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ABSTRACT Intelligent reflecting surfaces (IRS) have emerged as a promising technology to enhance
the performance of wireless communication systems. By actively manipulating the wireless propagation
environment, IRS enables efficient signal transmission and reception. In recent years, the integration
of IRS with full-duplex (FD) communication has garnered significant attention due to its potential to
further improve spectral and energy efficiencies. IRS-assisted FD systems combine the benefits of both
IRS and FD technologies, providing a powerful solution for the next generation of cellular systems.
In this manuscript, we present a novel approach to jointly optimize active and passive beamforming in
a multiple-input-multiple-output (MIMO) FD system assisted by an IRS for weighted sum rate (WSR)
maximization. Given the inherent difficulty in obtaining perfect channel state information (CSI) in practical
scenarios, we consider imperfect CSI and propose a statistically robust beamforming strategy to maximize
the ergodic WSR. Additionally, we analyze the achievable WSR for an IRS-assisted MIMO FD system
under imperfect CSI by deriving both the lower and upper bounds. To tackle the problem of ergodic WSR
maximization, we employ the concept of expected weighted minimum mean squared error (EWMMSE),
which exploits the information of the expected error covariance matrices and ensures convergence to
a local optimum. We evaluate the effectiveness of our proposed design through extensive simulations.
The results demonstrate that our robust approach yields significant performance improvements compared
to the simplistic beamforming approach that disregards CSI errors, while also outperforming the robust
half-duplex (HD) system considerably.

INDEX TERMS Full duplex, intelligent reflecting surfaces, robust beamforming, imperfect CSI, ergodic
weighted sum rate.

I. INTRODUCTION

FULL DUPLEX (FD) is a promising wireless
transmission technology offering simultaneous trans-

mission and reception in the same frequency band, which
theoretically doubles the spectral efficiency [1], [2]. It is
crucial for sustaining the exponentially ever-increasing data
rate demands as it can offer flexible utilization of the lim-
ited wireless spectrum [3], [4]. Beyond spectral efficiency,
FD can be beneficial to improve security, enable advanced
joint communication and sensing, and reduce end-to-end
delays [5], [6], [7]. However, a major hurdle in achieving

optimal FD operation is the presence of self-interference
(SI) which can reach up to 90 − 110 dB higher than the
desired received signal [8], [9]. Overcoming this challenge
is crucial for realizing the full potential of FD systems.
Sophisticated self-interference cancellation (SIC) tech-

niques hold paramount significance in effectively reducing
the power of SI to levels approaching the noise floor
thereby enabling precise reception of the desired signal.
These techniques can be categorized into two primary clas-
sifications: passive and active SIC [8], [10]. Passive SIC
involves attenuating SI by optimizing the path loss between

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

VOLUME 4, 2023 1879

HTTPS://ORCID.ORG/0000-0003-1676-5983
HTTPS://ORCID.ORG/0000-0002-7968-7655
HTTPS://ORCID.ORG/0000-0002-8500-5534
HTTPS://ORCID.ORG/0000-0002-5505-6170
HTTPS://ORCID.ORG/0000-0001-5122-0001


SHEEMAR et al.: IRS ASSISTED MIMO FULL DUPLEX: RATE ANALYSIS AND BEAMFORMING

the transmit and receive antennas of the FD node. Through
strategic manipulation of signal propagation, passive SIC
aims to effectively diminish the power of SI. Active SIC
techniques can be further divided into two distinct domains:
analog and digital techniques [11], [12], [13]. Analog SIC
primarily focuses on mitigating SI by replicating the trans-
mitted signal with an inverted sign prior to reaching the
analog-to-digital converters (ADCs). This approach ensures
that an adequate dynamic range is preserved in the ADCs for
the desired signal. Subsequently, the residual SI that remains
after the analog-to-digital conversion stage is addressed using
digital SIC techniques in the baseband [14]. The combined
utilization of active and passive SIC techniques allows for
the substantial reduction of SI near the noise floor, resulting
in a twofold increase in spectral efficiency.
Besides FD technology, a promising and emerging inno-

vation called intelligent reflecting surface (IRS) is garnering
considerable attention [15], [16]. These surfaces provide a
dynamic and adaptable wireless environment, offering full
control over the manipulation of the impinging electromag-
netic field to fulfill specific requirements [17]. Constructed
from multiple cost-effective passive meta-elements, IRSs
consist of planar surfaces capable of modifying the reflected
signal without the need for a dedicated radio frequency
(RF) chain. As a result, IRSs can be deployed with sig-
nificantly lower energy costs compared to traditional active
nodes. Through intelligent reconfiguration, an IRS can fulfill
various functions, including enhancing signal reception qual-
ity by bypassing obstacles, compensating for signal fading,
introducing supplementary signal paths, improving channel
statistics, and fortifying wireless network security [18].
The recent literature on the IRSs is available

in [19], [20], [21] In [19], the recent developments in
the different types of IRSs and promising candidates for
future research are discussed. In [20], the authors investi-
gate the three-dimensional physics-based double IRSs for
the unmanned aerial vehicle-to ground communication sce-
narios. A novel stochastic channel model is proposed and
the critical propagation properties of the proposed chan-
nel model, such as the spatial cross-correlation functions,
temporal auto-correlation functions, and frequency correla-
tion functions, with respect to different RIS reflection phase
configurations are investigated. In [21], a hybrid near-field
and far-field stochastic channel model for characterizing an
IRS-assisted vehicle-to-vehicle propagation environment is
proposed. The potential of IRSs combined with the upcom-
ing sixth-generation (6G) [22] cellular networks can pave the
way towards smartly controlled and energy-efficient wireless
systems.

A. STATE-OF-THE-ART ON IRS ASSISTED FD SYSTEMS
The integration of the IRSs with FD (IRS-FD) systems,
presents a highly promising solution for meeting the
escalating traffic demands of the future. These systems
offer the potential to achieve optimal utilization of

available resources, encompassing both spectrum and power
allocation [23], [24], [25]. By leveraging the intelligent
capabilities of IRS and the simultaneous transmission and
reception capabilities of FD, IRS-FD systems are poised
to revolutionize wireless communication networks. This
innovative approach has garnered significant attention from
researchers and experts in the field, with studies highlight-
ing the transformative potential of IRS-FD in addressing the
evolving requirements of modern wireless communication
systems [26].

A collection of recent studies exploring IRS-FD systems
can be found in [27], [28], [29], [30], [31], [32], [33], [34].
In [27], the authors investigated the performance of the IRS-
FD system by analyzing the outage and error probabilities.
Moreover, they also investigated the advantage of an IRS in
partially reducing the SI effect. In [28], the authors presented
a novel beamforming design for an FD relay assisted with
one IRS to maximize the minimum achievable rate with the
max − min optimization. In [29], the advantage of IRS in
covering the dead zones in a multi-user FD system in inves-
tigated. The problem of minimization of the uplink (UL)
and downlink (DL) power consumption under the minimum
rate constraints for an IRS-FD system is analyzed in [30].
In [31], beamforming for point-to-point IRS-FD is investi-
gated. In [32], the authors studied the advantage of the IRS
in improving the security of the FD systems and presented
a novel beamforming design to maximize the worst-case
achievable security rate. The authors in [33] explored a
mixed time-scale beamforming design for an IRS-assisted
multi-user FD system. In addition, a deep neural network
is also developed to reduce the computational burden of
the proposed beamforming solution. Finally, in [34], the
authors proposed a joint beamforming design for weighted
sum rate (WSR) maximization in a single-cell multiple-input
single-output (MISO) IRS-FD system.
Despite the fruitful results obtained in the realm of IRS-

FD systems, these studies assume perfect channel state
information (CSI) availability for optimizing the beamform-
ers. However, in practical scenarios, this assumption cannot
be fulfilled due to the presence of inevitable errors that
corrupt the CSI. Such errors can lead to suboptimal deci-
sions regarding the selection of beamformers resulting in
significant performance degradation. The impact of imper-
fect CSI is particularly pronounced in FD systems compared
to their half-duplex (HD) counterparts [35], as errors in the
CSI pertaining to the SI channel can substantially impair
system performance. The consideration of imperfect CSI in
the context of IRS-FD systems has been addressed solely
in the study presented in [32], albeit limited to a simplified
point-to-point MISO FD system. This study considered the
secrecy rate as an objective function. It is noteworthy that the
problem of WSR maximization for the IRS-FD system under
imperfect CSI remains unexplored. Furthermore, the state-
of-the-art also lacked detailed analysis for the achievable
WSR in IRS-FD systems under imperfect CSI.
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FIGURE 1. An IRS-FD system with multi-antenna UL and DL users.

B. MAIN CONTRIBUTIONS
• Motivated by the aforementioned considerations, we
delve into the problem of jointly optimizing the active
and passive beamformers for an IRS-FD system with
multi-antenna UL and DL user, shown in Fig. 1.
Recognizing the practical challenges in attaining perfect
CSI, we address the case of imperfect CSI and adopt
a statistically robust approach to design the beamform-
ers for ergodic WSR maximization, which pertain to
the average WSR considering the CSI errors given the
channel estimates. It is noteworthy that accounting for
CSI errors in each link, alongside the presence of multi-
antenna users, significantly amplifies the complexity of
beamforming design for IRS-FD systems.

• The Gaussian-Kronecker model [36], [37] is adopted to
characterize the CSI errors. By leveraging the statistical
distribution information of these errors, we effectively
analyze and quantify the impact of imperfect CSI on the
IRS-FD system’s performance. In our investigation, we
take a rigorous analytical approach to derive both the
lower and upper bounds of the achievable ergodic WSR,
which enable us to assess the minimum and maximum
capacity of the system in the presence of imperfect CSI,
respectively.

• Subsequently, we formulate the problem of maximiz-
ing the ergodic WSR while simultaneously considering
constraints on the total average sum-power at the base
station and the unit-modulus phase-shift on the IRS
response. To tackle this complex problem, we lever-
age the relationship between the ergodic WSR and
the expected weighted minimum mean squared error
(EWMMSE). This sophisticated approach takes into
account the statistical properties of CSI errors dur-
ing optimization, while considering the average mean
squared error (MSE) covariance matrices. This transfor-
mation reduces the original problem into two distinct
layers of sub-problems, which are iteratively solved.
We note that the IRS also assists in passive SIC for

FD systems. However, due to the imperfect CSI, its
potential can be very limited. With the proposed robust
approach, much higher levels of SIC can be achieved,
resulting in a higher ergodic WSR for IRS-FD systems
in the presence of CSI errors.

• Finally, a comprehensive set of extensive simulation
results is presented to verify and substantiate the effec-
tiveness of the proposed robust joint beamforming
design. The results corroborate the high accuracy of
the derived analytical ergodic WSR approximation.
Furthermore, the proposed statistically robust design
is rigorously benchmarked against various schemes,
including the robust IRS-assisted HD system. Based
on the outcomes obtained, it is concluded that the
proposed design significantly outperforms the bench-
mark schemes, solidifying its superiority and efficacy
under imperfect CSI.

Paper Organization: The rest of the paper is organized
as follows. In Section II, we first present the system model,
model the CSI errors and formulate the problem of ergodic
WSR maximization. In Sections III and IV, we derivate
the ergodic WSR and present a novel beamforming scheme
that exhibits robustness based on the WMMSE. Finally, in
Sections V and VI, we present the numerical results and
draw meaningful conclusions, respectively.
Mathematical Notations: Boldface lower and upper case

characters denote vectors and matrices, respectively. E{·},
Tr{·}, I, denote expectation, trace, identity matrix, respec-
tively, ˜X denotes the transmit covariance matrix ˜X =
XXH . The superscripts (·)T and (·)H denote transpose and
conjugate-transpose (Hermitian) operators, respectively. The
diag(x) denote a diagonal matrix with vector x on its main
diagonal and � denotes Hadamard product. Estimate of
matrix X is denoted with X̂. EX|X̂ denotes that expectation

is taken with respect to X, given its estimate X̂.

II. SYSTEM MODEL
Let j and k denote the multi-antenna DL and UL users served
by the MIMO FD base station (BS), respectively, and let Nj
andMk denote their number of receive and transmit antennas,
respectively. The FD BS is assumed to have M0 transmit and
N0 receive antennas. We consider a multi-stream approach,
and the number of data streams for the UL user k and DL user
j are denoted as uk and vj, respectively. Let Uk ∈ C

Mk×uk and
Vj ∈ C

M0×vj denote the precoders for white unitary-variance
data streams sk ∈ C

uk×1 and sj ∈ C
vj×1, respectively. We

assume that the considered FD system is aided with one
IRS of size R × C. Let θ = [eiθ1 , . . . , eiθRC ] denote the
vector containing the phase-shift response of its RC elements,
and let � = diag(θ) denote a diagonal matrix containing
θ on its main diagonal. Let n0 and nj denote the noise
vectors at the FD BS and DL user j, respectively, which are
modelled as

n0 = CN
(

0, σ 2
0 I

)

, nj = CN
(

0, σ 2
j I

)

, (1)
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where σ 2
0 and σ 2

j denote the noise variances at the BS and
the DL user j, respectively.
The channel responses from the UL user k to the BS

and from the BS to the DL user j are denoted with Hk ∈
C
N0×Mk and Hj ∈ C

Nj×M0 , respectively. Let H0 ∈ C
N0×M0

and Hj,k ∈ C
Nj×Mk denote the SI channel response for the FD

BS and cross-interference channel response between the UL
user k and the DL user j, respectively. The channel responses
from the transmit antenna array of the FD BS to the IRS
and from the IRS to the receive antenna array of the FD
BS are denoted with Hθ,0 ∈ C

RC×M0 and H0,θ ∈ C
N0×RC,

respectively. Finally, Hj,θ ∈ C
Nj×RC and Hθ,k ∈ C

RC×Mk

denote the channel responses from the IRS to the DL user
j and from the UL user k to the IRS, respectively.

A. IMPERFECT CSI MODELLING
In the context of the aforementioned channel matrices,
it is assumed that they have been initially estimated,
potentially through techniques such as those proposed
in [38], [39], [40]. However, it should be emphasized that
the problem of CSI acquisition specifically for IRS-FD
systems has not yet been thoroughly investigated. While
various approaches can be employed for CSI acquisition, it
is important to acknowledge that these estimates are prone
to errors which are inevitable in practical scenarios resulting
in imperfect CSI. It is crucial to account for the presence of
imperfect CSI as it gives rise to residual SI and interference
in IRS-FD systems, thereby significantly impacting their
overall performance if not appropriately considered during
the optimization process.
Let �Hk, �Hj, �H0, �Hj,k, �Hθ,0, �H0,θ , �Hj,θ , and

�Hθ,k denote the estimation errors for the channel responses
Hk, Hj, H0, Hj,k, Hθ,0, H0,θ , Hj,θ , and Hθ,k, respectively.
The true CSI matrices can be written as a sum of the channel
estimates and CSI errors as

Hk = Ĥk + �Hk, Hj = Ĥj + �Hj,

H0 = Ĥ0 + �H0, Hj,k = Ĥj,k + �Hj,k,

Hθ,0 = Ĥθ,0 + �Hθ,0, H0,θ = Ĥ0,θ + �H0,θ

Hj,θ = Ĥj,θ + �Hj,θ , Hθ,k = Ĥθ,k + �Hθ,k, (2)

where the channel matrices of the form X̂ denote the chan-
nel estimates. To model the estimation errors, we adopt the
Gaussian Kronecker model [36], which dictates that
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�Hk = CN
(

0, Jk ⊗ Kk

)

,

�Hθ,0 = CN
(

0, Jθ,0 ⊗ Kθ,0

)

,

�H0 = CN
(

0, J0 ⊗ K0

)

,

�Hj,k = CN
(

0, Jj,k ⊗ Kj,k

)

,

�Hj = CN
(

0, Jj ⊗ Kj

)

,

�H0,θ = CN
(

0, J0 ⊗ Kθ

)

,

�Hj,θ = CN
(

0, Jj,θ ⊗ Kj,θ

)

,

�Hθ,k = CN
(

0, Jθ,k ⊗ Kθ,k

)

,

(3)

where the matrices J and K are the covariance matrices seen
from the transmitter and receiver [36], [37], respectively. The
estimation errors are uncorrelated with the estimated channel
matrices [41], and hence we have
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H0 = CN
(

Ĥ0, J0 ⊗ K0

)

,

Hj,k = CN
(

Ĥj,k, Jj,k ⊗ Kj,k

)

,

Hj = CN
(

Ĥj, Jj ⊗ Kj

)

,

H0,θ = CN
(

Ĥ0,θ , J0,θ ⊗ K0,θ

)

,

Hj,θ = CN
(

Ĥj,θ , Jj,θ ⊗ Kj,θ

)

,

Hθ,k = CN
(

Ĥθ,k, Jθ,k ⊗ Kθ,k

)

.

(4)

Let H0,k,H0,0,Hj,Hj,k denote the effective channel
responses affected by the estimation errors defined as

Hk =
(

Ĥk + �Hk

)

+
(

Ĥ0,θ + �H0,θ

)

�
(

Ĥθ,k + �Hθ,k

)

,

(5a)

H0 =
(

Ĥ0 + �H0

)

+
(

Ĥ0,θ + �H0,θ

)

�
(

Ĥθ,0 + �Hθ,0

)

,

(5b)

Hj =
(

Ĥj + �Hj

)

+
(

Ĥj,θ + �Hj,θ

)

�
(

Ĥθ,0 + �Hθ,0

)

,

(5c)

Hj,k =
(

Ĥj,k + �Hj,k

)

+
(

Ĥj,θ + �Hj,θ

)

�
(

Ĥθ,k + �Hθ,k

)

.

(5d)

Further, let yk and yj denote the signals received by the FD
BS, from UL user k, and by the DL user j, respectively. By
using (5), they can be written as

yk = HkUksk + H0Vjsj + n0, (6a)

yj = HjVjsj + Hj,kUksk + nj. (6b)

B. PROBLEM FORMULATION
In light of the corrupted CSI across all nodes, design-
ing the beamformer and IRS phase response based
solely on the knowledge of estimates Ĥk, Ĥj, Ĥ0, Ĥj,k,

Ĥθ,0, Ĥ0,θ , Ĥj,θ , Ĥθ,k can result in substantial performance
degradation attributable to the inherent mismatch.
In this endeavor, our objective is to maximize the ergodic

WSR of the MIMO IRS-FD system considering the pres-
ence of imperfect CSI along with the statistics of CSI errors
and channel estimates. Let R = Rk + Rj represent the
WSR of the system under perfect CSI, where Rk and Rj

denote the weighted rates of users k and j, respectively. The
ergodic WSR, which captures the average WSR consider-
ing the CSI errors, can be expressed as EH|Ĥ[R]. However,
solving this problem directly poses challenges. To address
this, the Jensen’s inequality is employed, enabling the relo-
cation of the expectation operator onto the arguments of
the logarithm, yielding EH|Ĥ[R] ≥ R(EH|Ĥ) [42], where
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R(EH|Ĥ) emphasize that the rate is evaluated with the expec-
tation taken with respect to the channel, given the estimates.
Formally, the maximization problem for the ergodic WSR
R(EH|Ĥ) can be formulated as follows:

max
Vj,Uk,�

Rk

(

EH|Ĥ
)

+ Rj

(

EH|Ĥ
)

(7a)

s.t. Tr
(

UkUH
k

)

� αk, (7b)

Tr
(

VjVH
j

)

≤ α0, (7c)
∣

∣

∣θ(i)
∣

∣

∣ = 1, ∀i. (7d)

The statistical expectation is taken with respect to the CSI,
with the distribution given in (4). As the precise CSI remains
unknown, the constraints (7b)-(7c) denote the average power
constraint in UL and DL, given the channel estimates Ĥ,
and (7d) denotes the unit-modulus constraint imposed on
the IRS phase-response.

III. ERGODIC WSR ANALYSIS WITH IMPERFECT CSI
In the subsequent analysis, we derive the expression for the
ergodic WSRR(EH|Ĥ) considering the presence of imperfect

CSI in the MIMO IRS-FD system. We define ˜Uk = UkUH
k

and ˜Vj = VjVH
j as the transmit covariance matrices for UL

user k and DL user j, respectively. When imperfect CSI is
taken into account, the received signal plus interference and
noise covariance matrices, denoted as Rk and Rj, encom-
passing both the CSI errors and the IRS phase response �,
can be expressed as follows:

Rk = Hk˜UkH
H
k + H0˜VjH

H
0 + σ 2

0 I. (8a)

Rj = Hj˜VjH
H
j + Hj,k˜UkH

H
j,k + σ 2

j I. (8b)

The interference plus noise covariance matrices can be
obtained as Rk = Rk − Sk,Rj = Rj − Sj, with Sk
and Sj denoting the useful received signal covariance
part.
Theorem 1: Given the statistical distribution of the CSI

errors (3) and the channel estimates, the ergodic WSR
R(EH|Ĥ) of an MIMO IRS-FD system under imperfect CSI
can be approximated as

R
(

EH|Ĥ
)

= wkln
[

det
(

I + UH
k

(

Ĥk + Ĥ0,θ�Ĥθ,k

)H

�−1
k

(

Ĥk + Ĥ0,θ�Ĥθ,k

)

Uk

)]

+ wjln
[

det
(

I + VH
j

(

Ĥj + Ĥj,θ�Ĥθ,0

)H

�−1
j

(

Ĥj + Ĥj,θ�Ĥθ,0

)

Vj

)]

, (9)

where �k and �j are given as in (10), at the bottom of the
next page, and wk and wj denote the weights.
Proof: We prove the result for UL user k, and a sim-

ilar reasoning can be carried out for the DL user j. The
total received covariance matrix Rk in (8a), given the CSI
estimates and the CSI errors, can be written as

Rk = Ĥk˜UkĤH
k + �Hk˜Uk�HH

k + Ĥk˜UkĤH
θ,k�

HĤH
0,θ

+ Ĥ0,θ�Ĥθ,k˜UkĤH
k + Ĥ0,θ�Ĥθ,k˜UkĤH

θ,k�
HĤH

0,θ

+ Ĥ0,θ�Ĥθ,k˜UkĤH
θ,k�

HĤH
0,θ

+ Ĥ0,θ��Ĥθ,k˜Uk�ĤH
θ,k�

HĤH
0,θ

+�Ĥ0,θ��Ĥθ,k˜Uk�ĤH
θ,k�

H�ĤH
0,θ

+�Ĥ0,θ�Ĥθ,k˜UkĤH
θ,k�

H�ĤH
0,θ

+ Ĥ0˜VjĤH
0 + �H0˜Vj�HH

0 + Ĥ0˜VjHH
θ,0�

HĤH
0,θ

+Ĥ0,θ�Hθ,0˜VjĤH
0 + H0,θ�Ĥθ,0˜VjĤH

θ,0�
HHH

0,θ

+ Ĥ0,θ��Hθ,0˜Vj�HH
θ,0�

HĤH
0,θ

+ �H0,θ�Ĥθ,0˜VjĤH
θ,0�

H�HH
0,θ

+ �H0,θ��Hθ,0˜Vj�HH
θ,0�

H�HH
0,θ + L, (11)

where L includes terms which are linear in the CSI
errors. Let �k = EH|Ĥ[Rk] denote the expected signal
plus interference plus noise covariance matrix, where the
expectation is carried out with respect to the channel
responses, including CSI errors. Consider the result given
in [36, Lemma 1] for imperfect CSI under the Gaussian-
Kronecker model stating that: For H ∼ CN (Ĥ, J ⊗ K),
there is E[HXHH] = ĤXĤH+Tr(XJT)K and E[HHXH] =
ĤHXĤ + Tr(KX) JT . For the MIMO IRS-FD system, we
first subtract the useful signal part from �k which depends
only on the estimated channel responses and then apply the
result on each term of the expected interference plus noise
covariance matrix �k. Ignoring the terms which are linear in
the CSI errors, and by applying the result above, it can be
shown that the ergodic WSR of the UL user k under imper-
fect CSI has the interference plus noise covariance matrix
structure �k given in (10a).
It will be shown in Section V that the aforementioned

approximation of the ergodic rate achieves a high level
of accuracy. It is important to note that (9) serves as a
lower bound on the achievable WSR for an IRS-FD system
operating under imperfect CSI conditions. Therefore, maxi-
mizing (9) is equivalent to maximizing the worst-case WSR.
Conversely, an upper bound on the achievable ergodic WSR
for the IRS-FD system is given by considering the ideal CSI
scenario, wherein the CSI error variance for all channels
tends to zero.

IV. ROBUST JOINT ACTIVE AND PASSIVE
BEAMFORMING VIA EWMMSE
The problem of maximizing the ergodic WSR as formu-
lated in (7) is inherently non-convex due to the presence
of interference. However, in the ideal scenario of perfect
CSI, an equivalent problem formulation known as weighted
minimum mean squared error (WMMSE) can be employed,
leveraging the established relationship between WSR and
MSE [43]. In the case of imperfect CSI, the WMMSE
problem can be further transformed into the framework
of EWMMSE, which incorporates the expectation with
respect to the CSI errors [42], [44]. This approach involves
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considering the average MSE covariance matrices and we
adopt this methodology throughout the paper.

A. DIGITAL COMBINING
Assume that the FD BS for UL user k and the DL user j apply
the combiners Fk and Fj to estimate their data streams as

ŝk = Fkyk, ŝj = Fjyj. (12)

Given (12), let Ek̃ and Ej̃ denote the MSE error matrices
for instantaneous CSI for k-th UL user and j-th DL user,
respectively, which can be written as

Ek̃ = E

[

(

Fkyk − ŝk
)(

Fkyk − ŝk
)H

]

, (13a)

Ej̃ = E

[

(

Fjyj − ŝj
)(

Fjyj − ŝj
)H

]

. (13b)

Let Qk,Tj,T0, and Qj,k denote the matrices defined as

Qk = EH|Ĥ
(

Hk˜UkH
H
k

)

, Tj = EH|Ĥ
(

Hj˜VjH
H
j

)

, (14a)

T0 = EH|Ĥ
(

H0˜VjH
H
0

)

, Qj,k = EH|Ĥ
(

Hj,k˜UkH
H
j,k

)

,(14b)

which are given in Appendix A. The optimization of the com-
biners can be based on the expected MSE (EMSE) covariance
matrices, given below

Ek = EH|Ĥ
[

Ek̃

]

= FkQkFHk − Fk
(

Ĥk + Ĥ0,θ�Ĥθ,k

)

Uk + FkT0FHk

+ σ 2
0 FkF

H
k − UH

k Ĥ
H
k F

H
k − UH

k Ĥ
H
θ,k�

HĤH
0,θF

H
k − I,

(15a)

Ej = EH|Ĥ
[

Ej̃

]

= FjTjFHj − Fj
(

Ĥj + Ĥj,θ�Ĥθ,0

)

Vj + FjQj,kFHj

+ σ 2
j FjF

H
j − VH

j Ĥ
H
j F

H
j − VH

j Ĥ
H
θ,0�

HĤH
j,θF

H
j − I.

(15b)

The optimization problem of the combiners can be stated as
the minimization of the error covariance matrices (15) as

min
Fl,Fr

Tr
(

Ek
)

+ Tr
(

El
)

. (16)

By solving (16), we get the following optimal combiners

Fk = UH
k

(

ĤH
k + ĤH

θ,k�
HĤH

0,θ

)(

Qk + T0 + σ 2
0 I

)−1
, (17a)

Fj = VH
j

(

ĤH
j + ĤH

θ,0�
HĤH

j,θ

)(

Tj + Qj,k + σ 2
j I

)−1
. (17b)

B. ACTIVE DIGITAL BEAMFORMING UNDER IMPERFECT
CSI
Given the optimal combiners, the EWMMSE problem with
respect to the digital beamformers under the average total
sum-power constraint and given the IRS phase response �

fixed, can be formally stated as

min
Vj,Uk

Tr
(

WkEk
)

+ Tr
(

WjEj
)

, (18a)

s.t. Tr
(

UkUH
k

)

� αk, (18b)

Tr
(

VjVH
j

)

≤ α0, (18c)

where Wi is a constant weight matrix associated with node i.
Problem (18) and (7) are equivalent if their gradients are the
same, which can be ensured by selecting the weight matrices
as follows:

Wk = wk
ln 2

(

Ek
)−1

, Wj = wj
ln 2

(

Ej
)−1

. (19)

The equivalence between the two problems can be
demonstrated by following a similar proof as provided in
[45, Appendix A], but adapted for the case of expected
MSE under imperfect CSI.
To optimize the digital beamformers Vj and Uk, we calcu-

late the partial derivative of the Lagrangian function of (18)
with respect to their conjugate. This calculation yields the
following optimal beamformers.

Uk =
(

Xk + λkI
)−1(

ĤH
k + ĤH

θ,k�
HĤH

0,θ

)

FHk Wk, (21a)

Vj =
(

Xj + λ0I
)−1(

ĤH
j + ĤH

θ,0�
HĤH

j,θ

)

FHj Wj, (21b)

where Xk and Xj are defined in (20a) and (20b), shown at
the bottom of the next page, respectively, and the scalars λk
and λ0 denote the Lagrange multipliers for the uplink user

�k = Tr
(

˜UkJTk
)

Kk + Ĥ0,θ�Tr
(

˜UkJTθ,k

)

Kθ,k�
HĤH

0,θ + Tr
(

�Ĥθ,k˜UkĤθ,k�
HJT0,θ

)

K0,θ + Tr
(

˜UkJTθ,k

)

×Tr
(

�Kθ,k�
HJT0,θ

)

K0,θ + Ĥ0˜VjĤH
0 + Ĥ0˜VjHH

θ,0�
HĤ0,θ + Tr

(

˜VjJT0
)

KT
0 + Ĥ0,θ�Ĥθ,0˜VjĤH

0

+ Ĥ0,θ�Hθ,0˜VjHH
θ,0�

HĤH
0,θ + Ĥ0,θ�Tr

(

˜VjJTθ,0

)

Kθ,0�
HĤH

0,θ + Tr
(

�Ĥθ,0˜VjĤH
θ,0�

HJT0,θ

)

K0,θ

+ Tr
(

˜VjJTθ,0

)

Tr
(

�Kθ,0�
HJT0,θ

)

K0,θ + σ 2
0 I, (10a)

�j = Tr
(

˜VjJTj
)

Kj + Ĥj,θ�Tr
(

˜VjJTθ,0

)

Kθ,0�
HĤH

j,θ + Tr
(

�Ĥθ,0˜VjĤH
θ,0�

HJTj,θ
)

Kj,θ + Tr
(

˜VjJTθ,0

)

× Tr
(

�Kθ,0�
HJTj,θ

)

Kj,θ + Ĥj,k˜UkĤH
j,k + Ĥj,k˜UkĤH

θ,k�
HĤH

j,θ + Tr
(

˜UkJTj,k
)

Kj,k + Ĥj,θ�Hθ,k˜UkĤj,k

+ Ĥj,θ�Hθ,k˜UkĤH
θ,k�

HĤH
j,θ + Ĥj,θ�Tr

(

˜UkJTθ,k

)

Kθ,k�
HĤH

j,θ + Tr
(

�Ĥθ,k˜UkĤH
θ,k�

HJTj,θ
)

Kj,θ

+ Tr
(

˜UkJTθ,k

)

Tr
(

�Kθ,k�
HJTj,θ

)

Kj,θ + σ 2
j I. (10b)
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k and the FD BS. The multipliers can be searched while
performing power allocation for the users given the average
total sum-power constraints. Namely, consider the singular
value decomposition (SVD) of the matrices as Xk = Ak	kBk
and Xj = Aj	jBj, where Ai and Bi denote the left and
right unitary matrices obtained with SVD and 	i denote the
singular values. The average power constraints (7b) and (7c),
after some simplifications, can be written as

Tr
(

VjVH
j

)

=
∑M0

i=i Sj(i, i)
(

λ0 + 	j(i, i)
)2

, (22a)

Tr
(

UkUH
k

)

=
∑Mk

i=i Sk(i, i)
(

λj + 	k(i, i)
)2

. (22b)

where the matrices Sk and Sj are defined as

Sj = Bj
(

Ĥj + Ĥj,θ�Ĥθ,0

)H
FHj WjWjFj

×
(

Ĥj + Ĥj,θ�Ĥθ,0

)

Aj, (23a)

Sk = Bk
(

Ĥk + Ĥ0,θ�Ĥθ,k

)H
FHk WkWkFk

×
(

Ĥk + Ĥ0,θ�Ĥθ,k

)

Ak. (23b)

The optimal Lagrange multipliers that satisfy the average
total power constraints can be determined using a linear
search technique, such as the Bisection method, which
we employ in this study. If the calculated values of the
multipliers are found to be negative, we set them to zero.
It is important to note that the average power constraint is
fulfilled based on the estimated CSI.

C. PASSIVE BEAMFORMING UNDER IMPERFECT CSI
In this section, we delve into the optimization of the phase
response of the IRS with the objective of simultaneously
enhancing the UL and DL channels while mitigating the

impact of SI and interference in the presence of imperfect
CSI.
Let S,T, and Z denote the matrices independent of the

IRS phase response, given in Appendix B. The expected
WMMSE optimization problem for the IRS phase response
� under imperfect CSI, given the matrices S,T, and Z, can
be formally stated as

min
�

Tr
(

�HZ�T
)

+ Tr
(

�HSH
)

+ Tr
(

�S
)

+ c, (24a)

s.t.
∣

∣

∣θ(i)
∣

∣

∣ = 1, ∀i, (24b)

where the scalar c denotes the constant terms, independent
of �. In (24a), the problem is stated with respect to the
matrix �. However, we wish to maximize only the diagonal
response of such matrix to maximize the ergodic WSR or
minimize the expected MSE, because the off-diagonal ele-
ments result to be zero. Therefore, we first consider restating
the problem (24a) with respect to θ instead of �. To this
end, based on the result [46, identity 1.10.6], we write the
first term of (24a) as

Tr
(

�HZ�T
)

= θH�θ , where � = Z � TT . (25)

Let s denote the vector containing only the diagonal elements
of the matrix S. Then, the second and the third term of the
problem (24a) can be restated as a function of the vector
θ as

Tr
(

�HSH
)

= sHθ∗, Tr
(

�S
)

= sTθ . (26)

By using the results stated above, the overall optimization
problem (24a) can be restated with respect to the vector θ as

min
θ

θH�θ + srHθ∗ + sTθ l, (27a)

s.t.
∣

∣

∣θ(i)
∣

∣

∣ = 1, ∀i. (27b)

Xk =
(

ĤH
k + ĤH

θ,k�
HĤH

0,θ

)

FHk WkFkĤk + Tr
(

KkFHk WkFk
)

JTk + ĤH
θ,k�

HĤH
0,θF

H
k WkFkĤ0,θ�Ĥθ,k

+ HH
k F

H
k WkFkĤ0,θ�Ĥθ,k + Tr

(

Kθ,k�
HĤH

0,θF
H
k WkFkĤ0,θ�

)

JTθ,k + ĤH
θ,k�

HTr
(

K0,θFHk WkFk
)

JT0,θ�Ĥθ,k

+ĤH
j,kF

H
j WjFjĤj,θ�Ĥθ,k +

(

ĤH
j,k + ĤH

θ,k�
HĤH

j,θ

)

FHj WjFjĤj,k + Tr
(

Kj,kFHj WjFj
)

JTj,k

+ Tr
(

K0,θFHk WkFk
)

Tr
(

Kθ,k�
HJT0,θ�

)

JTθ,k + ĤH
θ,k�

HĤH
j,θF

H
j WjFjĤj,θ�Ĥθ,k

+ Tr
(

Kθ,k�
HĤH

j,θF
H
j WjFjĤj,θ�

)

JTθ,k + ĤH
θ,k�

HTr
(

Kj,θFHj WjFj
)

JTj,θ�Ĥθ,k

+ Tr
(

Kj,θFHj WjFj
)

Tr
(

Kθ,k�
HJTj,θ�

)

JTθ,k, (20a)

Xj =
(

ĤH
j + ĤH

θ,0�
HĤH

j,θ

)

FHj WjFjĤj + Tr
(

KjFHj WjFj
)

JTj + ĤH
θ,0�

HĤH
j,θF

H
j WjFjĤj,θ�Ĥθ,0

+ ĤH
j F

H
j WjFjĤj,θ�Ĥθ,0 + Tr

(

Kθ,0�
HĤH

j,θF
H
j WjFjĤj,θ�

)

JTθ,0 + ĤH
θ,0�

HTr
(

Kj,θFHj WjFj
)

JTj,θ�Ĥθ,0

+ HH
0 F

H
k WkFkĤ0,θ�Ĥθ,0 +

(

ĤH
0 + ĤH

θ,0�
HĤH

0,θ

)

FHk WkFkĤ0 + Tr
(

K0FHk WkFk
)

JT0

+ Tr
(

Kj,θFHj WjFj
)

Tr
(

Kθ,0�
HJTj,θ�

)

JTθ,0 + ĤH
θ,0�

HĤH
0,θF

H
k WkFkĤ0,θ�Ĥθ,0 + Tr

(

Kθ,0�
HĤH

0,θF
H
k WkFkĤ0,θ�

)

JTθ,0

+ ĤH
θ,0�

HTr
(

K0,θFHk WkFk
)

JT0,θ�Ĥθ,0 + Tr
(

K0,θFHk WkFk
)

Tr
(

Kθ,0�
HJT0,θ�

)

JTθ,0. (20b)
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Algorithm 1 Robust Optimization of IRS Phase Response

Given: θ0.
Initialize: iteration index n = 1, accuracy ε.
Evaluate: R(θ0).
Repeat until convergence

Calculate q(n)
i with (29).

Update θ
(n+1)
i with (31).

if |R(n+1) − R(θ
(n)
i )|/R(θ

(n+1)
i ) ≤ ε

Stop and return φ
(n+1)
i .

else n=n+1 and repeat.

Problem (27) is still very challenging as it is a non-convex
problem due to the unit-modulus constraint. To solve it
we adopt the majorization-maximization method [47]. Such
method aims to solve a more difficult problem by construct-
ing a series of more tractable problems stated with the upper
bound. Let R(θ (n)) denote the function evaluating (27) at
the n-th iteration for computed θ . Let Ru(θ |θ (n)) denote an
upper bound constructed at n-th iteration for R. According
to [47], for the problem of the form (27), an upper bound
can be constructed as

Ru

(

θ |θ (n)
)

= 2Re
{

sHq(n)
}

+ cu, (28)

where cu denote constant terms in the upper bound indepen-
dent of θ and q(n) is given by

q(n) =
(

λmaxI − �
)

θ (n) − s∗, (29)

with λmax denoting the maximum eigenvalues of �. Based
on the result above, the hard non-convex optimization
problem (27a) simplifies to a series of the following problem

min
θ

2Re
{

sHq(n)
}

, (30a)

s.t.
∣

∣

∣θ(i)
∣

∣

∣ = 1, ∀i, (30b)

which need to be solved iteratively until convergence for
each update of θ . By solving (30a), we get the optimal
solution of θ at (n+ 1)-th iteration, given the θ at the n-th
iteration as

θ (n+1) = ei∠q(n)
. (31)

When the remaining variables are held fixed during the alter-
nating optimization process, a single update of θ involves
solving equation (31) until convergence. This solution pro-
vides the value of θ that maximizes the rate. The steps
for optimizing the phase response of the IRS using the
majorization-maximization technique are described in detail
in Algorithm 1. The overall procedure consists of optimiz-
ing the digital beamformers, updating the weight matrices,
digital combiners, and the IRS phase response through alter-
nating optimization. The formal description of this procedure
can be found in Algorithm 2.

Algorithm 2 Robust Beamforming for MIMO IRS-FD
System
Given: The CSI estimates, errors statistics and the rate
weights.
Initialize the iteration index n, accuracy ε, beamformers and
combiners.
Repeat until convergence

for i, where i = k or i = j
Update Fi with (17).
Update Wi with (19).
if i=k
Update Uk with (21a).

else
Update Vj with (21b).

Update � with Algorithm 2.
if convergence condition is satisfied

Stop and return the optimized variables.
else repeat.

D. CONVERGENCE
To prove the convergence, we consider an equivalent
optimization problem for ergodic WSR maximization. For
this, we consider the MSE weights and expected receive
filters as new variables to be optimized, together with the
digital beamformer for the DL and UL users and the IRS
phase response based on the average MSE covariance matri-
ces. The overall optimization problem as a function of the
new variables can be formally stated as [45]

min
Fk,Fj,Uk

Vj,�,Wk,Wj

Tr(WkEk) − wklogdet

(

ln2

wk
Wk

)

+ uk
wk
ln2

+ Tr
(

WjEj
) − wjlogdet

(

ln2

wj
Wj

)

+ vj
wj
ln2

. (32)

Consider the digital beamformers and � to be fixed, the com-
biners can be chosen as the EMMSE combiners as in (17).
By doing so, the new cost function has the same structure as
above but with the updated average error covariance matri-
ces, obtained by substituting the EMMSE combiners. By
optimizing the new cost function with respect to the weight
matrices, we can conclude that they can be optimized as

Wk = wk
ln2

(

Ek
)−1

, Wj = wj
ln2

(

Ej
)−1

. (33)

By plugging the new weight matrices into the cost function
above, it can be shown that the ergodic WSR maximization
problem is equivalent to the original WSR cost function
under the imperfect CSI, function of the average error
covariance matrices. By considering the statistical distribu-
tion of the CSI errors and the CSI estimates, the proposed
robust beamforming design optimizes the digital beamform-
ers and the IRS phase response which leads to a monotonic
increase in the ergodic WSR sum rate metric, which assures
convergence to a local optimum [42], [44].
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FIGURE 2. Convergence behaviour of the proposed design.

The convergence behaviour of the robust joint active and
passive beamforming design is illustrated in Fig. 2. The fig-
ure clearly demonstrates that the proposed method leads to
a consistent and monotonic improvement in the WSR with
each iteration, ensuring convergence. Additionally, Fig. 2
depicts the convergence pattern when there is a slight or
significant mismatch between the true and the estimated CSI
available. It is observed that larger uncertainties lead to less
WSR and as the mismatch increases, a higher number of
iterations is needed for the proposed design to converge.

E. COMPLEXITY ANALYSIS
In this Section, we present the computational complexity
analysis for the proposed statistically robust beamforming
design. Each update consists of updating the digital beam-
formers for the DL and UL users, searching for the Lagrange
multipliers and finally updating the IRS phase response based
on solving sub-problems.
The complexity of updating the digital beamformers

for the DL and UL users can be expressed as O(N3
j )

and O(N3
0), respectively. The complexity of the Lagrange

multipliers search is considered negligible since it is lin-
ear. In order to update the phase response of the IRS,
the majorization-minimization approach requires the initial
calculation of the maximum eigenvalue for the matrix �,
which has a complexity of (RC)3. During each update of
the phase response, the main computational burden lies in
computing q at each iteration, which has a complexity
of (RC)2. Let Nmax denote the total number of iterations
required for each IRS update when updating the digital
beamformers. The overall complexity can be expressed as
O(N3

j + N3
0 + (RC)3 + Nmax(RC)2).

V. NUMERICAL RESULTS
In this section, we present extensive simulation results
to evaluate the performance of the proposed robust
beamforming design. The FD BS and the IRS are positioned

at (0m, 0m, 0m) and (20m, 10m, 0m), respectively, in
three-dimensional coordinates. The UL and DL users are ran-
domly distributed within circular regions of radius r = 8 m
centered at (20m, 0m, 30m) and (30m, 0m, 20m), respec-
tively. Both the FD BS and the users are equipped with
uniform linear arrays (ULAs) positioned at a half-wavelength
apart. The IRS consists of 10×10 = 100 elements and assists
in MIMO FD communication unless stated otherwise. The
MIMO FD BS has M0 = 15 transmit and N0 = 8 receive
antennas. The UL user k and the DL user j are assumed to
have Mk = 5 transmit and Nj = 5 receive antennas, respec-
tively, and each user is served with dk = dj = 2 data streams.
For simulations, the digital beamformers are initialized as
the dominant eigenvectors of the effective channel covari-
ance matrix of the intended user and the IRS phase response
is initialized to be random.
In general, the wireless channel models can be obtained

using stochastic or deterministic methods, or by using their
combination. Deterministic modelling usually employs ray
tracing-based methods, as in [48], [49]. These determinis-
tic channel models can achieve high accuracy, yet require
substantial data for the characterization of real-world sur-
roundings. Therefore, we adopt stochastic modelling for
channel characterization, which is also widely adopted in
the literature. More specifically, to model the large-scale
fading, we adopt the following path-loss model [47]

PL = PL0 − 10α log10

(

d

d0

)

, (34)

where PL0 = −30 dB is the pathloss at the reference distance
d0 = 1 m, and α is the path-loss exponent set to be 2. The SI
channel is modelled according to the Rician fading channel
model [8]

H0 =
√

κ0

κ0 + κ0
HLoS

0 +
√

1

κ0 + 1
HNLoS

0 (35)

where κ0 = 1 denotes the Rician factor, HLoS
0 is the deter-

ministic line-of-sight (LoS) component and HRef
0 denote the

non-LoS (NLoS) component which is Rayleigh fading. The
direct links between the users and the FD BS are also mod-
elled with a Rician fading channel model with a Rician factor
of 1. The channels involving the IRS are modelled according
to Rayleigh fading [50].
We define the signal-to-noise (SNR) of our system as

SNR = α0

σ 2
j

= αk

σ 2
0

, (36)

where α0 and αk are the average total transmit power at
the FD BS and the multi-antenna UL user k, respectively.
We assume that the CSI errors to be i.i.d zero-mean circu-
larly symmetric complex Gaussian distribution with the same
variance σ 2

csi, and therefore, the error covariance matrices set
chosen as
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⎧

⎪

⎪

⎨

⎪

⎪

⎩

Jk = I, Kk = σ 2
csiI, Jθ,0 = I, Kθ,0 = σ 2

csiI,
J0 = I, K0 = σ 2

csiI, Jj,k = I,Kj,k = σ 2
csiI,

Jj = I,Kj = σ 2
csiI, J0,θ = I,K0,θ = σ 2

csiI
Jj,θ = I,Kj,θ = σ 2

csiI Jθ,k = I,Kθ,k = σ 2
csiI

(37)

Since the variance of the CSI errors strictly depend on
the average transmit power (used also to estimate the chan-
nels) and the noise variance, we assume that σ 2

csi decays
as O(SNR−α), for some constant α [44], satisfying the CSI
error decay rate inversely proportional to the SNR. As the
SNR represents the transmit SNR, note that SNR → ∞ is
equivalent to αk = α0 → ∞, which enhance the CSI quality
and reduces the CSI error variance as σ 2

csi → 0. The CSI
errors variance is set as σ 2

csi = ρ/SNRα , where ρ denotes
a scale factor and α ∈ [0, 1] determine the quality of the
CSI. Maintaining the quality of the CSI with α = 1 could
be exhausting in terms of resources required to acquire the
CSI and therefore we set α = 0.6 [44].

We label our proposed design as a FD-IRS-RB. For
comparison, we define the following benchmark schemes:

1) FD-IRS-Non-RB: FD system assisted with IRS and non
robust beamforming, i.e., the available CSI is treated
as perfect;

2) FD-No-IRS-RB: FD system with no IRS and robust
beamforming;

3) FD-No-IRS-Non-RB: FD system with no IRS and non
robust beamforming;

4) HD-IRS-RB: HD system assisted with IRS and robust
beamforming;

5) HD-IRS-Non-RB: HD system assisted with IRS and
non robust beamforming;

6) HD-No-IRS-RB: HD system with no IRS and robust
beamforming;

7) HD-No-IRS-Non-RB: HD system with no IRS and non
robust beamforming.

We also compare our approximation proposed for the ergodic
WSR in Theorem 1 given the transmit covariance matrices
of the proposed robust beamforming design which we label
as Analytical FD-IRS-RB and compare it with the ergodic
rate achieved with the EWMMSE.
Fig. 3 shows the performance of the proposed robust joint

beamforming design as a function of the scale factor ρ dic-
tating the CSI error variance, by means of Monte Carlo
simulations at SNR= 30 dB. It is shown that the proposed
robust design achieves significant performance gain com-
pared to the naive FD-IRS-Non-RB scheme, which does not
account for the CSI errors. Moreover, we can also see that the
achieved ergodic WSR accurately matches the result stated
in Theorem 1. It is to be noted that as the CSI error variance
gets extremely large, the proposed statistically robust beam-
forming design preserves significant robustness against the
uncertainties in the CSI quality. Namely, for ρ ≥ 0.4, the FD-
IRS-Non-RB scheme achieves less gain than the IRS-aided
HD system deploying robust beamforming. Such a result
showcases the importance of adopting a robust beamform-
ing approach for the IRS-FD systems, as, in practice, their

FIGURE 3. Average WSR as a function of ρ with SNR= 30 dB.

FIGURE 4. Average WSR as a function of SNR with ρ = 0.4.

performance could degrade significantly due to imperfect
CSI.
Fig. 4 and Fig. 5 present the achieved ergodic WSR of our

proposed design as a function of the transmit SNR, com-
pared to benchmark schemes with ρ = 0.4 and ρ = 0.9,
respectively. The results clearly demonstrate that our design
achieves significant gains in the presence of CSI errors when
compared to the other schemes. Theoretically, FD systems
offer a twofold improvement in the WSR compared to HD
systems. However, the corresponding curves for the FD-IRS-
Non-RB scheme reveal that with high CSI error variance,
the IRS-FD system may exhibit no gain in comparison to
the IRS-aided HD system at any SNR level if a non-robust
beamforming approach is employed in the presence of large
CSI uncertainties. This can be attributed to the crucial role
played by residual SI in determining the IRS-FD system’s
gain. With a large CSI error variance, these interference
components cannot be adequately handled. On the other
hand, adopting robust beamforming for IRS-FD systems can
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FIGURE 5. Average WSR as a function of SNR with ρ = 0.9.

FIGURE 6. CDF of the various schemes with ρ = 0.4.

be promising in terms of robustness. We can also observe
that as the CSI error variance decreases, the performance
of the non-robust beamforming scheme gradually converges
towards that of the robust beamforming schemes, approach-
ing the desired twofold improvement in the WSR due to
quasi-ideal simultaneous transmission and reception.
Fig. 6 and Fig. 7 show the cumulative distribution func-

tion (CDF) of the proposed statistically robust beamforming
design, in comparison with the benchmark schemes at
SNR = 30 dB. It is clearly visible that the proposed method
achieves significant average WSR compared to the other
schemes and the reported gains are stable with different val-
ues of the scale factor ρ, and therefore with the different
amount of CSI error variance.
Based on the presented numerical results, it can be con-

cluded that CSI errors play a critical role in determining
the performance of IRS-FD systems. Neglecting these errors
can significantly impact the system’s performance, leading

FIGURE 7. CDF of the various schemes with ρ = 0.9.

to suboptimal beamforming decisions. Consequently, the
potential of the IRS-FD can not be fully exploited, limit-
ing its ability to enhance channel quality for UL and DL
users and mitigate interference. In the UL direction, uncer-
tainties in the SI channel result in residual SI that cannot
be adequately suppressed even with joint active and passive
beamforming, resulting in a low signal-to-total-interference
plus noise ratio. In the DL direction, FD systems expe-
rience interference from nearby UL users, which can be
as detrimental as well. Therefore, effective mitigation of
interference through robust beamforming decisions is cru-
cial for achieving satisfactory UL and DL performance. The
results demonstrate that adopting a statistically robust beam-
forming approach is essential for effectively managing SI and
cross-interference in practical IRS-FD systems with imper-
fect CSI. By doing so, the full potential of IRS-FD systems
can be harnessed, leading to highly efficient communication
systems in terms of spectral and energy efficiency.

VI. CONCLUSION
In this paper, the authors introduced a novel statistically
robust joint beamforming design for maximizing the ergodic
WSR of an IRS-FD system in the presence of imperfect
CSI. The CSI errors were modelled using the Gaussian-
Kronecker model, and an approximation for the ergodic WSR
was derived based on the statistical distribution of the errors
given the channel estimates. To address the ergodic WSR
maximization problem, an iterative approach based on the
EWMMSE method was employed, which involved solving
two layers of sub-problems through alternating optimization.
Simulation results demonstrated that imperfect CSI could
significantly impact the performance of IRS-FD systems,
and adopting a robust beamforming strategy led to substantial
improvements compared to the naive approach. Furthermore,
the derived approximation for the ergodic WSR aligned
well with the achieved results using the expected WMMSE
method.
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APPENDIX A
AUXILIARY MATRICES FOR (14)
The matrices Qk,Tj,T0,Qj,k are defined as follows
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= Ĥk˜UkĤH
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0,θ + Ĥ0,θ�Ĥθ,k˜UkĤH

k
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j + Ĥj˜VjĤH
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+ Ĥj,θ�Ĥθ,0˜VjĤH
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θ,k�
HĤH
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APPENDIX B
MATRICES TO OPTIMIZE �

The matrices S,T, and Z to optimize the IRS phase response
� are as follows:
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+ ĤH
0,θF

H
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