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ABSTRACT In this paper, the dominant factor affecting the performance of active intelligent reflecting
surface (IRS) aided wireless communication networks in Rayleigh fading channel, namely the average
signal-to-noise ratio (SNR) γ0 at IRS, is studied. Making use of the weak law of large numbers, the
simple asymptotic expressions for the received SNR at user and the average SNR at IRS are derived as
the number N of IRS elements goes to medium-scale and large-scale. When N tends to large-scale, the
asymptotic received SNR at user is proved to be a linear increasing function of a product of γ0 and N.
Subsequently, when the base station (BS) transmit power is fixed, there exists an optimal limited reflective
power at IRS. At this point, more IRS reflect power will degrade the SNR performance. Additionally,
under the total power sum constraint of the BS transmit power and the power reflected by the IRS, an
optimal power allocation (PA) strategy is derived and shown to achieve 0.83 bit rate gain over equal PA.
Finally, an IRS with finite phase shifters being taken into account, generates phase quantization errors,
and further leads to a degradation of receive performance. The corresponding closed-form performance
loss expressions for user’s asymptotic SNR, achievable rate (AR), and bit error rate (BER) are derived
for active IRS. Numerical simulation results show that a 3-bit discrete phase shifter is required to achieve
a trivial performance loss for a large-scale active IRS.

INDEX TERMS Active IRS, finite phase shifter, quantization error, performance loss, the law of large
numbers.

I. INTRODUCTION

FROM the 1st generation (1G) wireless networks to the
5th generation (5G) wireless networks, the rapid evo-

lution of wireless communication technology has changed
many aspects of people’s lives in a convenient and intelli-
gent way. Now, researchers are focusing their attention on the
investigation of candidate technologies related to the 6th gen-
eration (6G) wireless network. For example, the application
scenarios, supporting technologies, and future opportunities
and challenges of 6G were discussed in [1]. In the traditional
communication diagram, the wireless transmission channel
cannot be reconfigured smartly and automatically, which

limits the further improvement of wireless communication
system performance. Due to the fact that intelligent reflecting
surface (IRS) can overcome the uncontrollability of tradi-
tional wireless transmission environments, and its significant
advantages in terms of cost, energy efficiency, reliability,
and energy conservation. Therefore, researchers have made
an extensive analysis and research on IRS assisted wireless
communication networks [2], [3], [4], [5].
Compared with other existing transmission technolo-

gies, the channel model and characteristics of IRS-
aided wireless communication systems have a significant
distinction [6], [7]. A main difference is that numerous IRS
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reflective elements introduce a large number of commu-
nication links. In addition, when receive radio frequency
(RF) chains are not installed at the IRS, it is infeasible for
the IRS to estimate the channels. Therefore, the channel
estimation of IRS assisted wireless networks has attracted
widespread attention. There have been some research works
on channel estimation for IRS-aided wireless communica-
tion. For instance, the authors of [8] proposed a novel
least-squares estimator to estimate the direct and cascading
channels. Moreover, the transmission from the transmitter to
the receiver includes direct channels and non-direct channels
reflected by IRS, and the received signal is susceptible to
both the channel. In order to obtain strict and comprehen-
sive theoretical analysis of system performance, and further
reveal the key factors and internal mechanisms affecting the
performance, it is necessary to conduct in-depth research
on the performance analysis of IRS-aided communication
systems.
The performance evaluation and analysis of IRS-assisted

communication systems is becoming a focus issue for
researchers [9]. On the one hand, existing research has
proposed multiple joint beamforming schemes for various
IRS-aided communication systems using optimization the-
ories and methods [10], [11], [12], [13], [14], [15]. These
research works were done by deploying the IRS in directional
modulation (DM), decode-and-forward (DF) relay networks,
covert communication, and spatial modulation networks. For
example, in order to address the limitation of traditional DM
systems that can only send a single confidential bit stream,
the authors of [11] introduced IRS into the DM system
to create multi-stream transmission to improve the secrecy
rate (SR). To further improve the SR of the system, two
alternative optimization schemes for joint receiver beam-
forming and IRS phase shift matrix were proposed in [12].
Subsequently, a new enhanced receive beamforming scheme
for DM networks with full duplex malicious attackers was
proposed in [13]. For instance, in order to maximize the
received power at the relay, the authors of [14] jointly opti-
mized the beamforming vector at the relay and the phase
shift at the IRS. Simulation results showed that IRS assisted
DF relay networks can achieve better rate performance and
coverage. The authors of [15] analyzed the performance
gain obtained by deploying IRS in covert communication. It
demonstrated that joint design of transmission power and IRS
reflection coefficient can achieve significant performance
improvement. Moreover, analytical expressions for transmis-
sion power and IRS reflection coefficient were provided.
In [16], for the IRS-aided secure spatial modulation system,
the average SR is maximized by jointly optimizing pas-
sive beamforming at IRS and the base station (BS) transmit
power.
To obtain more rigorous and universal properties regarding

system performance, existing research has made a detailed
analysis of the signal-to-noise ratio (SNR) [17], achievable
rate (AR), bit error rate (BER), energy efficiency [18], delay
outage rate [19], IRS location placement [20], and other

performance aspects of typical IRS-aided communication
systems. The initial design of IRS phase shift was based
on the assumption of an ideal continuous phase shift, in
which case there is no phase quantization error (QE) in the
IRS [21], [22], [23], [24]. Under the assumption of contin-
uous phase shift, using the central limit theorem in [19],
the amplitude of the Rayleigh composite channel is approx-
imated as a complex Gaussian distribution, and then the
received SNR is approximated as a non-central Chi-square
distribution. In addition, the authors of [25] analyzed the
tight upper bound of the AR for hybrid relay and IRS-
aided communication systems. Moreover, the authors of [26]
derived a new expression of the average SNR based on
the probability density function (PDF) and the cumulative
distribution function (CDF). Subsequently, the IRS assisted
wireless system was analyzed and verified to be superior
to the corresponding amplify-and-forward relay system in
terms of average SNR, outage probability, average symbol
error rate and ergodic capacity. Furthermore, the authors
of [27] derived the critical propagation characteristics of the
double IRS-aided unmanned aerial vehicle (UAV)-to-ground
communication channel model. Simulation results showed
that the double-IRS aided UAV-to-ground communication
has advantages over traditional one with single-IRS or the
line-of-sight (LoS) links.
However, considering the high circuit cost of IRS-aided

systems based on continuous phase shifters, especially when
the number of IRS elements tends to large-scale, it is more
reasonable and suitable to adopt some low-cost finite phase
shifters in practice. Therefore, the performance analysis of
the IRS-aided communication system with discrete phase
shift was further studied in [28], [29], [30], [31], [32].
In [31], the author analyzed the impact of QE introduced
by phase shifters with finite quantization bits, and derived a
closed-form expression for the performance loss of received
signals to interference plus noise ratio using the law of
large numbers. The authors of [32] found the performance
loss caused by IRS in LoS channels and Rayleigh chan-
nels. Simulation results showed that when the quantization
bits number of passive IRS is larger than or equal to 3,
the performance losses of SNR in LoS channels are less
than 0.23 dB, and the corresponding degradation on BER is
negligible.
Due to the “multiplicative fading” effect, the existing

passive IRSs only achieve limited capacity gains in many
scenarios with strong direct links. In [33], the concept of
active IRSs was proposed to overcome this fundamental
limitation. Unlike passive IRSs that reflect signals without
amplification, active IRSs can amplify the reflected signals
via amplifiers integrated into their elements. Due to the use
of active components, the noise introduced by active IRS
elements cannot be neglected as is done for passive IRSs.
How does the amplifying ability and the noise of active
IRS affect the system performance, particularly, under the
power constraint or in the presence of phase quantization
error.
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In this paper, we will present a performance analysis
of a large-scale active IRS-aided wireless communication
network, and our main contributions are summarized as
follows:

1) To find the dominant affecting factor of active IRS-
aided communication network, a new factor, called
average SNR γ0 at IRS, is defined, and its asymptotic
simple expression is derived by using the weak law
of large numbers as the number N of elements of IRS
goes to medium-scale and large-scale. Using this def-
inition, when N tends to large-scale, the receive SNR
at user is proven to be a linear increasing function
of a product of N and γ0. Considering parameter γ0
is proportional to the ratio of Ps to σ 2

i , where Ps is
the transmit power at BS and σ 2

i is the noise power
at active IRS. In other words, γ0 will have a signifi-
cant impact on system rate performance given a fixed
number of active IRS elements.

2) To evaluate the influence of adjusting the transmit
power Ps at BS or the reflected power Pi at IRS on
rate performance, two situations are considered as fol-
lows: adjust Pi with fixed Ps and adjust any one of
Pi and Ps under their sum constraint. In the first case,
when Ps is fixed, there exists an optimal Pi and we
give a closed-form expression of the optimal Pi in this
case. In the second case, an efficient power allocation
(PA) strategy is given in the presence of a constraint
on the sum of Pi and Ps, and it shows a rate gain of
0.83 bit over equal PA (EPA).

3) To see the performance loss caused by finite phase
shifters at active IRS, according to the law of
large numbers, the closed-form expressions for the
performance loss (PL) of user’s asymptotic SNR, AR,
and BER are derived firstly. Subsequently, expres-
sions for the approximate performance loss (APL) of
SNR, AR and BER are given based on the Taylor
series expansions. Numerical simulations show that
when the number of quantization bits is greater than
or equal to 3, the loss of the asymptotic SNR and
AR of the active IRS-aided wireless network are
less than 0.22 dB and 0.08 bits/s/Hz, respectively,
and the corresponding BER performance loss may be
ignored.

The remainder of this paper is organized as follows.
Section II constructs a system model of an active IRS-aided
communication network. Section III derives the performance
analysis of the active IRS with infinite phase shifter and
reveals the key factors affecting the user received SNR.
Subsequently, the SNR, AR, and BER performance loss anal-
ysis of large-scale active IRS-aided wireless networks with
finite phase shifters is presented in Section IV. Simulation
and numerical results are shown in Section V. Finally, we
draw our conclusions in Section VI.
Notations: Throughout the paper, vectors and scalars are

denoted by letters of bold lower case and lower case,

FIGURE 1. System model of an active IRS-aided communication network.

respectively. The sign | · | represents modulus. The notation
E{·} represents expectation operation.

II. SYSTEM MODEL
A downlink communication system with the aid of an
N-element active IRS is described in Fig. 1, where the
BS and the user are equipped with single antenna. It is
worth noting that a multi-antenna BS scenario can be viewed
as a virtual single-antenna BS through transmit beamform-
ing. Then, the subsequent derivation process of BS with
multi antenna is similar to the single-antenna BS scenario.
The BS→IRS, IRS→User, and BS→User channels are the
Rayleigh channels.
Assume that x is the transmit signal at BS with

E[|x|2 = Ps. The signal received at the n-th active IRS
element can be modeled as

si(n) = √
Lgg(n)x+ wi(n), (1)

where g(n) = |g(n)|ejθg(n) is the channel between the BS
and the n-th active IRS element, wherein Lg is the chan-
nel path loss coefficient. wi(n) represents the additive white
Gaussian noise (AWGN) at the n-th active IRS element with
distribution wi(n) ∼ CN (0, σ 2

i ).
The signal reflected by the n-th active IRS element can

be expressed as

yi(n) = √
Lgp(n)g(n)x+ p(n)wi(n), (2)

where the amplification factor at the n-th IRS element can
be expressed as p(n) = |p(n)|ejθi(n).
From (2), the average total power reflected by all N active

IRS elements is

Pi = PsLg

N∑

n=1

|p(n)g(n)|2 + σ 2
i

N∑

n=1

|p(n)|2, (3)

where Pi represents the maximum reflecting power sum at
active IRS.
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The signal received at user can be written as

yu =
(√

Lhh
∗ + √

Lf Lg

N∑

n=1

f ∗(n)p(n)g(n)
)
x

+ √
Lf

N∑

n=1

f ∗(n)p(n)wi(n) + wu

=
(√

Lh|h|e−jθh + √
Lf Lg

N∑

n=1

|f (n)||p(n)||g(n)|

· ej
(
−θf (n)+θi(n)+θg(n)

))
x

+ √
Lf

N∑

n=1

f ∗(n)p(n)wi(n) + wu

= e−jθh
(√

Lh|h| + √
Lf Lg

N∑

n=1

|f (n)||p(n)||g(n)|

· ej
(
−θf (n)+θi(n)+θg(n)+θh

))
x

+ √
Lf

N∑

n=1

f ∗(n)p(n)wi(n) + wu, (4)

where h∗ = |h|e−jθh ∼ CN (0, α2
h) and f ∗(n) =

|f (n)|e−jθf (n) ∼ CN (0, α2
f ) represent channels from BS to

the user and the n-th active IRS element to the user, respec-
tively, and Lh and Lf are the corresponding channel path
loss coefficient. wu represents the AWGN at the user with
distribution wu ∼ CN (0, σ 2

u ).
If the phase shifter of the active IRS is continuous, which

means that there is no phase QE, the transmit signal of the
BS is perfectly reflected by the IRS to the user, so the phase
shifter of the n-th active IRS element can be designed as

θic(n) = θf (n) − θg(n) − θh, (5)

where we assume θh = 0 for the convenience of the
subsequent derivation.
Assuming that the actual IRS implementation involves

many finite phase shifters, where each discrete phase shifter
uses a k-bit phase quantizer, the phase feasible set of each
reflect element of the IRS is as follows

� =
{

π

2k
,

3π

2k
, . . . ,

(
2k+1 − 1

)
π

2k

}

. (6)

The desired continuous phase of the n-th element of the
IRS is shown in (5), and the final discrete phase chosen
from the phase feasible set � is

θi(n) = arg min
θi(n)∈�

‖θi(n) − θic(n)‖2. (7)

In general, the actual discrete phase is not equal to the
desired continuous phase, and this phase mismatch leads
to degraded receive performance. For the next analysis, we
define the n-th phase QE at the IRS as

�θ(n) = θi(n) − θic(n). (8)

Assuming that the phase quantization error obeys a
uniform distribution, it follows the PDF as follows

f (x) =
{

1
2�x , x ∈ [−�x,�x],
0, otherwise,

(9)

where

�x = π

2k
, (10)

where k is a positive integer.
In the presence of phase QE, the receive signal (4) can

be converted into

ŷu =
(√

Lh|h| + √
Lf Lg

N∑

n=1

|f (n)||p(n)||g(n)|ej�θ(n)

︸ ︷︷ ︸
S

)

· x+ √
Lf

N∑

n=1

f ∗(n)p(n)wi(n)

︸ ︷︷ ︸
N1

+ wu︸︷︷︸
N2

=
(√

Lh|h| + √
Lf LgS

)
x+ N1 + N2. (11)

The SNR at the user is

γu = Ps
(√

Lh|h| + √
Lf LgS

)2

E
(
NH1 N1

) + E
(
NH2 N2

) , (12)

where wi(n), wu is independent and identically distributed,
so E(NH1 N2) = E(NH2 N1) = 0.
In accordance with the weak law of large numbers, we

have

S = N · 1

N

N∑

n=1

|f (n)||p(n)||g(n)|ej�θ(n)

≈ N · E
(
|f (n)||p(n)||g(n)|ej�θ(n)

)
. (13)

The power of noise amplified by active IRS is

E

(
NH1 N1

)

= LfE

{ M∑

m=1

N∑

n=1

f ∗(m)f (n)p∗(m)p(n)w∗
i (m)wi(n)

}

= Lf

M∑

m=1

N∑

n=1

f ∗(m)f (n)p∗(m)p(n) · E{w∗
i (m)wi(n)

}
, (14)

where

E

{
w∗
i (m)wi(n)

}
= σ 2

i δ(m− n), (15)

then

E

(
NH1 N1

)
= Lf

M∑

m=1

N∑

n=1

f ∗(m)f (n)p∗(m)p(n)σ 2
i δ(m− n)

= Lf σ
2
i

N∑

n=1

|f (n)|2|p(n)|2. (16)
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Similarly, according to the weak law of large
numbers, (16) can be further converted to

E

(
NH1 N1

)
≈ NLf σ

2
i E

(
|f (n)|2|p(n)|2

)
. (17)

The noise power at the user is

E

(
NH2 N2

)
= σ 2

u . (18)

III. PERFORMANCE ANALYSIS WITH INFINITE PHASE
SHIFTERS
In order to show the main factors affecting the receive
performance of the active IRS-aided wireless network, based
on the system model constructed in Section II, we make an
asymptotic performance analysis and derivation of the IRS-
assisted wireless network with infinite phase shifter in this
section. First, we define the average SNR at the active IRS
in Section III-A, and subsequently uncover the relationship
between receive SNR at user and average SNR at active IRS
in Section III-B.

A. DEFINITION OF AVERAGE SNR AT ACTIVE IRS
From (1), the receive power at the n-th active IRS element
is given by

E
{
sHi (n)si(n)

} = PsLg|g(n)|2 + σ 2
i . (19)

The average SNR at active IRS is defined as

γ0 =
PsLg

N∑

n=1
|g(n)|2

Nσ 2
i

, (20)

which will be shown to affect the final receive SNR at the
user given a fixed transmit power constraint at BS. This is
due to the fact that active IRS introduces a reflected noise
unlike passive IRS. In accordance with the law of large
numbers, (20) can be re-expressed as

γ0 = PsLg
σ 2
i

· 1

N

N∑

n=1

|g(n)|2 ≈ PsLg
σ 2
i

· E{|g(n)|2}, (21)

where g(n) ∼ CN (0, α2
g), then |g(n)| obeys Rayleigh

distribution and the corresponding PDF is as follows

fα(x) =
{

x
α2 e

− x2

2α2 , x ∈ [0,+∞),
0, otherwise,

(22)

where α > 0 stands for the Rayleigh distribution parameter.
According to [35], the k-order origin moment of corre-

sponding (22) is

E

(
xk
)

=
{(

π
2

) 1
2 · (2n)!α2n−1

2n·n! , k = 2n− 1,

2n · n! · α2n, k = 2n.
(23)

From (23), we can get

E

{
|g(n)|2

}
= 2α2

g . (24)

Substituting (24) into (21) yields

γ0 = 2PsLgα2
g

σ 2
i

. (25)

B. RELATIONSHIP BETWEEN RECEIVED SNR AT USER
AND AVERAGE SNR γ0 AT IRS
If infinite phase shifters are deployed at IRS, implying that
there is no phase QE at the IRS, we can obtain

�θ(n) = 0. (26)

Then, (13) can be converted to

SnoQE = N · E(|f (n)||p(n)||g(n)|). (27)

According to [33] (40c), the active IRS allocates the same
amplification factor to all channels. From (3), the total power
reflected by active IRS is Pi. let us define

|p(n)|active = λa =
√√√√√

Pi

PsLg
N∑

n=1
|g(n)|2 + Nσ 2

i

. (28)

When the number of IRS elements tends to be large-
scale, according to the law of large numbers, (28) can be
re-expressed as

λa =
√√√√√

Pi

PsLgN · 1
N

N∑

n=1
|g(n)|2 + Nσ 2

i

≈
√

Pi
PsLgN · E(|g(n)|2) + Nσ 2

i

. (29)

Substituting (24) into (29) yields

λa =
√√√√

Pi

N
(

2PsLgα2
g + σ 2

i

) . (30)

The signal amplified by the IRS with infinite phase shifters
by substituting (28) into (27) is

SnoQE = λaN · E(|f (n)||g(n)|). (31)

Since |f (n)| and|g(n)| are independent of each other, (31)
can be further converted to

SnoQE = λaN · E(|f (n)|) · E(|g(n)|). (32)

Since |f (n)| and |g(n)| follow the Rayleigh distribution
with parameters α2

f and α2
g , respectively, from (23), it can

be obtained that

E
(|f (n)|) =

(π

2

) 1
2
αf ,

E
(|g(n)|) =

(π

2

) 1
2
αg. (33)

Substituting (33) into (32) yields

SnoQE = π

2
λaNαfαg. (34)

Similarly, noise amplified by the IRS with infinite phase
shifters by substituting (28) into (17) is

E

(
NH1 N1

)

noQE
= λ2

aNLf σ
2
i E

(
|f (n)|2

)
. (35)
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From (23), the second-order origin moment of |f (n)| is
E

(
|f (n)|2

)
= 2α2

f , (36)

then, we have

E

(
NH1 N1

)

noQE
= 2λ2

aNLfα
2
f σ

2
i . (37)

From (23), it can be obtained that

E
(|h|) =

(π

2

) 1
2
αh. (38)

Substituting (34), (35) and (38) into (12) yields the
expression of the SNR without performance loss

γ noQE
u =

Ps
((

π
2

) 1
2
√
Lhαh + π

2 λaN
√
Lf Lgαfαg

)2

2λ2
aNLfα

2
f σ

2
i + σ 2

u

. (39)

In order to conveniently analyze the key indicators affect-
ing the received SNR, substituting (30) into (39) yields (40),
shown at the bottom of the page.
To facilitate the subsequent derivation, (40) can be

rewritten as

γ noQE
u

=
A1P2

s + A2Psσ 2
i + A3NPsPi + A4Ps

√
NPi

(
A5Ps + A6σ

2
i

)

B1Piσ 2
i + B2Psσ 2

u + σ 2
u σ 2

i

,

(41)

where

A1 = πLhLgα
2
hα

2
g,

A2 = π

2
Lhα

2
h,

A3 = π2

4
Lf Lgα

2
f α

2
g,

A4 = π
(π

2

) 1
2
αhαfαg,

A5 = 2LhL
2
gLfα

2
g,

A6 = Lf LgLh,

B1 = 2Lfα
2
f ,

B2 = 2Lgα
2
g . (42)

Assuming that the power P̄i reflected by each IRS element
is limited, when the number of IRS elements N tends to
large-scale, namely when Pi = NP̄i → +∞, then

γ noQE
u → A3NPs

B1σ
2
i

= π2NPsLgα2
g

8σ 2
i

. (43)

To further reveal the relationship between received SNR
γ
noQE
m at user and average SNR γ0 at active IRS, we

substitute (25) into (43) to obtain

γ noQE
u → π2

16
· N · γ0. (44)

From the above expression, the receive SNR at user is shown
to be a linear increasing function of a product of N and
γ0 given fixed Ps and P̄i. In other words, the relationship
reveals: (a) Unlike passive IRS with array gain N2, the array
gain of active IRS is N and increasing the number of IRS
elements may linearly improve the SNR performance at user
for a fixed γ0; (b) Fixing N, the receive SNR at the user
is shown to be a linear increasing function of γ0, that is,
reducing the noise level (noise variance σ 2

i ) or increasing
the transmit power Ps at BS will linearly increase the receive
SNR at user. This is mainly due to the noise at active IRS.
In general, the asymptotic SNR at the user decreases as the

noise power at the active IRS increases. It is also important
to consider that when σ 2

i → +∞, we have

γ noQE
u → A2Ps

B1Pi + σ 2
u

. (45)

In this case, the asymptotic received SNR at user decreases
as Pi increases when the BS transmit power Ps is fixed.
On the contrary, when σ 2

i → 0,

γ noQE
u → A1P2

s + A3NPsPi + A4Ps
√
A5NPsPi

B2Psσ 2
u

. (46)

At this case, the asymptotic received SNR at user increases
as Pi increases when the BS transmit power Ps is fixed.
In order to obtain the optimal IRS reflect power Popti when

the BS transmit power is fixed, (41) can be expressed as

γ noQE
u = C1 + C2Pi + C3

√
Pi

C4Pi + C5
, (47)

where

C1 = A1P
2
s + A2Psσ

2
i ,

C2 = A3NPs,

C3 = A4Ps
√
N
(
A5Ps + A6σ

2
i

)
,

C4 = B1σ
2
i ,

C5 = B2Psσ
2
u + σ 2

u σ 2
i . (48)

The derivative of (47) with respect to Pi yields

dγ noQE
u

dPi
= aPi

1
2 + bPi−

1
2 + c

2
(
C4Pi + C5

)2
, (49)

γ noQE
u =

π
2 α2

hPsLh
(

2PsLgα2
g + σ 2

i

)
+ π2

4 NPsPiLf Lgα
2
f α

2
g + π

(
π
2

) 1
2Psαhαfαg

√
NPiLf LgLh

(
2PsLgα2

g + σ 2
i

)

2PiLfα2
f σ

2
i + σ 2

u

(
2PsLgα2

g + σ 2
i

) . (40)
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where

a = C2C4 − 2C2C5,

b = C2C5,

c = 2
(
C3C5 − C1C4

)
. (50)

Letting (49) equal 0, we get

Popti = arg max
Pi∈S

(47), (51)

where S = {Popt1i ,Popt2i } with

Popt1i = −2ab+ c2 + √−4abc2 + c4

2a2
, (52)

and

Popt2i = −2ab+ c2 − √−4abc2 + c4

2a2
. (53)

IV. PERFORMANCE LOSS DERIVATION AND ANALYSIS
WITH FINITE PHASE SHIFTERS
The high circuit cost of the infinite phase shifter makes it
difficult to implement in practice. It is more relevant to study
IRS-aided wireless networks with finite phase shifters. We
will conduct performance impact analysis on SNR, AR, and
BER of a large-scale active IRS-aided wireless network in
this section.
If the active IRS is equipped with finite phase shifters,

this will inevitably result in phase QE, i.e.,

�θ(n) �= 0, (54)

in this case, the signal amplified by the active IRS by
substituting (28) into (13) is

Sactive = λaN · E
(
|f (n)||g(n)|ej�θ(n)

)
. (55)

It is worth noting that |f (n)|, |g(n)|, and �θ(n)
are independent of each other. (55) can be further
converted to

Sactive = λaN · E(|f (n)|) · E(|g(n)|) · E
(
ej�θ(n)

)
. (56)

The phase QE �θ(n) follows uniform distribution,
from (9), we can have

E

(
ej�θ(n)

)
= E

(
cos �θ(n)

)
+ jE

(
sin �θ(n)

)

=
∫ +�x

−�x
cos(�θ(n))f (�θ(n))d(�θ(n)) + 0

= 1

2�x

∫ +�x

−�x
cos(�θ(n))d(�θ(n))

= sin(�x)

�x

= sinc
( π

2k

)
. (57)

Substituting (33) and (57) into (56) yields

Sactive = π

2
λaNαfαg sinc

( π

2k

)
. (58)

Whether finite phase shifters or infinite phase shifters are
deployed at the IRS, the noise amplified by the active IRS
is equal. In this case, one obtains

E

(
NH1 N1

)

active
= E

(
NH1 N1

)

noQE
= 2λ2

aNLfα
2
f σ

2
i . (59)

Substituting (58), (59) and (38) into (12) yields that the
expression of the SNR with performance loss is

γ̂ active
u

=
Ps

((
π
2

) 1
2
√
Lhαh + π

2 λaN
√
Lf Lgαfαg sinc

(
π
2k

))2

2λ2
aNLfα

2
f σ

2
i + σ 2

u

.

(60)

The asymptotic performance analysis of large-scale active
IRS-aided wireless networks in Rayleigh fading channels can
be extended to LoS or Rician fading channels. When the
BS→IRS and IRS→User channels are the Rician channels,
the SNR at user with performance loss is shown in (61),
shown at the bottom of the page, where

λRiciana =
√

Pi(K + 1)

NKPsLg + 2NPsLgα2
g + N(K + 1)σ 2

i

, (62)

wherein K is the Rician factor. From (61), it can be seen
that when K = 0, (61) can be simplified to be consistent
with the SNR (60) at user with performance loss in Rayleigh
fading channel. Correspondingly, when K = 0, λRiciana in (62)
degenerates to be consistent with λa in (30). Similarly, when
K = ∞, the received SNR at user in LoS fading channel
can be derived.
Substituting (30) into (60) yields

γ̂ active
u =

Ps
(
Da + π

2N
√
PiLf Lgαfαg sinc

(
π
2k

))2

2NPiLfα2
f σ

2
i + Nσ 2

u

(
2PsLgα2

g + σ 2
i

) , (63)

where Da = (π
2 )

1
2 αh

√
NLh(2PsLgα2

g + σ 2
i ).

To simplify (63), using the Taylor series expansion [36]
to approximate cos(�θ(n)) can be obtained

cos
(
�θ(n)

) ≈ 1 − �θ2(n)

2
, (64)

γ Rician
u =

(K + 1)Ps
[√

Lh|h| + λRiciana N
√
Lf Lg sinc

(
π

2k

)

K+1

(
K + π

2 αfαg + √
K
(

π
2

) 1
2 αf + √

K
(

π
2

) 1
2 αg

)]2

NLf
[
λRiciana

]2
σ 2
i

(
K + √

2πKαf + 2α2
f

)
+ (K + 1)σ 2

u

, (61)
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then (57) can be rewritten as

E

{
cos

(
�θ(n)

)} = 1

2�x

∫ �x

−�x
cos(�θ(n))d(�θ(n))

≈ 1

2�x

∫ �x

−�x

(
1 − �θ2(n)

2

)
d(�θ(n))

= 1 − 1

6
(�x)2 = 1 − 1

6

( π

2k

)2
. (65)

The receive SNR with approximate performance loss is

γ̃ active
u =

Ps
(
Da + π

2N
√
PiLf Lgαfαg

(
1 − 1

6

(
π
2k

)2))2

2NPiLfα2
f σ

2
i + Nσ 2

u

(
2PsLgα2

g + σ 2
i

) .

(66)

When k → +∞, the receive SNR at user with no PL is

γ active
u =

Ps
(
Da + π

2N
√
PiLf Lgαfαg

)2

2NPiLfα2
f σ

2
i + Nσ 2

u

(
2PsLgα2

g + σ 2
i

) . (67)

The performance loss of the receive SNR at user can be
formulated as follows

L̂activeu = γ active
u

γ̂ active
u

=
(
Da + π

2N
√
PiLf Lgαfαg

)2

(
Da + π

2N
√
PiLf Lgαfαg sinc

(
π
2k

))2

=
⎛

⎝1 +
π
2

√
PiLf Lgαfαg

(
1 − sinc

(
π
2k

))

1
NDa + π

2

√
PiLf Lgαfαg sinc

(
π
2k

)

⎞

⎠

2

. (68)

The approximate performance loss of SNR at user is

L̃activeu = γ active
u

γ̃ active
u

=
(
Da + π

2N
√
PiLf Lgαfαg

)2

(
Da + π

2N
√
PiLf Lgαfαg

(
1 − 1

6

(
π
2k

)2))2

=
⎛

⎜
⎝1 +

π
12

√
PiLf Lgαfαg

(
π
2k

)2

1
NDa + π

2

√
PiLf Lgαfαg

(
1 − 1

6

(
π
2k

)2)

⎞

⎟
⎠

2

.

(69)

Observing (68) and (69), we find that L̂activeu and L̃activeu
gradually decrease as k increases, while they gradually
increase with increases N.
The AR at user with PL, APL, and no PL are given by

R̂activeu = log2

(
1 + γ̂ active

u

)

= log2

⎛

⎜
⎝1 +

Ps
(
Da + π

2 N
√
PiLf Lgαfαg sinc

(
π
2k

))2

2NPiLfα2
f σ

2
i + Nσ 2

u

(
2PsLgα2

g + σ 2
i

)

⎞

⎟
⎠,

(70)

R̃activeu = log2

(
1 + γ̃ active

u

)
= log2

⎛

⎜
⎝1 +

Ps
(
Da + π

2 N
√
PiLf Lgαfαg

(
1 − 1

6

(
π
2k

)2))2

2NPiLfα2
f σ

2
i + Nσ 2

u

(
2PsLgα2

g + σ 2
i

)

⎞

⎟
⎠,

(71)

and

Ractiveu = log2

(
1 + γ active

u

)

= log2

⎛

⎜
⎝1 +

Ps
(
Da + π

2 N
√
PiLf Lgαfαg

)2

2NPiLfα2
f σ

2
i + Nσ 2

u

(
2PsLgα2

g + σ 2
i

)

⎞

⎟
⎠,

(72)

respectively.
In accordance with [34], the expression of BER is

BER(z) ≈ λQ
(√

μz
)
, (73)

where λ represents the number of nearest neighbors of the
constellation at the minimum distance, which depends on the
modulation type. z denotes the SNR of each symbol, and μ

is a constant, which related to the average symbol energy at
the minimum distance. Q(z) stands for the probability that
a Gaussian random variable x with mean zero and variance
one exceeds the value z, it can be expressed as follows

Q(z) =
∫ +∞

z

1√
2π

e
−x2

2 dx. (74)

Assuming that the modulation scheme adopts quadrature
phase shift keying (QPSK), in accordance with (67), (63)
and (66), the BERs without PL, PL and APL are given by

BERactive
u

≈ Q

⎛

⎜⎜
⎝

√√√√√√
Ps

(
Da + π

2N
√
PiLf Lgαfαg

)2

2NPiLfα2
f σ

2
i + Nσ 2

u

(
2PsLgα2

g + σ 2
i

)

⎞

⎟⎟
⎠, (75)

B̂ER
active
u

≈ Q

⎛

⎜⎜
⎝

√√√√√√
Ps

(
Da + π

2N
√
PiLf Lgαfαg sinc

(
π
2k

))2

2NPiLfα2
f σ

2
i + Nσ 2

u

(
2PsLgα2

g + σ 2
i

)

⎞

⎟⎟
⎠, (76)

and

B̃ERactive
u

≈ Q

⎛

⎜⎜
⎝

√√√√√√
Ps

(
Da + π

2N
√
PiLf Lgαfαg

(
1 − 1

6

(
π
2k

)2))2

2NPiLfα2
f σ

2
i + Nσ 2

u

(
2PsLgα2

g + σ 2
i

)

⎞

⎟⎟
⎠,

(77)

respectively.

VOLUME 4, 2023 2691



WANG et al.: ASYMPTOTIC PERFORMANCE ANALYSIS

FIGURE 2. SNR versus the number N of IRS elements.

V. SIMULATION RESULTS AND DISCUSSION
In this section, due to the introduction of IRS with finite
phase shifters, phase QE will be present. Below, the impact
of discrete phase shifter IRS on SNR, AR, and BER will
be simulated and analyzed. The path loss at distance d is
modeled as L(d) = PL0 −10alog10

d
d0
, where PL0 = −30 dB

represents the path loss reference distance d0 = 1m, and a is
the path loss exponent. The path loss exponents of BS→IRS,
IRS→User, and BS→User channels are respectively chosen
as 2.7, 2.7, and 3. Simulation parameters are set as fol-
lows: BS, user, and active IRS are located at (0 m, 0 m),
(200 m, 0 m), and (50 m, 30 m), respectively. The Rayleigh
distribution parameter is set to α2

h = α2
f = α2

g = 1
2 .

To assess the value of N that the asymptotic SNR can
approximate the actual SNR well in Rayleigh fading channel,
the actual SNR and its asymptotic simple expression at active
IRS are plotted in Figs. 2 (a), while the actual SNR and
its asymptotic expression at user are plotted in Figs. 2 (b).
From Figs. 2, it can be seen that the asymptotic SNR can be
approximately equal to the actual SNR in Rayleigh fading

FIGURE 3. SNR versus reflect power at active IRS.

TABLE 1. Rate gains of optimal βopt over EPA with σ 2
i = −100 dBm.

channel when N is greater than or equal to 64. In addition,
Fig. 2 (b) confirms this conclusion that the user receive SNR
increases linearly with increasing N as derived from (44).

Fig. 3 plots the curves of the asymptotic received SNR
versus Pi. From Fig. 3, it is seen: as Pi = NP̄i varies from
−60 dBm to 50 dBm, SNR at user firstly increases gradually,
them reach the peak value, then decreases monotonically, and
finally converges to a SNR floor. Observing three typical sce-
narios in this figure, we can conclude that the asymptotic
received SNR may be viewed as a quasi-concave function
of Pi. This figure also tells us that there is an optimal reflect
power at IRS to achieve a maximum receive SNR at user
given a fixed transmit power at BS. At this point, further
increasing the value of Pi will harvest no SNR gain. This ten-
dency is mainly due to the fact that the active IRS amplifies
signal and at the same time noise.
Inspired by [37], under the total power sum constraint,

i.e., Pi + Ps = PT with PT being fixed. In order to evaluate
the impact of PA on SNR performance, a PA factor β is
defined as follows: β = Pi/PT , and Ps = (1 − β)PT , where
0 ≤ β ≤ 1. Fig. 4 (a) illustrates the curves of SNR at user
versus β for three typical values of σ 2

i and σ 2
u . In order to

fully plot the received SNR at user versus β from 0 to 1,
the vertical axis is set to “SNR+1”. From this figure, it
is seen that the SNR at user is a concave function of PA
factor β. As β ranges from 0 to 1, there exists an optimal
PA strategy. Table 1 lists the rate gains of optimal βopt over
classical EPA. When σ 2

i = −100 dBm, σ 2
u = −70 dBm, and

βopt = 0.9, the rate gain is 0.83 bit. Similarly, Fig. 4 (b) and
Table 2 depict that when σ 2

i = −70 dBm, σ 2
u = −100 dBm,

and βopt = 0.1, the rate gain is 0.62 bit.
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FIGURE 4. SNR versus power allocation factor.

TABLE 2. Rate gains of optimal βopt over EPA with σ 2
u = −100 dBm.

Fig. 5 illustrates the loss of SNR versus quantization bit
numbers k with k from 1 to 6. It can be seen that both
SNR PL and APL decrease with the increase of k, while it
increases with N increases. When k is greater than or equal
to 3, the SNR loss of active IRS-aided wireless network
is less than 0.22 dB when N = 1024. This indicates that
for active IRS, about 3 bits is sufficient to achieve trivial
performance loss.
Fig. 6 describes the AR versus k with k ranging from

1 to 6. It can be observed that the AR performance loss
decreases with k increases, and increases with the increase
of N. In addition, when N = 1024, the AR performance loss

FIGURE 5. Loss of SNR versus quantization bit numbers k .

FIGURE 6. AR versus quantization bit numbers k .

achieved by 3 quantization bits is less than 0.08 bits/Hz in
the case of PL and APL compared to without PL.
Fig. 7 depicts the BER versus the number k of quanti-

zation bits varying from 1 to 6, where SNR is equal to
3 dB (N = 256) and 9 dB (N = 1024), respectively. From
this figure we can find that, when k reaches 3 in the case
of an active IRS, the BER performance of PL and APL is
almost the same as that without PL, which means that using
a discrete phase shifter with k = 3 in practice to achieve a
negligible performance loss is feasible.

VI. CONCLUSION
In this paper, the asymptotic performance of large-scale
active IRS-aided wireless communication networks has been
investigated. The key factor γ0 that affects the user receive
SNR was defined. The simple asymptotic expression for γ0
was derived when the number N of IRS elements tended to
medium-scale and large-scale. As N reached large-scale, the
asymptotic SNR at user was verified to be a linearly increas-
ing function of the product of γ0 and N. Subsequently, an
optimal IRS reflect power exists for a fixed BS transmit
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FIGURE 7. BER versus quantization bit numbers k .

power. At this point, more IRS reflect power will reduce
SNR performance. Furthermore, an optimal PA strategy was
obtained with the sum constraint of BS transmit power and
IRS reflected power, and the rate gain of the optimal PA fac-
tor over EPA is up to 0.83 bit. To analyze the performance
loss due to the finite phase shifter, we derived closed-form
expressions for PL and APL for the user’s asymptotic SNR,
AR, and BER. Moreover, the expression for the approxi-
mate performance losses for SNR, AR, and BER were given
based on the Taylor series expansions. Numerical simulations
showed that when k is greater than or equal to 3, the losses
of active asymptotic SNR and AR are less than 0.22 dB and
0.08 bits/s/Hz, respectively. This means that for active IRS,
a 3-bit phase shifter is sufficient to achieve a trivial rate
performance loss.
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