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ABSTRACT In this paper, we investigate the performance of multiple-input and multiple-output (MIMO)
unmanned air vehicle (UAV) based multi-user communication systems over generalized Nakagami-m fading
channels subject to channel feedback delays. The impact of decode-and-forward (DF) based relaying and
outdated channel state information is assessed at the receiver nodes. To reduce the complexity and retain
the MIMO gains, the transmit antenna selection (TAS) strategy is used to select the best antenna at the
source and UAV nodes. A generic framework in the form of closed-form analytical expressions for outage
probability (OP), asymptotic OP, and the average symbol error rate of higher-order quadrature amplitude
modulation (QAM) schemes such as hexagonal QAM, rectangular QAM, and cross QAM are derived. In
addition, energy efficiency analysis is also performed for the considered system model. In this framework,
altitude and location-dependent path loss modeling are considered for the air-to-ground links. Optimization
of UAV location and altitude is performed through a limited-memory Broyden-Fletcher-Goldfarb-Shanno
(LBFGS) algorithm to attain minimum OP (MOP). Results illustrate optimal performance dependent on
the channel correlation parameters, antenna elements, and fading conditions. Monte-Carlo simulations are
performed to validate the derived analytical results and compared with the existing works.

INDEX TERMS UAV, MIMO, TAS, DF, LBFGS optimization, HQAM, RQAM, XQAM, Nakagami-m,
outdated CSI.

I. INTRODUCTION

UNMANNED aerial vehicles (UAVs) are anticipated
to play a significant role in future wireless commu-

nications in catering highly reliable services to civilian,
commercial, military, and critical emergency applications
where the terrestrial communications cease to operate [1].
UAVs have revolutionized wireless communications with
salient features such as flexible rapid networking and
deployment abilities, controlled mobility with design degrees
of freedom, robust connectivity with LOS with enhanced
coverage area, and spectrum efficiency [2]. ITU has
authorized the use of a portion of the L-band for UAV
applications. Large-scale UAV long-term evolution eNodeBs

were proposed as potential replacements for terrestrial
eNodeBs [3], [4]. Industry and academia have advanced to
the next level of research and development to assess the
potential of UAVs as flying BSs and flying relays via field-
trialed prototypes [5], [6]. With the evident benefits and
multitude of opportunities, UAV-aided wireless communica-
tions are expected to be an integral part of the future 6G
telecommunications systems.

A. RELATED WORKS
UAVs are classified as LAPs and HAPs based on the altitude
and range of operation. LAPs are used to assist cellular
communications and provide short-range LOS links with
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significant coverage area [7]. UAVs in cellular communica-
tions are employed in a cooperative fashion to regulate the
diversity in a virtual MIMO scenario by sharing the resources
between the source and the destination nodes to enhance
the area of coverage and establish a reliable communication
link [8]. Zhan et al. [9] studied UAV relaying-based
terrestrial communications over Rayleigh fading channels
and optimized the performance of ground-to-relay links
by controlling UAV heading angle. The optimization of
the altitude of a UAV to maximize the area of coverage
for the radio signals was conducted in [10]. In [11],
mobile UAVs were explored to maximize the throughput by
optimizing the source/relay transmit power along with the
trajectory. An air-to-ground UAV-based cooperative system
was investigated in [12] and analytical expressions for
the optimal height to achieve MOP were also presented.
Chen et al. [13] reported minimum OP by optimal place-
ment of UAV and analyzed the BER of BPSK modulated
signal over Nakagami-m fading channels. However, these
works are confined to SISO systems and perfect CSI
conditions.
From the perspective of cognitive networks, [14] analyzed

the achievable rates of an uplink cognitive radio for a UAV
relay-assisted MIMO system over Rician fading channels
for an uplink scenario with respect to interference and
power constraints. In addition, it derived the optimal power
allocation to maximize the achievable rates and examined
the impact of UAV altitude over achievable rates for the
primary and secondary users. A comparative study of multi-
hop and multiple dual-hop UAV relays is presented in [15].
This study assesses the BER of BPSK along with the
optimum location and altitude of the UAV. The study [16]
investigated the AF based MIMO UAV relaying swarm
system and derived the upper bound of capacity for the
optimal position of UAVs within the swarm specifically
for LoS channels. Hosseinalipour et al. [17] examined the
impact of RF interference on the performance of UAV
relays, and presented the optimal position of UAV to
maximize the signal-to-interference-ratio (SIR) of the system
by considering dual-hop and multi-hop communication
schemes.
On the other hand, in cellular communications, digi-

tal modulation schemes especially energy-efficient QAM
schemes play a significant role in spectral and power-
efficient transmissions. The family of QAM schemes
includes square QAM, rectangular QAM, cross QAM, and
hexagonal QAM [18]. Significant studies were carried out
recently over the ASER of higher-order QAM schemes
in RF communications, OWC (especially UVC and FSO),
and in mixed RF/OWC [19], [20], [21], [22], [23], [24],
[25]. Studies [13], [15] confined the BER analysis of the
SISO UAV relaying system for the BPSK modulation.
Reference [26] considered a satellite-based system with SISO
source and UAV relay with multi-users and investigated
ASER of HQAM, RQAM, and XQAM.

B. MOTIVATION
The majority of the works presented have provided deep
insights into designing and modeling UAV relay-based
communications. However, their analysis is confined to SISO
and multi-UAV relay-based systems and very few limited
MIMO-based system models with perfect CSI conditions for
simpler channels. To handle emergencies (such as natural
disasters) integrated non-terrestrial-terrestrial networks are
widely employed to enable the deployment of terrestrial
infrastructures, which in general are economically infeasible
and challenging. Thus, UAVs are employed to set up reli-
able links with guaranteed QoS indicators. MIMO antenna
systems not only improve the spectral efficiency but also
reliability and coverage area [27]. To leverage the agility of
UAVs along with the MIMO antennas, it is very timely and
interesting to investigate the performance of MIMO systems.
However, considering perfect channel conditions under such
scenarios is practically infeasible. Due to the dynamic nature
of the time-varying wireless channels (induced by the motion
of the transmitter, receiver, or both), perfect CSI at the
transmitter is unavailable. Moreover, antenna selection in
MIMO systems gets affected by the outdated CSI which
degrades the system performance. Thus, feedback delays
and their impact on the system performance are considered.
To the best of the authors’ knowledge, analysis of MIMO
UAV decode-and-forward (DF) relaying-based multi-user
systems with outdated CSI over-generalized Nakagami-m
fading channels is not available.

C. CONTRIBUTIONS
Hence, in this work, we consider UAV-assisted cooperative
communication with multiple antennas at the transmitter,
UAV relay, and multiple UEs with a single antenna. It
is highly deterrent to use MIMO antenna systems due to
the requirement of individual RF chains for each active
antenna. Hence, to leverage MIMO antenna gains and to
reduce hardware complexity, TAS is used. In addition, it is
considered that the system operates at very high frequencies
and the spacing between the antennas is sufficiently large to
make them uncorrelated [28], [29]. Furthermore, the location
and altitude of the UAV are optimized under detrimental
channel conditions. The major contributions of this work are
next listed.

• Performance of UAV-assisted cooperative communi-
cation with multiple antennas at the transmitter and
DF-based UAV relay with single antenna multi-users is
investigated by considering the feedback delays over the
entire communication link. The CDF for the e2e SNR
for the OP is derived by considering the TAS strategy.

• Asymptotic analysis is performed to determine the
diversity order of the system. The obtained curves
demonstrate the effect of outdated CSI on the diversity
order of the system.
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FIGURE 1. UAV based multi-user system model.

• Location of the UAV is optimized through the LBFGS
algorithm to improve the system performance, capacity,
and MOP.

• The UAV’s altitude is also optimized to achieve the
optimum performance of the system with MOP. The
obtained results illustrate the dominance of UAV oper-
ational altitude over the MOP.

• ASER analysis of higher-order QAM modulation
schemes is performed for HQAM, RQAM, and XQAM
through closed-form expressions, and valuable insights
are drawn.

• Energy efficiency analysis is carried to quantify the
energy consumed in delivering data. Results illustrate
the HQAM provides higher efficiency over other QAM
schemes.

• System performance is analyzed for different numbers
of antenna elements, channel fading conditions, and
various channel correlation coefficients to draw deeper
design insights. In addition, Monte-Carlo simulations
are carried out to validate the correctness of the derived
analytical expressions and to compare them with the
existing works.

The rest of the paper is organized as follows. Section II
presents the system model. Section III conducts the outage
and asymptotic outage probability study. Optimization of
the relay location and altitude are presented in Section IV.
ASER analysis of higher-order QAM schemes is discussed in
Section V. Section VI analyzes the numerical and simulation
results. Section VII concludes the paper.
Notations: Matrices (column vectors) are denoted by

bold uppercase (lowercase) letters; (·)∗ and (·)H stand for
conjugate and complex conjugate transposition, respectively;
| · | and || · ||F represent the magnitude and squared
Frobenius norm, respectively. Nakagami-m distribution with
fading severity ML = mN and variance � is denoted
by Nak(ML,�). The fading parameter is represented by
m and number of receiver antennas by N; CN (0, σ 2IN)

represents the complex Gaussian distribution with mean zero
and covariance σ 2IN . IN denotes the identity matrix of size
N × N. U(0, 1) stands for the uniform distribution with
lower and upper bound 0 and 1, respectively. Jo(·) identifies
the zero-order Bessel function of first kind. 1F1(a, b, c)
and 2F1(a, b, c, d) represent the confluent Hypergeometric
function (HF) of first kind and Gauss HF, respectively. Q(·)
stands for the Gaussian Q-function. E{·} denotes the expected
value.

II. SYSTEM MODEL
In this work, a dual-hop DF UAV-based system model with
a MIMO BS with NS antennas acting as a source (S)
of information, MIMO DF-based UAV with NUR antennas
acting as a relaying device (UR), and the K mobile users
acting as destination node Di, i→ {1, . . . ,L} is considered
as shown in FIGURE 1. Each UE is equipped with a single
antenna due to size limitations. All UEs are assumed to be
in close proximity and follow i.i.d. condition. We employ
TAS to select a single transmit antenna that maximizes the
received SNR at UR. Let [h(p)AB]NB×1 be the channel vector
corresponding to the pth transmit antenna of the channel
matrix [HAB]NB×NA, where A ∈ {S,UR}, B ∈ {UR,L},
and A �= B. The UEs are scheduled opportunistically for
multiuser diversity depending on the strongest link between
the lth UAV antenna and the ith UE.
To characterize the best fading conditions, all the channel

links are considered to be complex Nakagami-m frequency
flat fading, Nak(ML, �̂h) [30], [31]. Nakagami-m distribu-
tion provides greater flexibility in matching some empirical
data than the Rayleigh, Lognormal, or Ricean distribution.
It is a versatile statistical distribution that can accurately
model Rayleigh and the one-sided Gaussian distribution.
In addition, Ricean and Hoyt’s distributions can be closely
approximated. Moreover, for integer fading parameter values,
Nakagami-m envelope is defined by the square root of
the sum of squares of independent Rayleigh variates [32].
Further, it is assumed that all the links are affected by the
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TABLE 1. List of acronyms and their descriptions.

complex additive white Gaussian noise (AWGN), and the
AWGN vectors are modeled as CN (0, σ 2INo), where σ 2 =
kBTBNo, and kB,T, and BNo, denote the Boltzmann constant,
temperature in Kelvin, and receiver bandwidth, respectively.

A. PATHLOSS MODELING
In this subsection, the path loss modeling considered in
analyzing the AG channels and vice-versa is presented. The
path loss is expressed as [10]

ζAGdB = αAB10 log10 RAB + ηAB, (1)

where αAB, RAB, and ηAB stand for the path loss exponent,
distance and path loss at the reference point of the AG
channel corresponding to the AB link with respect to (w.r.t.)
UR, respectively. The absolute value of this path loss model
is given by [15]

ζAG = 10
ζAGdB

10

= 10
Q
10+ P

10+10p′ exp−q′(θele−p′) RαABAB = βABRαABAB , (2)

where P = ηLOS − ηNLOS, Q = 10 log 10( 4π f
c )

2 + ηNLOS,
and f and c denote the carrier frequency and speed of
light, respectively. The elevation angle is given by (θele) =
180
π

arctan( hUAVdAB
), where hUAV represents the altitude of UAV

from the ground, dAB denotes the distance between the nodes

A and B, and RAB =
√
h2
UAV + d2

AB. The values of ηLOS,
ηNLOS, p′, and q′ depend on the propagation environment
and are given in TABLE 3. There is a trade-off between
the LOS propagation and path losses with the increase in
hUAV [15].

B. OUTDATED CSI MODEL
In practice, perfect CSI is not available at the transmitter.
Due to the time-varying nature of the channel and also due
to the mobility of the users, the Doppler frequency of the
user is greater than the receiver processing time, resulting in
the CSI being outdated [33]. Thus, the CSI received at the
transmitter is considered to be delayed when fed back from
the receiver due to non-zero feedback link delay. Consider
ĥkAB and hkAB represent the estimated and the actual channel
vectors that are used for antenna selection and decoding,
respectively. Since ĥkAB is the outdated version of hkAB, ĥ

k
AB

when conditioned over hkAB follows a Gaussian distribution
and is modeled as follows [33]:

ĥkAB = ρABhkAB +
√

1− ρ2
ABe, (3)

where ρAB ∈ (0, 1) represents the correlation coefficient
between ĥkAB and hkAB, and the error is modeled as e ∼
N (0, I) [33], [34]. In the presence of Clarke’s fading
spectrum (band-limited), ρAB = Jo(2π fdTd), where fd is the
Doppler frequency and Td represents the delay spread of the
feedback channels (i.e., the delay between relay selection
and information retransmission instants). For Clarke’s fading
spectrum, |ρAB| does not decrease monotonically to zero as
Td increases but it fluctuates around zero as Td →∞ [35].
Hence, in the analysis, we consider the impact of outdated
CSI at all the nodes. Thus, via TAS, the antenna at the
transmitter is selected as ||ĥB×1|| = max1≤j≤NA{||ĥB×j||}. In
the analysis, it is considered that the S → Di link is not
available due to heavy shadowing.
The entire communication between S and Di takes place

in two-time slots. In the first slot, S broadcasts to UR node.
In the second time slot, UR forwards the decoded and re-
encoded information to the opportunistically scheduled UE
Di. The signal received at UR from the kth transmit antenna
in the first time slot is expressed as

ySUR =
√
PSζSURh

k
SUR

x+ nSUR , (4)

where PS is the transmit power, and path loss ζSUR is
modeled as in (2). Notation nSUR denotes the AWGN
vector of S→ UR link. At UR, the received signal ySUR is
processed using the maximum ratio combiner. As the users
are opportunistically scheduled, the received information at
the ith UE (Di) after the transmit beam forming through the
lth transmit antenna is expressed as

yURDi =
√
PRζURDi

(
hlURDi

)H
wixenc + nURDi , (5)

where PR is the transmitting power at the UR, path loss
ζURDi is modeled as given in (2), xenc denotes the re-encoded
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signal, and nURDi stands for the AWGN vector of UR→ Di

link. The beam forming vector wi = hlURDi
||hlURDi ||F

is chosen

according to the maximal ratio transmission principle. In
practice, the time-varying channel changes dynamically, and
thus it is expected to exhibit feedback delays in CSI between
the transmitter and receiver. Delay is considered in antenna
and user selection. Thus, the e2e SNR is given by

γ̂
(k,l)
e2e = γ̂ (k,l)SURDi

= min
{
γ̂
(k)
SUR

, γ̂
(l)
URDi

}
, (6)

where γ̂
(k)
SUR
= γ

(k)
SUR
χSUR

, γ (k)SUR
= γ SUR

||h(k)SUR
||2, χSUR =

(2−ρ2
SUR

)

ρ2
SUR

, γ̂ (l)URDi
= γ

(l)
URDi
χURDi

, γ (l)URDi
= γURDi

||wH
i h

(l)
URDi
||2,

and χURDi =
(2−ρ2

URDi
)

ρ2
URDi

. Variables γ (k)SUR
and γ (l)URDi

denote

the instantaneous SNRs, while γ (k)SUR
and γ (l)URDi

model the
average SNRs corresponding to the S→ UR and UR→ Di

links, respectively. In (6), for a fixed γ̂ (k)SUR
, γ̂ (k) is maximum

when γ̂ (l)URDi
is maximized. Thus, antenna selection at UR is

independent of the antenna selection at S. Hence, the antenna
index l at UR is replaced with lopt.

III. OUTAGE PROBABILITY
OP is defined as the probability that the e2e SNR of
the system falls below a predefined threshold where the
transmission rate defines the threshold limit. The closed-form
expression of OP is defined as

Pout(γth) = P
(

max
1≤k≤NS

{
γ̂
(k,lopt)
e2e

}
< γth

)

= P
(

max
1≤k≤NS

{
γ̂
(k,lopt)
SURDi

}
< γth

)

= P
(

max
1≤k≤NS

(
min

{
γ̂
(k)
SUR

, γ̂
(lopt)
URDi

})
< γth

)

= F
γ̂
(k,lopt)
e2e

(γth) = F
γ̂
(k,lopt)
SURDi

(γth),

F
γ̂
(k,lopt)
SURDi

(γth) = 1−
(

1− F
γ̂
(k)
SUR

(γth)

)(
1− F

γ̂
(lopt)
URDi

(γth)

)
.

(7)

Proposition 1: The closed-form expression of the OP for
a UAV-assisted multi-user system is given by

P(γth)out = 1−
(

1− F
γ̂
(k)
SUR

(γth)

)(
1− F

γ̂
(lopt)
URDi

(γth)

)
, (8)

= 1− C1C2γ
t+s
th e−
3γth , (9)

where C1 and C2 are given in TABLE 2, 
1 =
m+1

λSUR [1+m(1−ρSUR )] , 
2 = p+1
λURDi [1+p(1−ρURDi )]

, 
3 = 
1+
2

and λAB = γ̂AB
mAB

.
Proof: Given in Appendix A.

A. ASYMPTOTIC ANALYSIS
At high SNR, system design parameters such as
diversity order and coding gain are useful to model

the system. Asymptotic OP expression is expressed
at γ →∞ as

P∞out(γth) =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

FSUR

(
γth
γ

)d1
,mSURNS < mURDiND

FURDi

(
γth
γ

)d2
,mSURNS > mURDiND

(
FSUR + FURDi

)( γth
γ

)d3
,mSURNS = mURDiND

FSUR =
NS−1∑
m=0

m
(
MSUR−1

)
∑
n=0

(
NS − 1

m

)
�
(
MSUR + n

)

MSUR !�MSUR

× (−1)a�n,m,MSUR

(
1− ρSUR

)n
[
1+ m(1− ρSUR

)]MSUR+n

(
mSUR

kSUR

)MSUR

,

(10)

FURDi =
NR−1∑
p=0

q
(
MURDi−1

)
∑
p=0

(
NR − 1

p

)
�
(
MURDi + q

)

MURDi!�MURDi

× (−1)p�q,p,MURDi

(
1− ρURDi

)q
[
1+ p(1− ρURDi

)]MURDi+q

(
mURDi

kURDi

)MURDi

,

(11)

where d1 = mSURNR, d2 = mURDiND, and d3 = d1 = d2 are
the diversity orders of the system. Further, kAB = γ AB

γ
.

IV. OPTIMIZATION OF SYSTEM PARAMETERS
A. OPTIMIZATION OF UAV LOCATION
In this section, we optimize the UAV location to attain MOP.
At high SNR, the expression of OP of the S→ UR → Di
link is approximated as

P∞γSRD(γth) = C4

(mSUR

kSUR

)MSURNS + C5

(mURDi

kURDi

)MURDiNR
,

(12)

where C4 = FSUR(
mSUR
kSUR

)−MSUR , C5 = FURDi(
mURDi
kURDi

)−MURDi .
The S → Di distance is maintained to be dtot, S → UR
distance as dSUR = d1 and UR → Di distance as dURDi =
(1 − dSUR) = (dtot − d1) = d2. After some manipula-
tions, when mSURNS = mURDiND = MN, P∞γSRD(γth) is
expressed as

P∞γSRD(γth) = C4
(
mSURγth

)MSURNS
(

1

γ SUR

)MSURNS

+ C5
(
mURDiγth

)MURDiNR
(

1

γURDi

)MURDiNR

, (13)

P∞γSRD(γth) = C4

(
mSURγthσ

2
N

PS

)MSURNS

×
(
βSUR(d1)RSUR(d1)

α
)MSURNS

+ C5

(
mURDiγthσ

2
N

PR

)MURDiNR

×
(
βURDi(dtot − d1)RURDi(dtot − d1)

α
)MURDiNR

, (14)
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TABLE 2. Functional representations in arithmetic expressions.

TABLE 3. Simulation parameter values for the considered system [15], [42], [45].

where RSUR(d1) =
√
d2

1 + h2, PLSUR = βSUR(d1)RSUR(d1)
α ,

RSUR(d2) =
√
d2

2 + h2, and PLSUR = βURDi(d2)RURDi(d2)
α .

Consider d1 = d. Equation (14) can be re-written as

P∞γSRD1
= C6

(
βSUR(d)RSUR(d)

α
)MSURNS

+ C7

(
βURDi(dtot − d)RURDi(dtot − d)α

)MURDiNR
,

(15)

where C6 = C4(
mSURγthσ

2
N

PS
)MSURNS and C7 =

C5(
mURDiγthσ

2
N

PR
)MURDiNR .

CASE 1

In this case, OP is minimized w.r.t. UAV location. The objec-
tive function for the optimum relay location is formulated as

d∗ = argmin
d

P∞γSRD1

subject to 0 < d1 < dtot. (16)

CASE 2

In this case, OP is minimized w.r.t. to both the UAV relay
location parameter d1 and the UAV’s height. The objective
function for maximizing throughput is formulated as:

P∞γSRD2
= C6

(
βSUR(d, h)R

α
SUR

)MSURNS

+ C7

(
βURDi(dtot − d, h)RαURDi

)MURDiNR
, (17)

d∗, h∗ = argmin
d,h

P∞γSRD2

subject to 0 < {d} < dtot, (18)

0 < {h} < hmax. (19)

where

βURDi(d, h) = 10

Q
10+ P

10+10p′ exp
−q′

(
180
π arctan( hd )−p′

)

, (20)

βSUR(dtot − d, h) = 10

Q
10+ P

10+10p′ exp
−q′

(
180
π arctan( h

dtot−d )−p
′)

, (21)

RαSUR
= (d2 + h2)

α
2 , and RαURDi

= ((dtot − d)2 + h2)
α
2 . The

exact closed-form expression of the above objective function
is mathematically intractable. Further, the objective function
is non-linear, twice continuously differentiable, and involves
a large number of variables. Hence, we employ a quasi-
Newton method based LBFGS algorithm [36] to obtain the
optimum values for d and h that minimize the OP. L-BFGS
algorithm is very stable due to the line search procedure
and converges faster than the stochastic gradient descent
algorithm with automatic step size detection [37]. L-BFGS
uses the approximated second-order gradient information to
provide a faster convergence toward the minimum and thus
shows effectiveness over other optimization algorithms [37].
In LBFGS algorithm, objective functions (15) and (17) with
the constraints given (16), (18), and (19), respectively, are
optimized. For the objective function f (x), xk and αk are
the input and step size at the kth step, respectively, and
xk+1 = xk + αkpk, where αk is chosen to satisfy Wolfe
conditions [36], [38] and pk = −B−1

k ∇f (x) = Hk∇f (x) is
the minimizer (step search direction for each k). Bk is the
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Algorithm 1: LBFGS Algorithm for OP Minimization
w.r.t. d and h
Input: �x = [d, h]T ; Lower bound [b1, b2] = 0, Upper bound
[u1, u2] = [dtot, hmax],
Output: f (�x∗) (OptVal) and �x∗ (OptPosition)
Data: Initialization q← ∇f (�x) (gradient)
for i = k − 1, k − 2, . . . , k − m do

αi ← ρis
T
i q;

q← q− αiyi;
end
sk = xk+1 − xk = αkpk;
yk = ∇fk+1 − ∇fk;
H0
k =

sTk−1yk−1

yTk−1yk−1
I;

z = H0
k q

for i = k − m, k − m+ 1, . . . , k − 1 do
βi ← ρiy

T
i z;

z← z+ si(αi − βi);
end
if k > m then

compute sk and yk until convergence
terminate z = Hk∇f (�x)k

end

approximation for the Hessian matrix (H). LBFGS is based
on the BFGS recursion for the inverse Hessian as

Hk+1 =
(
I − ρkskyTk

)
Hk

(
I − ρkyksTk

)
+ ρksksTk . (22)

The pseudo algorithm for LBFGS is given in
Algorithm 1.

V. ASER ANALYSIS
In this section, we obtain the ASER expressions for the
higher-order QAM schemes using the CDF approach. For
a digital modulation scheme, the CDF based generalized
ASER is expressed as [39]

Ps(e) = −
∫ ∞

0
P′s(e|γ )F

γ̂
(k,lopt)
e2e

(γ )dλ, (23)

where P′s(e|γ ) is the first order derivative of the
conditional symbol error probability (SEP) of a
modulation scheme over the AWGN channel w.r.t..
instantaneous SNR (γ ) and Fγe2e(γ ) is the CDF of the
e2e SNR.

A. HEXAGONAL QAM SCHEME
The conditional SEP expression for M-ary HQAM scheme
over AWGN channel takes the form [20]:

PHs (e|γ ) = BQ
(√
αhγ

)+ 2

3
BcQ

2

(√
2αhγ

3

)

− 2BcQ
(√
αhγ

)
Q

(√
αhγ

3

)
, (24)

where the parameters B, Bc, and αh of the considered
HQAM are defined in [18] for different constellation
points.

Proposition 2: The generalized ASER expression
of HQAM for UAV assisted multi-user systems is
expressed as

Ps
H = (B)

2
− Bc

3
− Hd

(
2αh

3

)−1

2F1

(
1, 1,

3

2
,

1

2

)

+ He 2αh
3

−1

+
(

2F1

(
1, 1,

3

2
,

3

4

)
+ 2F1

(
1, 1,

3

2
,

1

4

))

+ C3

[
(κ − 1)!+

{
HaP

(αh
2

)−κ − HbP
(αh

3

)−κ

+ HcP
(αh

6

)−κ}+ �(κ1)

× P

(
2αh

3

)−κ1
{
HdF1

(
αh

3
,P

(
2αh

3

))

− He
(
F1

(
αh

2
,P

(
2αh

3

))
+ F1

(
αh

6
,P

(
2αh

3

)))}]

(25)

where Ha = (Bc−B)
2

√
αh
2π , Hb = Bc

3

√
αh
3π , Hc = Bc

2

√
αh
6π , Hd =

2Bcαh
9π , and He = Bcαh

2
√

3π
, and 
8 = 2

√

6.

Proof: The proof is given in Appendix B.

B. RECTANGULAR QAM SCHEME
The conditional SEP of RQAM over AWGN channels takes
the form [39, eq. (18)]

Ps
RQAM(e|γ ) = 2

[
R1Q

(
b1
√
γ
)+ R2Q

(
b2
√
γ
)

− 2R1R2Q
(
b1
√
γ
)
Q
(
b2
√
γ
)]
, (26)

where R1 = 1− 1
MI

, R2 = 1− 1
MQ

, b1 =
√

6
(MI

2−1)+(M2
Q−1)dIQ2 ,

and b2 = dIQb1. Further, MI and MQ indicate the in-
phase and quadrature-phase constellation points, respectively.
Additionally, dIQ = dQ

dI
, where dI and dQ are the in-phase

and quadrature decision distances, respectively.
Proposition 3: The generalized ASER expression of

RQAM for UAV assisted multi-user systems is expressed as

PRs ≈ −R1(R2 − 1)− R2(R1 − 1)+ R1R2b1b2r
−1
3

π

×
{

2F1

(
1, 1,

3

2
,
r1
r3

)
+ 2F1

(
1, 1,

3

2
,
r2
r3

)}
+ C3

×
[(
t + s− 1

2

)
!

{
−RaP(r1)−κ − RbP(r2)−κ

}
+ �(κ1)

× P(r3)
−κ1Rc

(
F1(r1,P(r3))+ F1(r2,P(r3))

)]
. (27)

Here, Ra = b1R1(R2−1)√
2π

, Rb = b2R2(R1−1)√
2π

, Rc = b1b2R1R2√
2π

, r1 =
b1

2

2 , r2 = b2
2

2 , and r3 = b1
2+b2

2

2 . SQAM is a special case of
RQAM and it is obtained by considering MI = MQ =

√
M

and dIQ = 1.
Proof: Given in Appendix C.
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C. CROSS QAM SCHEME
The conditional SEP for the 32-XQAM scheme is expressed
as [40, eq. (21)]:

Ps
X(e|γ ) = X1Q

(√
2κxγ

)
+ 4

Mx
Q

(
2
√
κxγ

)

− X2Q
2
(√

2κxγ

)
, (28)

where X1 = 4 − 6√
2Mx

, X2 = 4 − 12√
2Mx
+ 12

Mx
, κx =

48
31Mx−32 , and Mx = 32. The generalized ASER for XQAM
is obtained by taking the FOD of (28) and substituting the
resultant expression along with (9) in (23). By using the
identities [41, eq. (3.371), (7.522.9)], the generalized ASER
for XQAM is expressed as

PXs ≈ X3 + 2

Mx
+ X2

2π
2F1

(
1, 1,

3

2
,

1

2

)

+ C3

[
(κ − 1)!×

{√
κx

π
X3P(κx)

−ξ

− 4

Mx

√
κx

2π
P(2κx)

−ξ
}

− X2κx�(κ1)

π
P(2κx)

−ξ
F1(κx,P(2κx))

]
(29)

where X3 = X2−X1
2 ux1 = 
 + n + 1

2 , ux2 = 
 + n + j +
1, βx1 = 2ψSUR

√

2, αx1 = ψSUR
1 + P(κx), and αx2 =

ψSUR
1 + P(2κx).

ENERGY EFFICIENCY ANALYSIS
Energy efficiency (EE) quantifies the energy consumed in
delivering data. EE is the ratio of total amount of data
delivered to the total amount of energy consumed and is
given by [42]

η = PLps
Es
= PL

(
1− P̄s

)

Es
, (30)

where PL is the length of the packet, ps represents the
probability of the successful received data at the receiver and
Es is the total energy consumption for transmitting the data,
P̄s is the symbol error rate of the considered modulation
scheme, and

Es = LpP

Rb
, (31)

where Lp, P and Rb stand for the payload packet size, total
power, and rate of transmission, respectively. For a MIMO
cooperative relaying-based network, the total power is given
by [43]:

P = Ps(1+ �)
⎡
⎣Pct +

Nt∑
n1=1

Pcr

⎤
⎦+ Pr(1+ �)

×
⎡
⎣

Nr∑
n2=1

Pct +
Nd+1∑
n3=1

Pcr

⎤
⎦, (32)

where Nt, Nr, Nd are the number of antennas at the source,
relay, and destination nodes. Further, � = ( ζ

ξ
−1) defines the

loss factor of the power amplifier. Parameter ζ represents
the drain efficiency of the amplifier [44] and ξ denotes the
peak-to-average power ratio corresponding to the modulation
associated with the respective constellation size [18]. Upon
substituting the derived SER expressions of the considered
modulation schemes, the EE of the respective modulation
schemes is obtained.

VI. NUMERICAL AND SIMULATION RESULTS
In this section, the numerical results are illustrated by
comparing the accuracy of the analytical expressions with
the Monte-Carlo simulations. The optimum location and
height of the UAV are validated through simulations. Unless
otherwise stated, the following parameters are considered:
antenna elements (AEs) as {NS,NR,NDi}, where NDi denotes
the number of ground users. Fading parameters (FPs)
of the Nakagami-m channels are {mSUR ,mURDi}, and the
outdated CSI correlation coefficients are {ρSUR , ρURDi}. In
the analysis, the system performance is investigated for the
cases when the correlation between the actual and estimated
CSI is near to perfect (ρAB = 0.9999), moderate ρAB = 0.95,
and extremely low ρAB = 0.9. Abbreviations ‘Ana.’, ‘Asym.’,
and ‘Sim.’ stand for the ‘analytical results’, ‘asymptotic
results,’ and ‘simulation results’, respectively.

A. IMPACT OF OUTDATED CSI
The severity of the feedback errors over the OP w.r.t. transmit
power (dBm) performance is shown in FIGURE 2 for two
different AEs cases. Arbitrary correlation coefficients are
considered for the OP results presented in FIGURE 2(a) for
{NS,NR,NDi} = {2, 1, 2} with FPs {mSUR = 1,mURDi =
2}. Results illustrate that system performance degrades with
the increase in outdated CSI. Under perfect CSI conditions
{ρSUR = 1, ρURDi = 1}, for an OP of 10−3, system
has a power gain of ≈ 11 dBm and ≈ 14 dBm w.r.t.
{ρSUR = 0.7, ρURDi = 0.2} and {ρSUR = 0.1, ρURDi =
0.2}, respectively. The derived analytical results match
tightly with the asymptotic results and are verified through
simulation results. Results in FIGURE 2(b) illustrate the
impact of symmetric and asymmetric CSI conditions over
OP performance for {NS,NR,NDi} = {2, 2, 2} with FPs
{mSUR = 1,mURDi = 1}. It is observed that S → UR
link CSI conditions affect the overall system performance.
The system with {ρSUR = 0.5, ρURDi = 0.9} presents
similar performance to that one associated with {ρSUR =
0.5, ρURDi = 0.5}. The system with {ρSUR = 0.9, ρURDi =
0.9} exhibits the performance gains of ≈ 1.5 dBm and ≈ 4.5
dBm for an OP of 10−5 w.r.t. to other cases associated with
{ρSUR = 0.9, ρURDi = 0.5}, {ρSUR = 0.5, ρURDi = 0.9}, and
{ρSUR = 0.5, ρURDi = 0.5}, respectively.

Impact of AEs over OP are investigated w.r.t. transmit
power for {ρSUR = 0.9, ρURDi = 0.9} in FIGURE 3. It is
observed that with the increase in the UR AEs and Di users,
OP decreases. Results are presented for {NS,NR,NDi} =
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FIGURE 2. Outage probability vs transmit power (dBm) for different ρAB values.

FIGURE 3. Outage probability vs transmit power (dBm) for various ACs with
{ρSUR = 0.9, ρURDi = 0.9} values.

{1, 2, 2}, {2, 1, 2}, {2, 2, 1}, {2, 2, 2}. For an OP of 10−3, the
system with {2, 2, 2} AEs has a transmit power gain of ≈ 2
dBm, ≈ 10 dBm, and ≈ 14 dBm w.r.t. to {1, 2, 2}, {2, 1, 2}
and {2, 2, 1}. It is also observed that the reduction in UR
AEs degrades the system OP performance.

B. OPTIMIZATION OF UAV LOCATION
Optimization of UR location to attain MOP under perfect
and imperfect channel conditions is presented for a transmit
SNR of 10 dBm in FIGURE 4. Under perfect CSI conditions,
the optimization results are illustrated in FIGURE 4(a) for
different antenna configurations. It is observed that the MOP
of 3.58 × 10−12 for {NS,NR,NDi} = {2, 2, 2} system is
attained when UAV is located exactly in middle between
S and UR. For {NS,NR,NDi} = {1, 2, 2} system, MOP
of 4.34 × 10−8 is attained when UR is located closer to
S whereas for {NS,NR,NDi} = {2, 2, 1} system, MOP of
5.2 × 10−2 is attained when UR is located close to Di. In
FIGURE 4(b), impact of feedback errors is demonstrated
for the {NS,NR,NDi} = {2, 2, 2} system. Results illustrate

that the MOP is attained when UR is located closer to the
node whose link is severely affected by outdated CSI. For
symmetric outdated CSI conditions, the system with {ρSUR =
0.9, ρURDi = 0.9} attains MOP of 2.8 × 10−2 which is an
increase in OP to 10−10 w.r.t. perfect CSI conditions which
shows the severity of outdated CSI over system performance.
In FIGURE 5, the optimization of UAV altitude and

location to attain MOP is illustrated for the {NS,NR,NDi} ={1, 2, 2} system with and without feedback errors at a
transmit SNR of 5 dBm. In FIGURE 5(a), MOP results are
plotted for perfect CSI conditions. It is observed that the
optimum OP of 5.21×10−3 is obtained when UR is located
close to Di at a distance of 4900 m and at a height of 118 m
which increases LOS propagation, whereas in FIGURE 5(b),
MOP results are plotted for {ρSUR = 0.2, ρURDi = 0.9}.
Results illustrate that in the presence of severe outdated CSI
impairment of the S → UR link, the system attains the
MOP of 7.68× 10−2 at a distance of 2900 m and at height
of 118 m. When there is a pronounced decline in channel
correlation, the system reaches the MOP characteristic of the
scenario where UR is located closer proximity to S compared
to the ideal situation.
For various QAM schemes in FIGURE 6, ASER analysis

for even and odd constellations points are presented for the
{NS,NR,NDi} = {2, 2, 2} system with {ρSUR = 0.9, ρURDi =
0.9}. The results plotted in FIGURE 6(a) illustrate the ASER
analysis for even constellation points of HQAM and SQAM
whereas in FIGURE 6(b), ASER analysis of odd bits of
HQAM, RQAM, and XQAM are presented. For an ASER
of 10−3, 4-SQAM has a transmit power gain of ≈ 0.1 dBm
w.r.t. 4-HQAM, whereas for 16 and 64 constellation points,
HQAM has a transmit power gain of ≈ 0.45 dBm w.r.t.
SQAM. For an ASER of 10−5, 8-HQAM has a transmit
power gain of ≈ 1 dBm w.r.t. 4× 2-RQAM. For ASER of
10−4, 32-HQAM has a transmit power gain of ≈ 0.7 dBm
and ≈ 1.2 dBm w.r.t. 32-XQAM and 8× 4-RQAM. This is
due to the optimum 2D constellation of HQAM with low
peak and average powers even for odd bits transmission.
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FIGURE 4. Optimization of UAV location for minimum outage probability.

FIGURE 5. Optimization of UAV location and height for minimum outage probability.

FIGURE 6. ASER analysis of even and odd bit constellation points.

In FIGURE 7, the impact of feedback errors over ASER
analysis of various QAM schemes is illustrated for various
constellation points for the {NS,NR,NDi} = {1, 4, 4} system.
Results illustrate an increase in the data rates with the

error probability. In FIGURE 7(a) and FIGURE 7(b), results
are presented with perfect and outdated CSI ({ρSUR =
0.2, ρURDi = 0.2}), respectively. The plotted results illustrate
the performance degradation with the outdated CSI. 4-SQAM
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FIGURE 7. ASER analysis of various constellation points with and without outdated CSI.

FIGURE 8. ASER analysis of 16 HQAM for {ρSUR = 0.9, ρURDi = 0.2}.

provides a transmit power gain of ≈ 0.1 dBm over 4-HQAM.
This is due to the presence of a large number of nearest
neighborhoods for 4-HQAM as compared with the 4-SQAM.
With the increase in constellation order from 8 to 1024,
HQAM performs better w.r.t. other modulation schemes due
to the optimum 2D hexagonal lattice with low peak and
average energies for the same distance of separation between
two constellation points.
In FIGURE 8, curves demonstrate the impact of UR AEs

and Di users over ASER analysis of 16-HQAM scheme
for {ρSUR = 0.9, ρURDi = 0.2}. Results are presented for
the severely affected UR → Di link. It is observed that
for an ASER of 10−4, the increase of ground users from
2 to 4 is accompanied by a transmit power gain of 3
dBm. The curves demonstrate that the system performance
improves with the increase in both UR antennas and the
ground users. For an ASER of 10−7, {NS,NR,NDi} ={2, 4, 4} has a transmit power gain of ≈ 0.55 dBm
over {NS,NR,NDi} = {1, 3, 4}, whereas {NS,NR,NDi} ={2, 4, 4} exhibits similar performance to that of
{NS,NR,NDi} = {1, 4, 4}.

FIGURE 9. BER comparative results for BPSK.

In FIGURE 9, BER of BPSK is presented as per
the parameters presented in [13], [15] w.r.t. to presented
work. For comparative analysis, {NS,NR,NDi} = {2, 2, 2}
is considered. As in [13], the results for BPSK are shown
for fading parameters m = 1 and m = 2. Even for highly
uncorrelated channel links, our system performs better.
Even though dual-hop multiple links for 3-UAV relay are
considered, similar results are observed when the system is
modeled as per [15]. The curves illustrate the degradation of
the system performance with feedback errors. It is observed
that for a BER of 10−2, there is a degradation of system
performance of about 2 and 2.5 dB with respect to [13]
and [15], respectively.
ASER analysis of various HQAM constellation points

is presented for the {NS,NR,NDi} = {2, 2, 2} system with
{ρSUR = 0.9, ρURDi = 0.9} in FIGURE 10. There is a
trade-off between transmit power gain and the increase in
constellation points. With the increase in constellation points
from 4 to 64, the data rate increases, however, at the cost
of increased error rate. The derived analytical results are
corroborated by the Monte-Carlo simulations.
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FIGURE 10. ASER Analysis of HQAM for various constellation points.

FIGURE 11. Energy efficiency of the system.

FIGURE 11 depicts the energy efficiency of the considered
system model for HQAM, RQAM, and XQAM. All the
results are reported at 30 dB transmit SNR. Results are
obtained assuming the perfect channel state information
scenario as well as under the influence of feedback errors
({ρSUR = 0.9, ρURDi = 0.2}). The value of ξ for various
modulation schemes is provided in [18]. It is observed
that HQAM attains better energy efficiency for even and
odd constellation points over SQAM, RQAM, and XQAM.
The curves illustrate that the overall energy efficiency of
the system degrades with the outdated CSI. It is also
observed that for odd constellation points, XQAM performs
equivalently to HQAM. However, HQAM provides better
efficiency due to low peak-to-average power.

VII. CONCLUSION
In this work, the performance of a dual-hop decode-and-
forward UAV relaying system with multi-users is analyzed
assuming MIMO antennas at the base station and UAV.
The system is analyzed considering the detrimental effects
of channel estimation errors over generalized Nakagami-m

fading channels. The CDF of end-to-end SNR and closed-
form expressions for OP, asymptotic OP, and ASER analysis
of higher-order QAM schemes are derived and verified
using Monte-Carlo simulations. Because of the optimal 2D
hexagonal lattice, which exhibits low peak and average
energies at identical separation distances between two
constellation points, HQAM constellations outperform other
modulation schemes. This superiority is confirmed through
energy efficiency analysis. In addition, system performance
is optimized by taking into account the dependence of
MOP on the UAV location and height. Results illustrate
the dominance of the S → UR link CSI conditions over
the entire system performance. Optimum performance in OP
is dependent on the CEEs, antenna elements, and ground
users. Analytical and simulation results clarify the impact
of correlation parameters, multiple antennas, and fading
parameters on the system performance.

APPENDIX A
PROOF OF PROPOSITION 1
Proof: Let γ̂ (k)SUR

represent the delayed version of γ̂ (k)SUR
by

time τ , where τ is related to ρ through Clarke’s fading
model. The probability density function (PDF) of γ̂ (k)SUR

is
expressed as

f
γ̂
(k)
SUR

=
∫ ∞

0
f
γ̂
(k)
SUR
|γ (k)SUR

(y|x)f
γ
(k)
SUR

(x)dx, (33)

where

f
γ̂
(k)
SUR
|γ (k)SUR

(y|x) =
f
γ̂
(k)
SUR

γ
(k)
SUR

(y, x)

f
γ
(k)
SUR

(x)
, (34a)

f
γ
(k)
SUR

(x) = NR

[
F
γ
(k)
SUR

(x)

]NS−1

f
γ
(k)
SUR

(x). (34b)

Also, [F
γ
(k)
SUR

(x)]NS−1, is derived as in [39]. For a correlation

coefficient ρ, the PDF of the actual SNR (γAB) conditioned
over its estimate (γ̂AB) follows the non-central chi-square
distribution with two degrees of freedom and is given by [34]

fγAB,γ̂AB(x, y) =
( 1
βAB

)MAB+1( xy
ρAB

)MAB−1
2

(1− ρAB)�MAB

× exp

(
− (x+ y)
(1− ρAB)βAB

)
IMAB−1

(
2
√
xyρAB

(1− ρAB)βAB
)
,

(35)

where MAB = mABNB, βAB = γ̂AB
mAB

. The PDF of γ̂ (k)SUR
is

obtained by substituting (34), (35) in (33) and expressing
the identity using [41, eq.(6.643.2)] as

f
γ̂
(k)
SUR

(x) =
NS−1∑
m=0

m
(
MSUR−1

)
∑
n=0

(−1)mNS
(NS−1

m

)
�
(
MSUR + n

)

�MSUR

(
1− ρSUR

)
β

m1
SUR

×�n,m,MSUR
e

−xβ−1
SUR(

1−ρSUR
)+
m2

2 �
(
μ1 + ϑ1 + 1

2

)
M−μ1,ϑ1

(

m2

)
√
a1�(2ϑ1 + 1)aμ1

2

.
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Notation �a,b,c denotes the coefficient in the multinomial

expansion (
N−1∑
d=0

xd
d! )

r =
q(N−1)∑
p=0

�p,q,r xa [39]. 
m1 = MSUR +

n + 1, 
m2 = a1
a2
, μ1 = MSUR+2n

2 , ϑ1 = MSUR−1
2 ,

a1 = xρ1
[(1−ρSUR )βSUR ]2 , and a2 = 1+m(1−ρSUR )

βSUR (1−ρSUR ) . The above

expression is further simplified by using the identities
[41, eq.(9.220.2), eq.(9.210.1)] and [46] as

f
γ̂
(k)
SUR

(x) =
NS−1∑
m=0

m(MSUR−1)∑
n=0

n∑
j=0

(−1)mNS
(NS−1

m

)(n
j

)

�MSURγ
MSUR+j
SUR

× �(MSUR + n)
�(MSUR + j)

�n,m,MSUR
ρ
j
SUR

(1− ρSUR)
n−j

[1+ m(1− ρSUR)]
MSUR+n+j

× xMSUR+j−1e−
2γth . (36)

The PDF of γURDi is obtained by following the above
procedure and CDF is derived by evaluating

∫ x
0 f (u)du. The

closed-form expression for OP as given in (9) is obtained
by substituting the resultant expressions of F

γ̂
(k)
SUR

(γth) and

F
γ̂
(lopt)
URDi

(γth) in (7).

APPENDIX B
PROOF OF PROPOSITION 2
Proof: To derive the generalized closed-form ASER expres-
sion for HQAM, the CDF approach is followed. The
first-order derivative (FOD) of PHQAMs (e|γ ) is obtained
by taking the derivative of (24) w.r.t. γ and is
expressed as

Ps
′H(e|γ ) = Haγ

− 1
2 e−

αhγ
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2 e−
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{

1F1

(
1,

3

2
,
αh

2
γ
)
+ 1F1

(
1,

3

2
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6
γ
)}
. (37)

Substituting (37) and (9) into (23) leads to:

Ps
H = −

∫ ∞
0

P′s(e|γ )Fγnet(γ )dγ,

= −
∫ ∞

0
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∫ ∞
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∫ ∞
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In addition, I1 and I2 are expressed as
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∫ ∞
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γ

)})
dγ.I2

= C3
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− He
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(
1,

3

2
,
αh

2
γ
)
+ 1F1

(
1,

3

2
,
αh

6
γ

)}}
dγ

]
. (39)

The integrals in I1 and I2 are evaluated using the identi-
ties [41, eq. (3.351), (7.522.9)]:

I1 = B

2
− Bc

3
− Bc

3π
2F1

(
1,

3

2
,

1

2
γ

)
+ Bc

3
√
(3)π

×
(

2F1

(
1,

3

2
,

3

4
γ

)
+ 2F1

(
1,

3

2
,

1

4
γ

))
. (40)

I2 = C1

[(
t + s− 1

2

)
!

{
HaP

(αh
2

)−κ − HbP
(αh

3

)−κ

+ HcP
(αh

6

)−κ}
�(κ1)P

(
2αh

3

)−κ1
{
HdF1

(
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3
,P

(
2αh

3

))

− He
(
F1

(
αh

2
,P

(
2αh

3

))
+ F1

(
αh

6
,P

(
2αh

3

)))}]
. (41)

Upon substituting (40) and (41) in (38), the generalized
ASER expression for HQAM takes the value (25).

APPENDIX C
PROOF OF PROPOSITION 3
Proof: The FOD of (26) is obtained similarly to the FOD of
HQAM conditional SEP as in (37). To derive the generalized
ASER expression of RQAM, we substitute the FOD of (26)
and (9) into (23) to obtain

Ps
RQAM = −

∫ ∞
0

P′s(e|γ )Fγnet(γ )dγ,

= −
∫ ∞

0
P′s(e|γ )

(
1− C3γ

t+se−
3γ
)
dγ,

= IR1 + IR2 . (42)

Further, IR1 and IR2 are expressed as:

IR1 = −
∫ ∞

0

(
Raγ

− 1
2 e−r1γ + Rbγ− 1

2 e−r2γ

− Rc
{

1F1

(
1,

3

2
, r1γ

)
+ 1F1

(
1,

3

2
, r2γ

)})
dγ,

(43)

IR2 = − C3

⎡
⎣
∞∫

0

γ

(
t+s− 1

2

){
Rae
−P(r1)γ + Rbe−P(r2)γ

}
dγ

− Rc
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0

γ (t+s)e−P(r3)γ
{

1F1

(
1,

3

2
, r1γ

)

× 1F1

(
1,

3

2
, r2γ

)}
dγ

⎤
⎦. (44)

The integrals in IR1 and IR2 are resolved by using the
identities [41, eq. (3.371), (7.522.9)] and substituting them
into (42) to get the closed-form expression (27).
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