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ABSTRACT Non-orthogonal multiple access (NOMA)-based diamond relaying (NDR) is an efficient
approach for combining NOMA and relaying techniques in such a way as to enhance the achievable
rate from the source to the destination in the network. This paper examines the problem of joint power
allocation among all the transmission phases during the operation of such networks. Based on the Karush-
Kuhn-Tucker (KKT) condition and the second-order sufficient condition (SOSC), at least the local optimal
solution is derived and analyzed. In addition, a new protocol for NDR networks based on cooperative
communications is introduced and the associated joint power-allocation problem is examined. It is shown
that this cooperative NDR (C-NDR) network further improves the achievable rate in some typical place-
ments of the relays. Simulation results verify the correctness of the deviation and confirm the effectiveness
of the proposed joint power-allocation method for both NDR and C-NDR networks.

INDEX TERMS Non-orthogonal multiple access (NOMA), relay networks, NOMA-based diamond relay-
ing (NDR), cooperative communications, Karush-Kuhn-Tucker (KKT) condition, second-order sufficient
condition (SOSC), joint power allocation, achievable rate.

I. INTRODUCTION

NON-ORTHOGONAL multiple access (NOMA) and
relaying are both effective techniques for improving

the performance of future wireless communication networks.
NOMA allows multiple data streams to be transmitted simul-
taneously using the same resources, e.g., the same frequency
bands or the same time slots, and is regarded as one of the
most promising candidates for boosting the overall capac-
ity of fifth-generation (5G) networks and beyond [1], [2].
NOMA technology can be applied in both the downlink
direction and the uplink direction to achieve multiple access,
and the success of most NOMA methods, e.g., power-domain
NOMA, stems mainly from the difference in the locations of
the transmitting/receiving devices accessing the network. For
example, a device close to the access point (AP) and a sec-
ond device far from the AP can both transmit/receive signals
simultaneously [3]. In relay networks, one or more relays

are placed between the source and the destination to assist in
forwarding the signals, thereby enhancing the wireless link
reliability, increasing the system capacity, and/or extending
the network coverage [4], [5]. Over the past decade, relaying
technology has advanced tremendously both in sophistica-
tion and in scope, and many new modes of applicability have
been proposed for wireless communications. For example,
relays are now deployed extensively for cooperative com-
munications, in which the AP and relays cooperate with
one another to improve the communication quality, e.g., the
capacity or diversity. Furthermore, relays are formally speci-
fied for use in cellular networks under Release 10 of the 4G
Long-Term Evolution (LTE) standard [6], [7]. In addition,
various relaying technologies have been proposed to facili-
tate the ultra-dense networks anticipated under 5G, including
wireless backhaul for nomadic cells or data aggregation in
the massive machine-type communications [8]–[11].
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The literature contains many proposals for combining
NOMA and relaying techniques to improve the network
performance [12]–[35]. Many of these proposals are based
on the concept of cooperative NOMA [12]–[14]. Specifically,
the power-domain cooperative NOMA systems are first
discussed in [12] and [13], in which the source sends super-
imposed data symbols to both the relay and the destination
in the first phase. The relay is able to extract both sym-
bols since it is close the source. However, the destination
can obtain only the symbol with a larger power. Thus, in the
second phase, the relay forwards the data symbols which the
destination was unable to acquire in the first phase. In other
words, the destination acquires two data symbols within two
separate transmission phases. This is very different from con-
ventional relay networks, in which the destination receives
only a single data symbol over two transmission phases, and
results in a significant improvement in the network through-
put. The corresponding outage probability, diversity order,
and capacity region are also examined in [12] and [13]. Later,
the key features, opportunities, and challenges of this kind
of cooperative NOMA networks are reviewed and summa-
rized in [14]. The authors in [15]–[18] considered the relay
selection problem in NOMA-based relay networks, while
those in [19]–[22] examined the related power-allocation
problem. In practice, both problems are of great impor-
tance since the relay location and power allocation both have
a significant effect on the NOMA/relaying behavior, and
thus also impact the overall performance of the network.
To be more specific, in [15], a two-stage relay-selection
approach is proposed to achieve a better outage probabil-
ity than some related schemes, including the well-known
max-min relay-selection method. In [16], another two-stage
method is examined focusing on various relaying proto-
cols with different quality-of-service (QoS) requirements,
and more analytical results are provided. More sophisticated
relay-selection approaches with adaptive power allocation
according to changing environments are proposed in [17]
and [18]. The authors in [19] consider a new way for select-
ing an optimal relay mode and optimal transmission power
levels simultaneously in NOMA-based relay networks to
achieve a better network throughput. Furthermore, the spec-
tral efficiency of amplify-and-forward (AF)-based NOMA
cooperation is investigated in [20], while a similar problem is
tackled for decode-and-forward (DF)-based NOMA coopera-
tion as well in [22]. The problem of joint resource allocation,
involving the subcarrier pair, subcarrier-user assignment, and
power levels, is examined to maximize the network through-
put in [21]. Typically, it is formulated as a mixed-integer
nonlinear programming problem, which is then solved via
a special divide-and-conquer strategy. Besides, the effect of
employing different relaying protocols, including the classi-
cal AF, DF, and various hybrid approaches with or without
direct link, to the power-allocation method, network through-
put, diversity order, outage probability, and even energy
efficiency is explored in [23]–[26]. In general, the results
show that the application of different relaying protocols

according to different circumstances is highly beneficial for
enhancing the robustness of the relaying operation. The
authors in [27]–[29] combined the full-duplex (FD) mode
with NOMA relaying to further improve the performance.
The gain from FD is shown, and the timing for switch-
ing between half-duplex (HD) and FD is also discussed.
Last but not least, the authors in [30]–[33] combine a new
energy-harvesting (EH) technique with the concept of simul-
taneous wireless information and power transfer (SWIPT)
to reduce the total energy consumption of the network.
The focus is how EH/SWIPT can benefit the network in
terms of different performance measures. Different factors
such as the number of relays used, the protocol chosen,
and the power splitting strategy are included in the discus-
sion for prolonging the lifetime of the energy-constrained
relay network.
NOMA-based diamond relaying, in which a pair of relays

perform signal reception similar to downlink NOMA and
signal transmission similar to uplink NOMA, respectively,
provides an effective approach for improving the achiev-
able rate from the source to the destination compared to
most traditional two-relay protocols [34], [35], which will be
explained more in the next section. In this study, the achiev-
able rate of this NOMA-based diamond relaying is further
enhanced through jointly allocating the power assigned to
the downlink and uplink NOMA operations, respectively.
The main contributions of this study can be summarized as
follows:
1) The joint power allocation problem is described as an

optimization problem, in which successive-interference
cancellation (SIC) constraints are explicitly imposed in
order to ensure the success of both downlink NOMA
and uplink NOMA during actual implementation. In
consequence, all power levels in the NOMA operation
are jointly optimized, and this generally leads to a
better achievable rate.

2) The Karush-Kuhn-Tucker (KKT) condition [36] for
the joint power-allocation problem is derived, and the
solution is obtained and checked with the second-order
sufficient condition (SOSC). This means at least a local
optimum is reached. In addition, new insights are pro-
vided into the settings of the NDR network. It is shown
that the proposed power-allocation method results in a
higher achievable rate than other related methods for
the considered dual-hop NDR network; particularly in
the case where the two relays are placed rather asym-
metrically, i.e., one relay is close to the source while
the other is close to the destination. The effect of this
asymmetric relay placement on the power allocation
(and hence the overall achievable rate) is analyzed and
discussed.

3) The concept of cooperative communications is applied
to the NDR network. The KKT condition for the resul-
tant cooperative NDR (C-NDR) network is derived and
the related joint power-allocation problem is examined
as well. It is shown that the C-NDR network with
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FIGURE 1. Network model of the NDR scheme where the source intends to send
superimposed data symbols to the destination with two NOMA-functioned relays.

the proposed joint power allocation further improves
the achievable rate of NDR in some typical relay-
placement scenarios, e.g., both NOMA-functioned
relays are closer to the destination than to the source.
Design guidelines about how to place the two relays
and allocate the power jointly are additionally provided
for both the NDR network and the C-NDR network.

The remainder of this paper is organized as follows.
Section II provides the related background to the present
research and derives both the network model of the NDR
and the related achievable rate. Section III presents the joint
power-allocation problem for NDR and derives the solution.
Section IV introduces the proposed C-NDR network and
examines the associated joint power-allocation problem for
improving the achievable rate further. Section V presents
and discusses the simulation results for the performance of
the proposed joint power-allocation methods for NDR and
C-NDR, respectively. Finally, Section VI provides some brief
concluding remarks.

II. NETWORK MODEL OF NOMA-BASED DIAMOND
RELAYING (NDR)
This section commences by introducing the network model
of the conventional NDR scheme. A mathematical expression
for the achievable rate of the network is then derived.
The study considers the two-relay network shown in Fig. 1

consisting of a source, two relays (R1 and R2), and a desti-
nation. An assumption is made that each member of the
network has a single-antenna and half-duplex capability.
Furthermore, “downlink NOMA” and “uplink NOMA” con-
cepts are both virtually employed to enhance the achievable
rate from the source to the destination.1 As shown in Fig. 1,
R1 is placed close to the source and far from the destination,
while R2 is placed far from the source but close to the des-
tination. Such a relaying scenario was first proposed in [34],
[35], and is referred to as a NOMA-based diamond relay
(NDR) network. It was shown in [34], [35] that by employing
the idea of NOMA virtually for signal reception/transmission
at the two relays, the achievable rate of the network can be
significantly improved compared to conventional two-relay
networks, as explained in the following.

1. The word virtual or virtually is taken to mean here that only the idea
of NOMA is used for signal transmission and reception. In other words, it is
not the usual usage of NOMA, in which different users transmit or receive
their corresponding signals simultaneously using the same radio resources.

Also shown in Fig. 1, the channels of the four included
transmission paths are denoted by h1, h2, h3 and h4, respec-
tively; moreover, we let g1 = |h1|2, g2 = |h2|2, g3 = |h3|2
and g4 = |h4|2 for notational simplicity. Two transmission
phases are required for the source to send data symbols to
the destination through the use of the two NOMA-functioned
relays. In the first phase, the source transmits the superim-
posed data symbols

√
P1s1 + √

P2s2 to both relays with P1
and P2 denoting the power levels for s1 and s2, respectively.
It is not difficult to see that this resembles a downlink-
NOMA scenario. According to the conventional downlink
NOMA operation, to ensure the decoding of this down-
link NOMA-like transmission is performed adequately, it
is appropriate to set P1 < P2 since the distance between
the source and R1 is shorter than that between the source
and R2, in which g1 > g2 is expected. Both relays then
receive the signal sent by the source. At R1, s2 is first
decoded due to the larger value of P2. Assume that s2 can
be correctly decoded. SIC is then performed in which s2
is subtracted from the received signal of R1. This results
in a clean version of the received signal for s1, and s1 is
decoded at R1 afterward. At the same time, at R2, s2 is
decoded directly also thanks to its better signal quality, and
s1 is treated as background noise. Therefore, R1 obtains s1
while R2 obtains s2, and the first phase of NDR is com-
pleted. During the second phase, R1 forwards s1 with P3 to
the destination and R2 forwards s2 with P4 to the destina-
tion simultaneously. Likewise, g3 < g4 is expected due to
the differences in the distances of R1 to the destination and
R2 to the destination. Again, with suitable values of P3 and
P4, we see that this resembles an uplink-NOMA scenario.
That is, upon receiving the two superimposed signals at the
destination, the possibly stronger component s2 from R2 is
decoded first. SIC is then performed to subtract s2 from
the received signal. Finally, s1 is extracted as well from the
resultant signal. As a consequence, both s1 and s2 can be
recovered at the destination. Usually, in order to guarantee
the success of the SIC operation in both downlink NOMA
and uplink NOMA, the signal-to-noise ratio (SNR) of the
stronger signal must be greater than that of the weaker one
up to a certain value. Here, we set such SIC constraints
necessary for the considered NDR network as

P2g1/N0

P1g1/N0
≥ γth (1)

P4g4/N0

P3g3/N0
≥ γth (2)

where N0 denotes the noise power level, and γth is a pre-
set threshold value. With the success of SIC in both virtual
downlink NOMA and uplink NOMA, the achievable rate (in
bits per second per Hertz, bps/Hz) for the four transmission
paths, also indicated in Fig. 1, can be calculated to be

C1 = log2

(
1 + P1g1

N0

)
, for s1 at R1 (3)
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C2 = log2

(
1 + P2g2

P1g2 + N0

)
, for s2 at R2 (4)

C3 = log2

(
1 + P3g3

N0

)
, for s1 at Dest. (5)

C4 = log2

(
1 + P4g4

P3g3 + N0

)
, for s2 at Dest. (6)

Note that in fact the destination obtains s1 from R1 and
s2 from R2, respectively. The overall achievable rate at the
destination is the sum of C3 for s1 and C4 for s2. Therefore,
the achievable rate at the destination can be expressed as

y = 1

2
(C3 + C4) (7)

where the factor 1
2 is involved due to the use of two trans-

mission phases. In general, with suitable settings of power
levels and relay locations in the NDR network, a better
achievable rate can be obtained by virtue of the reception
of two information streams.

III. PROPOSED JOINT POWER ALLOCATION FOR NDR
Here, we examine the problem of maximizing the overall
achievable rate at the destination through jointly selecting
the four power levels P1, P2, P3 and P4. As stated in the
previous section, two information symbols are obtained at
the destination simultaneously in the NDR network, and the
corresponding achievable rate is depicted in (7). Intuitively,
both C3 and C4 are required to be maximized. However,
letting C3 and C4 increase without bound only may be irra-
tional. To see this, we imagine that the upper branch and
the lower branch in Fig. 1 are analogous to two pipes in
which water flows from the frond-end to the back-end. It
is not possible that the amount of water in the back-end is
larger than that in the frond end. Back to the NDR scenario,
in consequence, both C3 > C1 and C4 > C2 cannot happen.
To describe the inflow of information must be larger than
the outflow of information at both relays, accordingly, we
need to add the following two conditions

C1 ≥ C3 (8)

C2 ≥ C4. (9)

In addition, the sum of all power values P1, P2, P3 and
P4 should be limited by an allowable total transmit power
value, i.e., P1 +P2 +P3 +P4 ≤ Pt is required. Collecting all
these constraints, we can formulate an optimization problem
to maximize the overall achievable rate at the destination
with respect to the four power levels as

max
P1,P2,P3,P4

1

2
(C3 + C4)

subject to C1 ≥ C3

C2 ≥ C4
P2g1/N0

P1g1/N0
≥ γth

P4g4/N0

P3g3/N0
≥ γth

P1 + P2 + P3 + P4 ≤ Pt
Pi ≥ 0, i = 1, 2, 3, 4. (10)

To deal with the problem in (10), the objective function y
to be maximized is first rewritten as

y = 1

2
(C3 + C4)

= 1

2

[
log2

(
1 + P3g3

N0

)
+ log2

(
1 + P4g4

P3g3 + N0

)]
(11)

= 1

2 ln 2

[
ln

(
1 + P3g3

N0

)
+ ln

(
1 + P4g4

P3g3 + N0

)]
. (12)

We see that 1
2 ln 2 in (12) is merely a scalar that does not affect

the result of the optimization, and the expression in (12)
is much easier to be differentiated than that in (11) due
to the use of the natural logarithmic function. Here, we
let −[ ln (1 + P3g3

N0
) + ln (1 + P4g4

P3g3+N0
)] be our new objec-

tive function to be minimized instead of the original one.
For the sake of simplicity, C1 ≥ C3 and C2 ≥ C4 are
expressed as

P1g1 − P3g3 ≥ 0 (13)

P2g2(P3g3 + N0) − P4g4(P1g2 + N0) ≥ 0. (14)

Also, the two SIC constraints in (10) can be simplified to
become

P2 − γthP1 ≥ 0 (15)

P4g4 − γthP3g3 ≥ 0. (16)

As a result, the optimization problem in (10) can be restated
to be

min
P1,P2,P3,P4

−
[

ln

(
1 + P3g3

N0

)
+ ln

(
1 + P4g4

P3g3 + N0

)]

subject to −(P1g1 − P3g3) ≤ 0

− [
P2g2(P3g3 + N0) − P4g4(P1g2 + N0)

] ≤ 0

− (P2 − γthP1) ≤ 0

− (P4g4 − γthP3g3) ≤ 0

− (Pt − P1 − P2 − P3 − P4) ≤ 0

− Pi ≤ 0, i = 1, 2, 3, 4 (17)

which is in the standard form. Apparently, (17) is a con-
strained minimization problem. Due to the inclusion of the
flow constraint in (14), the problem does not pass the con-
vexity test, which is described in Appendix A, and thus (17)
is not a convex optimization problem [37]. Here, we tackle
it directly using Karush-Kuhn-Tucker (KKT) Theorem [36].
The critical points found are then checked with the SOSC
to determine whether they are strict local minimizers. To be
more specific, first of all, the Lagrangian function L can be
set to be

L = − ln

(
1 + P3g3

N0

)
− ln

(
1 + P4g4

P3g3 + N0

)

− λ1(P1g1 − P3g3)

− λ2
[
P2g2(P3g3 + N0) − P4g4(P1g2 + N0)

]
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− λ3(P2 − γthP1)

− λ4(P4g4 − γthP3g3)

− λ5(Pt − P1 − P2 − P3 − P4)

− λ6P1 − λ7P2 − λ8P3 − λ9P4 (18)

where λi (i = 1, 2, . . . , 9) are the KKT multipliers. After
some calculation, the necessary conditions for the solution
from KKT theorem can be shown to consist of the following
equalities and inequalities:

λi ≥ 0, i = 1, 2, . . . , 9 (19)
∂L

∂P1
= g1λ1 − P4g2g4λ2 − γthλ3 − λ5 + λ6 = 0 (20)

∂L

∂P2
= g2(P3g3 + N0)λ2 + λ3 − λ5 + λ7 = 0 (21)

∂L

∂P3
= −g3λ1 + P2g2g3λ2 − γthg3λ4 − λ5 + λ8

+ g3

P3g3 + N0

− P4g3g4

(P4g4 + P3g3 + N0)(P3g3 + N0)
= 0 (22)

∂L

∂P4
= −g4(P1g2 + N0)λ2 + g4λ4 − λ5 + λ9

+ g4

P4g4 + P3g3 + N0
= 0 (23)

λ1(P1g1 − P3g3) = 0 (24)

λ2[P2g2(P3g3 + N0) − P4g4(P1g2 + N0)] = 0 (25)

λ3(P2 − γthP1) = 0 (26)

λ4(P4g4 − γthP3g3) = 0 (27)

λ5(Pt − P1 − P2 − P3 − P4) = 0 (28)

λ6P1 = 0 (29)

λ7P2 = 0 (30)

λ8P3 = 0 (31)

λ9P4 = 0 (32)

P1g1 − P3g3 ≥ 0 (33)

P2g2(P3g3 + N0) − P4g4(P1g2 + N0) ≥ 0 (34)

P2 − γthP1 ≥ 0 (35)

P4g4 − γthP3g3 ≥ 0 (36)

Pt − P1 − P2 − P3 − P4 ≥ 0 (37)

Pi ≥ 0, i = 1, 2, 3, 4. (38)

In order to find a solution satisfying the conditions from (19)
to (38), we need to examine the feasibility of all these con-
ditions. Appendix B gives the detailed discussions, and we
find that some variables can be ignored to largely simplify
the calculation of finding the critical points. For example,
we have λ6 = λ7 = λ8 = λ9 = 0. Also, for λ3 and λ4,
there are only two possibilities: λ3 = λ4 = 0 or λ3 = 0 with
λ4 > 0. In consequence, the number of equalities is enough
for finding the solution of all variables and the inequali-
ties can be used for checking the feasibility of the solution.
Thanks to the derivations and the related simplification, the

FIGURE 2. Network model of cooperative NOMA-based diamond relay (C-NDR)
network where the source sends overlapped pieces of information to the destination.

complexity of locating the critical points numerically can be
almost negligible.
After finding the critical points, the SOSC is used to check

if they are the strict local minimizers we expect. Since the
Lagrangian function L given in (18) contains quite many
variables, the calculation of the general Hessian may be quite
complicated, and is too tedious to express in closed form. As
an alternative, we check it dynamically during simulations.
Details are given in the simulation section.
In Section V, simulation results are provided to show the

performance of the considered NDR network with this joint
power allocation.

IV. COOPERATIVE NOMA-BASED DIAMOND RELAYING
(C-NDR)
This section proposes a new cooperative protocol for NDR
networks, referred to as cooperative NDR (C-NDR). The
optimal joint power-allocation problem for the C-NDR
network is derived and an investigation is then performed
to examine the effectiveness of the C-NDR approach in
improving the overall achievable rate from the source to
the destination compared to that in a conventional NDR
network.

A. NETWORK MODEL AND ACHIEVABLE RATE OF
C-NDR
As in the conventional NDR network, the source in the
C-NDR network also attempts to transmit two sets of
data information to the destination through two NOMA-
functioned relays (R1 and R2). However, in the C-NDR
case, three transmission phases are employed rather than
two, as shown in Fig. 2. In the first phase, the mixed data
information

√
P1s1 +√

P2s2 is sent over channels h1 and h2
to relays R1 and R2, respectively. (Note that an assumption
is made that g1 > g2 such that P1 < P2 and virtual downlink
NOMA can be adequately performed.) The data symbol s1
at R1 is obtained via SIC, in which s2 is decoded first and
is then subtracted from the received signal before decoding
s1. Meanwhile, R2 decodes s2 directly treating s1 as noise
due to the setting P2 > P1. Since h2 is relatively weak in
the network, the quality of s2 at R2 may be inadequate for
the next transmission phase. However, R1 already owns data
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symbol s2 from the prior SIC operation, and therefore for-
wards it to both R2 and the destination in order to enhance
the quality of s2 intentionally. In other words, C-NDR incor-
porates an additional cooperation phase, in which R1 sends
s2 to both R2 over channel hc and the destination over chan-
nel h3 with a transmit power level Pc in both cases. At
R2, maximal ratio combining (MRC) is used to combine the
s2 data symbols received in the first phase and cooperation
phase, respectively, for better quality. At the destination, the
additional pieces of the data symbol s2 will also be uti-
lized later. In the third phase, R1 and R2 send s1 and s2
to the destination simultaneously with powers P3 and P4,
respectively, in accordance with the uplink NOMA concept.
Given suitable settings of P3 and P4, and exploiting the fact
that P3, SIC is performed at the destination; with s2 being
decoded first and then subtracted from the received signal
prior to decoding s1. As described above, a copy of s2 is
also received at the destination in the preceding coopera-
tion phase. Consequently, MRC is also employed to further
enhance the quality of s2 at the destination and decode s1
more smoothly as a result. This completes the new protocol
for C-NDR.
As mentioned, Fig. 2 is the network model of the con-

sidered C-NDR. Although the model is quite similar to that
of NDR in Fig. 1, some additional notations are needed.
For example, hc is used to denote the channel between R1
and R2, and gc = |hc|2. Also, Pc is the power used in the
cooperation phase. In the following, we investigate the joint
power-allocation problem of C-NDR. Again, the constraints
for the success of the two SIC operations during the first
and the third phases are represented as

P2g1/N0

P1g1/N0
≥ γth (39)

P4g4/N0

P3g3/N0
≥ γth. (40)

For this C-NDR scheme in the first phase, R1 decodes both
s2 and s1 by virtue of the SIC, and so we may write the
achievable rate C1 for s2 and C2 for s1, respectively, at R1.
At the same time, R2 decodes s2 directly to obtain the rate
C3. Thus, we have

C1 = log2

(
1 + P2g1

P1g1 + N0

)
, for s2 at R1 (41)

C2 = log2

(
1 + P1g1

N0

)
, for s1 at R1 (42)

C3 = log2

(
1 + P2g2

P1g2 + N0

)
, for s2 at R2. (43)

To enhance the quality of s2, R1 forwards s2 to R2 and the
destination in the cooperation phase. If we only count this
part of s2 at R2 during this phase, the achievable rate can
be written as

C4 = log2

(
1 + Pcgc

N0

)
, for s2 at R2. (44)

Note that R2 actually owns two independent sets of s2. We
let R2 conduct MRC to restore s2 from both phases, and
then we obtain the improved achievable rate as

C34 = log2

(
1 +

(
P2g2

P1g2 + N0
+ Pcgc

N0

))
,

for s2 at R2 after MRC. (45)

On the other hand, the destination receives s2 from R1 in
the cooperation phase, and this standalone achievable rate
can be expressed as

C5 = log2

(
1 + Pcg3

N0

)
, for s2 at Dest. (46)

Finally, in the third phase, R1 transmits s1 and R2 transmits
s2 to the destination at the same time. By virtue of the virtual
uplink NOMA, the rate C6 for s1 at the destination and C7
for s2 at the destination can be written as

C6 = log2

(
1 + P3g3

N0

)
, for s1 at Dest. (47)

C7 = log2

(
1 + P4g4

P3g3 + N0

)
, for s2 at Dest. (48)

respectively. Unlike the conventional NDR, the destination
actually receives two sets of s2 within different phases thanks
to the cooperation. We may apply MRC again to combine
those for s2, and the overall achievable rate at the destination
can then be presented as

yc = 1

3
(C6 + C57) (49)

with

C57 = log2

(
1 +

(
Pcg3

N0
+ P4g4

P3g3 + N0

))
,

for s2 at Destination after MRC (50)

and the factor
1

3
in (49) is due to the use of three transmission

phases.

B. JOINT POWER ALLOCATION FOR C-NDR
Similarly, we try to jointly tune the power levels P1, P2,
Pc, P3 and P4 to maximize the overall achievable rate of
the C-NDR network given in (49). In order to fulfill this
task, we formulate a new optimization problem. Since the
expressions for the achievable rate of this new protocol are
more complicated than those without the cooperation phase,
we need to rearrange the conditions for the problem first.
Based on the concept of network flows mentioned before,
the following four constraints must be set, i.e.,

C1 ≥ C4, for s2 in h1−path and hc−path (51)

C1 ≥ C5, for s2 in h1−path and h3−path (52)

C2 ≥ C6, for s1 in h1−path and h3−path (53)

C34 ≥ C7, for s2 in h2−path+hc−path

and h4−path (54)
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Also, the sum of all power levels is limited by the total
power Pt used, namely,

P1 + P2 + P3 + P4 + Pc ≤ Pt (55)

and the SIC constraints given in (39) and (40) are still ade-
quate for this case. Then, we arrange these conditions and
formulate the optimization as

max
P1,P2,P3,P4,Pc

1

3
(C6 + C57)

subject to C1 ≥ C4

C1 ≥ C5

C2 ≥ C6

C34 ≥ C7
P2g1/N0

P1g1/N0
≥ γth

P4g4/N0

P3g3/N0
≥ γth

P1 + P2 + P3 + P4 + Pc ≤ Pt
Pi ≥ 0, i = 1, 2, 3, 4, c. (56)

To solve this problem, again, we transform the objective
function into another one with natural logarithmic functions
only, and perform the necessary simplification. The problem
in (56) is then equivalently changed to

min
P1,P2,P3,P4,Pc

−
[

ln

(
1 + P3g3

N0

)

+ ln

(
1 + P4g4

P3g3 + N0
+ Pcg3

N0

)]

subject to −[
N0P2g1 − Pcgc(P1g1 + N0)

] ≤ 0

−[
N0P2g1 − Pcg3(P1g1 + N0)

] ≤ 0

−[
P1g1 − P3g3

] ≤ 0

−{N0P2g2(P3g3 + N0)

+ (P1g2 + N0)
[
Pcgc(P3g3 + N0)

− N0P4g4
]} ≤ 0

−(P2 − γthP1) ≤ 0

−(P4g4 − γthP3g3) ≤ 0

−(Pt − P1 − P2 − P3 − P4 − Pc) ≤ 0

−Pi ≤ 0, i = 1, 2, 3, 4, c. (57)

Likewise, we employ the same approach as that in
Appendix A to check if (57) is a convex optimization
problem. It can be found that the flow constraint in (54) is
not a convex function. This essentially lets the optimization
problem posed in (57) not convex. With the use of the
Lagrange multipliers μi (i = 1, 2, . . . , 12), the Lagrangian
function Lc of it is written as

Lc = − ln

(
1 + P3g3

N0

)
− ln

(
1 + P4g4

P3g3 + N0
+ Pcg3

N0

)

− μ1
[
N0P2g1 − Pcgc(P1g1 + N0)

]
− μ2

[
N0P2g1 − Pcg3(P1g1 + N0)

]
− μ3(P1g1 − P3g3)

− μ4{N0P2g2(P3g3 + N0)

− (P1g2 + N0)[Pcgc(P3g3 + N0) − N0P4g4]}
− μ5(P2 − γthP1)

− μ6(P4g4 − γthP3g3)

− μ7(Pt − P1 − P2 − P3 − P4 − Pc)

− μ8P1 − μ9P2 − μ10P3 − μ11P4 − μ12Pc. (58)

Hence, the necessary conditions by KKT theorem can be
listed as

μi ≥ 0, i = 1, 2, . . . , 12 (59)
∂Lc
∂P1

= −g1gcPcμ1 − g1g3Pcμ2 + g1μ3

+ [
g2gcPc(P3g3 + N0) − N0g2g4P4

]
μ4

− γthμ5 − μ7 + μ8 = 0 (60)
∂Lc
∂P2

= N0g1μ1 + N0g1μ2 + N0g2(P3g3 + N0)μ4

+ μ5 − μ7 + μ9 = 0 (61)
∂Lc
∂P3

= g3

P3g3 + N0

− g3g4P4(
1 + P4g4

P3g3 + N0
+ Pcg3

N0

)
(P3g3 + N0)

2

− g3μ3 + [
g3gcPc(P1g2 + N0) + N0P2g2g3

]
μ4

− γthg3μ6 − μ7 + μ10 = 0 (62)
∂Lc
∂P4

= g4(
1 + P4g4

P3g3 + N0
+ Pcg3

N0

)
(P3g3 + N0)

− N0g4(P1g2 + N0)μ4 + g4μ6 − μ7 + μ11 = 0

(63)
∂Lc
∂Pc

= g3

N0

(
1 + P4g4

P3g3 + N0
+ Pcg3

N0

) − gc(P1g1 + N0)μ1

− g3(P1g1 + N0)μ2

+ g4(P1g2 + N0)(P3g3 + N0)μ4

− μ7 + μ12 = 0 (64)

μ1
[
N0P2g1 − Pcgc(P1g1 + N0)

] = 0 (65)

μ2
[
N0P2g1 − Pcg3(P1g1 + N0)

] = 0 (66)

μ3(P1g1 − P3g3) = 0 (67)

μ4
{
N0P2g2(P3g3 + N0)

+ (P1g2 + N0)
[
Pcgc(P3g3 + N0) − N0P4g4

]} = 0 (68)

μ5(P2 − γthP1) = 0 (69)

μ6(P4g4 − γthP3g3) = 0 (70)

μ7(Pt − P1 − P2 − P3 − P4 − Pc) = 0 (71)

μ8P1 = 0 (72)

μ9P2 = 0 (73)

μ10P3 = 0 (74)

μ11P4 = 0 (75)

μ12Pc = 0 (76)
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P1g1 − P3g3 ≥ 0 (77)

P2g2(P3g3 + N0) − P4g4(P1g2 + N0) ≥ 0 (78)

P2 − γthP1 ≥ 0 (79)

P4g4 − γthP3g3 ≥ 0 (80)

Pt − P1 − P2 − P3 − P4 − Pc ≥ 0 (81)

Pi ≥ 0, i = 1, 2, 3, 4, c. (82)

These necessary conditions are simplified and discussed in
depth in Appendix C. As a result, the critical points can be
instantly found as well. Similar to the approach for NDR,
we employ the SOSC to check whether the solution is the
strict local optimum we look for.
In the next section, simulations are also used to reveal the

performance of the C-NDR network with the proposed joint
power allocation, and, importantly, under what situations this
C-NDR network will further benefit the overall achievable
rate from the source to the destination.

V. SIMULATION RESULTS
This section conducts simulations to verify the correctness
of the derivations presented above and to confirm the effec-
tiveness of the proposed joint power-allocation methods for
the NDR and C-NDR networks. In the present study, the
performance of the proposed joint power-allocation method
is first compared to that of the three approaches considered
in [35], namely “I-CSI”: a power-allocation method based
on instantaneous channel state information (CSI); “S-CSI”:
a power-allocation method based on statistical CSI; and
“sub. S-CSI”: a suboptimal power-allocation method based
on S-CSI. We also include the three conventional protocols
for two-relay networks, i.e., the MRC, Max-Min, and dis-
tributed beamforming (DBF), for comparison. The detailed
operations of these three protocols can be found in [35].

A. NDR
The simulations commence by examining the achiev-
able rate of NDR under the proposed joint power-
allocation method given different relay placements to see
the performance of our power-allocation scheme and how
the relay locations affect the performance. As mentioned in
Sections III and IV-B, KKT theorem is first used to find
the critical points for the power levels, and the SOSC is
then employed to check whether they are the strict local
minimizers. Based on some typical parameter values (a spe-
cial case chosen from the following settings), Appendix D
demonstrates how we make use of the SOSC to examine the
solution found by the KKT condition.
In the first set of simulations, the channels are modelled

as independently distributed complex-Gaussian random vari-
ables with zero mean and the variances shown in Table 1. In
addition, a scaling factor M is used to vary the channel vari-
ances in order to reflect changes in the locations of the two
relays relative to the source and destination. For example, a
larger value of M is applied to indicate an increasing distance
of the two relays from the source and hence a closer distance

TABLE 1. Parameters used in simulations for Fig. 3.

FIGURE 3. Overall achievable rate vs. M for various approaches experiencing
random channels set according to Table 1.

to the destination. Fig. 3 shows the overall achievable rate
of the NDR network under the four power-allocation meth-
ods for different values of M. (Note that the label “JPA”
indicates the joint power-allocation method proposed in the
present study.) As shown, the JPA method results in a higher
achievable rate than any of the methods proposed in [35] and
the three conventional protocols for all values of M. For the
proposed JPA and the three power-allocation methods in [35],
the achievable rate reduces with increasing M since, as M
increases, the channels in the first phase become weaker,
and this inevitably imposes a performance bottleneck on the
second phase. However, due to the flow balance concept
incorporated within JPA, a greater amount of power is used
in the first phase, which sustains the achievable rate in the
second phase and equalizes the performance over the two
transmission phases as a result. Consequently, irrespective
of the value of M, the achievable rate of NDR under JPA
is greater than that under any of the other schemes in [35].
Besides, as M increases, the achievable rate of all three con-
ventional protocols does not change much and is quite behind
from that of JPA. Because the MRC protocol requires more
time slots to accomplish the whole transmission from the
source to the destination than both Max-Min and DBF, it is
the worst among the three conventional protocols in terms
of the achievable-rate performance. In general, the results
confirm the practical performance advantage of allocating
the power resources jointly between the two transmission
phases, as proposed in the present study.
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TABLE 2. Parameters used in simulations for Fig. 5, Fig. 6, and Fig. 7.

FIGURE 4. Plan of relay placement for Table 2, Fig. 5, Fig. 6, and Fig. 7.

FIGURE 5. Overall achievable rate vs. β for various approaches experiencing
path-loss only channels set according to Table 2.

Second, we discuss the performance of NDR with JPA
and other methods in another scenario. To investigate the
effect of the relay placement on the NDR achievable rate
more thoroughly, a further series of simulations is performed
using a path-loss only channel model with the parameter set-
tings shown in Table 2. Note that in Table 2, it is assumed
that the source, the two relays (R1, R2) and the destination
all lie on a straight line, as shown in Fig. 4. The distance
between the source and the destination is denoted as d,
while the distance between the source and R1 is denoted
as α. Similarly, the distance between the source and R2 is
denoted as β. In assigning the parameter values used in
the simulations, the condition α < β < d = 4 is imposed.
Referring to Fig. 4, as the value of β increases, the dis-
tance between the two relays increases and α decreases. In
other words, R1 moves toward the source and R2 moves
toward the destination. That is, both relays move further
from the midpoint position between the source and destina-
tion. Fig. 5 shows that for all values of β, the achievable
rate of NDR under the proposed JPA scheme is higher than
that under any of the power-allocation methods in [35].
Generally speaking, for the proposed JPA and the three

FIGURE 6. Achievable rate of the four transmission paths for NDR with joint power
allocation given in Fig. 5.

FIGURE 7. Power levels in the four transmission paths for NDR with joint power
allocation given in Fig. 5.

power-allocation methods in [35], as the two relays move
further away from the midpoint between the source and
the destination, the achievable rate improves since, under
this situation, the NOMA condition is more thoroughly
accomplished. Besides, as β increases, the achievable-rate
performance of both Max-Min and MRC does not vary
much as well while that of DBF degrades gradually due
to the enlarged distance between the two relays. Fig. 6
shows the achievable rate of each path in the NDR network
under the proposed JPA method for various placements of
the relays. The results show that the flow balance con-
cept is basically maintained among the four paths in the
two transmission phases, irrespective of the placement of
the two relays. Fig. 7 shows the corresponding power lev-
els (P1, P2, P3 and P4) in the four paths. It is seen that
as β increases, P3 increases and P4 decreases commensu-
rately. This power arrangement maintains the flow balance
in the upper and lower branches of the NDR, and hence
enables virtual uplink-NOMA in the second phase to per-
form more smoothly. As a result, the overall achievable rate
is improved.
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TABLE 3. Parameters used in simulations for Fig. 9, Fig. 10, and Fig. 11.

FIGURE 8. Plan of relay placement for Table 3, Fig. 9, Fig. 10, and Fig. 11.

FIGURE 9. Overall achievable rate vs. α for various approaches experiencing
path-loss only channels set according to Table 3.

Further simulations are performed using the same path-
loss only channel model shown in Fig. 8, but with the
parameters shown in Table 3. In this circumstance, as α

increases, both relays moves from near the source to near
the destination. The corresponding simulation results are
presented in Figs. 9 to 11. The results in Fig. 9 confirm that
the JPA method consistently achieves the highest achiev-
able rate among all the considered methods. It is noted
that, for the proposed JPA and the three power-allocation
methods in [35], the achievable rate first increases and then
decreases with increasing α. In other words, the achievable
rate performance of all four schemes improves as the two
relays approach the midpoint position between the source
and the destination. For all values of α, the three conven-
tional protocols still perform much worse than those with
power allocation. Observing Fig. 10, it is seen that the
proposed JPA method maintains an approximately constant
achievable rate in each path irrespective of the placement
of the two relays. Again, the flow-balance concept is valid.
Furthermore, Fig. 11 shows that P1 and P2 increase, while
P3 and P4 decrease, as the two relays move further from the
source. This result is reasonable since as the relays move
away from the source and toward the destination, the channel
conditions in the first transmission phase change from good

FIGURE 10. Achievable rate of the four transmission paths for NDR with joint power
allocation given in Fig. 9.

FIGURE 11. Power levels in the four transmission paths for NDR with joint power
allocation given in Fig. 9.

to bad, while those in the second phase change from bad
to good. In other words, the power levels in the first phase
need to be increased, while those in the second phase need
to be decreased, to maintain a balance between the flows.

B. C-NDR
Having investigated the performance of the proposed JPA
method for the conventional NDR network, further simula-
tions are conducted to evaluate the achievable rate of JPA
in the proposed C-NDR network.
The simulations commence by considering the random-

channel model with the parameter settings given in Table 4.
As shown, the scaling factor M is again used to simulate the
movement of the relays away from the source and toward the
destination. Typically, the variance of gc equals that of g3.
However, since the channels are randomly generated in the
present case, gc may not necessarily be the same as g3 every
time. The optimal power levels for the considered model are
obtained using the derivations given in Section IV-B. Fig. 12
compares the achievable rates of C-NDR and NDR under
their corresponding JPA methods. WhenM is small, i.e., both
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TABLE 4. Parameters used in simulations for Fig. 12.

FIGURE 12. Overall achievable rate vs. M for NDR and C-NDR with joint power
allocation under random channels.

TABLE 5. Parameters used in simulations for Fig. 12, Fig. 13, Fig. 14, Fig. 15, Fig. 16,

and Fig. 17.

relays are close to the source, the two networks have a similar
achievable rate. As M increases, i.e., the relays move toward
the destination, the achievable rate reduces in both networks
due to the corresponding reduction in the channel quality in
both paths during the first phase. However, the achievable
rate of C-NDR is significantly higher than that of NDR
since the C-NDR scheme enhances the quality of s2 at both
R2 and the destination. Hence, the result in Fig. 12 depicts
that the additional cooperation phase in C-NDR can remedy
the degradation of achievable rate quite effectively in the
scenario that both relays are much close to the destination.
A final series of simulations is performed using the param-

eter settings shown in Table 5 to further investigate the effect
of C-NDR under the proposed JPA method on the achievable
rate. As shown, the variance of hc is set slightly larger than
that of h3 in order to simulate the case where the distance

FIGURE 13. Achievable rate of C6 for s1 and C57 for s2 vs. M for C-NDR with joint
power allocation under the settings of Table 4.

FIGURE 14. Achievable rate of C2 and C6 vs. M for C-NDR with joint power
allocation under the settings of Table 4.

FIGURE 15. Achievable rate of C1, C4 and C5 vs. M for C-NDR with joint power
allocation under the settings of Table 4.

between the two relays is shorter than that between R2 and
the destination. Figs. 13 to 17 show the corresponding results
for the achievable rate and power levels given different val-
ues of the scaling factor, M. Referring to Fig. 13, it is seen
that the achievable rates of s1 and s2 at the destination are
maintained at an acceptable level even when M is large. The
results presented in Figs. 14 to 16 confirm that JPA maintains
a flow balance within the network as the relays move toward
the destination, i.e., C2 ≈ C6 in Fig. 14, C1 ≈ C4 ≈ C5 in
Fig. 15, and C34 ≈ C7 in Fig. 16. Finally, Fig. 17 shows
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FIGURE 16. Achievable rate of C34 and C7 vs. M for C-NDR with joint power
allocation under the settings of Table 4.

FIGURE 17. Power levels in the four transmission paths for C-NDR with joint power
allocation under the settings of Table 4.

that P1 and P2 increase, while P3, P4 and Pc decrease, as
M increases. In other words, as the relays move toward the
destination, P1 and P2 are increased in order to provide an
improved basis for the achievable rate in the latter phases.
However, with a reduced distance between the relays and
the destination, the channel conditions in the second (coop-
eration) and third phases improve, and consequently lower
values of P3, P4 and Pc are sufficient to preserve a similar
achievable-rate performance.

VI. CONCLUSION
Relaying and NOMA are both proven techniques for enhanc-
ing the network capacity. This paper has proposed a method
for improving the achievable rate of NDR networks by
means of a joint power-allocation approach. At least the
local optimum of the resultant problem has been derived
and examined. A new protocol, designated as C-NDR, has
been proposed in which an additional cooperation phase
is added to the conventional NDR communication proto-
col. The related joint power-allocation problem has also
been addressed. The simulation results have shown that the
proposed joint power-allocation methods result in a higher
achievable rate in the NDR and C-NDR networks than that
obtained using other state-of-the-art approaches. The effects
of the relay placement on the achievable-rate performance

have been examined. In general, the results provide use-
ful design guidelines for improving the performance of
relay-based NOMA networks in real-world implementations.

APPENDIX A
A convex optimization problem is an optimization problem
in which the objective function is a convex function and
the feasible set is a convex set. As mentioned, the flow
constraint in (14) is not convex, which makes the problem
in (17) not a convex optimization problem. To see this,
we calculate the Hessian matrix of the constraint function
−[P2g2(P3g3 + N0) − P4g4(P1g2 + N0)] as

H14 =

⎡
⎢⎢⎣

0 0 0 g2g4
0 0 −g2g3 0
0 −g2g3 0 0

g2g4 0 0 0

⎤
⎥⎥⎦. (83)

If (14) is a convex function, (83) should be a positive
semidefinite matrix. Obviously, this is not the case because
not all principal minors of (83) are larger than or equal to
0. Therefore, the constrained minimization problem in (17)
is not convex.

APPENDIX B
We discuss the feasibility of the KKT condition for the
NDR network given in (19) to (38). In the first step, we
examine those in (29), (30), (31), (32) and (38). Since P1,
P2, P3 and P4 are positive numbers which ensures data
transmission is performed in both the upper and the lower
branches, λ6, λ7, λ8 and λ9 must be zeros undoubtedly.
On the other hand, λ5 in (28) will be nonnegative if the
network exploits all possible transmit power Pt to achieve a
higher achievable rate. For this case, (37) can be rewritten
as P1 + P2 + P3 + P4 = Pt. Consequently, (29), (30), (31)
and (32) are inactive conditions.
Though we exclude (29) through (32) in the optimization,

determining whether λ1 and λ2 are zeros or positive num-
bers is still hard. To reveal this, we temporarily change to
discuss whether C1 equals C3 and C2 equals C4. In (8)
and (9), we see that both C1 > C3 and C2 > C4 imply
the interior solution of problem, which indicates the inflow
of data information is strictly larger than its corresponding
outflow. This imbalance unavoidably lets the power resource
be wasted in the first transmission phase.Thus, C1 = C3 and
C2 = C4 are expected for the optimal solution. Such critical
conditions are called flow balance in this work. Therefore,
we can readily conclude that C1 = C3 and C2 = C4, and
this directly gives

P3 = g1

g3
P1 (84)

P4 = g2

g4

P3g3 + N0

P1g2 + N0
P2. (85)

which also implies λ1 and λ2 are just nonnegative num-
bers. Next, we change our focus to (26) and (27). To be
more specific, λ3 and λ4 are nonnegative numbers such that
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we can list four cases depending on whether they are zero
or nonzero, discuss these cases step by step, and find out
whether contradictions exist.

• Case 1: λ3 = 0 and λ4 = 0.
We need to check if inconsistency occurs
among (20), (21), (22), and (23). For this case, we rear-
range the terms in (20) to obtain g1λ1 = P4g2g4λ2+λ5.
Since both the left-hand side and the right-hand side
are nonnegative numbers, it is valid. Likewise, no
contradiction takes place in (21), (22) and (23). Hence,
both SIC constraints are adequate and this case holds.

• Case 2: λ3 = 0 and λ4 > 0.
As λ4 > 0, this implies

P4 = γth
g3

g4
P3. (86)

We substitute (84) and (86) for P3 and P4, respectively,
in (85). Then, we have

P2

P1
=

(
P1g1g2 + N0g1

P1g1g2 + N0g2

)
γth. (87)

Because we assume g1 > g2 in the network, (P1g1g2 +
N0g1)/(P1g1g2 + N0g2) should be greater than 1. We
can easily conclude that (P2/P1) ≥ γth is always true,
which also indicates the SIC at R1 holds.

• Case 3: λ3 > 0 and λ4 = 0.
When λ3 > 0, we have

P2 = γthP1. (88)

Similarly, we use (84) and (88) to replace P3 and P2,
respectively, in (85), and obtain

P4g4

P3g3
=

(
P1g1g2 + N0g2

P1g1g2 + N0g1

)
γth. (89)

However, (P1g1g2 +N0g2)/(P1g1g2 +N0g1) is less than

1 due to g1 > g2, which leads to
P4g4

P3g3
≤ γth. This

makes the SIC at the destination cannot be accom-
plished, and the assumption for this case is thus not
suitable for the solution.

• Case 4: λ3 > 0 and λ4 > 0.
It can be inferred that both (86) and (88) hold when
λ3 > 0 and λ4 > 0. Likewise, we substitute these two
equations for P4 and P2 in (85), and obtain

(
γth

g3

g4

)(
g1

g3
P1

)
= g2

g4

(
P1g1 + N0

P1g2 + N0

)
(γthP1)(90)

which results in g1 = g2. This actually contradicts the
assumption in the network. Therefore, this case is also
not suitable for the solution.

Summarizing the derivations for all these cases, some con-
ditions are simplified, e.g., only Case 1 and Case 2 are valid
and λ6 = λ7 = λ8 = λ9 = 0, and the solution can be found
much easily.

APPENDIX C
From the KKT condition for the C-NDR network listed
from (59) to (82). We see that μ8, μ9, μ10, μ11, and μ12 are
zeros because all the power levels should be positive. With
the idea of flow balance, we conclude that C2 = C6 and
C34 = C7 where μ3 and μ4 are just nonnegative numbers.
Thus, we obtain

P3 = g1

g3
P1 (91)

P2g2

P1g2 + N0
+ Pcgc

N0
= P4g4

P3g3 + N0
. (92)

However, we cannot directly assert that C1 = C4 or C1 =
C5 in the cooperation phase. If these two equations hold
simultaneously such that C4 = C5, the channel gain gc must
be same as g3. Although this condition rarely happens in
practice, we still need to discuss it. All these lead to the
following three possibilities: gc > g3, gc < g3, and gc = g3.
First, when gc > g3, the inflow C1 would mainly contribute
to C4. Thus, we can obtain C1 = C4 straightforwardly due
to the flow-balance concept, and then μ2 = 0. From the
expressions of C1, C4 and C5 given in (41), (44) and (46),
respectively, we have

P2g1

P1g1 + N0
= Pcgc

N0
. (93)

Similarly, C1 = C5 and μ1 = 0 if gc < g3. That is,

P2g1

P1g1 + N0
= Pcg3

N0
. (94)

Otherwise, C1 = C4 = C5 if gc = g3, which implies

P2g1

P1g1 + N0
= Pcgc

N0
= Pcg3

N0
. (95)

In addition, inspecting μ5 in (69) and μ6 in (70) derived
from the two SIC constraints, we find that

P2 = γthP1, if μ5 > 0 (96)

P4 = γth
g3

g4
P3, if μ6 > 0 (97)

which also signifies the use of the SIC constraints.
Accordingly, based on the possibilities regarding not only
the values of gc and g3, but also whether the SIC constraints
can be accomplished, we have the following discussion.

1) gc > g3

• Case A: μ5 = 0 and μ6 = 0.
For this case, we need to find out whether there are
contradictions among (60), (61), (62), (63) and (64).
Take (60) as an example. Since μ2 = μ5 =
μ6 = 0, we obtain g1μ3 + g2gcPc(P3g3 + N0)μ4 =
g1gcPcμ1 + N0g2g4P4μ4 + μ7. Both the left-hand
side and the right-hand side are nonnegative numbers,
and so this result does not contradict our assump-
tion. Likewise, (61), (62), (63), and (64) have no
contradiction too.

• Case B: μ5 = 0 and μ6 > 0.
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While μ6 > 0, it directly implies (97) holds, and so
we may substitute (97), (91) and (93) for those in (92),
respectively. After some simplification, we obtain

P2

P1
=

[
P1g1g2 + g1N0

2P1g1g2 + (g1 + g2)N0

]
γth. (98)

It is intuitive that
P1g1g2 + g1N0

2P1g1g2 + (g1 + g2)N0
is less than 1,

which indicates the SIC at R1 cannot perform success-
fully due to (P2/P1) < γth. Therefore, the assumption
here is not appropriate to the solution.

• Case C: μ5 > 0 and μ6 = 0.
As μ5 > 0, (96) holds and we replace those in (92)
with (96), (91) and (93). Hence, we have

P4g4

P3g3
=

[
2P1g1g2 + (g1 + g2)N0

P1g1g2 + g1N0

]
γth. (99)

It is opposite to Case B where the numerator is greater
than the denominator, and this result points out that the
SIC at the destination can well perform. Consequently,
this assumption is suitable for the solution.

• Case D: μ5 > 0 and μ6 > 0.
For this case, (97) and (96) undoubtedly hold at the
same time. We replace those in (92) with (91) and (93),
and find out that

γthP1g2

P1g2 + N0
= 0. (100)

However, all the terms in the nominator in the above
expression are nonzero numbers so that it contradicts
the assumption in the network model. Therefore, this is
not a feasible case.

After that, we summarize these four cases: μ6 is always
zero such that (70) is inactive; however, μ5 is just a nonneg-
ative number, and (69) is either active or inactive depending
on the value of μ5.

2) gc < g3

• Case A: μ5 = 0 and μ6 = 0.
Here, we apply the same analysis technique used in 1).
Because μ1 = μ5 = μ6 = 0, (60) can be simplified as
g1μ3 + g2gcPc(P3g3 +N0)μ4 = g1g3Pcμ2 + μ7. It can
be seen that both the left-hand side and the right-hand
side are nonnegative numbers, and this result does not
contradict our assumption. Similarly, (61), (62), (63)
and (64) have no contradiction too.

• Case B: μ5 = 0 and μ6 > 0.
When μ6 > 0, (97) holds, and so we substi-
tute (97), (91), and (94) for those in (92). Afterwards,
we obtain

P2

P1
=

[
P1g1g2g3 + g1g3N0

P1g1g2(g3 + gc) + N0(g2g3 + g1gc)

]
γth.

(101)

Note that it is not straightforward enough to determine
either the denominator or the numerator is greater than

the other. However, when gc ≈ g3, we can make an
approximation for (101) as

P2

P1
≈

[
P1g1g2 + g1N0

2P1g1g2 + (g1 + g2)N0

]
γth. (102)

Since the denominator is larger than the numerator,
P2

P1
is less than 1, and it can be inferred that the SIC at R1
cannot be performed such that Case B does not hold if
gc ≈ g3.

• Case C: μ5 > 0 and μ6 = 0.
As μ5 > 0, (96) holds and we replace those in (92)
with (96), (91) and (94), and obtain

P4g4

P3g3
=

[
P1g1g2(g3 + gc) + N0(g2g3 + g1gc)

P1g1g2g3 + g1g3N0

]
γth.

(103)

We see that the format of (103) is similar to (101),
which cannot be easily concluded whether the numera-
tor is greater than the denominator or not. Likewise, if
gc ≈ g3, we may have

P4g4

P3g3
≈

[
2P1g1g2 + (g1 + g2)N0

P1g1g2 + g1N0

]
γth. (104)

This special condition ensures that the SIC at the
destination can be performed successfully.

• Case D: μ5 > 0 and μ6 > 0.
For this case, (97) and (96) hold simultaneously. We
replace those in (92) with (91) and (94). It can be seen
that

P1g1gc(P1g2 + N0) = 0. (105)

However, all the terms in the above expression are
nonzero nonnegative numbers such that it makes a con-
tradiction, and so this case is not a candidate to the
solution.

Although we cannot reduce the KKT condition to some
simpler forms due to the diversity of μ5 and μ6 in Case B
and Case C, we still arrive at a special condition, gc ≈ g3, to
let the system operate smoothly. For this special case with
μ5 ≥ 0 and μ6 = 0, the KKT condition can be reduced to
become a much simpler system of equations which is the
same as that in 1). Additionally, this system of equations
can be numerically solved by MATLAB, and the boundary
conditions of each variable in the solution set can be checked
accordingly.

3) gc = g3

In this part, as stated, the assumption gc = g3 gives C1 =
C4 = C5 while the other conditions are the same as those
in 1). Hence, all derivations in 1) are still valid here, and so
we need not discuss them again.
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APPENDIX D
As said, the SOSC is employed to check if the critical points
found by KKT theorem are the strict local minimizers we
expect. For easy understanding, partly based on the settings
in Table 1, we typically set g1 = 10, g2 = 3, g3 = 5, g4 = 9,
γth = 5, Pt = 2, and N0 = 10−2 in the calculation. By the
KKT condition, we find that P1 = 0.04784, P2 = 0.9010,
P3 = 0.09568, P4 = 0.9555, λ1 = 0.9484, λ2 = 0.3479,
λ5 = 0.5097 and λ3 = λ4 = λ6 = λ7 = λ8 = λ9 = 0. Then,
we need to find the Hessian of (18) for use in the SOSC.
Based on the results in (20)-(23), performing differentiation
yields the Hessian HL as

HL =
⎡
⎢⎣
H11 · · · H14
...

. . .
...

H41 · · · H44

⎤
⎥⎦ (106)

in which H11 = H12 = H13 = H21 = H22 = H24 = H31 =
H42 = 0 and

H14 = H41 = g2g4λ2 (107)

H23 = H32 = −g2g3λ2 (108)

H33 = P2
4g

2
3g

2
4

(1 + γ4)2(1 + γ3)4N4
0

+ g2
3

(1 + γ3)2N2
0

− 2P4g2
3g4

(1 + γ4)(1 + γ3)3N3
0

(109)

H34 = H43

= g3g4

(1 + γ4)(1 + γ3)2N2
0

− P4g3g2
4

(1 + γ4)2(1 + γ3)3N3
0
(110)

H44 = g2
4

(1 + γ4)2(1 + γ3)2N2
0

(111)

with the notations γ3 = P3g3
N0

and γ4 = P4g4
P3g3+N0

. Substituting
the power levels found by the KKT condition and the
parameters used here into (106), we obtain

HL =

⎡
⎢⎢⎣

0 0 0 9.3923
0 0 −5.2179 0
0 −5.2179 0.3027 0.5449

9.3923 0 0.5449 0.9808

⎤
⎥⎥⎦. (112)

According to the SOSC, we compute the differentiation of
the active constraints according to the nonzero λ1, λ2 and
λ5 as

∇f1 = [−g1 0 g3 0
]T

= +[−10 0 5 0]T (113)

∇f2 = [
P4g2g4 − g2(P3g3 + N0)

− P2g2g3 g4(P1g2 + N0)
]T

= [25.7977 − 1.4652 − 13.5151 1.3817]T(114)

∇f5 = [1 1 1 1]T (115)

where f1, f2 and f5 denote the first, the second, and the
fifth constraints in (17), respectively. Based on these gra-
dient vectors, we may numerically find the nonzero vector

x satisfying [∇f1 ∇f2 ∇f5]Tx = 0. As a result, the most
important part in the SOSC, i.e., xTHLx, can be calculated
and shown to be larger than zero. This positive value lets the
solution found by KKT theorem be the strict local minimizer
for this case. Likewise, all the power levels found by the
KKT condition undergo this kind of checking to guarantee
that they are effective to maximize the overall achievable
rate of the network.
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