all propagation
paths.

B. MAIN CONTRIBUTIONS
In this article, we present a novel joint hybrid precoder
and combiner design for multiuser mmWave massive MIMO
systems. The major contributions of this article are summa-
rized as follows:

• First, we present a two-stage approach for designing the
analog precoder and combiner and their digital counter-
part. The analog precoder and combiner are designed to
harvest the array gain provided by the massive MIMO
system while simultaneously reducing the intra-user and
MUI interference. Such a design is formulated as a
constrained low-rank channel decomposition problem
based on the constant modulus constraint imposed by
the PS, resulting in an intractable problem. To make
the problem tractable, we propose a successive rank-1
channel decomposition approach to successively com-
pute each analog precoder and combiner vector pair. The
rank-1 channel decomposition problem is then solved
by using the projected block coordinate descent method.

• The digital precoder and combiner are computed using
the regularized channel diagonalization approach [32],
aiming to minimize the MUI plus noise. In contrast with
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FIGURE 1. System diagram for the downlink of a multiuser massive MIMO system with hybrid beamforming.

the traditional BD method, which only focuses on can-
celing the MUI, the regularized channel diagonalization
trades off MUI suppression for more transmit diversity,
thus leading to a better performance in scenarios with
low-SNR or high number of users/data streams.

• We provide a proof of optimality for the projected block
coordinate descent solutions in the analog beamform-
ing design. Such proof allows us to establish important
insights on the guaranteed convergence of the proposed
algorithm, which is further supported by additional
numerical simulation results.

• Finally, we provide extensive numerical simulation
results to confirm the effectiveness of the proposed
design. The experiments consider a wide range of oper-
ation scenarios for both Rayleigh and mmWave channel
models, as well as practical constraints, such as quan-
tized PS and channel estimation errors. The simulation
results show that the proposed method outperforms
other HBF designs in the literature.

C. ORGANIZATION AND NOTATIONS
This article is organized as follows. We introduce the multi-
user massive MIMO system model, the channel models, and
the problem formulation in Section II. In Section III, we
present the proposed HBF design and address its computa-
tional complexity. Simulation results, convergence analysis
and discussions are presented in Section IV; and finally, we
draw our conclusions in Section V.
Throughout the paper, we adopt non-bold, boldfaced

lower-case, and boldfaced upper-case letters, respectively, for
scalars, vectors, and matrices. E[ · ], (·)T, and (·)H denote,
respectively, the expectation, the transpose, and the conjugate
transpose; | · |, ‖ ·‖, and ‖ ·‖F denote, respectively, the scalar
modulus or matrix determinant, vector norm, and Frobenius
norm; tr{·} is the trace of a matrix and blkdiag{A1, . . . ,AN}
represents a block diagonal matrix with diagonal block
entries A1, . . . ,AN ; IM is an M-dimensional identity matrix,
[v]m represents the m-th element of vector v, and A(m, n)
is the entry in the m-th row and n-th column of A.

II. SYSTEM MODEL AND PROBLEM FORMULATION
In this section, we present the multiuser system model, the
channel model, and our problem formulation.

A. SYSTEM MODEL
We consider the downlink of a MU-MIMO narrowband
massive MIMO system with HBF structure, as depicted
in Fig. 1, in which a base-station (BS) having Nt antenna
elements and NRF

t RF chains simultaneously communicates
with K users. Each user is equipped with Nr antenna ele-
ments and NRF

r RF-chains and supports Ns data-streams.
To ensure effective multi-stream communication, the system
must satisfy Ns ≤ NRF

r ≤ Nr and KNs ≤ NRF
t ≤ Nt. At

the BS, the hybrid precoder consists of a digital precoder
matrix FBB ∈ C

NRF
t × KNs and an analog precoder matrix

FRF ∈ C
Nt×NRF

t . The analog precoder is implemented using
phase shifters, and thus imposes a constant modulus con-
straint (i.e., |FRF(m, n)| = 1/

√
Nt ∀m, n). We assume

that the symbol vector s = [sT1 , sT2 , . . . , sTK]T ∈ C
KNs×1,

where sk ∈ C
Ns×1 refers to the symbols of the k-th user,

has with unity variance and independent components, i.e.,
E[ssH] = 1

KNs
IKNs . The symbol vector is precoded in the

digital and analog domain before being transmitted, so that
the transmitted signal is given by

x = FRFFBBPs (1)

where x ∈ C
Nt×1, P ∈ D

KNs×KNs is the diagonal power
allocation matrix, with total transmitted power Pt = ‖P‖2

F,
and ‖FRFFBB‖2

F = KNs.
We assume the signal is transmitted over a narrowband

flat-fading channel Hk ∈ C
Nr×Nt , where Hk represents the

channel matrix of the k-th user. Thus, the signal received at
the k-th user antennas, yk ∈ C

Nr×1, is

yk = HkFRFFBBPs + nk (2)

where nk ∈ C
Nr×1 is the noise vector, such that nk is

i.i.d. CN (0, σ 2
n INr). At the k-th user, the received sig-

nal yk is first processed by the analog combiner matrix
WRF,k ∈ C

Nr×NRF
r , downconverted, and then processed by
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the digital combiner matrix WBB,k ∈ C
NRF
r ×Ns . The ana-

log combiner is also implemented using phase shifters, and
thus is constrained to have constant modulus, such that
|WRF,k(m, n)| = 1/

√
Nr ∀m, n. The received symbol is

expressed by

ŝk = WH
BB,kW

H
RF,kHkFRFFBBs + WH

BB,kW
H
RF,knk. (3)

We define the aggregated multiuser channel as H =
[HT

1 HT
2 · · · HT

K]T, the aggregated analog combining matrix
as WRF = blkdiag{WRF,1, . . . ,WRF,K}, and the baseband
effective channel of the k-th user as H̄k = WH

RF,kHkFRF ∈
C
NRF
r ×NRF

t . Thus, we can represent the entire multiuser
baseband effective channel Heff = [H̄T

1 H̄T
2 · · · H̄T

K]T as

Heff = WH
RFHFRF

=

⎡
⎢⎢⎢⎣

WH
RF,1 0 · · · 0
0 WH

RF,2 · · · 0
...

...
. . .

...

0 0 · · · WH
RF,K

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

H1
H2
...

HK

⎤
⎥⎥⎥⎦FRF. (4)

The estimated symbol for the i-th data stream in the k-th
user, ŝki , can be expressed as [30]

ŝki = √
PkiW

H
BB,k(i, :)H̄kFBB(:, ki)ski

+
Ns∑

j=1,j �=i

√
PkjW

H
BB,k(i, :)H̄kFBB

(
:, kj

)
skj

+
K∑

m=1,m�=k

Ns∑
l=1

√
PmlW

H
BB,k(i, :)H̄kFBB(:,ml)sml

+ WH
BB,k(i, :)WH

RF,knk (5)

where ki = (k − 1)Ns + i, ski is the i-th element of sk and
Pki is the power allocated to the i-th data stream of the k-th
user.
Considering that Gaussian symbols are transmitted, the

achievable sum-rate is

Rsum =
K∑
k=1

Ns∑
i=1

log2
(
1 + SINRki

)
(6)

where SINRki represents the signal-to-interference-plus-noise
ratio of the i-th data stream of the k-th user, given by

SINRki = S

I + N
(7)

with S, I, and N being, respectively, the signal, interference,
and noise power, given by

S = Pki
KNs

∥∥WH
BB,k(i, :)H̄kFBB(:, ki)

∥∥2

I =
Ns∑

j=1,j �=i

Pkj
KNs

∥∥WH
BB,k(i, :)H̄kFBB

(
:, kj

)∥∥2

+
K∑

m=1,m�=k

Ns∑
l=1

Pml
KNs

∥∥WH
BB,k(i, :)H̄kFBB(:,ml)

∥∥2

N = σ 2
n

∥∥WRF,kWBB,k(i, :)
∥∥2
F.

B. CHANNEL MODEL
WeconsideragenericchannelmodelHk = √

ρkḢk,where
√

ρk
and Ḣk model, respectively, the large scale fading and the fast
fading, satisfying E[‖Ḣk‖2

F] = NrNt. Two distinct fast fading
models are considered herein: the Rayleigh model, which rep-
resents a rich scattering environment, and theSaleh-Valenzuela
model, which represents the sparse scattering environment of
mmWave channels. In the Rayleigh model, each entry of the
fast fading channel matrix Ḣk follows an i.i.d. zero mean
complex Gaussian distribution, i.e., Ḣk(m, n) ∼ CN (0, 1).

The Saleh-Valenzuela channel model, on the other hand,
corresponds to the sum of the contributions of Ncl scatter-
ing clusters, each formed by Nray propagation paths. The
discrete-time narrowband flat-fading channel matrix of the
k-th user is given by [17]

Hk =
√

NrNt

NclNray

Ncl−1∑
i=0

Nray−1∑
l=0

αilar
(
φr
il, θ

r
il

)
aHt
(
φt
il, θ

t
il

)
, (8)

where αil corresponds to the complex gain of the l-th
multipath ray in the i-th cluster, the vectors ar(φr

il, θ
r
il) and

at(φt
il, θ

t
il) are the array response vectors of the receiver

and transmitter, respectively, whereas φt
il and θ til are the

azimuth and elevation angles of departure (AoD), and φr
il

and θ ril are the azimuth and elevation angles of arrival (AoA).
The complex gain αil is assumed i.i.d. CN (0, σ 2

α,i), where
σ 2

α,i is the average power of the i-th cluster. The average

cluster powers are such that
∑Ncl

i=1 σ 2
α,i = √

NrNt/NclNray.
The azimuth and elevation angles of departure φt

il, θ
t
il and

arrival φr
il, θ

r
il for the Nray paths in the i-th cluster are mod-

eled as Laplacian distributed random variable, with mean
φt
i , θ

t
i , φ

r
i , θ

r
i uniformly-distributed over [ −π, π), and angu-

lar spread of σ t
φ, σ t

θ , σ
r
φ, σ r

θ , respectively. We consider a√
N×√

N uniform square planar array (USPA), with N = Nt
or N = Nr. The array response vector is defined as [18]

a(φ, θ) = 1√
N

[
1, . . . , ej

2πd
λ

[h sin(φ) sin(θ)+v cos(θ)], . . . ,

e
j 2πd

λ

[
(
√
N−1) sin(φ) sin(θ)+(

√
N−1) cos(θ)

]]T
(9)

where d and λ are the spacing between elements and the
signal wavelength, respectively, and 0 ≤ h <

√
N − 1 and

0 ≤ v <
√
N − 1 are the indexes of the antenna element in

the 2D plane.

C. PROBLEM FORMULATION
In this article, we aim to design hybrid precoders and com-
biners to maximize the achievable sum-rate of a MU-MIMO
system. Such design problem is formulated as

max
FRF,FBB,WRF,k,WBB,k,P

Rsum

s.t. FRF ∈ FRF

WRF,k ∈ WRF

‖FRFFBB‖2
F = KNs

tr
{
PHP

} = Pt (10)
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where FRF and WRF are, respectively, the set of all feasible
analog precoder and combiner matrices (i.e., all Nt × NRF

t
and Nr × NRF

r matrices with constant modulus entries), and
‖FRFFBB‖2

F = KNs, along with tr{PHP} = Pt, ensures the
total transmitted power constraint. For simplicity, we assume
NRF
t = KNRF

r = KNs. Nonetheless, we follow [17]–[32],
by assuming that perfect channel state information (CSI)
is available. Although perfect channel estimation with HBF
architecture is very challenging, efficient methods have been
presented in [34], [35], and references therein.
Note that solving problem (10) is very challenging as

it requires a joint optimization over multiple variables
subjected to the non-convex constant modulus constraint
imposed by the phase-shifters network in the analog beam-
forming. In fact, the HBF design for attaining the global
optimum sum-rate is found to be intractable even for the
single-user system [17]. Practical solutions often consider
sub-optimal solutions, such as the two-stage approaches in
which the analog and digital beamforming are designed sep-
arately. Moreover, in most of these approaches, the analog
beamforming is designed to enhance the effective baseband
channel gain, regardless of the interference.

III. PROPOSED HYBRID BEAMFORMING DESIGN
The optimal solution to the sum-rate maximization problem
for MU-MIMO system requires the effective channel to be
diagonal or at least near-diagonal in order to ensure that
the inter and intra-user interferences are suppressed [33].
In fully-digital MU-MIMO systems, the channel diagonal-
ization is attained by designing the precoder and combiner
with the BD scheme. For HBF systems, on the other hand,
the channel diagonalization can be achieved by designing BD
digital precoder and combiner, while the analog precoder and
combiner provide an extra degree-of-freedom – often used
for harvesting array gain.
Here, we propose a novel hybrid precoder and com-

biner design for multiuser mmWave massive MIMO. The
proposed design consists of two stages, where we jointly
design the analog precoder and combiner for all users in
the first stage, and then use the effective baseband chan-
nel to design the digital beamforming in the second stage.
Differently from previous designs, we explore the extra
degree-of-freedom provided by the analog beamforming not
only to harvest the array gain, but also to provide intra- and
inter-user interference suppression. The digital beamforming
is designed using the regularized channel diagonalization
approach (RCD) [32]. In the following subsections, we
describe the proposed analog beamforming design, the digi-
tal RCD approach, and the computational complexity of the
proposed method.

A. ANALOG PRECODER AND COMBINER DESIGN
To design the analog precoder and combiner, we aim to
diagonalize the effective baseband channel Heff, such that
the effective gain of each data stream is maximized while the
interference among different data streams is suppressed. This

problem is equivalent to finding the best rank-KNs channel
approximation H ≈ WRF�FH

RF, so that Heff = WH
RFHFRF ≈

�, where � is a KNs × KNs diagonal matrix while both
WRF and FH

RF are orthonormal. After taking the hardware
constraints associated with the analog precoder and combiner
into account, the design problem is formulated as

min
FRF,WRF,�

∥∥H − WRF�FH
RF

∥∥2
F

s.t. WH
RFWRF = IKNs

FH
RFFRF = IKNs

WRF = blkdiag
{
WRF,1, . . . ,WRF,K

}

WRF,k ∈ WRF

FRF ∈ FRF. (11)

Note that the third constraint is imposed by the system
model while the two last constraints correspond to the
constant-modulus constraint imposed by the phase-shifters.
Without these three constraints, the problem corresponds to
the classical low-rank matrix approximation problem. With
proper algebraic manipulation, the problem in (11) can be
equivalently cast as [36], [37]

max
FRF,WRF

∥∥WH
RFHFRF

∥∥2
F

s.t. WH
RFWRF = IKNs

FH
RFFRF = IKNs

WRF = blkdiag{WRF,1, . . . ,WRF,K}
WRF,k ∈ WRF

FRF ∈ FRF. (12)

Owing to the non-convex constraints, the problem in (12)
is found to be intractable. In order to overcome such a
hurdle, we propose an heuristic algorithm for solving (12)
through a series of KNs successive rank-1 approximations,
each corresponding to the design of one analog precoder and
combiner vector pair. The rank-1 approximation problem is
formulated as

max
fj,wj

∣∣∣wH
j Hfj

∣∣∣
s.t. fHj fj = 1

fHj fl = 0 ∀j �= l

wH
j wj = 1

wH
l wl = 0 ∀j �= l

WRF = blkdiag
{
WRF,1, . . . ,WRF,K

}
∣∣[fj]m

∣∣ = 1/
√
Nt, ∀m ∈ {1, . . . ,Nt}∣∣[wj

]
n

∣∣ = 1/
√
Nr, ∀n ∈ {1, . . . ,Nr} (13)

where FRF = [f1 · · · fKNs ], WRF = [w1 · · ·wKNs ], and {j, l} ∈
{1, 2, . . . ,KNs}. The problem in (13) is still non-convex and
difficult to solve.
Therefore, we further simplify (13) according to the fol-

lowing observations: i) the cost function and constraints
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in (13) are invariant to rotations in wi and fi, thereby replac-
ing the cost function with Re(wH

i H
(i)
resfi) will also lead to an

optimal solution of (13); ii) given the block-diagonal struc-
ture of the aggregated analog combiner matrix, we only
need to ensure orthogonality among analog combiner vectors
within the same user and, in addition, each analog combiner
vector only interacts with the channel matrix of the same
user; lastly, iii) the orthogonality constraint, which guar-
antees the interference suppression, can be slightly relaxed
since it can be further ensured by the digital precoder and
combiner. Bearing these observations in mind, we relax
problem (13) as

max
wk,i,fk,i

Re
(
wH
k,iH

(i)
res,kfk,i

)

s.t.
∥∥fk,i

∥∥ = 1∥∥wk,i
∥∥ = 1∣∣[fk,i
]
m

∣∣ = 1/
√
Nt, ∀m ∈ {1, . . . ,Nt}∣∣[wk,i

]
n

∣∣ = 1/
√
Nr, ∀n ∈ {1, . . . ,Nr}. (14)

where fk,i is the [(k − 1)Ns + i]-th column of FRF, wk,i

is the i-th column of WRF,k, with i ∈ {1, . . . ,Ns} and
k ∈ {1, . . . ,K}, such that fk,i and wk,i are, respectively,
the analog precoder and analog combiner corresponding to
the i-th data stream in the k-th user. Note that, in order
to preserve some level of orthogonality, the channel matrix
in (13) has been replaced with the residual channel matrix
H(i)

res, i.e., the channel matrix subtracted the contributions
of the previously computed analog precoder and combiner
vectors. In particular, H(i)

res,k represents the residual channel
matrix from the k-th user.
The solution to problem (14) is obtained with the projected

block coordinate descent method [38], [39], by cyclically
seeking the block coordinate descent solution with respect to
each block variable (e.g., wk,i or fk,i), while keeping the other
block variable fixed. Thereby, we solve each block coordi-
nate problem by relaxing the non-convex constant modulus
constraint, and then, projecting the relaxed solution onto
the non-convex set of constant modulus vectors. The solu-
tions to the relaxed block coordinate descent problems are,
respectively, given as

ŵk,i = H(i)
res,kfk,i∥∥∥H(i)
res,kfk,i

∥∥∥
and f̂k,i = H(i)H

res,kwk,i∥∥∥H(i)H
res,kwk,i

∥∥∥
(15)

and the projection of the relaxed solutions onto the constant
modulus vector space are obtained by extracting the phases
of the relaxed solutions, i.e., by making

wk,i = 1√
Nr
ej∠H(i)

res,kfk,i and fk,i = 1√
Nt
ej∠H(i)H

res,kwk,i .

(16)

Note that, despite the non-convexity of the block coordi-
nate problems, in the Appendix, we prove that the solutions
in (16) are, in fact, optimal. Finally, the solution to (14) is
obtained by iterating the equations in (16) until convergence.

After obtaining the pair of analog precoder and com-
biner vectors, the residual channel matrix for the k-th user is
updated by simultaneously projecting the columns of H(i)

res,k
onto the subspace orthogonal to the analog combiner wk,i

and their rows onto the subspace orthogonal to the analog
precoder fk,i by making

H(γ+1)
res,k = (

INr − wk,iwH
k,i

)
H(γ )

res,k

(
INt − fk,ifHk,i

)
(17)

while the residual channel matrix for the remaining users
are updated by projecting their rows onto the subspace
orthogonal to the analog precoder fk,i by

H(γ+1)
res,j = H(γ )

res,j

(
INt − fk,ifHk,i

)
, ∀j ∈ {1, . . . ,K|j �= k}. (18)

The update in (17) allows us to find the analog precoder
and combiner vectors for the (i + 1)-th data stream in the
k-th user that are, respectively, nearly-orthogonal to the ana-
log precoder and combiner vectors for the i-th data stream
of the same user. The update in (18), on the other hand,
allows us to seek analog precoders for the remaining users
that are nearly-orthogonal to the analog precoder computed
for the i-th data stream in the k-th user. Note that finding
orthogonal analog precoders and combiners is very difficult
when we take into account the constant modulus constraints.
Nonetheless, while the updates in (17) and (18) cannot assure
orthogonality among the analog beamforming vectors, the
near-orthogonality is good enough to provide intra- and inter-
user interference reduction. The procedure for solving (14)
described herein is repeated until the analog beamforming
for all users and data streams are designed. The proposed
algorithm is summarized in Algorithm 1.
Note that different user scheduling schemes can be adopted

when solving the successive rank-one approximation problem
in (14). In Algorithm 1, we seek fairness among the users and,
therefore, we design the analog precoder and combiner vector
pairs for one data stream in every user at a time. An additional
possibility is to follow certain user priority scheme, thereby
designing all the analog precoder and combiner vector pairs
for the highest priority users to the lowest ones.

B. DIGITAL PRECODER AND COMBINER DESIGN
Having computed the analog precoder and combiner using
Algorithm 1, the digital precoder and combiner are obtained
by the regularized channel diagonalization (RCD) [32] of
the baseband effective channel, defined in (4). Our goal is
to reduce the MUI plus noise and to optimize the system
performance. Therefore, in order to simplify the design, we
adopt a two-step approach: first we address the MUI plus
noise reduction, and then, the intra-user interference suppres-
sion and performance optimization. The later also allows us
to obtain the digital combiner for every user. The digital
precoder is written as

FBB = βFmFp (19)

with Fm = [Fm1 Fm2 · · · FmK ] ∈ C
KNs×KNs and
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Algorithm 1: Multiuser Joint Analog Precoder &
Combiner Design

1 Initialize γ = 0 and FRF = [ ]
2 Initialize WRF,k = [ ] and H(0)

res,k = Hk,∀k = 1, · · · ,K
3 for i = 1:Ns do
4 for k = 1:K do
5 Initialize wk,i and fk,i randomly
6 Initialize η = 0; δ(0) = 1; δ(1) = 0
7 while |δ(η+1) − δ(η)| ≥ ε do
8 η = η + 1

9 ŵk,i = H(γ )
res,kfk,i

10 wk,i = (1/
√
Nr)ej∠ŵk,i

11 f̂k,i = H(γ )H

res,kwk,i

12 fk,i = (1/
√
Nt)ej∠f̂k,i

13 δ(η+1) = wH
k,iH

(γ )
res,kfk,i

14 end
15 H(γ+1)

res,k = (INr − wk,iwH
k,i)H

(γ )
res,k(INt − fk,ifHk,i)

16 for j = 1 : K, j �= k do
17 H(γ+1)

res,j = H(γ )
res,j(INt − fk,ifHk,i)

18 end
19 WRF,k(:, i) = wk,i

20 FRF(:, (k − 1)Ns + i) = fk,i
21 γ = γ + 1
22 end
23 end
24 return FRF,WRF

Fp =
⎡
⎢⎣
Fp1 · · · 0
...

. . .
...

0 · · · FpK

⎤
⎥⎦ ∈ C

KNs×KNs

where Fmk ∈ C
KNs×Ns is the primary digital precoder for

MUI plus noise suppression, Fpk ∈ C
Ns×Ns is secondary

digital precoder, used for performance optimization, and β

is chosen to fulfill the total transmit power constraint in (10).
Therefore, we start by designing Fm to mini-

mize the MUI plus noise. First, we define H̃k =
[H̄T

1 · · · H̄T
k−1H̄

T
k+1 · · · H̄T

K]T ∈ C
(K−1)Ns×KNs , such that

‖H̃kFmk‖F relates to the level of interference imposed by
the k-th user to the remaining users. The design of Fm is
formulated as

min
Fm

E

{
K∑
k=1

∥∥∥H̃kFmk

∥∥∥2

F
+ ‖n‖2

β2

}
(20)

where n = [nT1 · · · nTK]T. We further assume that all additive
white Gaussian noise vector nk, for k ∈ {1, . . . ,K} have the
same variance σ 2

n . Thus, the problem in (20) can be written
as [40, Appendix]

min
Fm

K∑
k=1

tr

[
FH
mk

(
H̃H
k H̃k + KNsσ

2
n

Pt
IKNs

)
Fmk

]
. (21)

The solution to problem (21) is given by [41]

Fmk =
(
H̃H
k H̃k + KNsσ

2
n

Pt
IKNs

)−1

. (22)

Next, by assuming that the primary digital precoder is
able to minimize all MUI (i.e., HFm is block diagonal),
the secondary digital precoder and the digital combiner are
designed by optimizing K parallel SU-MIMO separately. Let
the effective SU-MIMO channel for the k-th user H̄kFmk and
its SVD H̄kFmk = Us�sVH

s , the optimal secondary digital
precoder and digital combiner for the sum-rate maximization
under total transmitted power constraint are given, respec-
tively, by the Ns column vectors of Vs and Us associated
with the Ns largest singular values of H̄kFmk , i.e.,

Fpk = Vs[ : , 1 : Ns] (23)

and

WBB,k = Ue[ : , 1 : Ns]. (24)

In order to the digital precoder to satisfy ‖FRFFBB‖2
F = KNs,

we scale the digital precoder by making

FBB =
√

KNs∥∥FRFFmFp
∥∥2
F

FmFp. (25)

Lastly, the optimal power allocation matrix P is designed
by the water-filling power allocation with total transmit
power Pt.
Note that the primary digital precoder for the k-th user

in (22) transmits in the subspace spanned by all other
users with power inversely proportional to H̃k’s singular val-
ues [40]. Therefore, the RCD design trades-off some of its
MUI suppression capabilities for a better performance in
low-SNR scenarios. For high SNR, the transmission tends
to concentrate in the null-space of H̃k, and thus, the RCD
precoder approaches the BD design.

C. COMPUTATIONAL COMPLEXITY
The iterative process used to design the analog precoder and
combiner matrices has computational complexity order of
O{KNsNtNr(Nite+K)}, where Nite is the number of iterations
required to compute an analog precoder and combiner vector
pair. The design of the digital precoder and combiner requires
the computation of the effective channel, with complexity
O{KNs(NtNr+KNtNs)}, the baseband RCD design with com-
plexity O{K4N3

s }, followed by the digital precoder normaliza-
tion with complexity O{K2N2

sNt}. Under the assumption that
Ns ≤ Nr (which always hold for the proposed system), the
overall complexity order of the proposed design is approxi-
mately O{KNs[K3N2

s +NtNr(K+Nite)]}. For comparison, the
complexity order of the algorithms in [28]–[32] are presented
in Table 1. Note that the proposed design has complexity
comparable to the Hy-BD, EBC-HBF, and Hy-SBD, and
much lower than the SP-BD-HBF and the HRCD designs.
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TABLE 1. Computational complexity of MU-MIMO HBF design methods.

IV. SIMULATION RESULTS
In this section, we present simulation results to evaluate the
performance of the proposed approach and compare with
other methods in the literature. The results are obtained
by averaging the achievable sum-rate over 1000 chan-
nel realizations, considering both the Rayleigh and the
Saleh-Valenzuela (mmWave) channel models. The proposed
approach is compared to the hybrid BD (Hy-BD) [28],
subspace-projection-aided BD (Hy-SBD) [30], equivalent
baseband channel HBF (EBF-HBF) [31], and hybrid regular-
ized channel diagonalization (HRCD) [32]. The SVD-based
fully-digital (FD-SVD) design in [30] is used as bench-
mark, as it provides a much better performance than the
traditional fully digital BD. Note, however, that the FD-
SVD is not capacity-achieving, and it is possible that
HBF designs outperform the fully-digital design in some
situations. The HRCD design requires the knowledge of
the array response vectors for all propagation paths and
thus, can only be deployed for the mmWave channel
model. We adopt ε = 0.001 to control the convergence
of Algorithm 1; and assume ρk = 1∀k and the transmit
SNR = Pt/σ 2

n .

A. RAYLEIGH CHANNEL
We start by considering the Rayleigh channel model. In
the first experiment, we assume a MU-MIMO system with
Nt = 144 transmit antennas communicating to K = 8
users through Ns = 4 data streams, with each user
having Nr = 16 receive antennas. We evaluate the achiev-
able sum-rate over different SNR values in the range
[−20, 10] dB. The results, depicted in Fig. 2, show that
the proposed method has outperformed all the other HBF
designs, providing up to 3 bits/s/Hz improvement over the
Hy-SBD.
In the second experiment, we evaluate the achievable sum-

rate for different number of transmit antennas Nt. We assume
a systems with K = 4 users, each having Nr = 16 receive
antennas and communicating through Ns = 4 data streams, at
SNR = −5 dB. The results in Fig. 3 show that the proposed
design outperform the other HBF designs and can even out-
perform the fully-digital solution for a small number of
transmit antennas. Next, we evaluate the achievable sum-
rate for different number of data streams Ns for a 144 × 16
MU-MIMO system with K = 4 users at SNR = 5 dB. The
proposed algorithm outperforms all other HBF designs, and

FIGURE 2. Sum-rate vs. SNR for Nt = 144, Nr = 16, K = 8, and Ns = 4.

FIGURE 3. Sum-rate vs. number of transmit antennas Nt for Nr = 16, K = 4, and
Ns = 4 at SNR = −5 dB.

FIGURE 4. Sum-rate vs. number of data stream Ns for Nt = 144, Nr = 16, and K = 4
at SNR = 5 dB.

in the most critical scenario (i.e., Ns = 16), it provides nearly
5.8 bits/s/Hz improvement over the Hy-SBD. The results are
shown in Fig. 4.
In Fig. 5, we show the achievable sum-rate versus the

number of users K. Here, we consider a 144×16 MU-MIMO
system transmitting Ns = 4 data streams at SNR = −5 dB.
Once again, the proposed algorithm performs better than
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FIGURE 5. Sum-rate vs. number of users K for Nt = 144, Nr = 16, and Ns = 4 at
SNR = −5 dB.

FIGURE 6. Ratio between sum-rate performance for quantized PS and
non-quantized PS vs. SNR for different number of quantization bits Nb.

the other designs. In the most critical case, i.e., K = 8,
the improvement over the Hy-SBD reaches more than 3
bits/s/Hz.
Finally, we investigate the effects of the PS quantization.

In the previous simulations, we have considered only non-
quantized (i.e., infinite resolution) phase shifters. In practice,
however, quantized PS are preferred thanks to the lower
energy consumption and hardware complexity [42]–[44].
Quantized PS have a finite number of feasible phase shifts
given by 2Nb , where the number of quantization bits Nb are
usually between 4 and 6 bits [45]. In order to adjust the
proposed algorithm for the quantized PS case, we choose
the closest quantized phases during the phase-extraction per-
formed in lines 10 and 12 of Algorithm 1. In this experiment,
we considered the same scenario as in the first experi-
ment. Fig. 6 show the ratio between the sum-rate achieved
by the non-quantized (Nb = ∞) and the quantized ana-
log beamforming for SNR in the range [−20, 10] dB. We
observe that the quantized design can attain more than 99%
of the non-quantized design’s performance using Nb = 6
and more than 97% with Nb = 5 for the entire SNR
range.

FIGURE 7. Sum-rate vs. SNR for Nt = 144, Nr = 16, K = 8, and Ns = 4.

FIGURE 8. Sum-rate vs. number of transmit antennas Nt for Nr = 16, K = 4, and
Ns = 4 at SNR = −5 dB.

B. MMWAVE CHANNEL
Here, we present the results obtained for the mmWave chan-
nel. We assume a channel with Ncl = 5 and Nray = 10,
with average cluster power σ 2

α,i = 1, angular spread
σ t

φ = σ t
θ = σ r

φ = σ r
θ = 10◦, and a USPA with

antenna spacing d = λ/2. As for the Rayleigh channel,
we start by evaluating the achievable sum-rate over dif-
ferent SNR values. We consider a 144 × 16 MU-MIMO
with K = 8 users communicating through Ns = 4 data
streams per user. The results in Fig. 7 show that the
proposed method also outperformed all the other HBF
designs in the mmWave configuration. The proposed design
performs slightly better than the fully-digital design for low
SNR (≤ −10 dB) and provides a performance improve-
ment over the Hy-SBD that goes up to 6.3 bits/s/Hz at
SNR = −5 dB.

Next, we evaluate the impact of the number of anten-
nas on the achievable sum-rate. We consider a MU-MIMO
system with K = 4 users having Nr = 16 receive anten-
nas and communicating through Ns = 4 data streams at
SNR = −5 dB. The results, depicted in Fig. 8, show that
the proposed design can provide a fairly better sum-rate
performance than the other designs when employing small
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FIGURE 9. Sum-rate vs. number of data stream Ns for Nt = 144, Nr = 16, and K = 4
at SNR = 5 dB.

transmit arrays, attaining nearly 5.4 bits/s/Hz improvement
over the Hy-SBD and 3.6 bits/s/Hz over the fully-digital
design when Nt = 25.

In the following experiment, we assess the achievable sum-
rate over different number of data streams Ns for a 144 × 16
MU-MIMO system with K = 4 users at SNR = 5 dB. The
results are shown in Fig. 9, from which we can notice a sig-
nificant improvement compared to the other designs. Such an
improvement is largely thanks to the RCD digital precoding.
Note that, except for the HRCD, which also adopts the RCD
precoding, all the other designs, which employ traditional BD
digital precoding, have their performance severely degraded
as the number of data streams grows. The traditional BD
transmits the signal of each user through the null-space of
the other users and thus, by increasing the number of data
streams, it reduces the dimension of the subspace each user
can explore for transmission. In addition, note that this effect
is much less present under Rayleigh channel in Fig. 4 thanks
to its rich scattering environment. Here, in the most critical
scenario (Ns = 16), the proposed design achieves sum-rate
14 bits/s/Hz and 28 bits/s/Hz higher than, respectively, the
HRCD and the Hy-SBD.
The same reasoning is applied for the next experiment,

where we evaluate the achieved sum-rate for different num-
ber of users K when considering a 144 × 16 MU-MIMO
system communicating through Ns = 4 data stream at
SNR = −5 dB. The results in Fig. 10 show that the HRCD
and the proposed design preserve a growth trend as the
number of users increases, while the other designs seem to
stagnate. For K = 8, the proposed design exhibits more than
6.3 bits/s/Hz improvement over the Hy-SBD.
Next, we investigate the effect of channel estimation

errors. HBF designs such as in [29], [32] require the knowl-
edge of the AoAs and AoDs of all propagation paths. The
angle estimation, however, is subjected to errors due to array
imperfection, mutual coupling, gain/phase uncertainty and
the positioning of the sensors [46], [47]. In order to evalu-
ate the impact of imperfect channel estimation, we assume
that the azimuth and elevation AoD φt

il and θ til and AoA

FIGURE 10. Sum-rate vs. number of users K for Nt = 144, Nr = 16, and Ns = 4 at
SNR = −5 dB.

FIGURE 11. Sum-rate vs. angle estimation error variance for Nt = 144, Nr = 16,
K = 8, and Ns = 4.

φr
il and θ ril are estimated with error. Since the phase error

is usually much smaller then the support of the phase itself
(e.g., 2π ), we can assume it follows a Gaussian distribution
with zero-mean and variance σ 2

e [48]. Thus, in this exper-
iment, we assess the sum-rate of a 144 × 16 MU-MIMO
system with K = 8 users communicating through Ns = 4
data stream each at SNR = 0 dB. The results, depicted in
Fig. 11, show the achieved sum-rate versus the AoA/AoD
estimation error variance σ 2

e , with σ 2
e ranging from 0.0001

(σe ≈ 0.57◦) to 1 (σe ≈ 57◦). Note that those designs that
do not rely on the precise knowledge of the array response
vector codebook have a fairly steady performance over the
all the error variance range, while the HRCD, which rely
on these codebooks, has its performance severely degraded,
lowering nearly 25 bits/s/Hz of its error-free performance
when σ 2

e = 1.
Finally, we also evaluate the performance of the proposed

design under quantized PS. Fig. 12 shows the ratio between
the sum-rate achieved by the quantized and non-quantized PS
scheme. The quantized design can attain more than 99.8%
for Nb = 6, 99.5% for Nb = 5, and 98.3% for Nb = 4 over
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FIGURE 12. Ratio between sum-rate performance for quantized and non-quantized
PS vs. the SNR for different number of quantization bits Nb.

FIGURE 13. EPMF of the number of iterations for a 144 × 16 MU-MIMO with K = 8
users and Ns = 4 data streams per user in Rayleigh channel.

all SNR range, indicating that the proposed scheme could
be implemented with practical quantized PS with virtually
no performance loss.

C. CONVERGENCE ANALYSIS
In order to evaluate the convergence of the proposed
algorithm, we first recall the proof of optimality for the
block coordinate problems related to (14), presented in the
Appendix. Since the solutions in (16) are optimal, iterating
between these solutions will lead to an increasingly better
value for the cost function in (14). Therefore, the conver-
gence is determined once the cost function ceases to increase.
However, due to the non-convexity of (14), we cannot guar-
antee that this iterative process will converge to a global
optimum solution, only to local ones.
Through extensive numerical simulations, we can gain

important insights into the convergence of the proposed algo-
rithm. Here, we evaluate the number of iterations required for
the algorithm to converge. In Fig. 13 and Fig. 14 we present
the empirical probability mass function (EPMF) of the num-
ber of iterations required to compute each analog precoder
and combiner vector pair in a 144 × 16 MU-MIMO system
with K = 8 and Ns = 8, respectively, for Rayleigh and

FIGURE 14. EPMF of the number of iterations for a 144 × 16 MU-MIMO with K = 8
users and Ns = 4 data streams per user in mmWave channel model.

mmWave channels. For the Rayleigh channel, Algorithm 1
required on average 33.4 iterations to find each analog
precoder and combiner vector pair, and has converged with
less than 84 iterations in more than 99% of the trials. For
the mmWave channel, the algorithm required 9.6 iterations
on average and has converged with less than 31 iterations
in more than 99% of the cases. Nonetheless, we observe
that the results in Figs. 13 and 14 remain fairly steady when
varying system parameters, such as the number of anten-
nas, users, or data streams; and have nearly the same shape
when evaluated individually for each user or data stream.
On the other hand, these results are highly dependent on
the value of ε, the stopping criterion in Algorithm 1, allow-
ing the designer to trade off performance for computational
complexity.
The results also show that the proposed algorithm con-

verges much faster in mmWave channels than in Rayleigh
channels. Despite the lack of an analytical convergence proof
(mainly due to the difficulty of handling the non-convexity
of (14)), we infer that this phenomenon is associated with the
fast decay of the channel’ singular value energy, in contrast
with the slowly decaying singular values in the Rayleigh
channel, analogously to what happens for the unconstrained
rank-1 approximation using the power iteration method [49].
Moreover, we observe that for mmWave channels, the algo-
rithm is more likely to converge to the same (possibly
the global optimal) solution, regardless of the initialization;
while for Rayleigh channels, it may converge to different
local optima, depending on the initialization.

D. FURTHER DISCUSSIONS
The results presented above have demonstrated that the
proposed HBF design consistently outperforms the other
design methods for both the rich scattering (Rayleigh fading)
and limited scattering (mmWave) environments in a wide
range of scenario parameters. In particular, the proposed
design has shown significant improvement compared to other
designs in the mmWave scenarios, as it has been seen in
Figs. 9 and 10. Such an improvement is directly related to
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the proposed design’s ability to harvest the array gain and
reduce the intra-user and multiuser interference in the ana-
log beamforming stage, in contrast with other methods that
only perform array gain harvesting, and the regularized dig-
ital precoder, which provides an important trade-off between
MUI suppression and transmission diversity. Moreover, the
results also revealed the capability of the proposed design to
perform under practical constraints, such as the quantized-
phase PS implementation of the analog beamforming and
the imperfect channel state information.

V. CONCLUSION
In this article, we proposed a novel hybrid beamforming
design for multiuser mmWave massive MIMO. The proposed
method consists of a two-stage approach in which we design
the analog and digital beamforming separately. The analog
precoder and combiner design is based on a constrained low-
rank channel approximation approach, which aims to harvest
the array gain provided by the massive MIMO system while
simultaneously reducing the MUI. The digital precoder and
combiner are computed using the regularized channel diag-
onalization method, which trades off MUI suppression for
more transmit diversity, thus attaining a better performance
in low-SNR scenarios or when the number of users or data
streams grows. In order to confirm the effectiveness of the
proposed design, numerical simulation results have been pro-
vided for a wide range of scenarios. In addition, we evaluated
the performance of our method under practical considera-
tions, such as quantized PS and channel estimation errors. It
has been shown that the proposed method outperforms the
other HBF designs in all simulation scenarios.

APPENDIX
PROOF OF THE OPTIMALITY OF (16)
By adopting a different formulation to problem (14) and
using the first and second order optimality conditions, we
can demonstrate that the projected block coordinate solutions
in (16) are, in fact, local optimal solutions to the non-convex
block coordinate problems of (14). This result enables us to
derive important insights on the convergence of the proposed
algorithm. For conciseness, we omit the indices in the vectors
and matrices and only present the solution to the block coor-
dinate problem associated with the analog combiner vector.
Such a problem is obtained from (14) as

max
w

Re
(
wHHresf

)

s.t. ‖w‖ = 1

|[w]n| = 1/
√
Nr, ∀n ∈ {1, . . . ,Nr} (26)

We observe that: i) the second constraint in (26)
guarantees that the first constraint be attained; and ii)
using the second constraint, we can express the ana-
log precoder vector as w = 1√

Nr
[ejθ1, ejθ2 , . . . , ejθNr ]T =

1√
Nr
ejθ , with θ = [θ1, θ2, . . . , θNr ]

T. Thus, by defining

h = [h1, h2, . . . , hNr ]
T = Hresf, with hi = |hi|ejφi , we can

reformulate the cost function in (26) as

J = Re
{
wHHf

} = 1

2

(
wHHf + fHHHw

)

= 1

2
√
Nr

(
Nr∑
i=1

e−jθi hi +
N∑
i=1

ejθi h∗
i

)

= 1

2
√
Nr

Nr∑
i=1

|hi|
(
e−j(θi−φi) + ej(θi−φi)

)

= 1√
Nr

Nr∑
i=1

|hi|Re
{
e−j(θi−φi)

}
(27)

Thus, the optimization problem in (26) is equivalent to
the following unconstrained optimization problem

arg max
θ∈RNr

Nr∑
i=1

|hi|Re{e−j(θi−φi)}. (28)

The solution to problem (28) is obtained using the first-
and second-order optimality conditions [50], i.e.,

∇θ J = 1√
Nr

⎡
⎢⎢⎢⎣

|h1|Re{e−j(θ1−φ1+π/2)}
|h2|Re{e−j(θ2−φ2+π/2)}

...

|hNr |Re{e−j(θNr−φNr+π/2)}

⎤
⎥⎥⎥⎦ = 0 (29)

and

∇2
θ J = 1√

Nr
diag

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣

|h1|Re
{
e−j(θ1−φ1+π)

}
|h2|Re

{
e−j(θ2−φ2+π)

}
...∣∣hNr

∣∣Re
{
e−j(θNr−φNr+π)

}

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

≺ 0 (30)

where diag(v) is a diagonal matrix with diagonal entries
given by v and A ≺ 0 when A is negative-definite. Together,
these conditions yield multiple local optimal solutions,
given as

θi = φi ± 2πk, for k = 0, 1, 2, . . . , (31)

Thus, if we choose the trivial solution (k = 0), we obtain
θi = φi, so that an optimal solution to problem (28) is
given by

θ = φ = ∠{Hf} (32)

or equivalently, an optimal solution to problem (26) is
given by

w = 1√
Nr
ejφ = 1√

Nr
ej∠Hresf. (33)
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