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ABSTRACT Radar based sensing and communication systems sharing a common spectrum have become
a potential research problem in recent years due to spectrum scarcity. The spectrum sharing radar (SSR)
is a new technology that uses the total available bandwidth (BW) for both radar based sensing and
communication. Unlike traditional radar, the SSR divides the total available BW into radar-only and
mixed-use bands. In a radar-only band, only radar sensor signals can be transmitted and received. In
contrast, radar and communication signals can both be transmitted and received in the mixed-use band.
Taking such BW sharing into account, this paper investigates the performance of SSR in an information-
theoretic sense. To evaluate performance, mutual information (MI), spectral efficiency (SE) and capacity
(C) metrics are used. Initially, this paper considered a clean environment (no multipath) in order to
evaluate performance metrics in the mixed-use band with and without successive interference cancellation.
Following that, this paper addresses the performance of BW allocation by allocating low to high BW in
mixed-band. Furthermore, the performance metrics are extended to account for the multipath environment,
and the same analogy as in a clean environment is used. In addition, the MI and SE of traditional radar
system is taken into account when comparing the performance of SSR with and without the use of
the SIC. Finally, MI and capacity results show that using the SIC scheme in a mixed-use band yields
performance comparable to traditional radar and communication system. In terms of SE, the SSR with
SIC scheme outperforms traditional radar and communication system.

INDEX TERMS Communication system, interference, mutual information, performance analysis, radar
sensor, spectral efficiency, spectrum sharing.

HE USAGE of wireless devices and services is increas-

ing at an exponential rate across the world, which
results in the shortage of allotted spectrum for wire-
less applications [1]. On the other hand, the allocated
frequency spectrum of traditional radar varies from lower
to higher frequency ranges and is underutilized. Sharing
the spectrum between the radar and communication systems
leads to effective spectrum utilization for various wireless
applications [2], [3], [4], [5].

Many research contributions have been carried out towards
radar and communication spectrum sharing. The fundamen-
tal concepts of radar and communication system spectrum
sharing in [5], [6]. The statistical model for in-band wireless
communication interference is developed, and its effect on
the radar sensor constant false alarm rate (CFAR) detector
is shown [7]. Further, considering the radar and communica-
tion system spectrum sharing scenario, examined the effect of
radar sensor interference on the communication system and
the effect of communication interference on radar system
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in terms of standard bounds [8]. The bounds include bit
error rate (BER), constellation diagrams, Shannon capac-
ity for the communication system, and receiver operating
characteristic curves (ROC) for radar systems. A survey on
signal processing strategies for convergence of RF commu-
nication and sensing is given in [9]. Further, various optimal
waveform design approaches for joint communication and
radar system are presented in [4], [10], [11], [12], [13].
Considering the multi-antenna rate splitting mechanism at
the transmitter end and successive interference cancellation
(SIC) at the receiver section, in [14] the interference manage-
ment strategies for joint communication and radar system to
improve the performance of both the systems simultaneously
is presented. Besides, a temporal signal processing algorithm
for the detection of radar targets in the presence of in-band
communication interference is given in [15]. The algorithm
includes the novel frequency shift filter-based whitening filter
followed by a matched filter. In [16], a null-space projection
based waveform design is considered for radar and commu-
nication system spectrum sharing and derived the generalized
likelihood ratio test for target detection. A novel frequency-
shared weather radar networked system (WRNS) is proposed
in [17] to improve the efficiency in frequency/ spectral usage.
To improve the capacity of unmanned aerial vehicle (UAV)
networks, the spectrum sharing between wireless unmanned
aerial vehicle (UAV) mesh networks and ground networks is
studied in [18]. To increase the capacity of a code divi-
sion multiple access (CDMA) system and to reduce the
near/far effect, a simple SIC is introduced in [19]. Further,
the work in [19] is extended for multiuser detection by
considering the multipath fading into account. In [20], the
investigation of the SIC method for non-orthogonal multiple
access (NOMA) systems is presented. Radar sensor wave-
form design to maximize the mutual information (MI) with
a constraint on both transmit power allocation and maximum
target scattering response is illustrated in [21]. In addition to
the above contributions, the RadCom also experienced the
areas like detection and multi-target tracking in the presence
of in-Band wireless interference [22], [23].

In another contribution, the optimal waveform design for
multi-input multi-output (MIMO) based joint radar and com-
munication system framework with the constraint on MI
maximization is presented [24]. The radar and communica-
tion spectrum sharing is also addressed from an automotive
application perspective [25], [26], [27]. In addition, by con-
sidering constraints as a spectral shape, autocorrelation, peak
side-lobe-to-main-lobe ratio, radar sensor waveform spec-
tral leakage, and minimum estimation error variance, [28]
presents the radar waveform design for joint/ cooperative
radar and communication system. The dual-function radar
communication (DFRC) systems use the same hardware
and resources for both communication, and radar-like func-
tionality are presented in [29], [30], [31], [32]. In [2]
and [33], a thorough literature survey related to radar
and communication system spectrum sharing is presented.
In the form of communication information rate and the
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novel radar estimation rate, the authors in [34] have for-
mulated the inner bounds on the performance of radar and
communication system spectrum sharing. The target esti-
mation performance improvement in cooperative radar and
communication system spectrum sharing presented in [35].
Furthermore, in [36], the performance is evaluated in the
form of a localization estimation rate and communication
data rate by considering the three different cases (isolated
sub-band (ISB), communication isolated sub-band (CIB),
and radar isolated sub-band (RIB) situation). Considering
the joint radar and communication system (JRCS), the
performance is analyzed in the form of Mutual Information
(MI) between the radar sensor and the target and the com-
munication data rate [37]. The radar and communication
system spectrum sharing research falls in line with the
coexistence problem in traditional cellular networks such
as cognitive radio [38]. However, the key difference lies in
the simultaneous operation of both sensing and communica-
tion system functionalities in the same band. Further, it is
also capable of bringing the single hardware for possessing
both the functionalities. The current research trends in radar
and communication system spectrum sharing aimed at mak-
ing the dual-function radar-communication (DFRC) system
a reality [2], [5], [29].

The spectrum sharing radar (SSR) is an dual-function
radar-communication (DFRC) system, capable of utilizing
the same BW for both radar and communication purposes.
Since, the DFRC systems are becoming popular [29], [31],
[39], [40], there is a need to analyse the performance of such
systems. Therefore, this paper considers SSR in a clean envi-
ronment (without multipath), assuming that the total BW is
split for radar-only and mixed-use purposes and analyzes
its performance in an information theoretic perspective. The
SSR performance is analyzed using MI and SE metrics from
the radar perspective in an information-theoretic sense and
capacity (C) metric is considered from communication per-
spective. First, the MI of SSR is evaluated for the allocated
radar-only BW. In addition, we considered the mixed-band
BW along with radar-only BW to obtain the overall MI of the
SSR. Hence, the total MI is calculated in two different cases,
namely, 1. the radar-only MI and MI with SIC in mixed-
use 2. radar-only MI and MI without SIC in mixed-use. In
addition to MI, we introduced the SE metric to evaluate the
spectral utilization of the SSR. Initially, the SE is evalu-
ated to the radar-only BW. After that, to evaluate overall
SE, two different cases are considered, namely 1. the radar-
only SE and SE with SIC in mixed-use 2. radar-only SE
and SE without SIC in mixed-use. In contrast to MI and
SE, the communication C is calculated for the mixed-use
band (since it is the only band, which carries communi-
cation system information). To comprehensively look into
the problem, the multipath environment between the target-
to-receiver of SSR is also incorporated and evaluated the
SSR performance pertaining to MI, SE, and C. Finally, the
performance of the SSR is compared with the traditional
radar and communication system.
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FIGURE 1. System model of a spectrum sharing radar.

The key contributions of the paper are as follows:

o The SSR performance is analyzed using MI and SE
metrics from the radar perspective, considering capacity
(C) metric from the communication perspective, assum-
ing that the SSR BW split among the radar-only and
mixed-use.

o The overall MI of SSR is calculated as a summation of
MI in radar-only band plus MI in mixed usage band.
The mixed usage band MI is further evaluated using
with/without SIC. The metric is compared against the
traditional radar.

o Similar to MI, the overall SE of the SSR is also
calculated and compared with traditional radar.

o The capacity metric of SSR is also calculated in mixed-
use band and compared with traditional communication
system.

o Moreover, the multipath environment between the
target-to-receiver channel of SSR is modeled to see
the feasibility of the proposed metric in real-time
assumptions.

The rest of the paper is organized as follows. Section II
presents the Problem formulation to consider MI, SE, and
C metrics in SSR. The performance analysis of SSR corre-
sponding to clean environment is presented in Section III.
Thereafter, the multipath environment is considered, and
performance evaluation is given in Section IV. Finally, the
numerical results and conclusions of the work are presented
in Sections V and VI respectively.

Il. PROBLEM FORMULATION

Let us consider an SSR, where the SSR is detecting the tar-
gets and simultaneously acting as a communication receiver
as shown in Figure 1. It is assumed that total available band-
width (Bssr) of the SSR split among radar only sub-band
with bandwidth (B,) and mixed-use bandwidth (B,,;). Here,
mixed-use refers to both radar and communication purposes.
The SSR is capable of extracting the target information from
the radar-only sub-band. Meanwhile, the mixed-use band is
for both target information and communication data. Since
this paper analyses the performance from the radar perspec-
tive, Figure 2(a) illustrates the radar target channel model
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FIGURE 2. Spectrum sharing radar target-to-receiver channel model.

of SSR from the information-theoretic viewpoint. The radar
sensor transmitted waveform x(f) impinges on the target
and gets scattered by it. The scattered signal with additive
noise received at the SSR receiver and further processed to
extract the target information from radar-only and mixed-use
bands. The target-to-receiver channel equivalent mathemati-
cal model is shown in Figure 2(b), where x(¢) is the radar
sensor transmitted waveform, with duration 7 having the
energy E,. The g(#) is the target scattering characteristics
model/ impulse response; h(f) is the resulting target scat-
tered signal. The w(¢) is the zero-mean white Gaussian noise
having the power spectral density P,,,,, which is independent
of x(#) and g(#). The w(¢) is represented with an intent that
the overall SSR system bandwidth (Bssg = By + Bpix) 1S
influenced by the same noise. The € quantifies the loss of
target information in the received signal owing to in-band
communication interference for the mixed band system oper-
ation. The received signal/ measurement model at the radar
receiver from the radar only sub-band is given by [41]

zr(t; By) = f(h(), x(1), g(1)) + w(?)
= Pyt — ) + w(). (D
Here, f(-) represents the non-linear function and ¢ represents
the time, P, is radar received power due to target return.

Whereas the received signal/ measurement model from the
mixed-use sub-band is represented as

2r(8; Bpi) = f(h(D), x(1), €, g(1)) + w(?)
= VPusp(t = 1) + V/Pesc(d) +w(®),  (2)
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where P, is radar received power owing to in-band commu-
nication transmitter, € is a Bernoulli random variable which
quantifies the effect of the target information reduction in
mixed-use sub-band. The € equal to zero when there is no
target information is extracted in mixed-use-band, € takes
the value to unity when the target information is extracted.

For the mixed-use sub-band, two cases have been assumed:
with SIC and without SIC. It is assumed that, when the SIC
method is used, the received signal at the radar receiver
will get suppressed with predicted communication symbols.
Hence, it cancels the in-band interference effect in mixed-
use band [19], [42], [43]. Therefore, the received signal with
SIC in mixed band from radar perspective is given by

Zrge (& Bix) = f(h(D), x(1), €, g(1)) + w(?)
= VPt = T) + v/Pe(sc(t) = ¢, (1) + w(0)
= \/Frsr(t —T) + Winegn (1), 3)

where Wi (£) = Wresidual(t) + w(t). Here, “int” refers to
in-band interference, “n” refers to noise. Whereas, mixed-
use band without SIC will not predict and suppress the
in-band communication symbols, results in strong in-band
interference effect, which nullifies target information in that
particular sub-band. Therefore, the received signal with-
out SIC in mixed band is same as (3) with wj,4,(f) =
/Pesc(t) +w(?). Similar equation holds true from commu-
nication perspective in mixed-used band by interchanging
the radar and communication signals in (3).

The received signals z,.(t; B)), z-(t; Bmix) given in (1)
and (2) are processed to extract the target information. Let
Ip,(¢) and Ip,, (t) be the extracted target information from
radar only sub-band and mixed-use sub-band, respectively.
So, the overall target information Issr(#) from both the sub-
bands is the summation of I, (f) and I, (f). To make the
target-to-receiver channel model more realistic, it is also
assumed that there exists multipath between the target-to-
receiver channel, as shown in Figure 1. The mathematical
representation of the multipath model of SSR in radar only
band is shown in Figure 3. A similar figure holds true for the
mixed-use band, and € exists. N number of paths between
the target-to-receiver are depicted in Figure 3. These mul-
tipaths are effected by noise w(t) = f(wi(?), ..., wy(f)).
Here, wi(#), wa(t), ..., wy,(f) are the individual path noise
components represented for mathematical convenience and
are jointly contributing to a single noise component w(f).
Further, for simplicity, it is assumed that all the multi-
paths have a unity channel gain. By imposing subscript i
to the (1), (2), results in received signal of i path. The
overall received signal at the radar receiver due to multipath
from the radar only and mixed-use sub-band, is given by

N
zr(t; By) = er,-(t; By),

i=1

N
2 (t; Biix) = Z Zr (t; Bimix)- 4
i=1
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FIGURE 3. Multipath target-to-receiver channel model of spectrum sharing radar in
radar only band.

Here, It is worth noting that z,(#; By), z(f; Bpix) are
equivalent to (1) and (2) for single path.

In the above scenario, there is a strong need to quan-
tify the target information available at the radar for a given
transmitted waveform. Besides, SSR is also capable of act-
ing as a communication receiver. Here, there is a strong
requirement to estimate the information rate at the SSR.
Similarly, it is essential to quantify how efficiently the SSR
utilizes the spectrum. Given this, the performance analysis
of SSR is carried out using three metrics, namely, mutual
information (MI), spectral efficiency (SE), and capacity (C).
MI is considered for target-to-receiver channel for a given
transmitted waveform to quantify the target information that
is available at the radar. Furthermore, as the MI defines the
target information available at the receiver, which in turn
influence the other performance metric, such as Cramer-Rao
Lower Bound (CRLB). Since, the CRLB is inversely propor-
tional to Fisher information [42], [44]. The SE is adopted in
this paper to quantify how efficiently the spectrum is being
utilized with the spectrum sharing radar. Finally, the capac-
ity (C) metric is introduced to quantify the communication
information rate at SSR.

The following, Sections III and IV, presents the
performance analysis of the SSR in a clean and multipath
environment.

Ill. PERFORMANCE ANALYSIS IN A CLEAN
ENVIRONMENT

In this section, the performance analysis of SSR in a clean
environment is presented using MI, SE, and C metrics.

A. MUTUAL INFORMATION (MI)

The total MI between the target characteristics g(f) and the
received signal at the radar receiver z.(f) over a bandwidth
Bggr is the summation of the MI in radar only band /I, (f) and
the MI in mixed-use band Ip . (¢). Here Bssg = B, + Byix-

mix
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1) MIIN RADAR-ONLY BAND

Let x(#) is the radar transmitted waveform with the energy
E, and period T. The MI (I, (z-(1); g(t) | x())) between
the target-to-receiver in the presence of additive Gaussian
noise (with Py, (f) as a one sided power spectral density) is
maximized by x(¢) with magnitude squared spectrum [41]

IX(f)* = max[0, 4 — r(f)], (5)
where
_ Py(NT

aé(f) is spectral variance of g(7), and A is the solution of
the equation

E, = / max[0, A — r(f)] df. (7)
Br

with r(f) defined in (6).

The resulting maximum MI Ig‘r"x(zr(t); g() | x(¥)) over
the radar only band interval B, = [f.,f. + B,] is given
by [41], [44], [45]

Py (NT

= T/ max[O, InA — lnr(f)] daf

21X 2.2
I 0: 0] x0) =7 [ h{l + M}df
B,

=TB,InA — T/ Inr(f) df (nats).
B,

®)
2.2
Here, M represents the signal to noise ratio (SNR)

in radar o‘;lwly sub-band, represented as

_ X(OPPag(h)/T
T Pw(N)2

2) MI IN MIXED-USE BAND

The MI in the mixed-use sub-band follows the similar pro-
cedure of radar-only band, except that, one needs to take the
expectation over the variable €, which incorporates the effect
of in-band communication system interference. Therefore,
the MI I]’,f’:i);(zr(t); g(® | x(t)) over the mixed-use band
interval Bpix = [fe, fe + Bmix] 1S given by

I3 (2(1); g(0)] x(1) = E[I3% (z-(1); g(1) | x(D), €)]

mix mix
€

=0 x p(e = 0)[g"" (z(1); g(1) | x(1), € = 0)

mix

+ 1 x ple = DIg™(z®); 8@ | x(1), € = 1)
= ple = DIF™ (2 (1); g(1) | x(0)).

Here, p(e = 1) represents the mean value of €, takes the
values between zero to one. It can be interpreted as an
information reduction factor in the mixed-use band compared
to the radar-only sub-band.
Similar to (8), the general MI in mixed-use sub-band is
given by
I3 (2,(1); g(1) | x(1)) o In(1 + SINRg, )

mix

SNRp )

(10)

(1)
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Interpreting (10), (11), utilizing expressions (8) and (9), the
mean € can be defined as the ratio of signal to interference
plus noise ratio (SINR) in mixed-use sub-band (SINRg, )
to the SNR in radar-only sub-band (SNRp, ). However, in
contrast to SNRp, , the SINRp, . takes two forms. One with-
out using the SIC scheme and the other is using the SIC
scheme in mixed-use band [37]. Similar to (9), the SINRp
without using SIC scheme is given by

SINRYithout SIC _ IX(DIPeH/T
Bia Pun(£)/2 + 1SN
where [S.(f)|2 (P, = I, IS:(f)|>df) denotes the in-band
wireless communication transmitter power component. In
contrast to (9), the additional term |S.(f)|? in the denomi-

nator of (12) denotes the direct interference component.
Using the SIC scheme in mixed-use band subtract the
received signal with predicted communication component

mix

12)

(as represented in (3)). Hence, the resultant SINRp, . using
SIC scheme in mixed-use band is given by
) X 2 2 T
SINRgH_h SIC _ X705/ - (13)
e Puw(H)/2 + 1S ()]

where [S7(f)|? = |Sc(f) — Sepre (f)|? represents the residual
communication power component.
Using (12) and (9), the ratio of SINRE’:EO“‘ SIC to SNRp,
is assumed as €1, given by
é] — PWM/(f)
Py (F) + 21Sc(H) 1
Here, the denominator of €; has the direct interference com-
ponent of high value compared to noise, it is approximately
equal to zero. It is in fact true that for a fixed value of noise
power Py, (14) becomes €] = m ~ 0. Which
indicates the minimum information retrieval in mixed-use
band when SIC scheme is not adopted. Also, the ratio of
SINR}}’E; SIC to SNRp, is assumed as &, given by
- PWW (f)
T Pl + 2ASE AP
ww c
which is approximately equal to one because the denominator
will only have residual interference component of less value
compared to noise. Therefore, without loss of generality,
using (10), (14), and (15) the MI in the mixed-use band
is given by

I3 (z-(1); 8(0) | x(2))

& (TB,m-x AT [, Tnr(f) df)
_ without SIC scheme
e (TB,W mA =T [, Inr(f) df)
with SIC scheme
Finally, the MI of the SSR is the sum of individual MI’s in
their respective sub-bands, is given by
Tpeor @r(0; 8(0) | x() = Ig™(2-(0); () | x(1))
+ g (2 (D; (1) | x(0). (A7)

mix

(14)

5)

(16)

Here I;’;r”x and Iglji are defined in (8) and (16), respectively.
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To show the comparison of the SSR with the traditional
radar, MI of the traditional radar having BW (Br) [41] is
given by

Ig, " (zr(1); 8(0) | x(0))

=T / max[0, InA — Inr(f)] df (nats), (18)
Br

where r(f) and A have the similar form of (6) and (7) by
replacing B, with Br.

B. SPECTRAL EFFICIENCY (SE)
In this subsection, the SE performance metric for SSR is
presented. The SE is defined as a ratio of maximum MI
between target-to-receiver of the SSR over the available
bandwidth [46], [47]. Therefore, the SE of the SSR is
given by

Imax

Bssr
SE = ,
SSR B

SSR

19)

where Igs“s’; is given in (17) and Bsgg is the bandwidth (BW)
used by SSR, defined as Bssr = B, + Bix-

To show the advantage of SSR over the traditional radar
in-terms of SE, the SE of the traditional radar is also defined
and is given by
e

B T+ Bmix '

where Ig‘;‘x is given in (18). The additional BW B, to
the Br is considered in the denominator instead of taking
the 2B7. Because, in traditional radar and communication
system operation, where the spectrum sharing (SS) is not
considered, a BW of B, is used for radar purpose alone, and
an extra BW of B, is used for communication operation.
Here, in SSR, the B,y is the portion of BW which contains
the communication information. Therefore, the net effective
BW is B7 + B, with the condition that B, = Br, and
B: = Byix-

It is to be noted that the (19) shows the SE of SSR
from the radar perspective. However, apart from radar tar-
get information, the SSR also receives the communication
information in mixed-use band. Therefore, the SE of SSR
from communication system perspective also needs to be
quantified. It is known that the SE of communication system
is the ratio of Capacity (C) to the BW used [45], the SSR
does not use any additional BW (zero B.) for communication
information retrieval, results into a infinite SE.

SEr (20)

C. CAPACITY (C) IN MIXED-USE BAND

In this subsection, the channel capacity calculation for
SSR is presented. As, the mixed-use band of SSR con-
sist of communication information apart from radar related
information, therefore the capacity metric needs to be eval-
uated in this band. In general, the bandlimited Gaussian

VOLUME 4, 2023

channel capacity with a BW B, noise power spectral density
of Py,,/2 watts/Hz, and power P, watts is defined as [45]

P,
C=BIn|1
“( +wa6)

In SSR, B, is the amount of BW which carries the
communication information. Hence, the capacity of tradi-
tional communication system with a BW B,,;, is taken for
comparison purpose, it follows (21) by replacing B with B,;jy.

Similar to (16), the capacity of SSR in mixed-use band is
given by

ey

€ BuixIn (1 + Pf3m>
_ without SIC scheme

€ Bmix ln (1 + owémix)
with SIC scheme.

(22)

Here, €; and €; are different from MI calculations of the
radar case that are presented in Section III-A.2. As the
communication perspective is considered here, the radar
component is treated as an interference. Therefore, similar
to (14) and (15), the corresponding €; and €&, is given by

_ P ww _ P ww
Py + 2P, Py + 2P

€1 € (23)
Here, P, = |X (f)lzaé(f) /T radar power component, P/** =
Py — Py, represents the residual radar power component
using SIC scheme in the mixed-use band. In addition,
the €; is approximately equal to zero, as the denomina-
tor component has the higher interference (radar power)
value compared to the noise power. Which provides reduc-
tion in the capacity in mixed-use band, when SIC scheme
is not deployed. In contrast, €; is approximately equal to
one, because the denominator component consist of insignif-
icant interference residual component compared to noise
power.

IV. PERFORMANCE ANALYSIS IN A MULTIPATH
ENVIRONMENT

In this section, the performance analysis of SSR is presented
by considering the multipath. For mathematical simplicity,
assume only two paths, i.e., i = 1,2. Then the reduced
channel model has paths with wi(f), w2 () as noise compo-
nents. Noise components wy(f), wa(f) are jointly Gaussian

2
. . 0, 0,
with zero mean and covariance K,, = w, PO . Where
2 2
poy oy
av% = P“#(f) p is the correlation coefficient.

A. MIIN A MULTIPATH ENVIRONMENT
In this subsection, the multipath is considered in the
derivation of MI of the SSR.

1) MI IN RADAR-ONLY BAND

For the radar transmitted waveform x(¢), the MI between the
target that has response characteristics g(¢) and the receiver
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with the reduced multipath model that has wi(#), wa(f) as
jointly Gaussian in radar only band is given by [45]

1 2P
I 1); gt N=-n|l1+————|, (24
B,(zr(1): 8(0) | x(1)) = n[+ o2 (1 + )} (24)
where P is the power component which represents the target
X1 ac(f)

information, is given by P = . After substituting
P and 0?2, in (24), the resulting MI is given by

41X (NP (f) 25)
Puw(NT + p) .
Using (25), the resulting MI I (z,(1); g(¢) | x(¢)), over the

radar only band interval B, = [f, fc + B,], with multipath
effect, is given by

I, (z,(1); g(1) | x(1))

2.2
_r [ w1y O
B, Pyw(HT( + p)

Similar to (8), the maximum MI of Ip (z,(¢); g(¢) | x(¢)) in
multipath case, with the constraint on transmitted waveform
energy E,, is given by

T (2r(); 8(0) | x(1))

=T7B,InD — T/ |: (f)( >:|df (nats). (27)

The detailed proof of obtaining the
I, (z,(t); g(t) | x(2)) is provided in the Appendix.

For different values of correlation coefficient p = 0, 1, —1,
the resulting MI is given by

I (zr(1); g(1) | x(1))
T8,nD ~ T [, n| "]
= TB,lnD—TfBrlnr(f) for p =1
00 for p = —1.
Here, for p = —1, the MI = oo does not mean that one gets
the infinite amount of information. Instead, it means that the
true/ overall target information has been received. It is true
that for p = —1 case, the noise components wi(¢) and w; ()

cancel out each other. At the receiver, one has only the true
information of the target.

1
Is, (zr(@); 8(1) | x(0) = 7 ln[l +

:|df (nats).  (26)

maximum

for p =0
(28)

2) MI IN MIXED-USE BAND
MI in a mixed-use band with multipath holds a similar pro-
cedure of MI in a clean environment. The only difference
is, instead of using MI of the radar-only band in a clean
environment, here, MI of the radar-only band with multipath
defined in (27) is used here. The resulting MI similar to (16)
is given by
I3 (z(1); g(0) | X())
& (TBmix nD—Tf, ln[r(f)(HTp)]df>
! without SIC schelanrep (29
& (TBuainD =1 [, w[r(H(52)]#r)
with SIC scheme
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Finally, the MI of the SSR with multipath effect is given by

I3 Gr(0): 8(0) | %) = [5G (0): 8(0) | x(0)
+ I3 (20(0); () | x(1)). (30)

Here I’”“x and I’"ax are defined in (27) and (29) respectively.
Slmllar to (18) the MI of the traditional radar with
multipath is given by

I (zr(1); g(0) | x(1)) = TBrInD
)]df (nats),

-7 [ (5
' G31)

where D, r(f) is defined in (38) and (6) respectively.

B. SEIN A MULTIPATH ENVIRONMENT

The SE of the SSR and traditional radar with multipath is
same as (19) and (20), respectively. The main difference is
that Ig‘a’; , Ig‘;‘x defined in (30), (31) is used here, instead
of (17), (18). i.e.,

max Imax
SEgsg = ;s:; and SEy = B iTB -, (32)
mix

Imax

where
Bssr’

Ig’TaX are defined in (30), (31).

C. CAPACITY (C) IN A MULTIPATH ENVIRONMENT

In this subsection, the channel capacity of SSR in mixed-
use band is calculated by considering the multipath effect
between the in-band communication transmitter to SSR
receiver. The bandlimited Gaussian channel capacity with
a BW B, effected with w(¢), wy(¢) jointly Gaussian
n01s2e comg)onents with zero mean and covariance K,, =
[p“;v P :2 , av% =r =5, correlation coefficient p, and power
P, watts is given as [45]

C=Bln <1 + (33)

2P, )
waBmix(1 + :0) )
Using (33), similar to (22), the capacity of SSR in multipath
environment is given by

€1 BpixIn (1 + waBrznic(Hp))
without SIC scheme
€  BpixIn (1 + PWWB,,Z(H/J))
with SIC scheme.

CBmix = (34)

V. RESULTS AND DISCUSSION

In this section, the numerical results are presented based on
the analysis presented in Sections III and IV. In this frame-
work, it is assumed that the SSR is operating at 3000 MHz
with BW of 10 MHz. Also, it has the effective antenna
area A, of 2 m?, and line of sight towards the target at
10 km range. The radar transmitter power varies from 50
W to 1000 W, and pulse duration varies from 0.1 ms to
100 ms. Here, the target scattering impulse response g(f)
has a Gaussian characteristics with spectral variance of
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FIGURE 4. Ml of SSR as a function of radar power and pulse duration assuming
Bmix = 50% of Bssg.

aé(f) = Bexp{—5f?}. Here, B and § are constant, character-
ize the magnitude and the rate of decrease of oé(f) [41]. The
SSR uses 50% of available BW for radar only operation and
the rest for mixed-use purpose, until and unless specified.
The additive noise w(t) is white Gaussian having one-sided
power spectral density P, (f) = No = kT, with Boltzmann
constant k = 1.381 x 10723 J/K and system noise tempera-
ture Ty = 300 K. The communication system power varies
from 5 W to 1000 W. From (14), (15), and (23), followed by
the analysis there deduces the values of €1, €; information
reduction factors without using the SIC scheme and with
using the SIC scheme [37], respectively in mixed-use band.
Further, it is apparent that the €; = 0 and €, & 1. The same
can also be verified for the values considered herein for the
noise power, communication power and radar power. For the
sake of analysis, €] and €; are considered as 0.1 and 0.9
respectively.

A. CLEAN ENVIRONMENT—USING EQUAL BW SHARING
The MI of the traditional radar and SSR are plotted in
Figure 4, as a function of radar average power and pulse
duration using (17) and (18). The power is varied from 50—
1000 W with a step size of 100 W. Similarly, the pulse
duration is varied from 0.1 ms to 100 ms with a step size
of tenfold. In this analysis, 50% of total BW is allocated
for the radar-only band and the rest for the mixed-use band.
The MI is observed to increase with the increase in radar
transmitted power and radar pulse duration. For a pulse dura-
tion of 100 ms, we observed that it outperforms the other
smaller pulse duration values. Similarly, we observed that,
for a given pulse duration, as the average power increase, the
MI increases. This is because the higher the power impinges
on the target, the more the information received. Further, it
is evident from the results that MI of the traditional radar is
always higher than the SSR due to the flexibility of using
total available BW for radar-only purpose. Further, in SSR,
the influence of using the SIC scheme in the mixed-use band
is also depicted in the same Figure 4. We can see that the
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FIGURE 5. SE of SSR as a function of radar power and pulse duration assuming
Bix = 50% of Bgsg.

MI of SSR with the SIC is almost equal to that of the tradi-
tional radar because the SIC scheme in the mixed-use band
cancels the in-band interference and ensures the maximum
information retrieval in that band. Whereas in the absence of
the SIC scheme, the target information retrieval becomes less
and results in degraded MI of SSR as shown in the Figure 4.
This is because we are losing the target information from
the mixed-use band for an SSR radar when the SIC scheme
is not adopted.

Figure 5 shows the SE of the traditional radar and SSR as
a function of radar average power and pulse duration with
Byix = 50% of Bssg. The analysis is based on (19) and (20).
It can be observed from Figure 5, the SE is proportional to
the radar transmitted power and radar pulse duration for a
given BW. Even though the traditional radar MI is higher
than the SSR (refer to Figure 4), whereas in the case of SE,
the SSR with SIC stands higher than that of traditional radar.
This is because the traditional radar accounts for additional
BW of B,,;; than the SSR for the same amount of information
that needs to be obtained. Further, it is observed that the SE
of the SSR without SIC is less compared to other schemes,
owing to its poor information retrieval in mixed-use band.

Figures 6 and 7 show the MI and SE as a function of pulse
duration and for a fixed radar power and equal BW sharing.
The pulse duration is varied from 0.1 ms to 100 ms and a
fixed radar power of 1000 W is considered. These plots are
based on (17), (18), (19), and (20). It is observed that, as
the pulse duration increases, both MI and SE values propor-
tionately increases for the fixed radar power. It is because
of the fact that, increase in pulse duration enhances energy
per pulse and improves the target detection capability within
the specified range. Therefore, the information retrieval will
be higher, which in turn improves the SE.

B. CLEAN ENVIRONMENT—USING UNEQUAL BW
SHARING

Figure 8 shows the MI of the traditional radar (always the
BW is 100%) and SSR with unequal allocated BW (ex. radar
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FIGURE 6. MI of SSR as a function of pulse duration.
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FIGURE 7. SE of SSR as a function of pulse duration.
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FIGURE 8. MI of SSR as a function of radar power and B, with a fixed pulse
duration of 1ms.

band 30% and mixed band 70%). In this analysis, rather
than varying the pulse duration, it is fixed to 1 ms, and
the figures are plotted using (17) and (18). Three different
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FIGURE 9. SE of SSR as a function of radar power and B, with fixed pulse
duration of 1ms.

BW allocations are considered namely low mixed band BW
(radar band 70% and mixed band 30%), equal BW (radar
band 50% and mixed band 50%), and high mixed band BW
(radar band 30% and mixed band 70%). From Figure 8, we
can observe that MI of traditional radar is outperforming
compared to other cases due to the availability of full BW,
and there is no in-band interference. Whereas, MI of SSR
with the SIC scheme is higher than the MI of SSR without
SIC scheme in all the unequal BW sharing cases since the
use of SIC scheme in mixed band retrieves more information.
As the By, increases, the MI decreases and vice-versa. In
support of this statement, it is clearly observed from the
Figure 8, that the SSR with/without SIC having B of
70% attains lesser MI compared to other cases. It is also
worth noting that SSR with SIC also varies dominantly by
changing the B,,;,. But, this is not properly being visualized
in the figures due to the log — y scale. The rate of decrease
of MI of SSR with respect to By, is less comparable in the
case of SSR with the SIC scheme. At the same time, one
can find a comparable decrease in the case of SSR without
the SIC scheme. It is a fact that using larger B,,; and not
using the SIC scheme in the mixed-use band leads to more
information loss.

Similar to MI of Figure 8, the SE analysis is also car-
ried out for traditional radar and SSR, as a function of
average radar power, and B, with a fixed pulse dura-
tion of 1 ms. Figure 9 shows the SE with unequal BW
allocation, and is obtained based on (19) and (20). For
the B,y = 30%, 50%, 70% of Bssg, the denominator
of (20) becomes 1.3B7, 1.5Br, and 1.7B7 respectively. It is
observed that the SE of SSR with the SIC scheme is higher
than the traditional radar case, and SSR without the SIC
case. In all the three proportions of mixed-use BW alloca-
tion (for By = 30%, 50%, 70% of Bssgr), the order of
the SE follows SE with SIC > SE of traditional radar >
SE without SIC. The SE without SIC scheme falls below
the other two cases (SE with SIC and traditional radar) in
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FIGURE 10. Comparison of MI of SSR for clean and multipath environment
(Bmix = 50% of Bssg and T = 1ms).

their corresponding proportion of allocated mixed-use BW.
Further, it is noted that, the allocation of more amount of
BW (B,,ix = 70% of Bssg) to the mixed-use band leads to
the less SE of SSR without SIC case. Because the allocation
of a high portion of total available BW for the mixed-use
band and not being able to use the SIC scheme will result in
considerable information loss, which inturn reflects on SE.

C. IMPACT OF MULTIPATH IN SSR
In the above Sections V-A and V-B, we considered the case
of a clean environment and given detailed discussions on
the impact of radar power, pulse duration, and allocation
of unequal BW in SSR. The results obtained (Figures 4-9)
in those sections hold true for multipath case. Hence, we
avoid the Figures and summarize the results about multipath
cases. In summary, the MI and SE increase with average
radar power and pulse duration in multipath cases. Similarly,
MI of traditional radar is higher than the SSR configuration,
and SE of SSR is higher than the traditional radar. These
results are not plotted again for the multipath case to elimi-
nate the redundancy. Instead, the comparison results of clean
environment and multipath environment are provided.
Figure 10 depicts the comparison of MI in a clean and
multipath environment for both traditional and SSR. Here, we
considered B,y = 50% of Bgsg, and a fixed pulse duration
of 1ms, based on (17), (18), (30), and (31). The impact of the
correlation coefficient p is analyzed. It is observed that the
MI of traditional radar and SSR with p = 0 is dominating
compared to p = 1. This domination of SSR is theoreti-
cally true. Because, for p = 0, the jointly Gaussian noise
components wi(t), wa(f) of two paths act as independent
paths. Hence, the multipath target-to-receiver channel act
like two looks Gaussian channel [45]. Therefore, the receiver
has additional target information from multiple paths. Next,
the MI of traditional and SSR in a multipath environment
for p = 1 is equal to that of a clean environment. For
p = 1, the multipath target-to-receiver channel acts like a
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FIGURE 11. Comparison of SE of SSR for clean and multipath environment
(Bmix = 50% of Bssg and T = 1ms).
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FIGURE 12. Comparison of capacity of SSR for clean and multipath environment
(Bmix = 50% of Bssg).

single look Gaussian channel, same as the clean environment
target-to-receiver channel model.

Figure 11 shows the comparison of SE of SSR and tradi-
tional radar in both clean and multipath environment having
Byix = 50% of Bgsg and a fixed pulse duration of lms.
The results are obtained using (19), (20), (32). Similar to
Figure 10, here it is observed that SE of traditional and SSR
for p = 0 is higher compared to p = 1. Similarly, the SE
for p = 1 case is equal to the SE of clean environment.
Since the SE is directly proportional to MI, the change in
MI directly reflects in SE.

Figure 12 shows the performance analysis of SSR from
communication point of view by considering the capacity as
a metric for performance evaluation. It shows the comparison
between the capacity of SSR and the capacity of traditional
communication system in both clean and multipath environ-
ment having B,y = 50% of Bssg. The results are obtained
using (22) and (34). Similar to Figure 10, 11, it is observed
that the capacity of traditional communication system and
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FIGURE 13. Comparison of M, SE, and capacity (C) of SSR with varying mean e.

SSR mode of operation for p = 0 is higher compared to
p = 1. Because, for p = 0, both the paths become indepen-
dent and contribute to the capacity constructively. Similarly,
the capacity for p = 1 case is equal to the capacity of clean
environment. Unlike MI and SE, the capacity of SSR with
SIC and without SIC are considerably separated due to sup-
pression of the interference by the SIC scheme. It is because
the communication system capacity is only available in the
mixed-use band. However, for the MI and SE metrics, both
radar only band and mixed-use band contribute the target
information.

Figure 13 shows the comparison of MI, SE, and capacity
(C) of SSR with traditional systems by varying the mean e.
This figure also shows the impact of residual and direct
interference components on the performance metrics MI, C,
and SE. The Figure 13 is based on the generalized MI of
SSR represented in (10) and its similar forms for SE and C.
Let mean € ~ 0 is the SSR without SIC region or €;
region or direct interference region. Let mean € =~ 1 is the
SSR with SIC region or €, region or residual interference
region. The region between these two direct and residual
interference regions can be interpreted as a transition region.
From (14), (15), and (23), the €, €, are related to direct and
residual interference components, varying these quantities
or observing the performance of SSR in the correspond-
ing regions automatically quantifies the effect of direct and
residual interference. It is observed that, the performance
of the SSR without SIC region falls short when compared
to traditional systems. However, it align with the traditional
system with SIC region for MI and C metrics. It is because,
the SSR without SIC region is the region where the direct
interference will be present (referencing to (14) and (23)),
which in turn deteriorates the information retrieval. Whereas
in €, region, the SSR uses the SIC scheme, results into the
residual interference (referencing to (15) and (23)), which
allows the better information reception. Further, the SSR
provides improved performance for SE metric. The SE of
SSR in without SIC region is similar to the SE of traditional
system and SE of SSR with SIC scheme is superior compared
with traditional systems.
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VI. CONCLUSION

Spectrum sharing radar (SSR) has been considered in this
paper, assuming that a portion of the bandwidth is allo-
cated for radar-only purposes and the remainder for radar
and communication purposes. The performance of the SSR
has been analyzed in terms of mutual information (MI),
spectral efficiency (SE), and capacity (C) metrics. These
metrics are derived mathematically in a clean environment
(no multipath) by considering SSR in the mixed-use band
with and without a successive interference cancellation (SIC)
scheme. Allocating a higher BW to the mixed-use band
and employing the SIC scheme result in MI comparable
to traditional radar. Similarly, for higher BW allocation to
mixed-band, the SE of SSR outperforms conventional radar.
The capacity of SSR in mixed-used and using SIC scheme
reflects in comparable performance of traditional communi-
cation system. Later, the multipath environment is considered
between the target and receiver channels and mathemati-
cally modified the MI, SE, and C metrics to account for it.
The influence of the correlation coefficient p has also been
investigated. The numerical results of the SSR in a clean and
multipath environment are plotted in terms of MI, SE, and C
and compared with the traditional radar and communication
system. Results reveal that the MI and C of the SSR using
the SIC scheme in the mixed-use band is comparable to
that of traditional radar and communication system, respec-
tively. However, the SE of the SSR with the SIC scheme is
improved. Further, results reveal that the performance metrics
of SSR with correlation factor zero dominates the unity cor-
relation factor in multipath environment. Furthermore, the
results show that not using the SIC scheme in a mixed-
use band degrades SSR performance compared to traditional
systems. These findings and analyses serve as a guideline
for SSR designers. This work could be expanded to include
the joint optimization of all performance metrics. Further,
one can work on multiple SSR target scenarios with dif-
ferent target waveform response characteristics, introducing
electronic countermeasures. Furthermore, this work can be
extended to analyse the performance of SSR by introduc-
ing the multiple antennas at the receiver and considering N
number of multi-paths into account. In addition, the future
research work can also be carried out by evaluating the addi-
tional performance metrics such as detection probability etc
for performance analysis.

APPENDIX

To maximize the Ip, (z-(f); g(t) | x(¢)) with respect to
transmit waveform energy constraint fB,- IX(f)|2df = E,
form an objective function using the Lagrange multiplier
theorem [48] as

2\ _ 4X (P05 ()
(o) = [ w1 e

r

_ 2 _
x(/B X()Pdf E)

(35)
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The equivalent/ reduced objective function which needs to
be maximized with respect to |X (H)? is

41X P02 (f)

G AX(D)?
Py (NT(1 + p) X

(36)

w<|X(f)|2) —Tln| 1+

For maximization, take the partial differentiation of (36) with
respect to |X(f)|*> and equate it to zero. It is seen that,

P T 1+ p
IX(NH? = sz(f ( ) 37
205(H) 2
where D = % is some constant.

1
D=—

B (38)

Using the energy constraint of |X (f)|? and (37), the value
Py (NT ( 1+ p)

/ o 2

Using (6), (37), the maximum of I (z-(2); g() | x(1)) is

N 3 4X(NPas ()
Ig, " (zr(1); g(0) | x(0) = T/B Inf 1+ PonOT( + ) df
I+p
:T/ In| 1+ [ ( 2 >]
. ()
= T/ InD — 1n[r(f)< >i| df
=TB,InD — T/ 1n[r(f)(1 +p>] df (nats), (39

where D is defined in (38).
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