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ABSTRACT Grant-free access is an attractive approach to enable spectrum-efficient low-latency access
for systems with massive number of users. Pilot design plays a crucial role for grant-free access as it
needs to provide a large number of access codes with fast collision detection capability and good channel
estimation performance. Recently, pilot designs with fast collision detection capability have been proposed
for compressed sensing (CS) based channel estimation. But the existing designs are not optimized for
the estimation of highly sparse and block-sparse channels. In this paper, we present several propositions
related to the performances of the CS based sparse and block-sparse channel estimation. Utilizing these
propositions, we develop a novel non-orthogonal pilot design with fast collision detection capability for
grant-free access in block-sparse channels. We also propose two methods to optimize the Peak-to-Average
Power Ratio (PAPR) of the proposed non-orthogonal pilot codes. The simulation results illustrate that the
proposed design provides similar or better channel estimation and collision detection performances with
much better pilot resource efficiency when compared to the existing designs. Finally, we investigate the
trade-offs among different design parameters and the channel estimation performances to facilitate better
design choices.

INDEX TERMS Compressed sensing, grant-free access, MIMO, non-orthogonal pilot, sparse channel.

I. INTRODUCTION

THE EMERGENCE of new/future wireless applications
in various sectors including self-driving cars, video

broadcasting on social media and smart cities are driving
the demand for higher uplink capacity in terms of data
throughput and user access with low latency in wireless com-
munication systems. The current uplink access techniques
are not designed to support the high density of devices,
which will be orders of magnitude higher, with low latency
for fifth generation (5G) and other future standards [1]. In
current wireless standards, grant-based access is the most
common uplink access technique. It needs initial signal-
ing protocols to establish connection between user and the
base station (BS). This requires valuable time and spec-
trum resources for signaling which will become excessive
for supporting high density of devices. Grant-free access is
an attractive alternative access technique which can reduce
the latency and signaling load by eliminating random access
and resource allocation procedures [2]. In grant-free access

systems, a user can directly send data and embedded pilot
signals without waiting for resource allocation.
The conventional orthogonal pilot codes are not suitable

for grant-free access systems with large number of users
because of two reasons. First, they can support only a lim-
ited number of pilot codes which is insufficient for large
number of grant-free uplink access users. Second, the con-
ventional orthogonal pilot codes are not designed to facilitate
fast collision detection at the receiver which is important for
grant-free access systems. In grant-based access systems,
the uplink pilot collision is resolved during random access
procedure. As the grant-free access systems bypass the ran-
dom access and resource allocation procedures and there are
no dedicated access grant procedures among the users, any
pilot collision needs to be detected by the BS from the initial
transmission. Compared to the orthogonal pilot codes, non-
orthogonal pilot codes can be designed to support much
larger number of users, thus increasing the efficiency of
the pilot resource utilization [3]. They can be used without
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pre-assignment and be designed to facilitate fast collision
detection at the receiver. When designed with these qual-
ities, non-orthogonal pilot codes make a better choice for
grant-free access systems compared to the orthogonal pilot
codes.
An uplink grant-free transmission based on sparse code

multiple access (SCMA) with non-orthogonal pilot codes
was discussed in [4]. But the SCMA pilot codes were not
designed to enable fast collision detection at the receiver.
Non-orthogonal pilot designs were also developed based on
Zadoff-Chu sequence in [5], [6] and Reed-Muller sequence
in [7]. But they were designed for non-sparse channels in
a single transmit antenna system without collision detec-
tion capability. Another non-orthogonal pilot design was
proposed in [8] using the assumption that the channel corre-
lation matrix was known. Such assumption is not applicable
for grant-free access systems.
Grant-free access was also discussed in [9], [10] within the

context of massive connectivity in Internet of Things (IoT)
and massive machine type communication (mMTC) with
sporadic traffic. Joint activity detection and channel estima-
tion was proposed by exploiting the sparsity of the device
activity pattern. Pilot entries were generated from indepen-
dent and identically distributed (i.i.d.) complex Gaussian
distribution for these schemes. In [11], the pilot codes were
generated by sampling an i.i.d. symmetric Bernoulli distri-
bution for grant-free access in the same context. They also
assumed single transmit antenna and did not offer collision
detection capability.
A pilot design based on on-off type non-orthogonal pilot

codes with collision-detection capability has been proposed
in [12]. The non-orthogonal pilot codes (grant-free access
codes) are created by selecting P non-zero pilot tones and
P′ null pilot tones from a set of Ptot = P + P′ pilot
tones. Different combinations of non-zero and null pilot
tones create different non-orthogonal pilot codes. At the
receiver, more than P non-zero pilot tones indicate a pilot
collision and could be quickly detected. A deployment of
these non-orthogonal pilot codes within densely populated
remote radio heads (RRH) [13] can support a higher num-
ber of users compared to the orthogonal pilot codes [14].
A more advanced non-orthogonal pilot design has been
proposed in [15] which addresses both fast collision detection
capability and optimized channel estimation performances.
While designing grant-free access codes, especially for

multiple input multiple output (MIMO) systems with
multiple antennas, large pilot overhead becomes the limit-
ing factor for supporting massive connectivity. A promising
way to optimize the pilot codes in terms of pilot resource
usage is by taking advantage of the time domain sparsity
of the MIMO channels which occurs in several important
wideband systems [16]–[18]. Clustered multipath compo-
nents in delay domain have been observed by Saleh and
Valenzuela [19]. The sparse cluster positions which are
common across different antennas in the MIMO systems
make it possible to approximate the MIMO channels by

only a few non-zero time domain channel coefficients [20].
It has been shown that the approximated sparse channel
could be estimated successfully using compressed sens-
ing (CS) based techniques with a smaller number of pilot
tones compared to traditional approaches such as the least-
square (LS) based technique [20], [21]. Among different
CS algorithms, linear programming based Dantzig selector
was proposed in [22], orthogonal matching pursuit (OMP)
was used in [23], and subspace pursuit was developed
in [24]. Several orthogonal pilot designs were proposed for
CS based channel estimation in [25]–[31]. But they offer nei-
ther non-orthogonal pilot designs nor pilot collision detection
capabilities. Using Dantzig selector based CS algorithm, non-
orthogonal pilot codes with collision detection property were
proposed in [32]. But the authors did not consider channel
estimation performances in their pilot design. Better non-
orthogonal pilot designs for multi-users CS based channel
estimation, with both optimized channel estimation perfor-
mances and collision detection property, have been proposed
in [15].
The CS based non-orthogonal pilot designs in [15] provide

optimized channel estimation performance but with some
limitations. First, in this design, only a single configuration
of the pilot codes is possible for a specific system where
the number of pilot tones in each pilot code is equal to the
half of the maximum channel length. When the number of
non-zero channel taps is small compared to the maximum
channel length, this design results in longer than necessary
pilot codes (inefficient pilot resource utilization). Second,
although the existing non-orthogonal pilot designs (e.g., [15])
can be extended for MIMO channels, they are not optimized
to take advantage of the block-sparsity property of the MIMO
channels where the locations of the non-zero channel taps
are the same across all the channels [33]. Third, the Peak-
to-Average Power Ratio (PAPR) is not considered in the
existing non-orthogonal pilot designs, thus these pilot codes
may experience nonlinear distortions due to high PAPR.
By taking advantage of the block-sparsity property of

MIMO channels, a block optimized orthogonal matching pur-
suit (BOOMP) algorithm has been proposed for estimation
of block-sparse channels in [33]. In [34], the authors have
proposed optimized orthogonal pilot design for block-sparse
channels using genetic algorithm (GA). But the orthogonal
pilot design in [34] is optimized for single user scenario and
does not support large number of pilot codes with similar
channel estimation performances as needed for grant-free
access in multiuser scenario.
In this paper, we propose a non-orthogonal pilot design

for uplink grant-free access which overcomes the above-
mentioned limitations of the existing pilot designs. The major
contributions of this paper are listed below.
1) We first prove several propositions which establish

the equivalencies of the block-sparse channel estima-
tion performances among the pilot codes with certain
different configurations. We also analyze the upper
bound of the channel estimation performance metric
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in terms of the cyclic differences of the pilot tone
indexes within structured pilot codes for sparse and
block-sparse channels.

2) We propose a novel non-orthogonal pilot design for
block-sparse channels with three critical characteris-
tics which are essential for grant-free access but not
fully supported by any of the existing pilot designs.
First, using the propositions, we develop a structured
multi-user pilot design that ensures similar channel
estimation performances for all the users while opti-
mizing the pilot resource usage. Second, the proposed
pilot design provides large number of non-orthogonal
pilot codes with collision detection capabilities for
grant-free access. Finally, the proposed pilot design
is optimized for both sparse and block-sparse chan-
nels in terms of channel estimation performances and
pilot resource usage.

3) We present two methods to optimize the PAPR of the
proposed non-orthogonal pilot codes. The proposed
methods offer large gains in terms of PAPR reduc-
tion and low memory requirement for large number of
access codes.

4) Analytical expressions for performance of pilot code
detection/collision are also presented.

5) Using simulations, we show the superiority of our
pilot design in terms of pilot resource utilization com-
pared to existing non-orthogonal pilot designs for
both sparse and block-sparse channels while main-
taining similar/better channel estimation performance.
Through simulation results, we also illustrate the trade-
offs among different pilot configurations in terms of
the total number of pilot resources, the number of
available grant-free access codes and the channel esti-
mation performances. Such trade-off flexibility is not
available for the existing pilot design in [15] where
only a single configuration is possible for any specific
system.

The remainder of this paper is organized as follows.
Section II describes the system model. In Section III, we
present several propositions which characterize the channel
estimation performances of certain structured pilot codes for
block-sparse channels. Next, Section IV develops the novel
non-orthogonal pilot design for grant-free access. Section V
provides performance comparisons between the proposed
design and the existing ones in terms of pilot resource usage,
complexity, channel estimation and pilot collision detection
performances. Finally, Section VI concludes the paper.
We will use the following notations in this paper. A is

a matrix, a is a vector, {A} is a set and a is a scalar. aij
represents the element in i-th column and j-th row of the
matrix A and ak represents the k-th column of the matrix A.
||a|| represents the Euclidean norm of a and |a| is the abso-
lute value of a. diag{a} is a square diagonal matrix with the
vector a as the diagonal elements. (.)T and (.)H represent
the transpose and hermitian operators, \ indicates the set
difference, �·� denotes the ceiling operation, �·� denotes the

floor operation and �·� denotes the rounding operation to
the nearest integer.

II. SYSTEM AND SIGNAL MODEL
We consider an uplink MIMO system with a high density of
devices. To enable spectrum-efficient low-latency access for
massive number of devices, we focus on a grant-free access
system. In such a system, a user can directly send its data and
embedded pilot code without needing to go through random
access and resource allocation procedures. The immediate
advantages are substantial reductions of access latency and
signaling overhead, which will become more prominent for
systems with massive number of devices. A crucial compo-
nent for grant-free access is the set of pilot codes which
serve for dual purposes of multiple access and channel
knowledge acquisition. To handle massive number of users,
traditionally used orthogonal pilot codes are insufficient but
non-orthogonal pilot codes offer an efficient solution. Thus,
we focus on non-orthogonal pilot designs. However, in the
first stage of our design, we develop orthogonal pilot codes.
Then, building up on them, we develop non-orthogonal pilot
codes. We note that our orthogonal pilot codes can also
be used in the grant-based access of the current cellular
wireless systems to offer improved performance in terms
of pilot resource utilization and channel estimation. In this
regard, our technical developments cover both grant-based
and grant-free access systems.
For grant-free access, we consider a densely deployed

small cells system. A user will randomly select a non-
orthogonal pilot code with collision detection capability, and
send its pilot-embedded data packet to the BS. Fast colli-
sion detection capability enables the receivers to quickly
determine the viability of the received packet. If there is no
collision detected, channel estimation and user data detection
take place. To accommodate easy collision detection for large
number of devices with a large system bandwidth, we con-
sider orthogonal frequency division multiplexing (OFDM)
transmission. Its fine resource granularity in frequency
domain offers numerous orthogonal pilot codes which are
disjoint in subcarrier domain, thus yielding easy decou-
pling among orthogonal users. Collision detection of non-
orthogonal pilot codes can also be easily accomplished by
comparing the received energies of null tones of the pilot
codes with a threshold (e.g., as in [15]).
For presentation convenience, we will first present a sig-

nal model for the single input single output (SISO) system
and then extend it for the MIMO system. Descriptions and
dimensions of some important symbols used in the signal
model are listed in Table 1 for easy reference. For the OFDM
system with discrete Fourier transform (DFT) of size N,
define the N-point unitary DFT matrix F = [f0, . . . , fN−1]

where f k = 1√
N

[1, . . . , e−j 2πk
N (N−1)]T . The cyclic prefix

length of OFDM is chosen to be not smaller than the
maximum channel delay to avoid inter-symbol interference.
Let us consider the channel impulse response (CIR) vector
h = [h0, h1, . . . , h(Lh−1)]T to be sample-spaced and sparse
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TABLE 1. Description and dimension of different symbols.

with τ non-zero channel taps where τ � Lh. We assume
the effects of timing errors and non-sample-spaced channel
delays have been incorporated in h. The average power delay
profile of h is with a −20/(Lh − 1) dB per tap decay fac-
tor so that the average power ratio between h0 and h(Lh−1)
is 20 dB. The locations of the non-zero channel taps are
uniformly distributed within h and their average powers are
according to the channel power delay profile.
To estimate h of length Lh, we will use a pilot code

consisting of P (< Lh) non-zero pilot tones. Let q =
[q0, q1, . . . , q(P−1)]T be the subcarrier index vector of P pilot
tones and cq = [cq0, cq1 , . . . , cq(P−1) ]

T be the corresponding
frequency domain pilot symbol vector with cqk being the
pilot symbol transmitted on subcarrier qk. Define Fq to be a
P× Lh matrix constructed by selecting P rows defined by q
from the first Lh columns of F. Then, the frequency domain
received pilot vector y = [y0, y1, . . . , yP−1]T extracted from
the pilot tone locations is

y = √
NCFq h+ n = A(q) h+ n (1)

where C = diag{cq} is the pilot symbol matrix, n =
[n0, n1, . . . , nP−1]T is the zero-mean complex Gaussian noise
vector with covariance matrix σ 2

n I where I is an identity
matrix, and A(q) = √

NCFq is the dictionary matrix for the
pilot tone index set q. The performance of the compressed
sensing based channel estimation depends on the properties
of the dictionary matrix. We will discuss these properties in
Section III in more details.
Now let us consider a MIMO system with M transmit and

R receive antennas. Let q(m) = [q(m)0 , q(m)1 , . . . , q(m)(P−1)]
T be

the index set of the P pilot tones used for transmit antenna
m ∈ {0, 1, . . . , (M − 1)}. We impose the pilot design con-
dition that q(m) ∩ q(k) = ∅ ∀m = k to simply maintain
orthogonality of the pilot codes for different transmit anten-
nas. Let h(m,r) = [h(m,r)0 , h(m,r)1 , . . . , h(m,r)(Lh−1)]

T be the CIR
vector from transmit antenna m to the receive antenna r.
Using (1), we can express the received pilot vector from
transmit antenna m to receive antenna r as

y(m,r) = Ar
(
q(m)

)
h(m,r) + n(m,r) (2)

where n(m,r) is the corresponding noise vector.
We assume that MIMO channels share the same sparsity

property that each channel has τ (� Lh) non-zero taps and
their positions are the same across all the channel vectors
h(0,0), . . . ,h(M−1,R−1) [35], [36]. To exploit this property in
MIMO channel estimation, we rearrange our signal model in
the following. By regrouping the received pilot vectors at the
receiver from all the transmit antennas, we define the vec-
tor ȳ = [ȳT0 , . . . , ȳ

T
P−1]T , h̄ = [h̄

T
0 , h̄

T
1 , . . . , h̄

T
(Lh−1)]

T ,
and n̄ = [n̄T0 , n̄T1 , . . . , n̄

T
P−1]T where ȳi =

[y(0,0)i , . . . , y(M−1,R−1)
i ]T , h̄i = [h(0,0)i , . . . , h(M−1,R−1)

i ]T ,
and n̄i = [n(0,0)i , . . . , n(M−1,R−1)

i ]T . Because of the common
sparsity property of the channels, h̄ is a block-sparse vector
where the blocks are given by h̄i, i = 0, 1, . . . ,Lh − 1.
Now, using the elements from the dictionary matri-

ces of all the transmit antennas, we define Di,j(q) =
diag(a0

ij(q
(0)), . . . , a(R−1)

ij (q(M−1))) and then the PMR ×
LhMR block-diagonal matrix

D(q) =
⎡
⎣

D0,0(q) D0,1(q) . . . D0,(Lh−1)(q)
. . . . . . . . . . . .

D(P−1),0(q) D(P−1),1(q) . . . D(P−1),(Lh−1)(q)

⎤
⎦.

(3)

Then, using (2), we can express ȳ as

ȳ = D(q) h̄+ n̄ (4)

where ȳi = ∑Lh−1
l=0 Di,l(q)h̄l + n̄l, i = 1, 2, . . . ,P− 1.

It is more efficient to estimate the locations of non-zero
blocks from the block-sparse vector h̄ using a CS tech-
nique [37]. Similar to the dictionary matrix A(q) in the
SISO scenario, the properties of the matrix D(q) determine
the performance of the CS based estimation of block-sparse
channels. We will discuss the properties of D(q) in more
details in Section III.

III. PROPERTIES OF THE PILOT CODES IN SPARSE AND
BLOCK-SPARSE CHANNELS
In this section, we prove several propositions on the prop-
erties of pilot codes as they are important to characterize
the channel estimation performances for the block-sparse
channels. We start with several definitions.
Definition 1: Define coherence g(q) of the pilot code with

the tones index set q = [q0, . . . , q(P−1)] as the maximum
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absolute correlation between two columns of the dictionary
matrix A(q),

g(q) = max
0≤m<n≤Lh−1

|〈am, an〉|, (5)

where ai is the ith column of the dictionary matrix A(q).
Using the definition of dictionary matrix A(q) and defining
d = n− m, the coherence is given by

g(q) = max
1≤d≤Lh−1

∣∣∣∣∣
P−1∑
k=0

∣∣cqk
∣∣2e−j 2π

N qkd

∣∣∣∣∣. (6)

Coherence is a good metric of the CS based channel estima-
tion performance [38], [39]. Lower coherence is associated
with better channel estimation performance.
Definition 2: For a set of orthogonal pilot codes defined by

the pilot tones index sets Q = {q(0), q(1), . . . , q(M−1)}, we
define the block-coherence of Q according to [37], [40] as

G(Q) = 1

M
max
k =l ρ

(
DHk Dl

)
(7)

where ρ(�) = λ
1/2
max(�

H�) is the spectrum norm of
matrix � and λmax(�

H�) is the largest eigenvalue of the
positive semidefinite matrix �H�. Similar to coherence, a
lower block-coherence is associated with better channel esti-
mation performances [34]. We will use block-coherence as
a metric to design optimized pilot codes for block-sparse
channels.
Definition 3: Let the set {s} = {s0, s1, . . . , sM−1} be a

subset of {zN} = {0, 1, 2, . . . ,N − 1} of cardinality N. Then
we define cyclic difference (CD) as the cyclical difference
between two members of s given by

�ij = (
si − sj

)
modulo N, i = j. (8)

We make the observation that within the members of a set
of cardinality M, there are a total of M(M − 1) CDs.
Definition 4: Let the set {w} = {w0,w1, . . . ,wM−1} of

cardinality M be a subset of {zN} = {0, 1, . . . ,N − 1} of
cardinality N. Then we define Groupwise Cyclic Difference
Set (GCDS) as a subset {a(w,N,K,�)} = [a0, . . . , aK−1] of
{w} where the cyclic differences within the members of {a}
take each one of all the possible non-zero values of the mem-
bers of {w} exactly � times. There are a total of K(K − 1)
cyclic differences within the members of {a} given by

(
ai − aj

)
modulo N, ∀i = j. (9)

In the special case when {w} = {zN}, the subset
{a(w,N,K,�)} is commonly defined in literature as Cyclic
Difference Set (CDS).
Definition 5: For a pilot tones index set {q} =

[q0, q1, . . . , q(P−1)], define mirror indexed pilot set (MIPS)
as {qR} � {N − q} modulo N = [(N − q0), . . . , (N −
q(P−1))] modulo N and a shifted mirror indexed pilot set
(SMIPS) as {qR + b} modulo N for any integer b.

Using [15, Proposition 5], for equal energy pilot tones the
coherence g(q) = g(qR) = g(qR + b).

Now we define the set {u : ul = N
L l; l = 0, 1, 2, . . . ,L− 1}

where N/L is an integer and L ≥ Lh. Then, the
[15, Proposition 6] states that a pilot tones index set
{q(u,N,P,�)} taken from {u} with P equal energy pilot
tones will have the lowest possible coherence when it is
GCDS where � = P(P−1)

L−1 . But for most practical scenarios
such a set does not exist [41]. In the following proposition
we provide an upper bound for the coherence of any pilot
tone set chosen from the set {u}.
Proposition 1: For an OFDM system with DFT size N and

channel length Lh, let the pilot tone index set {q} consist of
the P < Lh pilot tones taken from the subcarriers index set
{u : ul = N

L l; l = 0, 1, 2, . . . ,L − 1}. Let the CDs of the

value ul occur with the frequency n(q)ul within {q}. Then the
coherence g(q) is bounded by

Ep
√
K ≤ g(q) ≤ Ep

√√√√K +
L−1∑
m=1

∣∣∣ñ(q)ul
∣∣∣ (10)

where ñ(q)ul = n(q)ul −�, � = P(P−1)
L−1 , K = P(L−P)

L−1 and EP is
the energy of a pilot tone.
Proof: From the definition of coherence,

g(q) = Ep max
1≤d≤Lh−1

∣∣∣∣∣
P−1∑
k=0

e−j 2π
N qkd

∣∣∣∣∣. (11)

Let us define ψq(d) = |∑P−1
k=0 e

−j 2π
N qkd|, d ∈ [1, . . . ,Lh−1].

Now we can express ψ2
q (d) as

ψ2
q (d) =

P−1∑
k=0

P−1∑
r=0

e−j
2π
N (qk−qr)d

= P+
P−1∑
k=0

P−1∑
r=0,r =k

e−j
2π
N (qk−qr)d. (12)

Let CDs among pilot tone indexes be denoted by {v} =
(qk − qr) modulo N, k = r and nv be the number of times
v appears in the last term of (12). Then ψ2

q (d) could be
written in terms of nv and v as

ψ2
q (d) = P+

N−1∑
v=1

nve
−j 2π

N vd. (13)

We make two observations here. First, because of q ⊂ u,
the values of v are limited to the possible values of the CDs
within index set u. The second observation is that, from the
definition of {u}, the CDs within index set u can only have
the values from the set {u1, u2, . . . , uL−1}. Using these two
observations, we replace v with ul and nv with n(q)ul in (13)
where l = 1, 2, . . . ,L− 1 as

ψ2
q (d) = P+

L−1∑
l=1

n(q)ul e
−j 2π

N uld. (14)

A total of P(P − 1) CDs are possible within the set {q}
with each one of them taking one of the possible (L−1) CD
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values. So, the average frequency of the occurrence of CDs
with the value of ul is � = P(P−1)

L−1 . We can express (14) as

ψ2
q (d) =

L−1∑
l=1

(
n(q)ul −�

)
e−j

2π
N uld +�

L−1∑
l=0

e−j
2π
N uld

+ (P−�). (15)

With ul = N
L l, the second term in (15) vanishes and we have

ψ2
q (d) = (P−�)+

L−1∑
l=1

(
n(q)ul −�

)
e−j

2π
N uld

= K +
L−1∑
l=1

ñ(q)ul e
−j 2π

N uld, (16)

where ñ(q)ul = n(q)ul −� and K = P(L−P)
L−1 . Now using the fact

that by definition ψq(d) represents an absolute value and
applying triangle inequality, we have

ψ2
q (d) = K +

L−1∑
l=1

ñ(q)ul e
−j 2π

N uld ≤ K +
L−1∑
l=1

∣∣∣ñ(q)ul
∣∣∣. (17)

So, maximum of ψq(d), d = 1, 2 . . . ,Lh−1, is bounded by

max
1≤d≤Lh−1

ψq(d) ≤
√√√√K +

L−1∑
l=1

∣∣∣ñ(q)ul
∣∣∣. (18)

Combining (18) and the lower bound Ep
√
K ≤ g(q)

from [15], we obtain the coherence bounded as given
in (10).
Proposition 2: For an OFDM system with DFT size N and

channel length Lh, let us define a group of M orthogonal
pilot tones index sets Q = {q(m) : m = 0, 1, . . . ,M − 1}
where each set consists of P < Lh pilot tones taken from
the subcarriers index set {u : ul = N

L l; l = 0, 1,. . . ,L − 1}
where N/L is an integer (L is a power of 2), L ≥ Lh, and
L/2 ≥ MP. Let n(m)ul be the total number of CDs within q(m)

with the value of ul, � = P(P−1)
L−1 be the mean frequency of

CDs and K = P(L−P)
L−1 . Then, the block coherence G(Q) is

bounded by

G(Q) ≤ Ep
M

√√√√MK +
M−1∑
m=1

L−1∑
l=1

∣∣∣n(m)ul −�

∣∣∣. (19)

Proof: From [33 and 34, Th. 1], we can define the block-
coherence G(Q) in terms of the coherences of pilot codes
with the tones index sets {g(q(m))} as

G(Q) = 1

M
max

m∈{0,...,M−1} g
(
q(m)

)
. (20)

From Proposition III, the coherence g(qm) for pilot tones
index set q(m) is bounded by

g
(
qm
) ≤ Ep

√√√√K +
L−1∑
l=1

∣∣∣n(m)ul −�

∣∣∣. (21)

For a group of non-negative values x0, x1, . . . , xM−1, we have

max(x0, x1, . . . , xM−1) ≤
M−1∑
m=0

xm. (22)

Using the relationship in (22) and squaring both sides in
inequality (21), we obtain

max
m∈{1,...,M} g

2
(
q(m)

)
≤ E2

p

(
MK +

M−1∑
m=1

L−1∑
l=1

∣∣∣n(m)ul −�

∣∣∣
)
.

(23)

As g(qm) is non-negative, maxm(g2(qm)) = (maxm g(qm))2.
So from (20) and (23), we arrive at (19).
Proposition 3: For equal energy pilot tones, block-

coherence is not affected by the constant cyclical shift
of the pilot tones, i.e., block-coherence G(Q) = G(Qb)
where Q = {q(m) : m = 0, . . . ,M − 1} and Qb =
{(q(m)+b) modulo N : m = 0, 1, . . . ,M−1} for any integer
b and DFT size N.
Proof: According to [15, Proposition 4], coherence is not

affected by the constant cyclical shift of the pilot tones. So,
we have the following coherence equality

g
(
q(m)

)
= g

(
q(m)b

)
(24)

where q(m)b = {(q(m) + b) modulo N}. Now combining (20)
and (24), we can express the block-coherence for Qb as

G
(
Qb
) = 1

M
max

m∈{1,...,M} g
(
q(m)b

)
= G(Q). (25)

Proposition 4: For pilot tones index sets {q(m)}, define mir-
ror indexed pilot set (MIPS) as {q(m)R } � {N−q(m)} modulo N
and shifted mirror indexed pilot set (SMIPS) as {(q(m)R +
b) modulo N} for any integer b. Let {Q} = {q(m) : m =
0, 1, . . . ,M − 1}, {QR} = {q(m)R : m = 0, 1, . . . ,M − 1}
and {QR + b} = {(q(m)R + b) modulo N : m = 0,
1, . . . ,M − 1} for any integer b. Then for equal energy
pilot tones, the following block-coherence equality holds:
G(Q) = G(QR) = G(QR + b).
Proof: Reference [15, Proposition 5] states that the coher-

ences for two pilot tones sets are the same if they are MIPS
of each other. So, we have

g
(
qm
) = g

(
qmR
)
. (26)

From (20) and (26), we obtain

G
(
QR
) = 1

M
max

m∈{1,...,M} g
(
qmR
) = G(Q). (27)

Now, using Proposition III and (27), we have

G(Q) = G
(
QR
) = G

(
QR + b

)
. (28)
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IV. NON-ORTHOGONAL PILOT DESIGN FOR GRANT-
FREE ACCESS IN SPARSE AND BLOCK-SPARSE
CHANNELS
In this section, we develop a novel non-orthogonal pilot
design with fast collision detection capability for grant-free
access which is optimized for block-sparse channels. While
CS based pilot design for a sparse channel has been discussed
in [15], CS based estimation of block-sparse MIMO channels
have not been considered for the pilot design. Our proposed
pilot design have following new contributions compared to
the reference design in [15]:

1) The reference pilot design in [15] did not consider
MIMO channels. In the proposed pilot design, we have
leveraged the block-sparsity property of the MIMO
channels to reduce the number of pilot resources
needed for the multiple antenna system (up to 62.5%
reduction for a system with 4 transmit antennas).

2) The reference pilot design provides a single config-
uration for each system requiring fixed length pilot
codes without considering any system requirements.
Overcoming this limitation, the proposed pilot design
provides flexible configurations with adjustable param-
eters such as the pilot code length and the number
of grant-free access codes. Using the proposed pilot
design, a better pilot configuration could be chosen
considering the number of users, the availability of
the pilot resources, and other system requirements.

3) The PAPR was not considered in the reference pilot
design. The proposed pilot design offers large reduc-
tion of PAPR with low memory requirements.

4) The proposed pilot design provides better pilot detec-
tion performances compared to the reference pilot
design.

Our pilot design is based on the following criteria:

• The non-orthogonal pilot design should be modular for
easy pilot code generation.

• The receiver should be able to detect a collision easily
when more than one non-orthogonal pilot codes with
some common subcarriers are received.

• Pilot codes should be optimized for block-sparse chan-
nel estimation performances.

• The channel estimation performances of different non-
orthogonal pilot codes should be similar to ensure
fairness across users.

• The proposed non-orthogonal pilot design should
optimize the pilot resource utilization while providing
a large number of non-orthogonal pilot codes.

We develop our pilot design in two steps.

1) In the first step, we design modular orthogonal root
pilot codes, each with Ptot pilot tones.

2) In the second step, we design several non-orthogonal
pilot codes from each root pilot code.

Specifically, we generate non-orthogonal pilot codes from
each root pilot code by choosing different combinations
of the positions of P′ null pilot tones within the allocated

Ptot = P+ P′ pilot tones with some constraints. Thus, each
final pilot code has P non-zero pilot tones and P′ null
pilot tones. Our design yields several groups of non-
orthogonal pilot codes where the pilot codes within each
group are non-orthogonal but those from different groups
are orthogonal.
Note that we assign the pilot codes for different transmit

antennas of each user to be orthogonal (i.e., they are from
different root pilot codes). However, pilot codes of different
users are mostly non-orthogonal. At the receiver, detection
of more than P non-zero pilot tones within the corresponding
Ptot pilot tones of a pilot code indicates a pilot code collision.
Details of the two design steps are described in

Sections IV-A and IV-B. We also show that the non-
orthogonal pilot design for sparse channels could be obtained
as a special case of the proposed design in Section IV-C.
Sections IV-D and IV-E discuss the PAPR optimization and
threshold based pilot detection for the proposed pilot design.

A. STEP 1: DESIGN OF ROOT PILOT CODES
Possessing a modular structure among pilot codes is much
desirable as it simplifies pilot code generation. Thus, we
consider orthogonal modular structure to develop root pilot
codes with Ptot pilot tones. The root pilot codes are designed
based on following criteria:

• Different pilot codes should be orthogonal to each other
with some modularity for easy signal generation.

• Pilot design should ensure similar channel estimation
performances for different pilot codes.

• Block-sparse channel estimation performances of the
pilot codes should be optimized.

We first consider the length of pilot code Ptot which
includes P non-zero and P′ null pilot tones. Pilot codes
with more non-zero pilot tones can provide better channel
estimation performances but may reduce the total number
of available pilot codes. The appropriate number for P
will depend on the system performance requirements and
resource availability. Note that when we turn a root pilot
code into several non-orthogonal pilot codes in Step 2, the
channel estimation performance of the non-orthogonal pilot
codes will be slightly degraded from that of the root pilot
code due to changing some non-zero pilot tones into null
tones. To account for such degradation, we choose a num-
ber for P which provides slightly better channel estimation
performance (for the root code) than the desired performance
(for the non-orthogonal code).
Next, we decide the number of null pilot tones per

antenna P′. An increasing number of null pilot tones will
generate more non-orthogonal pilot codes. But a greater
number of null pilot tones will also use more pilot resources.
The best choice for P′ while fixing P will depend on
the total number of users and the availability of the pilot
resources.
To design the pilot codes with Ptot = P+P′ pilot tones for

MIMO block-sparse channels, we consider a MIMO system
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with DFT size N, M transmit antennas per user, block-sparse
channels of length Lh and the number of non-zero channel
taps τ where τ � Lh. Let each transmit antenna be equipped
with a pilot code of length Ptot.

In our orthogonal design, subcarriers of different pilot
codes are disjoint to guarantee orthogonality of the pilot
codes in frequency. We first divide all the subcarriers into
several orthogonal groups of length L. We define L as a
power of 2 with L ≥ Lh, N/L being an integer, and an
additional condition of L/2 ≥ MPtot. Note that for scenarios
with L/2 < MPtot, we can split M antennas into several
antenna sub-groups (e.g., two sub-groups, the first with M1
antennas and the second with M2 antennas where M1 +
M2 = M) and design the pilots of different antenna sub-
groups using different OFDM symbols. Thus, without loss
of generality, in the following, we will present the design
assuming L/2 ≥ MPtot.

We define the above-mentioned orthogonal subcarrier
groups as {Ui : i = 0, 1, . . . , NL − 1} where Ui = {(N/L)l+
i : l = 0, 1, . . . ,L − 1} using the same considerations and
steps that have been used in [15]. In fact, {Ui} corresponds
to the frequency division multiplexing pilot design in [42].
Next, using Proposition III, we design optimized tone

indexes of pilot codes for two users from the first subcarrier
group U0 with similar channel estimation performances. To
achieve this, we design the two sets of pilot codes (one
set per user) to be SMIPS of each other. According to
Proposition III, the block-coherence of the two sets of pilot
codes, selected with SMIPS property, will be the same, hence
ensuring similar channel estimation performances. Each user
needs M pilot codes to be used by M transmit antennas. For
two users, tone indexes for a total of 2M pilot codes with
Ptot pilot tones in each code are selected from U0. The pilot
design can easily be extended to select the pilot codes for 2S
users from U0 by selecting two sets of SMIPS pilot codes
with a total of SM pilot codes in each one with the condition
L/2 ≥ SMPtot. Without loss of generality, we will assume
S = 1 in following discussion.

Next, we design the tone indexes of the pilot codes from
other subcarrier groups {Ui}, i = 1, 2, . . . , NL −1, by shifting
the tone indexes of the pilot codes of U0 by i subcarri-
ers. Proposition III ensures that all resulting sets of pilot
codes from different subcarrier groups will have the same
block-coherence which in turn guarantees similar channel
estimation performances for all users. This modularity of
the pilot codes also facilitates easy pilot code generation.
Now our design problem just needs to focus on select-
ing two sets of tone indexes of pilot codes from U0 that
are SMIPS of each other and will yield optimized channel
estimation performances for block-sparse channels. Recall
that a lower value of the block-coherence indicates a bet-
ter channel estimation performance. Thus, our design aims
to minimize the block-coherence of the pilot codes. As the
complexity of using the exact block-coherence metric is pro-
hibitively large, we resort to minimizing the upper bound of
the block-coherence.

To solve this pilot design problem, we use a game theo-
retic approach. We observe that the design problem could be
formulated as an M persons dynamic game [43]. We consider
M players representing M antennas of a user. Each player
starts with an empty pilot tone index set and chooses Ptot
pilot tone indexes during the game. The goal of the game is
to minimize the cost function. The cost function is based on
the upper bound of the block-coherence from Proposition III.
As the cost function is calculated by computing the cyclic
differences for each player separately, it has very low com-
putational complexity of O(P2) compared to the complexity
of O(M5L2

hP) for computing the block-coherence directly
using Definition III. There are a total of Ptot rounds of play.
In each round each player takes a turn to choose one pilot
tone from the available pilot resources. After the turn, the
chosen pilot tone and its shifted mirror indexed pilot tone
are removed from the available pilot resource set.
In each turn, the player uses a strategy of directly min-

imizing the cost function when choosing the pilot tone.
Each player considers his own previously selected pilot tones
indexes while choosing the next pilot tone index from the
available pilot resources. Thus, the cost function for the j-th
player is defined as the term from the upper limit of the
blcok-coherence in Proposition III which is related to {q(j)}
given by

β j

(
q(j)
)

=
L−1∑
l=1

∣∣∣n(j)ul −�

∣∣∣. (29)

In the first round, all the choices for the first pilot tone
selection are equal with respect to cost function minimization
as there is zero cyclic difference within a set of cardinality
one. Thus for simplicity, in our strategy, all players select the
first available pilot tone with the minimum index value in
the first round. For other rounds, player j first calculates the
cost resulting from adding an available pilot tone according
to (29) for all possible choices of pilot tone from the available
pilot resources and then simply chooses the one which yields
the minimum cost.
Algorithm 1 describes these steps for choosing optimized

tone indexes of pilot codes. The algorithm takes the num-
ber of pilot tones in each pilot code Ptot, the number of
transmit antennas per user M, the subcarrier group length
L of U0, and DFT size N as inputs. Note that U0 has
been determined earlier in this section. The outputs of the
algorithm are two groups of pilot tones index sets {Qi}
and {QRi}, i = 0, 1, . . . , NL − 1, for 2N/L users with M
antennas each. In line 1 of Algorithm 1, we initialize pilot
resource set A = U0 and � = Ptot(Ptot−1)

L−1 . Next, we ini-
tialize (line 2) the first group of M pilot tones index sets
Q0 = {q(0), . . . , q(M−1)} and their corresponding mirror
indexed pilot sets QR0 = {q(0)R , . . . , q(M−1)

R } as null.
Then the pilot tones index sets Q0 and QR0 are chosen

from A which are SMIPS of each other. There are a total of
Ptot iterations (line 3-14 in Algorithm 1), corresponding to
the Ptot rounds of game play, for selection of Ptot pilot tone

VOLUME 1, 2020 249



QUAYUM and MINN: COMPRESSED SENSING BASED NON-ORTHOGONAL PILOT DESIGNS FOR MULTI-ANTENNA GRANT-FREE ACCESS SYSTEMS

FIGURE 1. Subcarrier groups {Ui } for the system with N = 256 and L = 64.

Algorithm 1 Orthogonal Pilot Design for Block-Sparse
Channels.
Input: M,Ptot,L,N
Output: {Qi}, {QRi} where i = 0, 1, . . . , NL − 1
1: Initialization: A = U0 = {(N/L)l : l = 0, 1, . . . ,L−1},
� = Ptot(Ptot−1)

L−1 ,
2: Q0 = {q(0), . . . , q(M−1)} = {∅, . . . ,∅}, QR0 =

{q(0)R , . . . , q(M−1)
R } = {∅, . . . ,∅}.

3: for k = 0 to Ptot − 1 do
4: for m = 0 to M − 1 do
5: if k = 0 then
6: q0 = a0
7: else
8: Choose q = mina

(∑L−1
l=1

∣∣∣n′
ul(q

(m)
a )

∣∣∣
)

where

q(m)a = q(m) ∪ a and a ∈ A
9: end if
10: qRk = N − qk − N

L
11: q(m) = q(m) ∪ qk, q

(m)
R = q(m)R ∪ qRk

12: A = A \ {qk, qRk}
13: end for
14: end for
15: Qi = Q0 + i, QRi = QR0 + i where i = 1, 2, . . . , NL − 1.

indexes of each pilot code. Within each of these iterations
there are M turns (line 4-13), one for each of the M players,
to choose one pilot tone. In first of the Ptot iterations (line 6),
each player chooses the first available pilot tone index a0
from the set A. In subsequent iterations (line 8), the player
j chooses the pilot tone index from the available subcarrier
indexes that minimizes the absolute deviations of CDs within
{q(j)} as defined in the cost function (29).
Let the chosen pilot tone index for player j in k-th turn

be qk. Then, we choose the shifted mirror indexed pilot
tone index qRk from subcarrier group {U0} in line 10 of
Algorithm 1 as

qRk = N − qk − N/L. (30)

We first add qk to the pilot tone index set {q(j)} = {q(j)}∪qk
and qRk to pilot tone index set {q(j)R } = {q(j)R }∪qRk in line 11
of Algorithm 1. Then qk and qRk are removed from the
available pilot resources A = A \ {qk, qRk} before the next
turn (line 12).
After selecting Q0 and QR0, we select the pilot codes from

other subcarrier groups {Ui} as Qi = Q0+i and QRi = QR0+i
where i = 1, 2, . . . , NL − 1 (line 15).

Now, we provide an example of the pilot design using
Algorithm 1 for block-sparse channels. For illustration pur-
poses, we will use the system with DFT size N = 256,
M = 2 antennas per user, Ptot = 14 pilot tones per
antenna, the block-sparse channel length Lh = 64, sub-
carrier groups {Ui} of length L = 64 each and τ = 4
non-zero taps per channel. We start by dividing the sub-
carriers into N/L = 4 orthogonal groups. The groups are
given by {Ui} = {(4k + i) : k = 0, 1, . . . , 63; i = 0, . . . , 3}.
Fig. 1 illustrates the process of configuring these subcarrier
groups.
We use Algorithm 1 to select M = 2 optimized pilot codes

and their corresponding M = 2 SMIPS codes from U0. We
set up the dynamic game with two players and the initial
available pilot resource set A = U0 = {0, 4, . . . , 252}. Each
player starts with a null set for the pilot tone index set. After
the first iteration, the pilot tone indexes for two players are
q(0) = {0} and q(1) = {4}. For next 13 iterations, each
player selects the pilot tone index that minimizes the cost
in (29). The complete selected pilot tone index sets for the
two antennas using Algorithm 1 are shown in Fig. 2(A)
which are q(0) = {0, 8, 16, 28, 32, 40, 68, 84, 88, 112, 148,
160, 188, 200} and q(1) = {4, 12, 20, 24, 36, 56, 60, 80, 116,
132, 144, 176, 180, 208}. We select the SMIPSs from U0
using (30) as q(0)R = 252 − q(0) and q(1)R = 252 − q(1) which
yield pilot codes of the two transmit antennas for another
user.
The complexity of Algorithm 1 is O(MLPtot). The com-

plexity is linear in terms of both the total number of
transmit antennas and the total number of pilot tones
per pilot code. This ensures reasonable complexity cost
when Algorithm 1 is used in a system with large num-
ber of transmit antennas. Also we note that the complexity
remains constant with respect to the DFT size N which
is usually much larger than L. One of the advantages
of our modular design is that all of the orthogonal root
codes can be generated from a much smaller subset of
the root codes. Algorithm 1 can be used once offline to
generate the pilot codes {q(0), . . . , q(M−1)} and then they
can be stored in the user devices, thus eliminating the
need of using Algorithm 1 by the user devices with lim-
ited computing powers. All other orthogonal root pilot
codes can be generated directly by selecting MIPS and
shifted version of the stored pilot codes. For our exam-
ple mentioned above, only two pilot codes q(0) and q(1)

need to be stored in the user devices requiring very low
memory.
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FIGURE 2. An illustration of the proposed non-orthogonal pilot design with P = 12 and P′ = 2 for block-sparse channels in a MIMO system with N = 256, M = 2, Lh = 64,
L = 64, and τ = 4.

B. STEP 2: DESIGN OF GRANT-FREE ACCESS CODES
In our next step, we choose the locations of P′ pilot tones
within Ptot tones of the root pilot code to be used as null
pilots. Recall that Algorithm 1 selects Ptot pilot tones indexes
so that the frequencies of all possible CDs within Ptot tones
are close to �tot = Ptot(Ptot−1)

L−1 . For the non-orthogonal pilot
codes, we want the frequencies of all CDs to be close to
� = P(P−1)

L−1 . So we want to choose the null pilot tone
positions so that the frequencies of all distinct CDs decrease
by the same amount.
Now each pilot tone is associated with 2(Ptot − 1) CDs

and removing the pilot tone affects the frequencies of all
associated CDs. To simplify the selection process, we will
consider only the smallest CD (CDmin) that is associated
with a pilot tone. Our strategy is to distribute the null pilot
tones so that they affect the frequencies of all the CDmin
approximately equally.
For this purpose, we first sort the pilot tone indexes in

an increasing order according to the smallest CDs associ-
ated with them which is the cyclical distance to the nearest
pilot tone index. Let {q̃0, q̃1, . . . , q̃Ptot −1} be the sorted pilot
tone indexes. Now we divide the sorted indexes into P′ sub-
groups of approximately equal sizes. For each subgroup, we
sequentially choose �PtotP′ � indexes from the sorted pilot tone
indexes. For the last subgroup, we choose all of the remain-
ing subcarriers of the Ptot sorted indexes. Then we select one
of the pilot tones indexes from each subgroup as null tone.
Each combination of null pilot tones together with the cor-
responding non-zero pilot tones will create a non-orthogonal
pilot code. Note that due to the above sorting and grouping,
different choices of null tone locations would approximately
yield similar effects on the frequencies of all the CDmin.
The number of non-orthogonal pilot codes available from
an orthogonal root code is given by

�Ptot /P′�(P′−1) × (
Ptot − �Ptot /P′�(P′ − 1

))
. (31)

As there are 2MN/L root codes, the total number of avail-
able non-orthogonal pilot codes is 2MN/L times the number
in (31).
The complexity of step 2 of designing non-orthogonal

pilot codes is O(Ptot log(Ptot)) which includes the sorting

of root pilot codes. Thus, the complexity of both the steps
together is O(MLPtot log(Ptot)) as we can directly select
the grant-free access codes by choosing null pilot tones
within the sorted pilot tones index sets of root pilot codes.
As discussed in Section IV-A, we can eliminate the pilot
design complexity by storing the sorted orthogonal root
pilot codes at the user devices. This will allow the users to
directly access all the grant-free access codes using the stored
root pilot codes removing the design complexity for the
user.
Now, we give an example of the proposed non-orthogonal

pilot design for block-sparse channels. We will use the same
example from the previous section with N = 256, M = 2,
Lh = 64, L = 64, and τ = 4. For this example, we choose
P = 12 non-zero pilot tones and P′ = 2 null pilot tones per
antenna. Then we design two orthogonal root pilot codes
with Ptot = 14 pilot tones per antenna using Algorithm 1.
Fig. 2(a) shows the selected root pilot code and the minimum
CD associated with each pilot tone index. Then the pilot
tones are sorted according to the minimum CDs. Fig. 2(b)
shows the sorted pilot tones. Next, we divide pilot tone
indexes of each pilot code into P′ = 2 subgroups with 7
pilot tone indexes in each group. We select one pilot tone
as null pilot in each subgroup. Fig. 2(c) shows different
subgroups. We will have 49 non-orthogonal pilot codes (see
Eq.(31)) from each of the 16 orthogonal root codes, thus a
total of 784 non-orthogonal pilot codes.
We summarize the design process of non-orthogonal pilot

codes for block-sparse channels here.

1) Define the number of non-zero pilot tones per antenna
considering the system performance requirements and
resource availability.

2) Define the number of null pilot tones per antenna con-
sidering the number of available pilot resources and
expected number of users.

3) Design orthogonal root pilot codes with Ptot = P +
P′ pilot tones each by using Algorithm 1. Select M
orthogonal pilot codes for the M transmit antennas
with Ptot = P+ P′ pilot tones per antenna.

4) Sort the selected pilot tones index sets in an increasing
order by the minimum CD associated with the indexes.
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FIGURE 3. Construction of non-orthogonal pilot codes from an orthogonal pilot code for an OFDM system with N = 256, M = 1, Lh = L = 64, and τ = 4.

5) Divide each of the sorted pilot tones index sets into P′
subgroups of approximately equal sizes by selecting
the subcarrier indexes sequentially.

6) Use one of the pilot tone indexes within each of
the subgroups as a null pilot tone. Different com-
binations of the null pilot tone together with the
corresponding non-zero pilot tones will create different
non-orthogonal pilot codes.

C. NON-ORTHOGONAL PILOT DESIGN FOR SPARSE
CHANNELS IN A SINGLE-ANTENNA SYSTEM
We note that the proposed non-orthogonal pilot design for
block-sparse channels could also be used to design opti-
mized non-orthogonal pilot codes for sparse channels as
a special case with M = 1 transmit antenna per user. In
single-antenna systems with sparse channels, the proposed
pilot design has several advantages compared to the existing
pilot design in [15]. The proposed pilot design uses a flexi-
ble pilot length which could be chosen according to system
requirements whereas the pilot length is always half of the
maximum channel length in the existing design. Due to this
flexibility of pilot length together with the exploitation of
block sparsity, the proposed design requires less number of
pilot resources compared to the existing design, especially
when the number of non-zero channel taps is much smaller
than the channel length. Also the proposed pilot design
enables us to incorporate optimum trade-offs for different
design parameters, i.e., the total number of pilot resources
used, total number of available grant-free access codes and
the channel estimation performances, according to system
requirements. For the existing design, they could not be
optimized as there is only a single configuration available
for a specific system. We will discuss these advantages in
more details in Section V.
To design the non-orthogonal pilot codes for sparse chan-

nels, we follow the same steps as defined in Section IV-B.

Note that, for single-antenna systems the cost function
β(q) = ∑L−1

l=1 |n(q)ul − �| is the term from the upper bound
of coherence for the sparse channel in Proposition III. The
lower bound for coherence is reached when the cost function
is zero.
Now, we give an example of non-orthogonal pilot design

in single-antenna sparse channels. Let us consider the system
with N = 256, Lh = L = 64, M = 1 and τ = 4. We first
consider the length of the pilot code. Suppose the desired
channel estimation performance is well achieved by 16 non-
zero pilot tones per pilot code. Then, we use P = 16
non-zero pilot tones. Next, based on the targeted number
of users to be supported in the system, the desired num-
ber of non-orthogonal pilot codes per orthogonal subcarrier
group can be obtained. Then, from (31), we can obtain the
required number of null tones P′ per pilot code which should
be checked against the system resources. Suppose system
requirements and available resources suggest P′ = 4. Next,
we use Algorithm 1 to design tone indexes {Qi,QR i} of
orthogonal root pilot codes with P+P′ = 20 pilot tones per
code using the steps described in Section IV-A. The selected
pilot tone indexes for Q0 with their corresponding minimum
CDs are depicted in Fig. 3a. Then, we sort the pilot tone
indexes according to their CDmin in an increasing order. The
sorted indexes are shown in Fig. 3b. Finally, we divide the
sorted pilot tone indexes into P′ = 4 subgroups of Ptot

P′ = 5
subcarrier indexes. Then we select one pilot tone from each
subgroup as null pilot. Pilot tone subgroups and possible
null pilot tones are shown in Fig. 3c. In this way, a total of
625 non-orthogonal pilot codes (see (31)) are possible from
this set of 20 pilot tones. We can select a total of 8 orthogo-
nal pilot tones index sets {Q0, . . . ,Q3,QR 0, . . . ,QR 3} each
with 20 (non-zero+null) pilot tones using Algorithm 1 from
the full bandwidth. So a total of 625 × 8 = 5000 grant-free
access codes could be generated. Also we use a total of
20 × 8 = 160 pilot tones indexes out of 256 tones and the
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FIGURE 4. PAPR of different non-orthogonal pilot codes using different PAPR optimization methods in a system with N = 256, Lh = L = 64, τ = 4, M = 2, P = 12, and P′ = 2.

remaining tones can be used for data transmission. So the
proposed design uses 37.5% less resources compared to the
existing design [15] which uses 32 pilot tones for each pilot
code.

D. PEAK-TO-AVERAGE POWER RATIO (PAPR)
OPTIMIZATION FOR NON-ORTHOGONAL PILOT CODES
PAPR optimization is important for OFDM systems as the
high peaks require more expensive and larger linear power
amplifier to be used at lower efficiency [44]. As the phases
of the non-zero pilot tones do not affect our non-orthogonal
pilot designs presented in the previous sections, we can
optimize the PAPR of the time-domain signals of the pilot
codes by designing the phases of the non-zero pilot tones.
To illustrate our design strategies, let us consider

Quadrature Phase Shift Keying (QPSK) symbols for the
pilot codes. To avoid large storage for the access codes,
we propose two different approaches to optimize the PAPR
where only one optimized QPSK code needs to be stored. In
Method 1, we choose the QPSK symbols for the orthogonal
pilot code of length P + P′. We use an exhaustive search
among all possible pilot codes with different QPSK symbols
and choose the one with lowest PAPR. Then we puncture the
selected QPSK symbols at the P′ null tones locations to gen-
erate non-orthogonal pilot codes. The same PAPR could be
achieved for the codes at SMIPS by choosing the conjugate
of the QPSK symbols at the corresponding shifted mirror
indexes. Because of Fourier transform property, other codes
obtained by the simple tone index shift will also maintain
the same PAPR.
In Method 2, we choose the P QPSK symbols for the non-

zero pilot tones within a non-orthogonal pilot code of length
P+P′ with lowest PAPR using exhaustive search. We use the
obtained QPSK symbols in the same order across tones for
other non-orthogonal codes obtained from the same orthog-
onal code. Similar to the first method, for the SMIPS codes
we use conjugate of the QPSK symbols at the corresponding
shifted mirror indexes.
To illustrate performance of these methods, let us consider

the same example from Section IV-B for the system with
N = 256, Lh = L = 64, M = 2, τ = 4, P = 12 and

P′ = 2. Fig. 4 compares Method 1 and Method 2 with the
reference (Method 3) where the same QPSK symbol is used
at all the pilot tones without any optimization. PAPR values
for different methods are shown for all 49 non-orthogonal
pilot codes (see example in Section IV-B). We observe that
both Method 1 and Method 2 offer much lower PAPR for
the access codes compared to the reference while Method 1
provides slightly lower PAPR compared to Method 2.

E. THRESHOLD BASED PILOT DETECTION
In this section, we define two important pilot detection
performance metrics for the proposed pilot design, namely
probability of single user detection (PSUD) and probability
of two codes collision detection (PCD). PSUD is defined as
the probability of successfully detecting a pilot code when
there are no other non-orthogonal pilot codes present. PCD
is defined as the probability of detecting a collision when
two pilot codes are present which are non-orthogonal to each
other. If more than two non-orthogonal codes are present,
the collision detection performance will be better and hence
the above PCD represents the worst-case collision detection
performance.
We use a threshold based pilot detection where the receiver

detects a non-zero pilot tone when the average received
energy across all received antennas is greater than the thresh-
old θ . The probability of detecting a single grant-free access
code in absence of any collision is given by [15]

[
1 − F

(
2θ

Ep1 + σ 2
n

)]P[
F

(
2θ

σ 2
n

)]γP
(32)

where Ep is the energy of a non-zero pilot tone, σ 2
n is the

noise power per tone, γ = P′/P, and F(x) is a chi-square
cumulative distribution function with 2R degrees of freedom
given by

F(x) = 1 − e−
x
2

R−1∑
k=0

1

k!

( x
2

)k
. (33)

An optimum threshold θopt which maximizes (32) could be
found by numerical method and used for threshold based
pilot detection.
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Now, let us consider two non-orthogonal pilot codes c1 and
c2 with non-zero pilot tone energies Ep1 and Ep2 . When both
the pilot codes are received simultaneously, four different
combinations of the received energies are possible. A pilot
tone may contain non-zero pilot energies from both the pilot
codes, from pilot code c1, from pilot code c2 or from none of
the pilot codes. Let us assume t1, t2, t3 and t4 represent the
total numbers of received pilot tones with these combinations
accordingly. A collision is detected when more than P non-
zero pilot tones are detected at the receiver. This allows for
fast collision detection at the receiver. Then the probability
of detecting a collision for the considered pilot code pair is
given by

PCD
≈

∑

t′1+t′2+t′3+t′4>P

×
[(
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The terms t′1, t′2, t′3 and t′4 represent the total numbers of
pilot tones with the aforementioned different combinations of
pilot energies for which the detected pilot energies are greater
than θ . If the average probability of collision detection is
desired, PCD in (34) can be averaged over all pairs of non-
orthogonal pilot codes.

V. PERFORMANCE EVALUATION AND COMPARISON
In this section, we evaluate several performance metrics of
the proposed non-orthogonal pilot design for various config-
urations and compare them with the existing pilot designs.
In Sections V-A and V-B, we compare different aspects of
the proposed pilot designs (i.e., the channel estimation per-
formances, pilot resource usage, pilot detection complexity,
and pilot collision detection performances) with the exist-
ing pilot designs. In Section V-C, we will compare the
channel estimation performances and trade-offs for differ-
ent pilot codes configurations of the proposed pilot design.
In Section V-D, we will explore the effects of the increasing
number of transmit and receive antennas.

A. CHANNEL ESTIMATION PERFORMANCE AND PILOT
RESOURCE USAGE COMPARISONS WITH EXISTING
DESIGNS
We will first compare the proposed non-orthogonal pilot
design with the non-orthogonal pilot codes based on

Zadoff-chu (ZC) sequence. Several pilot designs based on
ZC sequence have been proposed in [5], [6]. There are three
major limitations when using the ZC sequence based ref-
erence pilot designs to estimate block sparse channels in a
system with multiple transmit antennas.
First, the reference pilot designs do not consider a multiple

transmit antenna system where each antenna needs orthogo-
nal pilot code to avoid pilot contamination. There are limited
number of orthogonal pilot codes available when using ZC
sequence based pilot design as a ZC sequence of length P
can support only Nu = �P/Lh� orthogonal pilot codes [6].
For example, let us consider a system with channel length
Lh = 64 using ZC sequence of length PZC = 139 as defined
in the standard for long term evaluation (LTE) [45]. For such
a system, there are only 2 orthogonal pilot codes available
which could be used by 2 transmit antennas. To generate
more orthogonal pilot codes for the larger antenna systems,
a longer ZC sequence will be needed, resulting inefficient
pilot resource usage.
Second, the pilot codes used by different users will be non-

orthogonal among themselves with high probability when
most of the orthogonal pilot codes are used by multiple
transmit antennas. As the ZC sequence based reference
pilot designs do not have collision detection capability, the
non-orthogonal pilot codes will result in severe pilot con-
tamination and poor channel estimation performance when
the number of users grows.
Third, while the pilot design in [6] uses CS based user

detection, none of the ZC sequence based reference pilot
designs use CS based channel estimation. As a result,
the proposed pilot design outperforms the reference pilot
designs in terms of channel estimation performances and
pilot resource usage for sparse and block-sparse channels.
To illustrate this using simulation, let us consider the same

example from the previous section with N = 256, Lh = L =
64, M = 1, R = 1, and τ = 4. For sparse channel estimation,
we use the OMP algorithm from [15] and stop the algorithm
when the residual is less than Pσ 2

n where P is the number
of non-zero pilot tones and σ 2

n is the noise variance. The
performance results are averaged over 105 simulation trials.
In each trial, the sparse channels are generated independently
using random positions for the non-zero channel taps.
Fig. 5 shows the channel estimation performance of the

proposed pilot design with Ptot = 24 [config. 1, Table 2] and
the ZC sequence based pilot design from reference [6] with
pilot sequence length PZC = 139. For the ZC sequence based
pilot codes, we have used oracle channel estimation where
the user activity is known to the receiver. We have simulated
two different scenarios using reference [6] pilot codes with
K = 1, 2, where K represents the total number of active users
transmitting non-orthogonal pilot codes. We observe that the
channel estimation performance for the proposed pilot design
is better compared to reference [6] pilot design even without
any pilot collision when K = 1. The performance of [6] pilot
design deteriorates further when K = 2 non-orthogonal users
are present. Note that the pilot code length of the proposed
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TABLE 2. Different configurations for the proposed pilot design with optimized pilot code length.

FIGURE 5. Average channel estimation performance of the proposed pilot design
and the reference [6] non-orthogonal pilot design in a system with N = 256,
Lh = L = 64, M = 1, R = 1, and τ = 4.

pilot design is only 24 compared to 139 in the reference
design resulting in much more efficient pilot resource usage.
Next, we will compare the proposed pilot design in more

details with the reference design in [15] which uses CS
based channel estimation and has collision detection capa-
bility. The proposed pilot design offers large savings in terms
of pilot resource usage by leveraging optimized pilot code
length and block-sparsity property of the MIMO channels
compared to reference [15] design. Through simulations, we
will first evaluate the reduction of pilot resource usage for
the proposed pilot design in sparse channels compared to
the existing reference [15] non-orthogonal pilot design while
keeping similar channel estimation performances.
Fig. 6 compares the average channel estimation perfor-

mances of the proposed non-orthogonal pilot design with
that of the orthogonal and reference [15] non-orthogonal
pilot designs in a single-antenna system. The reference [15]
pilot design uses a total of L/2 = 32 pilot tones with 28
non-zero pilot tones and 4 null tones for non-orthogonal
pilot codes. While the length of the non-orthogonal pilot
codes in the reference [15] design is required to be fixed,
the length of the pilot codes in the proposed design is a
flexible design parameter. From Fig. 6, we observe that the
proposed non-orthogonal pilot design (configuration 1) with
21 non-zero pilot tones and 3 null pilot tones has simi-
lar channel estimation performance as the existing design.

FIGURE 6. Average channel estimation performance of the proposed pilot design,
the reference non-orthogonal pilot design, and orthogonal pilot design [15] in a
system with N = 256, Lh = L = 64, M = 1, R = 1, and τ = 4.

Configuration 1 generates 512 grant-free access codes (given
by (31)) from 24 pilot resources and a total of 4096 grant-
free access codes using the full bandwidth. The details of
different configurations are given in Table 2.
This configuration accounts for a total of 25% reduction in

pilot resource usage compared to the existing design without
any loss of channel estimation performances. We can fur-
ther reduce the number of pilot resources needed by using
18 non-zero pilot tones and 3 null tones (configuration 2,
Table 2) with only slightly degraded average channel esti-
mation performance. This configuration uses 34.37% less
pilot resources compared to the reference design while still
generating 2744 grant-free access codes. We also compare
these channel estimation performances to the orthogonal pilot
codes with P = 21, generated by using Algorithm 1. The
channel estimation performance of the orthogonal pilot code
is similar to that of the configuration 1 consisting of same
number of non-zero pilot tones. Note that the orthogonal pilot
design can support only 8 orthogonal pilot codes compared
to 4096 non-orthogonal pilot codes for configuration 1.
For the proposed pilot design, the pilot resource usage

could be further reduced by exploiting block-sparsity prop-
erty of the MIMO channels in multiple antenna systems.
Fig. 7 showcases the reduction of pilot resource usage for
the proposed pilot designs compared to the reference [15]
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FIGURE 7. Average channel estimation performances of the proposed pilot design
and the reference pilot design in a system with N = 256, Lh = L = 64, τ = 4, R = 1,
and M = 1, 2, 4.

FIGURE 8. Average channel estimation performance of the proposed
non-orthogonal pilot design and the reference non-orthogonal pilot design [12], both
with 16 non-zero pilot tones plus 4 null pilot tones, in a system with N = 256,
Lh = L = 64, M = 1, R = 1, and τ = 4.

design for several values of M, the number of user’s transmit
antennas. As the reference [15] design is not optimized for
the block-sparse MIMO channel, it uses L/2 = 32 pilot tones
for all the antennas. In our simulations, we have used block
optimized orthogonal matching pursuit (BOOMP) algorithm
to estimate the block-sparse channels [33]. From Fig. 7, for
similar channel estimation performances the proposed design
uses a total of 24, 16 and 12 pilot tones per antenna for the
systems with M = 1, 2, and 4, respectively compared to the
32 pilot tones per antenna in the reference [15] design. They
result in a total of 25%, 50%, and 62.5% reduction of pilot
resource usage for the proposed pilot design with 1, 2, and
4 transmit antennas respectively.
Finally, we will compare the channel estimation perfor-

mances for different non-orthogonal pilot codes generated
from the same root pilot code. The non-orthogonal pilot
design in [15] uses Ptot = L/2 = 32 pilot tones for each
pilot code which is much higher than the proposed design.

TABLE 3. Complexity of non-orthogonal pilot detection schemes for different pilot

designs.

To compare with an existing method using the same pilot
resource amount, we use the existing design in [12] for
the placements of the null pilot tones where the P′ null
pilot tones are selected randomly from the Ptot pilot tones.
For these non-orthogonal pilot codes, the coherences of
different codes are different. Fig. 8 shows the channel esti-
mation performances of the non-orthogonal pilot codes with
highest coherence for the proposed design and the existing
design [12] under the same pilot resources and the same
number of null pilot tones (with Ptot = 20 and P′ = 4). The
proposed pilot design provides much better channel estima-
tion performance for the worst pilot code than the existing
design, thus ensuring much better fairness among the users.

B. PILOT DETECTION PERFORMANCE AND
COMPLEXITY COMPARISONS WITH EXISTING DESIGNS
Threshold based pilot detection for the proposed pilot design,
as discussed in Section IV-E, is very low in complexity
requiring only P comparisons when the pilot code length
is P. Most of the existing pilot detection techniques for non-
orthogonal pilot designs require algorithms of much higher
computation complexity. Table 3 compares the complexity of
different pilot detection schemes for existing and proposed
non-orthogonal pilot designs. Here Nu, Mb, Ku, and Np refer
to the total number of users in the system, total number of
base station antennas, total number of active users, and total
number of pilot resources used. From the table, the thresh-
old based detection approaches for reference [15] and the
proposed pilot design have the lowest complexity of O(P).
Also only these two schemes support fast collision detection.
While they both have the same pilot detection and collision
detection complexity for the pilot codes of same length,
the proposed pilot design requires much shorter pilot code
length compared to the reference design in [15] for equiva-
lent channel estimation performances. So, the complexity of
the pilot detection and collision detection for the proposed
pilot design will be less compared to [15].
To compare the pilot detection and collision detection

performances of the proposed pilot design with the refer-
ence design of [15] in more details, we will explore the
pilot detection performance metrics PSUD and PCD for the
pilot designs. We use 3 different configurations (config 5,
6, and 7, Table 2) of the proposed pilot design for the next
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FIGURE 9. Comparison of PSUD (equation (32)) for the proposed pilot design
configurations 5, 6, 7 and the reference design in a system with N = 256, Lh = L = 64,
τ = 4, R = 1, and M = 1, 2, 4.

FIGURE 10. Comparison of PSUD (Monte Carlo simulation) for the proposed pilot
design configurations 5, 6, 7 and the reference design in a system with N = 256,
Lh = L = 64, τ = 4, R = 1, and M = 1, 2, 4.

performance comparisons. They use a total of 21, 14, and 10
non-zero pilot tones per antenna. These configurations are
chosen because they provide similar channel estimation per-
formances for the systems with R = 1, M = 1, 2 and 4 when
compared to the reference design [15] with 28 non-zero pilot
tones per antenna. For fair comparison, all the configurations
use 4 null pilot tones per non-orthogonal pilot code similar
to the reference design.
Fig. 9 and Fig. 10 compares PSUD of the proposed pilot

designs with that of the reference [15] pilot design. Fig. 9
uses the analytical result in equation (32) while Fig. 10 uses
Monte Carlo simulation for performance comparison. The
analytical and simulation results show the same trend with
slight differences in value. These differences are expected
due to the assumption of independent channel gains at
the pilot subcarriers when deriving (33). We observe that
less number of pilot tones provide better single user detec-
tion performance due to greater pilot energy concentration.

FIGURE 11. Comparison of PCD (equation (34)) for the proposed pilot design
configurations 5, 6, 7 and the reference design in a system with N = 256, Lh = L = 64,
τ = 4, R = 1, and M = 1, 2, 4.

FIGURE 12. Comparison of PCD (Monte Carlo simulation) for the proposed pilot
design configurations 5, 6, 7 and the reference design in a system with N = 256,
Lh = L = 64, τ = 4, R = 1, and M = 1, 2, 4.

This is reflected in the higher PSUD values of the
proposed pilot designs compared to the reference [15] pilot
design.
PCD performances for different configurations of the

proposed pilot design are compared with the reference
design [15] in Fig. 11. Here, we consider the scenario where
two randomly selected non-orthogonal pilot codes with same
pilot energy are colliding at the receiver as described by the
analytical result in (34). Fig. 12 uses Monte Carlo simulation
to compare PCD performances for different configurations
under same scenario. The analytical and simulation results
show similar trends with slight differences in value, and
the differences are due to the assumption of independence
channel gains at the pilot subcarriers when deriving (35). We
observe that the probability of detecting a collision is higher
with shorter pilot code length due to greater pilot energy
concentration and the proposed pilot design outperforms the
reference [15] design.
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TABLE 4. Different configurations for the proposed pilot design in block-sparse channels.

C. CHANNEL ESTIMATION PERFORMANCES AND
TRADE-OFFS FOR DIFFERENT PILOT CODES
CONFIGURATIONS
In this section, we will investigate the trade-offs among the
pilot resource usage, total number of available grant-free
access codes, and the average channel estimation perfor-
mances for different configurations of the proposed pilot
design. The proposed pilot design is for uplink systems and
hence the number of transmit antennas per user (device) will
be typically small due to power and size constraints. Hence,
we will use M = 2 for most of the configurations used in this
and following sections to compare different design choices.
The details of the additional configurations that have not
been discussed before are listed in Table 4.
First, we will explore the trade-offs between pilot resource

usage and total number of available grant-free access codes.
We can increase the total number of available grant-free
access codes without degrading the channel estimation per-
formances by adding more pilot resources as the null pilot
tones. Fig. 13 compares the channel estimation performances
of configuration 8, 9 and 10 with M = 2, R = 1. The con-
figurations have 12 non-zero pilot tones with 2, 3 and 4 null
pilot tones for each antenna. Fig. 13 shows that the channel
estimation performances for all three configurations are sim-
ilar while providing 784, 2000 and 4096 grant-free access
codes. These results indicate that when needed according to
system requirements, a higher number of grant-free access
codes could easily be generated by the proposed design using
more pilot resources without degrading the average channel
estimation performances. Although the complexity of the
pilot design increases with the addition of more pilot tones,
this could be avoided by storing the sorted root pilot codes
at the user devices as discussed in Sections IV-A and IV-B.
We can also increase the number of total available grant-

free access codes while using a fixed number of pilot
resources by using some of the non-zero pilot tones as null
tones. To illustrate this, Fig. 14 compares the performances
of the pilot configurations 10, 11 and 3 for block-sparse
channels with M = 2 and R = 1. Each configuration has
a total of 16 pilot tones including 12, 13 and 14 non-zero
pilot tones with 4, 3 and 2 null tones. The configurations
provide a total of 4096, 2400 and 1024 grant-free access
codes. Fig. 14 shows that a greater number of grant-free
access codes could be supported by the proposed design
with only a slight degradation of the average channel esti-
mation performances while using the same amount of pilot

FIGURE 13. Average block-sparse channel estimation performances of the
proposed pilot design configurations 8, 9, 10 in a system with N = 256, Lh = L = 64,
τ = 4, M = 2, and R = 1.

FIGURE 14. Average block-sparse channel estimation performances of the
proposed pilot design configurations 10, 11, 3 in a system with N = 256, Lh = L = 64,
τ = 4, M = 2, and R = 1.

resources and same pilot design complexity. This offers a
good trade-off when a system is supporting a large number
of users with limited resources.
Next, we will discuss the effect of increasing the number

of non-zero pilot tones P in a pilot code. Fig. 15 compares the
channel estimation performances of the pilot configurations
8, 12 and 3 for block-sparse channels. These configurations
use a total of 12, 13 and 14 non-zero pilot tones and 2
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FIGURE 15. Average block-sparse channel estimation performances of the
proposed pilot design configurations 8, 12, 3 in a system with N = 256, Lh = L = 64,
τ = 4, M = 2, and R = 1.

FIGURE 16. Channel estimation performances of the proposed pilot design in a
system with N = 256, Lh = L = 64, τ = 4, R = 1, and M = 2, 4, 8, 16, 64.

null pilot tones for each antenna. Fig. 15 shows that we can
improve the channel estimation performances by allocating
more pilot resources as non-zero pilot tones in our pilot
design. The pilot design complexity increases slightly with
additional pilot tones when the root pilot codes are not stored
at the user devices. We also note that the proposed pilot
design has similar channel estimation performances for both
of the antennas.

D. PERFORMANCE EVALUATION FOR INCREASING
NUMBERS OF TRANSMIT AND RECEIVE ANTENNAS
Next, we will explore the effect of increasing M, the number
of transmit antennas per user. When using a fixed num-
ber of pilot tones per pilot code, the channel estimation
performance could be improved by increasing M. To illus-
trate this, we use a pilot code with Ptot = 12 and P = 10,
similar to configuration 4 (Table 2), for different values
of M. The number of all possible combinations of the non-
orthogonal pilot codes for all antennas becomes prohibitively
large for simulation when M is large (e.g., 3616 combinations

FIGURE 17. Channel estimation performances of the proposed pilot design in a
system with N = 256, Lh = L = 64, τ = 4, R = 1, and M = 2, 4, 8, 16, 64.

FIGURE 18. Channel estimation performances of the proposed pilot design in a
system with N = 256, Lh = L = 64, τ = 4, M = 2, and R = 1, 2, 4, 16, 32.

for M = 16). So, we use the non-orthogonal pilot code with
the highest coherence for each antenna which represents the
worst case scenario for M = 2, 4, 8, 16, and 64. Fig. 16
shows that the channel estimation performance improves
when using a higher number of transmit antennas. The rea-
son is due to the block-sparsity property where a larger M
could yield better channel path delay identification. For this
configuration, the performance gain diminishes when M is
greater than 8 as very good performance is already achieved
by M = 8. The performance gain of increasing M could be
larger for a shorter pilot code length. Fig. 17 shows that the
channel estimation performance improves more with increas-
ing values of M when using a pilot code with Ptot = 10
and P = 8. It could be ascribed to the smaller pilot resource
which leaves more room for performance improvement by
increasing M.

Next, we investigate the effect of increasing R, the num-
ber of receive antennas, on channel estimation and collision
detection performances. When the channels for all received
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FIGURE 19. Comparison of PSUD (equation (32)) for the proposed pilot design
configuration 6 in a system with N = 256, Lh = L = 64, τ = 4, M = 2, and
R = 1, 2, 4, 16, 32.

FIGURE 20. Comparison of PSUD (Monte Carlo simulation) for the proposed pilot
design configuration 6 in a system with N = 256, Lh = L = 64, τ = 4, M = 2, and
R = 1, 2, 4, 16, 32.

antennas exhibit same block-sparsity property, the estima-
tion of non-zero channel tap positions could be improved by
including the signals from all received antennas in BOOMP
algorithm, thus resulting in better channel estimation. Fig. 18
shows the channel estimation performances for different val-
ues of R when using a pilot code with Ptot = 8 and P = 2.
We observe that the higher number of receive antennas
improves channel estimation performance because of the
improved estimation of the positions of non-zero channel
taps. From Fig. 17 and Fig. 18, we can note that the chan-
nel estimation performance depends on the value of M × R
which determines the block size of the block-sparse system.
Finally, we evaluate PSUD and PCD for increasing val-

ues of R. The average received pilot energy across all
receive antennas is used for threshold based pilot detection.
Fig. 19 and Fig. 20 compares the PSUD for increasing num-
ber of received antennas using the analytical result in (32)
and Monte Carlo simulation. The PSUD improves with the

FIGURE 21. Comparison of PCD (equation (34)) for the proposed pilot design
configuration 6 in a system with N = 256, Lh = L = 64, τ = 4, M = 2, and
R = 1, 2, 4, 16, 32.

FIGURE 22. Comparison of PCD (Monte Carlo simulation) for the proposed pilot
design configuration 6 in a system with N = 256, Lh = L = 64, τ = 4, M = 2, and
R = 1, 2, 4, 16, 32.

increasing values of R. Fig. 21 compares the PCD for different
values of R using the analytical result in (34) while Fig. 22
does the same using Monte Carlo simulation. The analyti-
cal and simulation results, except with some differences in
value due to the assumption of independence channel gains
at pilot subcarriers in the analytical development, show the
same trends. From the figures, we observe that higher num-
bers of receive antennas provide much improved PCD. The
improvements in PSUD and PCD with increasing R values are
due to the diminishing of fluctuations of the received pilot
energies (channel hardening effect) when combined from
multiple receive antennas.

VI. CONCLUSION
In this paper, considering grant-free access to support a
large number of users, we have proposed compressed sens-
ing based pilot designs for novel non-orthogonal pilot codes
with fast collision detection capability for highly sparse and
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block-sparse channels. The proposed non-orthogonal pilot
designs use only a fraction of the pilot resources compared
to the existing pilot designs while not compromising the
channel estimation performances. They provide much bet-
ter performance fairness of grant-free access codes across
users and/or more pilot resource savings than the exist-
ing non-orthogonal pilot designs. They also offer flexibility
through the choice of design parameters in satisfying dif-
ferent system requirements and constraints, as well as very
low memory requirement for generating low PAPR access
codes.The results also show that the channel estimation
performance improves with the increasing number of the
product of the numbers of transmit and receive antennas due
to the corresponding improvement in channel block sparsity
identification. Similarly, the pilot code/collision detection
performance improves with the increasing number of the
receive antennas due to channel hardening effect of the
receive antenna combining.
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