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ABSTRACT In this paper, we propose new methods for reducing the peak-to-average power ratio (PAPR)
for downlink massive multiple-input multiple-output (MIMO) along with orthogonal frequency division
multiplexing. We develop the PAPR reduction method based on peak cancellation (PC) signals using
the null space in a MIMO channel, which can prevent in-band distortion at the receiver while reducing
the PAPR of the transmitted signal. The proposed method concurrently performs the PC signal-based
PAPR reduction process using the small number of transmitter antennas by dividing them into multiple
blocks. Although this method leverages the low-dimensional null space in the MIMO channel, it facilitates
PAPR reduction while suppressing the degradation of the bit error rate (BER) and reducing the required
computational complexity. Furthermore, we introduce the generation of PC signals that suppress the
multiple peaks of the original transmitted signal in the time domain, further reducing the computational
complexity in the PAPR reduction process. Computer simulation results show that the proposed method
significantly reduces the computational complexity and improves the BER and convergence rate of the
PAPR.

INDEX TERMS Massive multiple-input multiple-output (MIMO), null space, orthogonal frequency
division multiplexing (OFDM), peak-to-average power ratio (PAPR) reduction.

I. INTRODUCTION

INFUTURE wireless communications systems such as 6G,
the demand for data will be extremely high. Terahertz

(THz) communication have been a promising technology
for utilizing wide bandwidths. However, the signal in THz
communications suffers from very high path loss [1]. As
a solution to this problem, multiple-input multiple-output
(MIMO) with orthogonal frequency-division multiplexing
(OFDM) transmission has attracted considerable attention.
Massive MIMO transmission is a promising technol-

ogy [2], [3]. Massive MIMO—wherein the base station
(BS), which has a large number of antennas—serves a
small number of users with beamforming (BF) in the
downlink, which is important for extending the range of
mobile broadband without a multi-user interference (MUI).
In addition, a channel with a wide bandwidth becomes
a frequency-selective channel owing to the delay spread.
OFDM transmission is an effective method for handling

frequency-selective channels owing to the reduction in the
symbol rate and the application of cyclic prefixes. Therefore,
a combination of massive MIMO transmissions and OFDM
signals is essential for realizing a mobile broadband with a
wide coverage.
However, a high peak-to-average power ratio (PAPR) is

important for massive MIMO-OFDM transmissions. When
the PAPR of the transmitted signal is high, in-band dis-
tortion and out-of-band radiation (OBR) occur owing to
the nonlinearity in the power amplifier. To realize massive
MIMO, the size and cost of the power amplifier for each
transmission antenna should be low, which results in weak
linearity. Therefore, PAPR reduction is a crucial challenge
for realizing massive MIMO-OFDM transmissions.

A. RELATED WORK
In a multiuser (MU) massive MIMO downlink scenario,
many PAPR reduction schemes that do not require any
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processing at each receiver (user terminal) side owing
to the spatial distribution have been actively investigated.
They comprise the use of various techniques, such as tone
reservation [4], antenna reservation [5], optimization-based
approaches [6], [7], [8], [9], learning-based approaches [10],
[11], [12], superimposed training-based approaches [13],
[14], and methods comprising the use of the null space in a
MIMO channel [15], [16], [17], [18], [19], [20], [21], [22],
[23]. We note that the optimization-based methods in [7]
and [8] also use the null space in a MIMO channel, and
learning-based and superimposed training-based approaches
can be further explored in future works.
In [4] and [5], PAPR reduction methods were proposed

in which certain tones and transmitter antennas were exclu-
sively dedicated to PAPR reduction, respectively. These
methods can be applied with low computational complexity
and can eliminate the in-band interference caused by the
PAPR reduction signal on the receiver side. However, they
reduce the PAPR of the transmitted signal at the cost of the
frequency and spatial efficiency of massive MIMO-OFDM
transmission.
A number of optimization-based approaches have been

investigated as PAPR reduction methods that can circumvent
the loss of frequency and spatial efficiency. They are based
on various methods such as the fast iterative truncation [6],
alternative direction method of multipliers [7], gradient
descent method [8], and alternating projection method [9].
Owing to the tailored formulation of the PAPR reduction
problem, these approaches can realize a low PAPR while
suppressing or circumventing MUI and OBR. In particular,
the method in [8], namely the MU precoding based PAPR
reduction via gradient descent approach (MU-PP-GDm)
algorithm, improves the PAPR reduction capability and
realizes a lower computational complexity compared to the
schemes in [6] and [7]. However, the MU-PP-GDm algorithm
still has high computational complexity owing to the use of
singular value decomposition (SVD).
As with optimization-based approaches, PAPR reduction

methods with the null space in a MIMO channel can use all
transmission bandwidths and transmitter antennas for data
transmission. Furthermore, they can avoid the degradation of
the bit error rate (BER) due to in-band interference and MUI
by restricting the PAPR reduction signals to the null space
in a MIMO channel. In [15], [16], [17], our research group
proposed PAPR reduction methods using the null space in a
MIMO channel. The unused beam reservation-based PAPR
reduction method was investigated in [18], which is similar to
the use of the null space in the MIMO channel, as originally
reported in [15], [16], [17].
We have also reported the complexity-reduced PAPR

reduction methods based on peak cancellation (PC) signals
using the null space in the MIMO channel [19], [20], [21],
[22], [23], which is referred to as PC with a channel-
null constraint (PCCNC). The original concept of the PC
signal-based method was investigated in [24], [25]. In this
concept, the transmitter generates a PC signal with a single

dominant peak in the time domain, and its transmission
bandwidth is equal to that of the OFDM signal. By directly
adding the PC signal to the time-domain transmission signal
at each transmitter antenna, PAPR reduction is achieved
without OBR. In PCCNC, the transmission signals for all
the transmitter antennas are jointly considered in the vector
form. The PC signal is restricted to the null space in the
MIMO channel by the BF vector, thus eliminating the in-
band interference on the receiver side. Moreover, the MUI
is eliminated with the application of a zero-forcing-based
(ZF-based) BF to the data signal, which was also used
in [9]. However, PCCNC suffer from high computational
complexity and requires a large number of iterations for
the convergence of the PAPR reduction. This is because the
dimensions of the null space in a massive MIMO channel are
very large, which significantly increases the computational
complexity in calculating the null space and restricts the
PC signals to the null space. Moreover, each iteration of
the PCCNC can suppress the peak power only at a single
time owing to the PC signal being designed such that it
has a single dominant peak in the time domain. As a
result, the PCCNC requires a large number of iterations to
suppress the PAPR sufficiently. Therefore, the development
of a promising PAPR reduction method with even less
computational complexity is required.

B. CONTRIBUTIONS
In this paper, we proposed two complexity-reduced PCCNC
schemes for MU massive MIMO-OFDM. The contributions
of this study are summarized as follows:

• We first developed a PCCNC in which the transmitter
antennas are divided into antenna blocks, thus allowing
for parallel PAPR reduction for each antenna block.
This development enhances the convergence speed of
the PAPR reduction and lowers the computational
complexity for restriction to the null space owing to a
decrease in its dimensions. This advantage is enhanced
when the system scales up. It should be noted that the
contents of this contribution are partially based on [23]
but are extended to accommodate frequency-selective
fading channels. In particular, as the addition of the PC
signal projected onto the null space in the time-domain
MIMO channel may interfere with the data signals
owing to multipath delay, the proposed parallel PCCNC
operates depending on each subcarrier, differing from
the approach in [23].

• In addition, we proposed a PCCNC scheme that can
be used to design PC signals with multiple peaks
in the time domain per iteration, like the approach
in [21]. Each peak of the PC signal plays a role
in simultaneously suppressing the peak power of the
transmission signal at different times. This scheme
suppresses multiple peak powers per iteration, thus
enhancing the convergence speed of the PAPR reduc-
tion. In this scheme, the PC signals are based on
the basic time-domain pulse signal, with a bandwidth
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TABLE 1. Key quantities, parameters, and symbols.

equal to the subcarrier spacing. This differs from the
approach in [21], which comprises the use of a roll-off
raise-cosine filter.

• We demonstrate that the proposed PCCNC significantly
reduces the computational complexity compared with
the conventional PCCNC [20] under frequency-selective
channels and the MU-PP-GDm algorithm [8]. In par-
ticular, as the number of transmitter antennas increases,
the proposed PCCNC can realize a lower computational
complexity than the MU-PP-GDm, the computational
complexity of which is lower than other optimization-
based approaches. Furthermore, the proposed method
realizes a PAPR performance comparable to that
of MU-PP-GDm while suppressing the BER
degradation.

C. ORGANIZATIONS AND NOTATION
The remainder of this paper is organized as follows.
Section II describes the system model. Sections III
and IV describe the conventional PCCNC and the
two proposed parallel techniques, respectively. Section V
presents the numerical results of the computer sim-
ulations, and Section VI presents the conclusions of
the paper. For the convenience of the reader, we
summarize the most important quantities and parame-
ters used in the paper with corresponding symbols in
Table 1.

FIGURE 1. System model.

II. SYSTEM MODEL
We assume a downlink MU massive MIMO system with an
OFDM signal. Fig. 1 illustrates the system model, wherein
a BS transmitter equipped with N antennas serves M single
antenna user terminals simultaneously. In this study, it is
assumed that N is much larger than M. Let sk denote the
M-dimensional data stream vector related to the k-th OFDM
subcarrier for M users, where k = 1, . . . ,K is an index of
the OFDM subcarriers, with K denoting the total number of
OFDM subcarriers. Then, sk is given as

sk = [
sk,1 · · · sk,M

]T
, (1)

where sk,m is the quadrature amplitude modulation (QAM)
symbol vector for the m-th user at the k-th subcarrier.
To eliminate the MUI, we consider applying the ZF-based
BF scheme to the data stream vector sk. Subsequently,
the N-dimensional frequency-domain data signal vector yk
associated with the k-th subcarrier can be obtained as

yk = Bksk = [
yk,1 · · · yk,N

]T
, (2)

where yk,n and Bk represent the signal transmitted from the
n-th transmitter antenna and N × M-dimensional BF matrix
associated with the k-th subcarrier, respectively. The BF
process may further enhance the high PAPR of the OFDM
signals owing to the difference in the transmission power
levels among the transmitter antennas.
After the BF, an inverse fast Fourier transform (IFFT)

is applied to the frequency-domain data signal vector. The
number of FFT/IFFT points is F. In this study, we consider
a four-times oversampling in the time domain, i.e., F = 4K.
The F × K-dimensional inverse discrete Fourier transform
matrix is denoted as FH . The F-dimensional time-domain
signal transmitted from n-th antenna vector xn is given by

xn = FH
[
y1,n · · · yK,n

]T
. (3)

The N-dimensional time-domain data signal vector at time
t is given as

x[t] = [
x1[t] · · · xN[t]

]T
, (4)

where xn[t] is the transmitted signal from antenna n at time t.
Before the transmission over the wireless channel, a cyclic-
prefix (CP) is added to the time-domain transmission signals
of each antenna to avoid inter-symbol interference (ISI). It
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should be noted that for simplicity, Fig. 1 and the descriptions
below omit the process associated with the CP.
As the time-domain data signal generated above may

have a very high PAPR, a PCCNC-based PAPR reduction
is executed. The basic (conventional) PCCNC procedure is
described in the following section. As shown in Fig. 1, the
PCCNC-based PAPR reduction does not require each user
terminal to perform any additional processing.
In this study, we assume a frequency-selective channel.

The M × N-dimensional matrix Hk is the MIMO chan-
nel matrix associated with k-th OFDM subcarrier and is
expressed as follows:

Hk =
⎡

⎢
⎣

Hk,11 · · · Hk,1N
...

. . .
...

Hk,M1 · · · Hk,MN

⎤

⎥
⎦, (5)

where Hk,mn is the channel between n-th transmitter antenna
and the m-th user at the k-th subcarrier.

Hk,mn =
D∑

d=1

αd,mne
j2πδd,mnfk , (6)

where αd,mn and δd,mn are the pass loss and delay time of
the d-th path between the n-th transmitter antenna and m-th
user, respectively. In addition, fk denotes the frequency of
the k-th subcarrier. D is the total number of delay paths. We
assume that the channel matrices Hk are perfectly known at
the BS with an ideal channel estimation. Let Vk denote the
N × (N−M)-dimensional matrix corresponding to the null
space in a MIMO channel associated with k-th subcarrier
Hk. Then, Vk satisfies HkVk = O, and all of its N-M column
vectors are orthonormalized with each other.
The user terminal receives the transmitted signal added

to an additive white Gaussian noise, which follows an inde-
pendent and identically distributed (i.i.d.) complex Gaussian
distribution with zero mean and variance N0.

III. CONVENTIONAL PEAK CANCELLATION WITH A
CHANNEL-NULL CONSTRAINT (PCCNC)
In this section, we describe a conventional PCCNC in a
downlink MU massive MIMO-OFDM system in frequency-
selective fading channels [20], which is a PAPR reduction
method that uses the null space in the MIMO channel. In
addition, we summarized the drawbacks of the conventional
PCCNC when applied to massive MIMO-OFDM systems.
In this method, the peak power of MIMO-OFDM signals

is suppressed by repeatedly adding a PC signal to the time-
domain. In addition, as PC signals are restricted to the null
space in the MIMO channel, this method prevents PC signals
from reducing the PAPR of the transmission signals and
degrading the transmission quality.
The process of the conventional method [20] is presented in

Fig. 2. This method comprises the use of the PC signal and the
null space in a MIMO channel Vk to suppress the peak power
of the MIMO-OFDM signals while avoiding interference with
the data stream. The PC signal vector, to which the BF is

FIGURE 2. Block diagram of the PCCNC.

applied for the suppression of the signal power levels of all
the transmitter antennas and the restriction of the signal to the
null space in the MIMO channel, is added to the transmission
signal repeatedly. At the q-th iteration, the purpose of the
PCCNC is that the peak power of the transmission signal
observed at the time index τ (q) is suppressed by the addition
of the PC signal. To realize this purpose, the following two
steps are performed for the PCCNC.

• Step 1: Calculate the null space Vk and projection
matrix onto the null space VkVH

k for all k = 1, . . . ,K.
• Step 2: Addition of the PC signal vector, which is

restricted to the null space in the MIMO channel, to
the transmission signal vector.

The purpose of step 1 is to introduce the projection matrix
in advance to be used for the null constraint. It is necessary
to execute many iterations of step 2 for significant PAPR
reduction.
In the following section, we describe the details of the

signal processing of the conventional PCCNC at the q-th
iteration. In the PC signal vector generation process, the
basic time-domain pulse signal gk[t], having a bandwidth
equal to the subcarrier spacing and center frequency, is equal
to the frequency of the k-th subcarrier fk. gk[t] is given by

gk[t] = h[t]ej2π fkt, (7)

where h[t] is the frequency transfer function of gk[t], which
is equivalent to the ideal rectangular function. In particular,
h[t] = 1 when t = 0, . . . , F-1. Thus, gk[t] is a sinc function
in the time domain, the peak amplitude of which is 1.0 at
t = 0 with subcarrier-dependent complex phase rotation. In
addition, gk[t] has an OBR of zero for baseband transmission
signals.
The time-domain transmission signal vector at the q-th

iteration of the PCCNC (q = 1, . . . ,Q) at time t is x(q)[t] =[
x(q)1 [t] · · · x(q)N

]T
. x(q)[t] is initialized as the original

data signal vector, where x(1)[t] = x[t]. The target time index
τ (q) for the PCCNC at the q-th iteration is determined based
on x(q)[t]. In particular, τ (q) is the time index wherein x(q)n [t]
for all n = 1, . . . ,N and t = 0, . . . ,F− 1 has the maximum
power over the power threshold Pth. The PC signal vector
at the q-th iteration based on gk[t], p

(q)
k [t], is generated as

p(q)
k [t] = w(q)

k gk[t − τ (q)], (8)

where w(q)
k is the BF vector of the PC signal associated

with the k-th subcarrier. p(q)
k [t] suppresses the peak power

at τ (q) while being restricted to the null space in the MIMO
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FIGURE 3. Basic time-domain pulse signal.

channel. p(q)
k [t] is generated by multiplying w(q)

k to the τ (q)-
time-shifted version of gk[t] and prevents the OBR and
interference with the data stream. This is because the PC
signal does not appear at the receiver side owing to the
transmission of the PC signal only through the null space
in the MIMO channel.
First, for generating w(q)

k , an ideal BF vector in terms
of the PAPR reduction w̃(q)

k is designed such that the peak
power of x(q)[t] is suppressed to Pth. Subsequently, w̃

(q)
k is

projected onto the null-space Vk in the MIMO channel. w̃(q)
k

and w(q)
k can be expressed as follows:

w̃(q)
k = [w̃(q)

k,1 · · · w̃(q)
k,N]T , (9)

where w̃(q)
k,n is given by

w̃(q)
k,n =

{√
Pthejθ

(q)
n [τ (q)] − x(q)n [τ (q)],

∣∣∣x(q)n [τ (q)]
∣∣∣
2

> Pth
0, Otherwise,

(10)

where θ
(q)
n [τ (q)] is the phase of x(q)n [τ (q)]. If w̃(q)

k in (9) is
used as w(q)

k in (8), the power levels of the transmission
signals for all N antennas at time τ (q) can be equal to or
less than Pth. However, as w̃(q)

k has a component that is
orthogonal to the null space in the MIMO channel, the PC
signal vectors interfere with the data streams. Therefore, w̃(q)

k
is projected onto the null space in the MIMO channel to
generate w(q)

k as follows:

w(q)
k = VkVH

k w̃
(q)
k . (11)

However, one problem with the use of use of p(q)
k [t] is

that, as the bandwidth of gk[t] is narrower compared to that
of the transmission signal, the side lobe of p(q)

k [t] in the
time domain is wider. To address this issue, the conventional
PCCNC averages p(q)

k [t] for all k = 1, . . . , K. As the effective
bandwidth of the averaged PC signal is increased by the
averaging process, the side lobe in the time domain becomes

narrower, as shown in Fig. 3. The average PC signal vector
p(q)[t] is generated as

p(q)[t] = 1

K

K∑

k=1

p(q)
k [t]. (12)

In the q-th iteration of the PCCNC, the average PC signal
vector p(q)[t] is added to x(q) to reduce the PAPR as follows:

x(q+1)[t] = x(q)[t] + p(q)[t]. (13)

Although the conventional PCCNC can effectively reduce
the PAPR of the transmission signals in a MIMO-
OFDM system under frequency-selective channels, a massive
MIMO-OFDM system, in which the BS has a large number
of antennas, may suffer from high computational complexity
for PAPR reduction by the PCCNC. We emphasize the
following reasons why the conventional PCCNC requires a
high computational complexity in massive MIMO-OFDM
systems. The number of real multiplications is used to
evaluate the computational complexity in this study.

• Step 1 comprises the calculations of the null space Vk

and projection matrix VkVH
k for all k = 1, . . . ,K. The

number of real multiplications in these calculations is
proportional to the cube of the number of transmitter
antennas. Thus, in a massive MIMO scenario, step 1
results in a very high computational complexity.

• Step 2 requires the projection of w̃(q)
k onto the null

space in the MIMO channel for all k = 1, . . . ,K in
(11). Equation (11) requires 4KN2 real multiplications
per iteration, which increases quadratically with the
number of transmitter antennas N. Moreover, in the
PCCNC, for a significant PAPR reduction, step 2
requires many iterations, e.g., Q = 1000 itera-
tions. Consequently, high computational complexity is
required for sufficient PAPR reduction because step 2
involves O(4KN2Q) real multiplications.

• The addition of the average PC signal vector sup-
presses the peak power only once per iteration using
the abundant degrees of freedom (DoFs) of a massive
MIMO. Therefore, there is room for improvement
when exploiting the abundant DoFs of a massive
MIMO.

To address these problems, we propose two parallel
techniques for reducing computational complexity while
enhancing the PAPR reduction capability of the PCCNC.

IV. PROPOSED TWO PARALLEL TECHNIQUES
A. PARALLEL PCCNC WITH THE LOW-DIMENSIONAL
NULL SPACE
To address these problems, we propose a parallel PCCNC
with a low-dimensional null space. In particular, to reduce the
computational complexity, the transmitter antennas jointly
considered in the PCCNC are divided into antenna blocks.
Moreover, the peak powers at different times are simulta-
neously suppressed per iteration owing to the independent
parallel PCCNC for each antenna block.
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FIGURE 4. Block diagram of the parallel PCCNC with the low-dimensional null
space.

Fig. 4 presents a block diagram of a parallel PCCNC
with a low-dimensional null space. Let A denote the number
of antenna blocks. The number of transmitter antennas per
antenna block is N/A, where A satisfies N/A > M and causes
N/A to be an integer.
The antenna block a consists of the (a–1)(N/A)+1-th to

the a(N/A)-th transmitter antennas. Thus, at the q-th iteration,
the PCCNC in antenna block a is applied to the (N/A)-
dimension vector consisting of the elements from the (a −
1)(N/A) + 1-th element to the a(N/A)-th element in x(q)[t],
which is represented as

x(q)
a [t] =

[
x(q)a,1[t] · · · x(q)a,N/A[t]

]T

=
[
x(q)(a−1)N/A+1[t] · · · x(q)aN/A[t]

]T
. (14)

The M × (N/A)-dimensional MIMO channel matrix of
antenna block a associated with the k-th subcarrier is denoted
as Hk,a. As N/A > M, the (N/A) × (N/A–M)-dimensional null
space in the MIMO channel of antenna block a associated
with k-th subcarrier exists as Vk,a, such that Hk,aVk,a = O.
All the (N/A–M) column vectors in Vk,a are orthonormalized
with each other.
In antenna block a at the q-th iteration, the target time

index τ
(q)
a is determined depending on x(q)

a [t], where x(q)a,n[t]
for all n = 1, . . . , N/A and t = 0, . . . ,F−1 has the maximum
power over the power threshold Pth. By adding the PC signal
vectors to all A antenna blocks, the PAPR is reduced as
follows:

p(q)
a [t] = 1

K

K∑

k=1

w(q)
k,ag

[
t − τ (q)

a

]
, (15)

x(q+1)[t] =

⎡

⎢⎢
⎣

x(q)
1 [t]
...

x(q)
A [t]

⎤

⎥⎥
⎦ +

⎡

⎢⎢
⎣

p(q)
1 [t]
...

p(q)
A [t]

⎤

⎥⎥
⎦, (16)

where p(q)
a [t] is the (N/A)-dimensional average PC signal

vector of antenna block a. w(q)
k,a[t] is the (N/A)-dimensional

BF vector of the PC signal vector of antenna block a
associated with the k-th subcarrier, which is given by w(q)

k,a =
Vk,aVH

k,aw̃
(q)
k,a. w̃

(q)
k,a = [w̃(q)

k,a,1 · · · w̃(q)
k,a,N/A]T is the ideal

BF vector of the PC signal of antenna block a associated
with the k-th subcarrier in terms of the PAPR reduction as
in (9). Each element of w̃(q)

k,a,n is obtained in the same manner

as that in the case of (10), using the phase of x(q)a,n[τ (q)
a ].

As the number of transmitter antennas jointly considered
in the PCCNC is decreased by 1/A in a massive MIMO,
the required number of real multiplications is significantly
reduced for steps 1 and 2. In addition, the number of itera-
tions required for realizing a sufficient PAPR reduction can
be reduced owing to the simultaneous parallel suppression
of the peak powers at different times in each antenna block.

B. PARALLEL PCCNC WITH SUPPRESSION OF
MULTIPLE PEAKS
As another approach to reducing the required computational
complexity in the PAPR reduction process, we propose
a parallel PCCNC that simultaneously suppresses multiple
peaks in each iteration. This method can be incorporated
into the method described in Section IV-A. For convenience,
we hereafter explain this for the case wherein A = 1, thus
denoting Vk,a as Vk. In particular, the average PC signal
vector is obtained via an averaging process for the K/L PC
signal vectors p(q)

k [t], and L average PC signal vectors are
added to suppress the peaks at L times per iteration. The
aim of this approach is to reduce the required number of
iterations of the PCCNC.
At the q-th iteration, the L target time indices τ

(q)
1 , . . . , τ (q)

L
used to suppress the peak powers are determined based on
x(q)[t]. Moreover, τ

(q)
1 , . . . , τ

(q)
L are the time indices, where

x(q)n [t] for all n = 1, . . . , N and t = 0, . . . ,F − 1 exhibits
L maximum powers in the increasing order, which is over
the power threshold Pth for the PCCNC. It should be noted
that the proposed approach does not impose a constraint on
the minimum time difference between the L selected target
time indexes for PAPR reduction at each iteration, unlike
the approach in [21]. The PC signal vector associated with
the k-th subcarrier p(q)

k [t] is denoted as

p(q)
k [t] = w(q)

k gk
[
t − τ

(q)
l

]
, (17)

where l = 1, . . . ,L and k = 1 + (l− 1)K/L, . . . , lK/L. w(q)
k

denotes the BF vector associated with the k-th subcarrier,
where k = 1 + (l − 1)K/L, . . . , lK/L and can be obtained
based on (10) and (11).
The average PC signal p(q)

l [t] for suppressing the peak
power at time τ

(q)
l is denoted as

p(q)
l [t] = 1

K/L

lK/L∑

k=1+(l−1)K/L

p(q)
k [t]. (18)

By adding p(q)
1 [t], . . . , p(q)

L [t], the L peaks at times τ
(q)
1 ,

. . . , τ
(q)
L can be suppressed simultaneously as follows:

x(q+1)[t] = x(q)[t] +
L∑

l=1

p(q)
l [t]. (19)

Therefore, in the proposed parallel PCCNC with the
suppression of multiple peaks, the number of iterations for
sufficient PAPR reduction is reduced, while the required
number of real multiplications for each iteration is the same
as that for the conventional PCCNC.
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TABLE 2. Simulation parameters.

V. SIMULATION RESULTS
A. SIMULATION PARAMETERS
We evaluate the PAPR reduction capability and computa-
tional complexity using computer simulations. Table 2 lists
the major simulation parameters used in this study.
Unless otherwise specified, we assume an uncoded MU

massive MIMO-OFDM system, wherein a BS with N = 100
transmitter antennas simultaneously serves M = 4 single-
antenna users. Furthermore, the ZF-based BF is applied to the
data stream to completely eliminate the MUI. We consider
an OFDM signal with K = 64 subcarriers and a subcarrier
spacing of 60 kHz. The number of FFT/IFFT points F is
set as 256, which corresponds to a four-times oversampling
in the time domain for the accurate measurement of the
PAPR levels [26]. For the data modulation scheme, we use
64-ary QAM (64-QAM) with Gray mapping. The channel
model is assumed to comprise a six-pass Rayleigh fading
with an 80.4-μs root mean square (rms) delay spread, where
the antennas have no correlation. The channel estimation is
assumed to be ideal. The transmission signals are amplified
using an ideal linear power amplifier. The number of channel
trials is fixed at 1000 in our simulations. To compare all the
methods fairly, the transmission signal power after the PAPR
reduction is normalized to one. At the q-th iteration, the
power threshold Pth is defined as the signal power threshold
normalized by the total power of the transmission signal
x(q)[t] over all the transmitter antennas and one OFDM
symbol duration. In this study, Pth is set as 4 dB for all the
iterations.
The PAPR of the transmission signal at the q-th iteration

x(q) is defined as the ratio of the highest peak power to
its average power over all the transmitter antennas and one
OFDM symbol duration, which is denoted as

PAPR =
max

0≤t≤F−1,1≤n≤N

[∣∣∣x(q)n [t]
∣∣∣
2
]

∑F−1
t=0

∥∥x(q)[t]
∥∥2

2/NF
. (20)

In addition, we evaluate the cubic metric (CM) [27], which
is defined as

CM = 20 log(vrms) − 1.52

1.85
, (21)

TABLE 3. The number of real multiplications for the proposed PCCNC.

FIGURE 5. The number of real multiplications for proposed PCCNC described in
Section IV-A as a function of the number of antenna blocks.

where vrms is the root mean squared value of the instanta-
neous cubic amplitude for each symbol, normalized by the
average amplitude of the input signal. In (21), 1.52 and 1.85
are empirical factors.

B. EVALUATION OF PARALLEL PCCNC WITH
LOW-DIMENSIONAL NULL SPACE
In Section IV-A, we demonstrate the performance of the
proposed parallel PCCNC with a low-dimensional null space.
Table 3 lists the number of real multiplications with Q
iterations of the PCCNC, which can be denoted as a function
of N, M, K, Q, F, and A. It should be noted that the
proposed parallel PCCNC with a low-dimensional null space
for A = 1 is equivalent to the conventional PCCNC in
Section III.
Fig. 5 presents the number of real multiplications for the

proposed PCCNC described in Section IV-A as a function
of A, where Q = 100. Fig. 5 shows that the number of
real multiplications for the proposed PCCNC decreases as
A increases. In particular, the proposed method with A = 5
reduces the number of real multiplications by approximately
38% compared to the conventional PCCNC. This is because
the numbers of real multiplications for the processes in steps
1 and 2 increase proportionally to the cube and square of
the number of transmitter antennas jointly considered in the
PCCNC and N/A, respectively.
Fig. 5 shows that the proposed parallel PCCNC with

a low-dimensional null space reduces the number of real
multiplications as A increases. The dimensions of the null
space also decrease as A increases. The decrease in the

3550 VOLUME 5, 2024



FIGURE 6. The average RPC as a function of the number of iterations for the
proposed parallel PCCNC with low-dimensional null space.

FIGURE 7. The average BER performance of the proposed parallel PCCNC with
low-dimensional null space.

dimensions of the null space may degrade the PAPR
reduction capability. In the following section, we evaluate the
relationship between A and the PAPR reduction capability.
To clarify the influence of a decrease in the dimension

of the null space on the transmission quality, we define the
ratio of the total PC signal power up to the q-th iteration to
the transmission signal power RPC, which is given by

RPC =
∑F−1

t=0

∥∥∥
∑Q

q=1 p
(q)[t]

∥∥∥
2

2
∑F−1

t=0

∥∥x(q)[t]
∥∥2

2

. (22)

Figs. 6 and 7 present the average RPC as a function of
Q and the average BER as a function of the signal-to-noise
ratio (SNR) when Q = 1000, respectively. The SNR at the
q-th iteration is defined as

SNR =
∑F−1

t=0

∥∥x(q)[t]
∥∥2

2

N0
. (23)

In Figs. 6 and 7, the dotted black line indicates the
conventional PCCNC with A = 1, and the red, green, blue,
and orange lines indicate the proposed PCCNC with A = 2,
4, 5, and 10, respectively. In Fig. 7, the BER performance
without a PAPR reduction is represented as an ideal case.
As shown in Fig. 7, by setting a large A, the average RPC
of the proposed PCCNC becomes larger than that of the
conventional PCCNC, i.e., the power of the PC signals

FIGURE 8. The CCDF of the PAPR for the proposed parallel PCCNC with a
low-dimensional null space.

FIGURE 9. The average PAPR as a function of the number of iterations for the
proposed parallel PCCNC with a low-dimensional null space.

increases. This is because, as A increases, the proportion
of streams corresponding to the null space among all the
streams decreases, and the power loss required to cancel
the interference with the data stream by restricting the PC
signals within the null space increases. As shown in Fig. 7,
the BER performance of the proposed PCCNC is degraded
as A increases. This is because, as the transmission power
consumption for the PC signal transmission increases, as
shown in Fig. 6, the transmission power consumption for
the data signal transmission is reduced. However, the BER
performances for A = 2, 4, and 5 are slightly degraded
compared with those of the conventional PCCNC, which
uses a very high-dimensional null space. It can be confirmed
that the proposed parallel PCCNC with A = 2, 4, and 5 has
sufficient null space dimensions in terms of PAPR reduction.
To analyze the performance of the PAPR reduction, Figs. 8

and 9 present the complementary cumulative distribution
function (CCDF) of the PAPR when Q = 100 and 1000, and
the average PAPR as a function of the number of iterations
of PCCNC Q, respectively. As shown in Fig. 8, when many
iterations are acceptable, the PAPR is sufficiently reduced
for Pth except when A = 10. However, when the number of
iterations is small, the proposed parallel PCCNC achieves a
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FIGURE 10. The average PAPR as a function of the number of real multiplications
for the proposed parallel PCCNC with a low-dimensional null space.

FIGURE 11. The average cubic metric as a function of the number of real
multiplications for the proposed parallel PCCNC with a low-dimensional null space.

lower PAPR than the conventional PCCNC. This is because
the peak powers that should be preferentially suppressed
are suppressed with fewer iterations owing to the parallel
PAPR reduction process for each antenna block. As shown
in Fig. 9, the proposed parallel PCCNC converges the PAPR
to approximately Pth = 4 dB with fewer iterations than
the conventional PCCNC. This confirms the validity of the
conclusion presented in Fig. 8. Thus, the proposed parallel
PCCNC with a low-dimensional null space can achieve an
efficient PAPR reduction.
For a comparison in terms of computational complexity,

Figs. 10 and 11 present the average PAPR and cubic
metric, respectively, as functions of the number of real
multiplications for the PCCNC. As shown in Fig. 10, the
proposed parallel PCCNC with a low-dimensional null space
significantly reduces the number of real multiplications
for meeting the required average PAPR. The proposed
PCCNC with A = 5 is reduced by 63% compared with
the conventional PCCNC at the required average PAPR
of 4.5 dB. However, the PAPR of the proposed parallel
PCCNC with A = 10 is likely to be higher than those

FIGURE 12. The CCDF of the PAPR for the proposed parallel PCCNC with
suppression of multiple peaks.

FIGURE 13. The average PAPR as a function of the number of iterations for the
proposed parallel PCCNC with suppression of multiple peaks.

of the other cases because the dimensions of the null
space are insufficient for PAPR reduction. According to
Fig. 11, these trends are also observed in the results of
the average cubic metric. Therefore, we focused solely on
evaluating the average PAPR. Furthermore, based on the
above evaluations, we determined that the optimal number
of antenna blocks is five, while considering the trade-off
between the PAPR reduction capability and computational
complexity.

C. EVALUATION OF PARALLEL PCCNC WITH
SUPPRESSION OF MULTIPLE PEAKS
We evaluate the proposed parallel PCCNC with the suppres-
sion of multiple peaks in Section IV-B. To evaluate the
convergence speed of the PAPR, Figs. 12 and 13 present the
CCDF of the PAPR and average PAPR as a function of Q,
respectively. The number of antenna blocks is set as five.
The number of peaks to be suppressed at each antenna block
per iteration is parameterized from 1 to 4. From Fig. 12,
when many iterations are acceptable, the PAPR converges
for Pth irrespective of L. In contrast, when the number of
iterations is small, the proposed parallel PCCNC realizes
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FIGURE 14. The average BER performance of the proposed parallel PCCNC with
suppression of multiple peaks.

FIGURE 15. The average RPC as a function of the number of iterations for the
proposed parallel PCCNC with suppression of multiple peaks.

a lower PAPR as L increases. In addition, as shown in
Fig. 13, the convergence speed of the PAPR increases when
L increases. In particular, the proposed parallel PCCNC with
L = 2 and 4 reduce the number of iterations by 47% and
64% at the required average PAPR of 4.5 dB, respectively.
This result suggests that the proposed parallel PCCNC with
the suppression of multiple peaks achieves efficient PAPR
reduction as L increases.

An increase in L may cause the effective bandwidth of
the PC signal to become narrower, thus resulting in the
widening of the side lobe in the time domain. Hence, the
power of the PC signal may increase owing to the wide
side lobe. To measure the influence of the wide-side lobe
of the PC signal on the transmission quality, Figs. 14 and
15 present the average BER as a function of the SNR, and
the average RPC as a function of the number of iterations,
respectively. In Figs. 14 and 15, the blue, red, and green
lines indicate the performances of the proposed PCCNC for
(L, Q) = (1, 1000), (L, Q) = (2, 1000), and (L, Q) = (4,
1000), respectively. As shown in Fig. 14, the average BER
decreases as L increases. This is because, as L increases, the
PC signal power increases owing to the wider side lobe of
the PC signal. Moreover, Fig. 15 indicates that the average
RPC increases as L increases.

TABLE 4. The total number of real multiplications for the proposed PCCNC and
MU-PP-GDm.

FIGURE 16. The average PAPR as a function of the number of real multiplications
for the proposed PCCNC and MU-PP-GDm.

D. COMPARISON WITH MU-PP-GDM ALGORITHM
Finally, we compare the performance of a PC signal-based
PAPR reduction method using the null space in the MIMO
channel with that of an existing method, namely, MU-PP-
GDm [8]. MU-PP-GDm transmits the PC signal only to
the null space in the MIMO channel, in a manner similar
to the PCCNC. However, this method is based on the
gradient descent approach and can realize a significant PAPR
reduction. However, this necessitates high computational
complexity owing to the use of the SVD for the channel
matrix of all the subcarriers. Moreover, in [8], because
MU-PP-GDm uses a high-dimensional null space, which is
similar to the conventional PCCNC, a high computational
complexity is required for the calculation of the null space
in the MIMO channel. In the following, we demonstrate
that the proposed PCCNC has a significant PAPR reduction
capability with low computational complexity compared to
MU-PP-GDm.
Table 4 lists the total number of real multiplications

for our proposed method and MU-PP-GDm [8]. The MU-
PP-GDm requires FFT/IFFT operations for each iteration
and SVD once, which results in 8NFlog(F) + 8KN2 real
multiplications for each iteration and 16N2M + 32NM2

+ 36 M3 real multiplications, respectively. As shown in
Table 4, the computational complexity of the MU-PP-GDm is
directly proportional to the cube of the number of transmitter
antennas. This indicates that the proposed PCCNC has
the potential to outperform the MU-PP-GDm in terms of
computational complexity.
Figs. 16 and 17 present the average PAPR as a function of

the number of the real multiplications and BER performance.
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FIGURE 17. The average BER performance of the proposed PCCNC and
MU-PP-GDm.

FIGURE 18. The average PAPR as a function of the number of real multiplications
for the proposed PCCNC and MU-PP-GDm when N = 160 and N = 200.

The blue, red, and green lines indicate the performances for
L = 1, 2, and 4, respectively. Fig. 17 presents the BER
performance after the convergence of the PAPR reduction.
The black line indicates the performance of MU-PP-GDm.
As shown in Fig. 16, the proposed parallel PCCNC reduces
the number of real multiplications compared with the MU-
PP-GDm. In particular, at the required average PAPR of 4.5
dB, the proposed parallel PCCNC for L = 4 reduces the
number of real multiplications by approximately 21% com-
pared to the MU-PP-GDm, which requires the same number
of real multiplications as the proposed parallel PCCNC with
L = 2. As shown in Fig. 17, the proposed PCCNC with L = 1
and 2 can suppress the BER performance loss irrespective of
the SNR. Moreover, while the performance gap between the
proposed PCCNC with L = 4 and MU-PP-GDm is small, the
average BER performance of the proposed PCCNC improves
when the SNR is greater than 28 dB. Therefore, the proposed
PCCNC has a superior PAPR reduction capability with lower
computational complexity as compared to the MU-PP-GDm.
We evaluate the impact of the number of transmitter anten-

nas on the average PAPR of the proposed and conventional
methods. Hereafter, we set the values of N/A and L as 20
and 4, respectively. Fig. 18 presents the average PAPR as
a function of the number of real multiplications for the

FIGURE 19. The average PAPR as a function of the number of real multiplications
for the proposed PCCNC when N varies from 100 to 1000.

proposed PCCNC and MU-PP-GDm when N = 160 and
N = 200. As shown in the figure, the proposed PCCNC
can suppress the increase in the required real multiplications
to achieve a low average PAPR, e.g., 4.5dB, compared to
MU-PP-GDm. Moreover, Fig. 19 presents the average PAPR
as a function of the number of real multiplications for the
proposed PCCNC when N varies from 100 to 1000. This
result indicates that the performance of the proposed parallel
PCCNC is comparable to that of MU-PP-GDm for N = 200
even when N = 500. Although the proposed method has
a lower computational complexity than the state-of-the-art,
a further complexity reduction for handling ultra-massive
MIMO scenarios is left to future research.

VI. CONCLUSION
In this study, we investigated two parallel schemes for
reducing the computational complexity of PAPR reduction
using the null space in a MIMO channel, which is referred
to as PCCNC. We first developed a scheme to exploit
the low-dimensional null space by dividing the transmitter
antennas jointly considered in the PCCNC. This reduces the
computational complexity because the sizes of the matrices
and vectors are reduced. Moreover, the scheme can be
used to perform PCCNC simultaneously for each antenna
block to enhance the efficiency of the PAPR reduction. To
further reduce the computational complexity, we introduced
a scheme to suppress multiple peaks at each iteration
using PC signals that have multiple peaks in the time
domain. The combination of these two schemes facilitated a
tradeoff between the PAPR performance and computational
complexity. The algorithmic design for ultra-massive MIMO
scenarios and the investigation of the impact of antenna
correlation are left to future research.
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