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ABSTRACT In this paper, we analyze the outage performance of a rate-splitting multiple access (RSMA)-
aided semi-grant-free (SGF) transmission system, in which a grant-based user (GBU) and multiple grant-
free users (GFUs) access the base station by sharing the same resource blocks. In the RSMA-aided SGF
(RSMA-SGF) transmission system, the GBU and admitted GFU are respectively treated as the primary
and secondary users by using the cognitive radio principle. With the aid of RSMA, the admitted GFU’s
transmit power allocation, target rate allocation, and successive interference cancellation decoding order
are jointly optimized to attain the maximum achievable rate for the admitted GFU, without deteriorating
the GBU’s outage performance compared to orthogonal multiple access. Taking into account the extended
non-outage zone achieved by rate-splitting, a closed-form expression is derived for the outage probability
of the admitted GFU in the considered RSMA-SGF system. Asymptotic analysis for the admitted GFU’s
outage probability is also provided. The superior outage performance and full multiuser diversity gain
achieved by the RSMA-SGF transmission system are verified by the analytical and simulation results.

INDEX TERMS Grant-free transmissions, multiple access, outage probability, rate-splitting.

. INTRODUCTION

HE PROLIFERATION of Internet-of-Things (IoT)

applications, intelligent robots, and Industry 4.0
networks is resulting in unprecedented needs for mas-
sive and spectrally efficient connections. As part of the
sixth-generation (6G) evolution roadmap, extremely reli-
able and low-latency communication (ERLLC), further-
enhanced mobile broadband (FeMBB), and ultra-massive
machine-type communication (umMTC) have been proposed
to enable envisioned heterogeneous 6G applications [1].
For ubiquitous scenarios of umMTC and ERLLC, where
traditional grant-based (GB) transmissions are impracti-
cal due to the corresponding excessive signaling overhead

and massive computational resource consumption, grant-free
(GF) transmissions have been proposed, attracting consid-
erable interests from academia and industry [2], [3], [4].
A main advantage of GF transmissions is that terminals
can access the network without engaging in lengthy hand-
shaking, whereas the amount of handshaking signaling can
exceed the amount of data sent by terminals in GB trans-
missions. Although GF transmissions are the promising
solutions for massive connectivity, GB transmissions cannot
be overlooked due to the stringent quality of service (QoS)
requirements of existing grant-based GB users (GBUs). For
this reason, semi-grant-free (SGF) transmissions have been
proposed to accommodate the coexistence of GB and GF
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transmissions, which results in higher spectral efficiency
than admitting only GBUs or GF users (GFUs) [5]. To
opportunistically admit GFUs to resource blocks occupied by
GBUs, non-orthogonal multiple access (NOMA)-aided SGF
(NOMA-SGF) transmissions have been proposed, which
eliminates complex handshaking processes for admitting
GFUs [5], [6]. By using NOMA, user collisions caused by
the GFUs’ contention can be resolved by spectrum sharing
with the aid of successive interference cancellation (SIC).

To avoid system performance degradation of a GBU in
the NOMA-SGF transmission system, the GFU’s contention
must be managed appropriately taking into account the
GBU’s QoS requirements. Specifically, outage performance
experienced by the GBU should be comparable to that of
its orthogonal multiple access (OMA) counterpart [5], [6].
In [5], a distributed contention protocol was proposed to
guarantee that a fixed number of GFUs are admitted. It
was seen that this open-loop protocol suffered from user
collisions at a rate similar to that seen in pure GF trans-
missions. In [6], the received GBU’s signal power at the
base station (BS) was used to determine an interference
threshold, which was then broadcast to GFUs to facilitate dis-
tributed contentions. Considering that existing power-domain
NOMA schemes rely on superposition coding and transmit
power allocation, advanced SIC can be used to maintain
a high transmission reliability while preventing the GBU
from unnecessary awareness of the GFUs’ contention [6],
[7], [8]. In [9], a hybrid SIC was proposed to decode the
desired signals based on their relative power levels, i.e., the
admitted GFU’s signal can be decoded at the first or second
stage of SIC to attain the allowed maximum achievable rate,
which can be used in conjunction with transmit power allo-
cation to further improve the reliability of the NOMA-SGF
transmission system [10].

When viewed in the context of underlay cognitive radio
(CR), the paired NOMA users can be regarded as a pri-
mary user (PU) and a secondary user (SU), respectively [11],
which signifies that GB and GF transmissions in NOMA-
SGF systems can be treated as primary and secondary
transmissions, respectively. Since CR-inspired NOMA (CR-
NOMA) with SIC can achieve only a subset on the capacity
region boundary of uplink multiple access channels (MACs),
the outage performance of SU in this setting can result in
decreased user fairness [12]. To avoid deterioration in the
PU’s outage performance, both PU and SU can be allowed
to access the same BS simultaneously in CR-NOMA, and
a new hybrid SIC was proposed to improve the achievable
rate of the SU in such a system [13]. To achieve arbitrary
points on the capacity region boundary of uplink MACs,
rate-splitting multiple access (RSMA) proposed in [14] can
also be implemented in a CR-inspired way, which can extend
the non-outage zone for CR-NOMA [12]. In [15], the authors
proposed a CR-inspired RSMA (CR-RSMA) scheme to
improve the SU’s outage performance by admitting both PU
and SU simultaneously to access the same BS. Nevertheless,
both PU and SU in the underlay CR-NOMA and CR-RSMA
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systems worked in a GB manner [13], [15], whereas a GFU
needed to share the same time-frequency resource blocks
with a GBU in the SGF transmissions through a shortened
hand-shaking signaling. Moreover, the admission contention
from multiple GFUs was not taken into account in CR-
RSMA and the effects of the GFUs’ contention on the
RSMA-aided SGF (RSMA-SGF) transmission systems are
still unknown.

A. RELATED WORK

1) RSMA: RSMA has received significant attention recently
due to its capability to improve the spectral/energy effi-
ciencies, robustness, reliability, and latency of downlink
and uplink multi-user transmissions [16], [17]. In downlink
RSMA, the users’ messages are split into common and pri-
vate streams using available channel state information at the
transmitter (CSIT) [18]. By treating inter-user interference
flexibly, i.e., interference can be partially decoded and par-
tially treated as noise, downlink RSMA not only bridges
space division multiple access (SDMA) and NOMA, but
also achieves superior system performance, so that it is
regarded as a promising enabling technology for 6G new
radio (NR) [19], [20], [21], [22] (see also [16] and references
therein).

However, RSMA and the corresponding applications for
uplink MACs are still in their infancy. By using the
rate-splitting technique, the message of each user is split
into multiple sub-messages to enable non-orthogonal uplink
RSMA, which provides flexible interference management,
better user-fairness, and massive connectivity as compared to
conventional uplink OMA and NOMA [12], [23], [24]. Being
essentially different from downlink RSMA, which decodes
common and private streams partially at a receiver to bal-
ance the decoding performance and complexity, the split data
streams from all the users are fully decoded at the BS using
SIC in uplink RSMA [23], [24], [25], [26]. In [23], the
sum-rate maximization problem was investigated for uplink
RSMA in which the proportional rate constraints among
users were considered. To enhance the outage performance of
uplink NOMA, several rate-splitting schemes were proposed
in [24], [25], [26]. For single-input multiple-output (SIMO)
NOMA, uplink rate-splitting was investigated to guarantee
max-min user fairness in [24]. Nevertheless, an exhaustive
search was needed to find the optimal SIC decoding order
and optimal power allocation for uplink RSMA [23], [24].
Using the CR principle, adaptive power allocation and rate-
splitting were proposed to improve the outage performance
and user fairness for uplink NOMA in [12].

Recently, uplink RSMA has been applied to realize phys-
ical layer network slicing for ultra-reliable and low-latency
(URLLC) and enhanced mobile broadband communications
(eMMB) [27]. Also, RSMA has been used to support
URLLC and eMMB in 6G NR downlink transmissions [28].
In [29], the outage performance of uplink RSMA was
investigated taking into account all possible SIC decoding
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orders. In [30], cooperative RSMA was proposed to real-
ize uplink user cooperation. In [31] and [32], rate-splitting
schemes were designed for uplink aerial networks and satel-
lite communications, respectively. Rate-splitting applications
for cell-free machine-type communications and device-to-
device fog radio access networks were investigated in [33]
and [34], respectively.

2) NOMA-SGF Transmissions: To control the number of
admitted GFUs for the NOMA-SGF transmission system,
two contention mechanisms, namely open-loop contention
and distributed contention protocols, have been proposed
in [5], in which an interference temperature alike channel
gain threshold was broadcast to aid the GFUs’ contention.
Furthermore, a dynamic interference threshold proportional
to the received GBU’s signal power was proposed in [7]
to determine the admitted GFUs, which results in reduced
GFUs’ interference compared to the open-loop contention.
The authors in [6] and [9] proposed CR-NOMA with
hybrid SIC decoding order to enhance transmission relia-
bility of the admitted GFU, meanwhile ensuring that the
GBU experiences the same outage performance as in OMA.
An ergodic rate analysis was provided for NOMA-aided
SGF (NOMA-SGF) transmissions in [35]. To efficiently
leverage the capability of CR-NOMA to achieve the capac-
ity region of uplink MACs, adaptive power allocation
with hybrid and fixed SIC decoding orders were proposed
in [8] and [10]. Further, adaptive power allocation was
proposed in [36] for the NOMA-SGF transmission system
to improve the outage performance and sum rate. In [37], a
downlink collided-preamble feedback was applied to facil-
itate massive multiple-input multiple-output assisted SGF
random access. For tactile IoT networks that use NOMA-
SGF transmissions, joint power allocation and sub-channel
assignment were investigated in [38]. In [39], a user bar-
ring scheme was proposed to increase the average arrival
rate for the NOMA-SGF transmission system taking into
account multiple transmit power levels. In [40] and [41],
multi-agent deep reinforcement learning (MADRL) was
applied to optimize the transmit power for NOMA-SGF
and NOMA -aided GF (NOMA-GF) transmissions. Moreover,
MADRL was used to optimize transmit power allocation,
sub-channel assignment and reflection beamforming for
an intelligent reflecting surface (IRS) aided NOMA-SGF
system [42].

B. MOTIVATION AND CONTRIBUTIONS

Although the NOMA-SGF transmissions can accommo-
date the coexistence of GB and GF transmissions, these
systems achieve only a subset of the uplink MAC capacity
region as noted above. In contrast, the full capacity region
of uplink MACs can be achieved by using RSMA [14].
However, to maximize the sum-rate and ensure user fair-
ness, exhaustive search was used to determine the optimal
SIC decoding order and optimal power allocation for uplink
RSMA, which is computationally prohibitive [23], [24]. For
delay-limited transmissions, the authors in [12] proposed a
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CR-inspired transmit power allocation to aid rate-splitting,
in which target rates of the SU’s data streams were chosen
heuristically.

On the other hand, the recently proposed CR-RSMA
can improve the SU’s outage performance [15] and reduce
the task-offloading latency for mobile edge computing [43]
by optimizing the transmit power and target rate alloca-
tions. Motivated by the capacity region achieved by SGF
transmissions, we apply the CR-RSMA that adopts RSMA
and CR principles to assist SGF transmissions, with the
aim of improving the system performance under the uplink
RSMA framework. In the considered RSMA-SGF trans-
mission system, rate-splitting is conducted at the admitted
GFU, while the optimal transmit power and target rate
allocations at the admitted GFU and SIC decoding order
at the BS are jointly optimized using the CR principle,
which improves the admitted GFU’s outage performance
significantly.

The main contributions of this paper are summarized as
follows:

o For the RSMA-SGF system, we show that the non-
outage zone is extended significantly compared to the
NOMA-SGF scheme by exploiting the full capacity
region. Due to the extended non-outage zone, addi-
tional target rate pairs containing the higher target
rates for the admitted GFU are supported by the
RSMA-SGF scheme. Therefore, the outage performance
of the admitted GFU is significantly improved when
RSMA-SGF scheme is applied.

o We derive exact expressions for the outage probabil-
ity of the admitted GFU and its approximation in
the high signal-to-noise ratio (SNR) region. These
analytical results reveal that the full multiuser diver-
sity gain is achieved by the RSMA-SGF transmission
system. Moreover, benefiting from the obtained max-
imum achievable rate for the admitted GFU, the
multiuser diversity can be achieved in a wider target
rate regions than that of the NOMA-SGF transmission
system.

e Various computer simulation results are presented to
verify the accuracy of the derived analytical results and
corresponding high SNR approximations. The superior
outage performance of the admitted GFU achieved by
the RSMA-SGF scheme is verified by these simulation
results. The impacts of the target rate and number of
GFUs on the outage performance of the admitted GFU
are revealed.

The remainder of this paper is organized as follows:
Section II presents the system model and the RSMA-SGF
scheme, respectively; In Section III, the outage performance
of the admitted GFU achieved by the RSMA-SGF transmis-
sion system is analyzed and the high SNR approximation for
the outage probability is derived; In Section IV, simulation
results are presented for corroborating the superior outage
performance of the RSMA-SGF transmission system, and
Section V summarizes this work.
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Il. SYSTEM MODEL AND CR-RSMA TRANSMISSIONS

A. SYSTEM MODEL

We assume that the considered system consists of multiple
GBUs and multiple GFUs. To prevent GF transmissions from
generating too much interference to GBUs, all the GFUs and
GBUs are divided into multiple groups, each of which con-
tains K GFUs and one GBU. In each group, we assume that
only one out of K GFUs is paired with the GBU for simul-
taneous uplink transmissions, whereas multiple GFUs from
different groups can be simultaneously admitted through
wireless resource allocation among the groups.

Without loss of generality, we consider SGF transmissions
within a single group, in which the GBU and the kth GFU
are denoted by Uy and Uy € {Uy, U, ..., Uk}, respectively.
The channel coefficients from Up and U, to the BS are
denoted by kg and i (k=1,2,...,K), respectively, which
are modeled as independent and identically distributed (i.i.d.)
circular symmetric complex Gaussian random variables with
zero mean and unit variance. We assume that the channels
follow a quasi-static fading, i.e., the channel coefficients
remain constant during a single transmission block and can
vary from one transmission block to another independently.
Moreover, the channel gains can be ordered as

hl? < ol < -+ < hg |, M
where the subscripts denote the ordered indices. It should
be noted that the above ordering information is unavailable
to the K GFUs and the BS. In the considered system, we
assume that the K GFUs have the knowledge of their own
channel state information (CSI) and the admitted GFU’s CSI
is not required to be known at the BS prior to the SGF trans-
missions. In addition, the BS has acquired the information of
the GBU’s CSI and transmit power. To compare the system
performance of the RSMA-SGF scheme with the bench-
marks, we also assume perfect SIC at the BS receiver as
those in [6], [13].

Without loss of generality, we assume that the £th GFU
Uy is admitted to transmit (1 < £ < K). For each block of
transmissions, Uy can split its message signal X, into two
parts x¢.1 and X;». Corresponding to the message signals
Xg, Xe,1, and Xy 2, the generated transmit signals at U, are
denoted by x¢, x¢,1, and x; 2, respectively. In each transmis-
sion block, Up and U, simultaneously transmit their signals
to the BS. Then, the received signal at the BS can be written
as:

y = v/ Pohoxo + /aPshexe 1 ++/ (1 — a)Pshyxe s +w, (2)

where Py and P denote the transmit power of Uy and Uy,
respectively, x¢ is the transmit signal of Uy, « is the transmit
power allocation factor at U, satisfying 0 < o < 1, and w
is additive white Gaussian noise (AWGN) at the BS with
zero mean and unit variance. We assume that each transmit
signal X € {xo,x¢,x¢,1,x¢2} is coded by an independent
Gaussian code book and satisfies E{|%|?} = 1, where E{-} is
the expectation operator.
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At the BS, the decoding order xy,1 — x9 — x¢,2 is adopted
in SIC to recover the signal x¢ 1, xo, and xg 2, sequentially.
According to [15], the SIC decoding order xp,1 — xo — x¢.2
ensures that U, obtains the allowed maximum achievable
rate. Also, the full capacity region boundary of MACs can
be achieved by applying the SIC decoding order x;; —
X9 — x¢2 [14]. Then, the received signal-to-interference-
plus-noise ratio (SINR) (or signal-to-noise ratio (SNR)) for
decoding x¢ 1, xo, and x; 2 can be expressed as follows:

B OlPs|h@|2 3)
Vel = Polho|? + (1 — ) Pslhe2 +1°
Polho|?
_ ’ 4
W APy P + 1 ¥
and
Vio = (1 — Ol)Ps|hZ|2' (5)

For the admitted Uy and Uy, the achievable rates are given
by Ry = log,(14+y0) and Ry = Ry,1+ Ry 2, respectively, with
Re.1 =logy(14y¢.1) and Ry 2 = logy (1 + y¢2) representing
the achievable rates to transmit xy 1 and xg 2, respectively.

Remark 1: By simply interchanging x, 1 and xg 2, all pos-
sible SIC decoding orders at the BS can be categorized into
three types as xg.1 — Xp2 — X0, X0 —> X¢,1 — X¢2, and
Xg,1 — Xo — X¢2. Using the logarithmic product law, we
can readily prove that applying x¢. 1 — x¢2 — Xo is equal
to applying x; — xp in the sense of attaining the achievable
rates R, and Rp. In such a case, rate-splitting is unneces-
sary, so does the decoding order xo — xg1 — xg2. As it
will be seen in the next subsection, NOMA with the SIC
decoding orders x; — x¢ and x9 — x; cannot approach the
full capacity region boundary of MACs. Thus, the decoding
order x¢,1 — xo — x¢2 is used in the RSMA-SGF trans-
mission system with respect to its capability to achieve the
full capacity region boundary.

B. RSMA-SGF TRANSMISSIONS

For the considered the RSMA-SGF transmission system,
to guarantee that the GBU U, achieves the same outage
performance as in OMA, a CR analogous interference thresh-
old is broadcast to the K GFUs to aid user contention. Let
Ro, Rb, RS 1, and RA 2 denote the target rates to transmit
X0, X¢, X1 and Xe,2, respectlvely In addition, we define
R = Rs,l —i—Rs,z, 5.1 = ,BRS, and Rs 2=(1-— ﬁ)RS, where
0 < B <1 is the target rate allocation factor. With respect to
the SIC decoding order x¢,1 — xo — x¢,2, the signal xp can
be decoded correctly only when the following constraints
are satisfied, i.e.,

Req > Rs1 and Ro > Ro. (6)

Under the constraints in (6), the GBU achieves Ehe same
outage performance as in OMA when Pr(R,1 > R,1) = 1
and

Pr(Ro = Ro) = Pr(logy (1+ Polhol) = Ro). (7
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domain
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(b) An example of Case II

T2 PligP=35
/eo =1 /50 =1
Polh?=0.75 - 0
Time-frequency Time-frequency
domain domain

(c) An example of Case III

FIGURE 1. Anillustration of the received power levels of the RSMA-SGF scheme (R, = 1, & = 1, and r is given by (9)).

By substituting (4) into (7), the equality in (7) holds under
the condition of

(1 — )Pl < 2, (8)

where T = %}""2 — 1 with g9 = 2R0 — 1. The equation (8)
indicates that the interference power caused by the trans-
mission of /(1 — a)Pghgx > cannot surpass T to ensure the
correct decoding of xg at the second stage of SIC. By assum-
ing that Pr(Ry.1 > Ry.1) = 1 is guaranteed in the RSMA-SGF
transmission system, as it will be explained later in this sub-
section, the interference threshold to be broadcasted by the
BS is determined as [6]:

t = max{0, 7}. )

The admission procedure of the RSMA-SGF scheme is
presented as follows:

o The BS broadcasts the pilot signals to assist the users

to estimate CSL

e Up feeds back its CSI and Py to the BS.

o The BS calculates t according to (9) and broadcasts it
to the K GFUs.

o Each GFU calculates the achievable rate using its own
CSI and the corresponding optimal «* and B*, which
will be provided in the later part of this subsection.

o Through the distributed contention, the GFU that
obtains the maximum achievable rate is admitted by
the BS.

With respect to the capability of uplink RSMA to achieve
the full capacity region boundary of MACs, the design goal
of the RSMA-SGF scheme is to maximize the achievable rate
for the admitted GFU meanwhile guaranteeing that the GBU
achieves the same outage performance as in OMA by jointly
optimizing the transmit power allocation and target rate
allocation. The optimization problem can be formulated as:

(P1) : max Ry
a, B

st. C1:17=>0,
C2:0<ac<l,
C3:0<pg<1. (10)

In (10), C1 is the QoS constraint of Up, C2 is the constraint
of the transmit power allocation, and C3 is the constraint
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of the target rate allocation. Considering all the possible
QoS realizations of Uy and all the possible CSI realizations,
the received power levels of Polho|? and Pglhk|? can be
classified into three cases, namely, Case I: 0 < PS|hK|2 <,
Case II: 0 < T < Pg|h1|? or Pg|hi|> < T < Pglhgs1|* with
k=1,2,...,K—1, and Case III: T = 0. As an illustration,
three examples of the received power levels corresponding to
Cases I, II, and III are respectively depicted in Fig. 1. In the
following, the optimal a* and 8* of the RSMA-SGF scheme
are jointly designed for Cases I, II, and III, respectively.

Case I: 0 < Pslhg|> < t©. In this case, the maxi-
mum interference level caused by admitting an arbitrary
GFU is not greater than the interference threshold . When
U, is admitted, the maximum achievable rate is given
by Ry = Ry» = logy(1 + yp2) considering that xpo is
interference-freely decoded at the last stage of SIC. In other
words, U, will allocate all of Py to transmit x; by setting
x¢2 = x¢. Consequently, Uk, which has the greatest channel
gain among all the GFUs, is admitted to attain the maximum
achievable rate Rx = Rk 2 = log,(1 4+ yk.2). In this case,
the optimal transmit power and target rate allocation factors
are respectively given by

a®*=0and B*=0, (11
where (-)* denotes the optimal solution for the corresponding
parameter.

Since only xg 2 (xx.2 = xk) is transmitted, the SIC decod-
ing order xg,; — Xxo — Xk, degenerates to xop — xk.
Consequently, the achievable rate of the admitted GFU can
be expressed as

RY =1log, (1 2
% = logs (1+ Pulixl?). (12)

Case II: 0 < © < Pg|h|? or Pslk? < 7 < Ps|hk+1|2
with k = 1,2,...,K — 1. In this case, it can be seen that
7 > 0. Then, a GFU U, whose channel gain is larger than
7 will be admitted, where k+1 < ¢ < K. Due to T > 0,
the GBU’s signal x( can be correctly decoded at the second
stage of SIC (xg,1 — xp — x¢2) subject to the constraints
Re1 > kg,l and R;» < logy(1 + 7). Thus, the admitted
GFU’s achievable rate Ry = Ry 1 + R¢ 2 can be maximized
by first maximizing Ry 2> = log,(1+ y¢.2), which is obtained

257



XIAO et al.: OUTAGE PERFORMANCE ANALYSIS OF RSMA-AIDED SGF TRANSMISSION SYSTEMS

as Ry o = log,(1+417) by setting y,.2 = 7. The corresponding
optimal transmit power allocation factor is given by

A

o =1— —" (13)
Ps|h€|2.

By setting the target rate IAQ,z =log,(1+47) to transmit xg o,
the optimal target rate allocation factor is given by

log, (1 + 7)
Ry
Furthermore, R, ; can be maximized by setting £ = K con-
sidering that Ug has the greatest channel gain, i.e., the
achievable rate for the GFU is maximized by admitting Uk.
Accordingly, the optimal transmit power and target rate allo-
cation factors are respectively given by «*(K) and B*, and
the achievable rate in this case can be written as

B* = (14)

R = RY + Ry, (15)
where
Pslhg|> — T
(1) slhg
R — 1o NI L SN 16
=1+ o 1o
and
RY, = log (1 + ). (17)

Since the received SINR/SNR yp(*(K)) and yg 2(a*(K))
provide the necessary conditions for the correct decoding of
xo and xg o in SIC processing xg1 — xo — Xg,2, only
the failure decoding of xg 1 can result in error propaga-
tion in SIC. To avoid this error propagation, RKD1 > RS 118

required to decode xg, 1 correctly or equivalently R%) > Ry;
Otherwise, both Uy and Uk encounter outage. Therefore, in
the RSMA-SGF scheme, Uk is permitted to transmit only
when R;?)l > IA€S,1; Otherwise, Uk keeps silence while Uy is
transmitting alone to the BS.

Case III: T = 0. In this case, it can be seen that T < 0, so
that xp cannot be correctly decoded due to a weak channel
gain |hg|>. To avoid error propagation in SIC processing
Xg,1 = xo — x¢,2 caused by the failure decoding of xp, the
admitted GFU is chosen not to transmit x > rather to transmit
x¢ by setting x; 1 = x¢ and using the whole P;. Therefore,
the optimal transmit power and target rate allocation factors
are given by

*=1land B*=1. (18)

Since Uk has the greatest channel gain among the GFUs, it
is admitted to attain the maximum achievable rate as

Pglh |2
qm s|lhk

R =1 14+ —7Fr—
K 0g2< Polhol?2 + 1

and the corresponding SIC decoding order xx,1 — xo —
xk,2» degenerates to xg — Xo.

Remark 2: Due to the channel gain ordering |hi|*> <
|ha|? < --- < |hg|?, the maximum achievable rates in Cases
I, II, and III for the admitted GFU are always attained by

19)
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admitting Uk, no matter which decoding order is applied in
SIC. Since the channel coefficients of all the K GFUs follow
ii.d. complex Gaussian distribution, all the GFUs have the
equal probability to have the greatest channel gain, or equiv-
alently, to be admitted. Thus, the admission probabilities for
all the K GFUs are equal in the RSMA-SGF transmission
system.

Remark 3: In Cases I and III, the NOMA-SGF scheme
also admits Uk and apply the SIC decoding order xg — xg
and xx — xp, respectively, to obtain the maximum achiev-
able rates [6]. Nevertheless, in Case II, the NOMA-SGF
scheme admits Ugx (or Uy) subject to Pslhy |2 > 1 (or
Pslhi|> < © < Pglhiy1]?). For the NOMA-SGF scheme,
the achievable rate of the admitted GFU in Case II is given
by [6]

R R(HI), 0<t< Ps|hl|2

K

NOMA = | .o {R(I)’Rgll)}’ Pyl < 7 < Pylhgst 2
(20
where k = 1,2,...,K — 1. Since R{" > R{" and
R™ > RY (k = 1,2,...,K — 1) hold for t > 0, we
have Rgl) RI(\%M A» 1.€., the RSMA-SGF scheme always

achieves a larger achievable rate for the admitted GFU than
that of the NOMA-SGF scheme in Case II.

Remark 4: In Case II, Ux only transmits its signal when
Rgl)l > IAQSJ, which prevents error propagation in SIC pro-
cessing xx,1 — Xo — Xk2. When R;?)] < IA{M, Uk keeps
silence and only the GBU Uy transmits. Thus, the GBU Uy
does not encounter outage when the RSMA-SGF scheme
operates in Case II. As such, the outage events occur to
the transmissions of xg in Cases I and IIl are the same
as in OMA, and the GBU Uy achieves the same outage
performance as in OMA when the RSMA-SGF scheme is
applied.

lll. OUTAGE PERFORMANCE ANALYSIS
In the RSMA-SGF transmission system, since the GBU’s
outage performance is guaranteed to be the same as in OMA,
we mainly focus on the outage performance of the admitted
GFU. In this section, we first introduce the non-outage zone
to clarify the advantage of the RSMA-SGF scheme. Then,
we derive the analytical expression for the outage proba-
bility in closed-form and investigate the asymptotic outage
performance in the high SNR region.
For the uplink MACs in which the two-user Uy and Uk are
admitted simultaneously, the non-outage zone is defined by
o2 {{ko.k)| Ro=roRo =R} @D
If a target rate pair {Ro, Ry} lies in the non-outage zone,
both Uy and Uk can attain the achievable rates Ry > ko
and Rg > f?K such that neither Uy nor Uk encounters the
outage event. Otherwise, both Uo and UK are in outage.
Corresponding to (21), the set 0= {{Ro, R sH RO > Ro, R >
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= { R1, Rx'}, RSMA-SGF
A = ={Ry,Rx,}, RSMA-SGF
= ={Ry, Rx,}, RSMA-SGF
O {By,Rx}, NOMA with zo — zx | |
O {Ri,Rx}, NOMA with zx - z

Non-outage /om dL]llu\ud by RSMA-
SGF in Case I (also by NOMA-SGF

4 - | with SIC decoding order xo — x¢)
S ! :

o H

51 - ]

a ¢ L B Non-outage zone achieved by RSMA-
X > s > | SGF in Case I1I (also by NOMA-SGF
S ——

with SIC decoding order xx — xo)

Additional non-outage zone achieved by
RSMA-SGF in Case II

0 05 1 15 2 25 3
Ry (BPCU)

FIGURE 2. Non-outage zones achieved by different schemes (Po|hg|? =
Ps|hg|? = 15 dB).

8dB,

Rk} is called the outage zone when both Uy and Uk are
admitted simultaneously.

In Fig. 2, an example of the non-outage zone achieved by
the RSMA-SGF scheme is illustrated. For the comparison
purpose, the non-outage zone achieved by the NOMA-SGF
scheme is also illustrated in which the SIC decoding orders
xo — xg and xx — xo are respectively utilized [6]. In this
example, we assume 0 < 7 < PS|h1|2. From Fig. 2, we
can see that the non-outage zones achieved by the NOMA-
SGF scheme using the SIC decoding orders xg — xgx and
xx — xo are identical to those achieved by the RSMA-
SGF scheme in Cases I and III, respectively. Thus, in Cases
I and III, the RSMA-SGF scheme can achieve the same
outage performance as that of the NOMA-SGF scheme.
Nevertheless, the NOMA-SGF scheme cannot prevent Uy
and Uk from being in outage when the target rate pair
{Ro, Rk} lies in the triangle ABC, which is beyond the non-
outage zone of the NOMA-SGF scheme. Fortunately, the
points on the line AB in Fig. 2 can be achieved by rate-
splitting. Specifically, an additional non-outage zone, the
triangle ABC, is achieved when the RSMA-SGF scheme
operates in Case II. Thus, the non-outage zone of the
RSMA-SGF scheme is extended compared to that of the
NOMA-SGF scheme, which shows that the RSMA-SGF
scheme can support more target rate pairs than that of the
NOMA-SGF scheme.

With respect to the operations of the RSMA-SGF scheme
in Cases I, II, and III, the outage probability of the admitted
GFU can be written as

I I i
Pou = Pl + Plud + Pour - (22)

where PO PW ang pUID respectively denote the proba-

out» out out
bility of that Ux encounters outage in Cases I, II, and III,

which can be expressed as

PO — Pr(o <Pkl < 7. RY <R ) (23)
11 1,k
E)ut) - Z P(()ut )’ (24)
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and
P ( =0,RIM < Rs>, 25)

with
pULO _ Pr(O <1 <Py 2. RV < ies) (26)

and for k=1,2,...,K—1,

k A
pULD r(PS|hk|2 <1 < Pyl P RV < RS). 27)

The following theorem provides an exact expression for
the admitted GFU’s outage probability achieved by the
RSMA-SGF scheme.

Theorem 1: Assume that K > 2, the outage probability
of the admitted GFU is given by

K

%o K n
Pout = KK 1) - Z (n)(—l) 11w (0, 112)

K-2 K- k r
)(—1)'"

Ty (t,
k n
x Z (n)(—n"eﬂv uav(n, a)
n=0

K-1

@0 K—-1 n
2 B e

n=0

1 _50+85+6085
X |ePsv(n, us) —e Ps

K /K .
+y (n>(—l)"ef‘sv(n, 0)

n=0
+ (1 - e_'“)

K
K 1 — e~ (I+mmsPo)no
£ 3 () cayremm Lz,
—o \n 1 + nngPy

where (1;) denotes the binomial coefficient, &g £ R _
K—n(14¢¢)(1+es)

’70—1),77;—13 n1 = e€ Ps
K—k— m(|+€0)(]+8y)
— 5 K—k—m
— P — _
"3 eP $ » M4 = P:UO
e = —pr» Y0 =
and

v(n, M6))

K ,~no(1+¢y)

(28)

=

—n _ nPy
s10 Ps >
mPy _ 1

P KT P

forl <k<K-2,

’I‘L2:

(K 2)" Pr = k'(K o

€510, if p=-1-

+ut1)  —ng(l+e
e UO<PS'70 123 ) —e '70( A)(

+u+1

_n_
Psno>

) (29)

v(n, ) =

P s ’I()
otherwise.

Proof: See Appendix A. |
Remark 5: In deriving the expressions for P(Dt and ngt)
as derived in Appendix A, all the outage events reflect the
fact that the upper bound on the channel gain |ig|*> should
be greater than the lower bound on a specific GFU’s channel
gain, which is always and naturally guaranteed by |ho|> <

no(1+ ;) without imposing additional constraints on &y and

259



XIAO et al.: OUTAGE PERFORMANCE ANALYSIS OF RSMA-AIDED SGF TRANSMISSION SYSTEMS

——{F1, Bx}, RSMA-SGF ]
O {R:, Rk}, NOMA with zy — zx Non-outage zone
O {Ri, Rx}, NOMA with zx — 2o achieved by NOMA-SGF

3 —om s O+0O-0

Non-outage zone achieved
by RSMA-SGF

=)
O
&, ] OO
E3
24

Outage zone achieved by
NOMA-SGF with €€, <1
0O+
Outage zone achicved by
NOMA-SGF with €€, >1

O+
’ ) Outage zone achieved
0 by RSMA-SGF

2
R, (BPCU)

€pes < 1

FIGURE 3. Outage and non-outage zones achieved by different schemes
(Polho|? = 5 dB, Ps|hk|? = 4 dB).

&, so that the derived expression for the outage probability
is applicable to all the feasible &y and &;. On the contrary, for
the NOMA-SGF scheme, the analytical expression for the
outage probability in [6] is applicable only for gpeg < 1. As
an example, the outage and non-outage zones achieved by
the RSMA-SGF and the NOMA-SGF schemes are illustrated
in Fig. 3. It can be seen that the outage zone constrained by
goes < 1 is a small portion of the whole outage zone for the
NOMA-SGF scheme and a similar phenomenon happens to
the RSMA-SGF scheme as well. Therefore, the analytical
results provided in Theorem 1 are more general due to its
applicability to all the feasible values of gg and &s. In contrast
to the RSMA-SGF scheme, the NOMA-SGF scheme results
in a worse outage performance due to the extended outage
zone.

When the considered system consists of a single GFU and
GBU, the two users are paired directly. Then, the GFU’s
outage probability achieved by the RSMA-SGF scheme can
be written as:

Pout = Pr(O < Ps|h1|2 <r, R(ID < RS>
+ Pr(O <1 < Pg|hy |2, R(IH) < IAQY)
+Pr(r =0.R{" <&,). (30)

Corollary 1: Assume that K = 1, the admitted GFU’s
outage probability is given by

o testeQées
Pot=1—¢" 0 Py 0 v(0, pe) — e Ns—no(1+e5)
e s(]1 — e M0—€07s
1 4 Pons
and its approximation in the high SNR region is given by
o
Pout X . (32)
N
Proof: A proof can be found in [15]. u

Corollary 2: Assuming that K > 2, the outage probability
experienced by the admitted GFU can be approximated in
the high SNR region as follows:

_ wogo(1 4+ £0)"
PKHIR(K — 1)

out

260

K7k (—1) i
X ; <n> p—— ((1 + e KT — (1 4 g9k )

L ereo(l+ e0) KK (1)t
P€<+l

K—k
K —k _1\ym K—k—m
xn§< - )( D1+ )

. 2": (k)(_l)n (1+go)mtrtl — 1
o\ m+n+1
pocoeX (1 + e0) (1 + &)

PKH KK — 1)
w0k (5" + 1)K (1 +2) + 1)
 PEHIK(K — 1)K + 1)
eoes t! e seK 1 +ey)
(K + HPEFHT T PE T pKad
eK((1+ )X —1)
PEI K+ 1)
B eK((eo(K +1) — D(1 +e9) ! +1) 33)
PEY2(K +2)(K + 1) '

Proof: See Appendix B. |
From the results in Corollary 2, we can see that there is
one term in (33) being proportional to %, while the other
terms are proportional to KLH or K;sz Based on the results

of Corollaries 1 and 2, we have the following corollary.
Corollary 3: Assuming that K > 1, the admitted GFU’s
outage probability can be approximated as

K
M
Pout ® ==

o7 (34)

in the high SNR region. Thus, a diversity gain of K is
achieved by the RSMA-SGF scheme.

Remark 6: Corollaries 2 and 3 demonstrate that the
RSMA-SGF scheme ensures an achievable diversity gain
proportional to the number of the GFUs without resulting
in an outage floor.

IV. SIMULATION RESULTS
In this section, we present simulation results to verify the
accuracy of the analytical results and the superior outage
performance of the RSMA-SGF scheme. For the purpose
of comparisons, the admitted GFU’s outage probabilities
achieved by the NOMA-SGF scheme [6] and the NOMA-
SGF scheme with power control (NOMA-SGF-PC) [13] are
also presented. In the simulation, the channel coefficients
are randomly generated according to i.i.d. circular symmet-
ric complex Gaussian random distribution with zero mean
and unit variance and the transmission data rate is measured
in bits per channel use (BPCU).

The outage performance achieved by the RSMA-SGF
scheme is compared with those of the NOMA-SGF and
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% CR-RSMA-SGF, simulation

—6— CR-RSMA-SGF, analysis
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Transmit SNR in dB (F)

FIGURE 4. Outage probability comparison of the SGF schemes with R, = 2.5 BPCU,
R.=1.5BPCU,and P, = 70.

NOMA-SGF-PC schemes in Fig. 4, where we set IA€0 =25
BPCU, f?s = 1.5 BPCU, and P; = %, i.e., the transmit
SNR of Up is 11.76 dB higher than that of the GFUs.
From Fig. 4, we can see that the RSMA-SGF scheme
achieves the smallest outage probabilities among the three
schemes for both K = 1 and K = 5. The results in
Fig. 4 also verify the accuracy of the derived analytical
expressions. As transmit SNR increases, the outage probabil-
ities achieved by both the RSMA-SGF and NOMA-SGF-PC
schemes decrease monotonically, whereas an outage proba-
bility floor occurs for the NOMA-SGF scheme in the high
SNR regime. The reason for the outage probability floor is
that the achievable rate attained by the NOMA-SGF scheme
satisfies RI(\%MA = Rgn) — log,(1 + Ps/Pg) as Py — 00
and Py — oo under the condition of 0 < 7 < Pg|hy|?
in Case II, which always results in an outage event if
log, (1 4+ Ps/Py) < IAQS occurs. Although the NOMA-SGF-
PC scheme avoids the outage probability floor, the achieved
outage probability is still higher than that of the RSMA-
SGF scheme. At the outage probability level of 1073, the
RSMA-SGF scheme achieves a 3 dB transmit SNR gain over
that of the NOMA-SGF-PC scheme. Therefore, the results
in Fig. 4 verify that the RSMA-SGF scheme achieves the
superior outage performance compared to the NOMA-SGF
and NOMA-SGF-PC schemes.

In Fig. 5, we investigate the outage performance achieved
by the SGF schemes for various transmit powers. In par-
ticular, we set a fixed transmit power Pp = 15 dB and
vary Ps from 0 dB to 45 dB, which reflects that the GFUs
can have greater and lower transmit SNRs than that of Up.
The results in Fig. 5 also verify the accuracy of the derived
analytical expressions. From Fig. 5, we can see that the
RSMA-SGF scheme achieves the smallest outage probabili-
ties in the whole SNR region. At the outage probability level
of 1073, the RSMA-SGF scheme achieves a 7 dB trans-
mit SNR gain over that of the NOMA-SGF-PC scheme. As
transmit SNR increases, the outage probability achieved by
the RSMA-SGF scheme decreases monotonically for both
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FIGURE 5. Outage probability comparison of the SGF schemes with A, = 3 BPCU,
Rs = 3 BPCU, and the fixed P, = 15 dB.
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10710+ |—©—RSMA-SGF, exact A
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—— RSMA-SGF, approximation (34)|

Outage probability
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1012 . . . . . .
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Transmit SNR in dB (Fp)

FIGURE 6. Accuracy of the derived analytical expressions.

K =1 and K = 5. Also, the NOMA-SGF scheme achieves
the worst outage probabilities in the whole SNR region.
Especially in the high SNR region, the outage probability
floor occurs for the NOMA-SGF scheme due to a limited
asymptotic achievable rate RI(\?())M A as resulted by (20). The
results in Fig. 5 verify that the superior outage performance
of the RSMA-SGF scheme is irrespective of whether the
GFUs are stronger users or weaker users compared to Up.

In Fig. 6, we examine the accuracy of the derived ana-
Iytical expressions for the outage probability. In Fig. 6, we
set Ry = 2 BPCU, R, = 1.5 BPCU, and Py = £2. In Fig. 6,
for the curves corresponding to the expressions provided in
Corollaries 2 and 3, we denote them by “approximation (33)”
and “approximation (34)”, respectively. The curves in Fig. 6
verify that the accuracy of derived analytical expression in
Theorem 1. For the approximated expressions, we can see
that the curves of the “approximation (33)” match well with
the exact results in the high SNR region, whereas the curves
of the “approximation (34)” match well with the exact results
in the high SNR region only for small K values. For large
K values (K =4 in this example), a gap exists between the
curves of the “approximation (34)” and exact results. The
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FIGURE 7. Impact of the target rate on the outage probability.
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FIGURE 8. Impact of the number of the GFUs on the outage probability (R, = 1.5
BPCU and R = 2 BPCU).

reason for this phenomenon is that we ignore the terms being
proportional to K +1 and K +2 in the expression in (34).

The impact of ‘the target rate on the outage probability is
investigated in Fig. 7. For the simulation results in Fig. 7,
we set Py = 10 dB, Py = 15 dB, and ko = IAQS. It is seen
in Fig. 7 that for given transmit SNR values, the RSMA-
SGF scheme achieves the smallest outage probabilities in
the considered whole target rate region. As the target rate
increases, the outage probability values achieved by all the
SGF schemes increase and approach 1.

The impact of the number of the GFUs on the outage
probability is investigated in Fig. 8. For the simulation cor-
responding to Fig. 8, we set {Ro = 1.5 BPCU, R, = 2
BPCU} and consider two cases of transmit SNR settings
{Po =20dB, Py =10 dB} and {Pyp = 20 dB, P, = 10 dB}.
As K increases, the outage probabilities achieved by the
three SGF schemes decreases. Furthermore, Fig. 8 verifies
that the multiuser diversity is achieved by the RSMA-SGF
scheme. Consequently, among the three SGF schemes, the
RSMA-SGF scheme achieves the smallest outage probability
for different numbers of the GFUs.

262

V. CONCLUSION

In this paper, we have conducted the outage performance
analysis for the RSMA-SGF transmission system. By apply-
ing rate-splitting under the CR principle, the RSMA-SGF
scheme effectively utilizes the transmit power to attain the
maximum achievable rate for the admitted GFU. Without
introducing intolerable interference to the GBU, the RSMA-
SGF scheme has significantly extended the non-outage zone
compared to the NOMA-SGF scheme. We have derived
exact and approximated expressions for the outage prob-
ability of the admitted GFU and revealed that the full
multiuser diversity gain can be achieved by the RSMA-SGF
scheme. Simulation results have verified the superior outage
performance achieved by the RSMA-SGF scheme.

APPENDIX A
PROOF OF THEOREM 1
To derive the admitted GFU’s outage probability, we evaluate

the probability terms P(()Igt, P(()I&t) , and P(()ILH), respectively. In
Case II, Pém) = kKZOI Pou{k) is derived by evaluating the
different Pgﬂtk) taking into account the corresponding order
statistics.

(11,0)
A. EVALUATfI?g OF POUT

To evaluate P, ~, let us introduce Sp as

-1 2
So = Pr |h1|2>M
P, ’
1+ &)1 + &) — (1 + Polho|?
< (e o})D (1 + Polhol ))_(A_l)
S

Then, P((,Hto) in (26) can be rewritten as

P(II 0) _ _ E

out -
770<|h0|2<770(1+55)+%

{So}, (A2)

where &5 = ZRS — 1 and ng = ;T‘(’). In (A.2), the expectation
on Sy is conducted over 1y < |ho|2 < no(l+e5)+ ff taking

into account £ > 0 and (1+€Y)(1+€°) (+Polol®) () Since

the upper bound on |hx|?> should be larger than the lower
bound on |A; |2, the expectation in (A.2) should consider the
hidden constraint |ho|2 < no(1 + &) as well, so that P((JIUI{O)

is rewritten as

Loy _
Pout E
no<lhol><no(1+&;)

{So}. (A.3)

The joint probability density function (PDF) of the order
statistics |h1|% and |hg|? is given by [44]

_nk=2 _,
e,

= woe_x(e_x —e )) (A.4)

Jin 2, 1ng 2 (6 Y)
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where x <y and ¢ = ﬁ Then, So can be evaluated as

follows:
2 .
) (1)

K-2
K —
si=m Y (
i=0

(+es) (1+e0) — (1+Pg g l?)
Ps (K —i_
e (K—i—1)x

ng ' ol2=1
Py
(+es) (1+e0) — (1+Pglhgl2)
Ps

X e~ DY dydx

K =2\ (1)
( i )l+1

( se—falhol? —use —iiglhol®

| =

2

= ¢o

e—Ralhol* _ 5 o—itelhol®
o s . (AS5)

K—i—1
K—(1+i)(14¢0) (1+&5) . .
~ Tl L K—i—1 _ Po(1+i) =~
where 1] = e Py , iy = _Psln() — —O(PS ) s =
K K(mo+ns+ngns)
~ K — 0TI, KP
ePg n4 = o M5 = e Py , U = _P_O’ and
& Py 0 s
s = B

Next we introduce a term v(i, i) as follows:

e [l
)

no<lho|?<no(14¢5
no(l+es) )
[ el
n

0

v (i, p)

€70, if p=-1-45>-
_ . 0<Pw0 +u+1)_ wMHa:)(ﬁﬂwl
+pt1

otherwise.

Psn()

(IL,0)

By substituting (A.6) into (A.5), Py, can be evaluated as

K—2 P " . "
11,0 K —2\ (=1 [ x3v(0, fig) — ji5v(0, fie)
Poi” = ¢OZ( i )i+l K
i=0
_ 11v(0, jip) — tsv(0, fig)
K—i—1

(K1Y, #3900, fig) — fisv(0, fie)
1—KZ< n >(_1)< K

n=0
_ 1v(0, pa) — jasv(0, 116))’ (A7)

K—n

K—n(1+e0)(1+65)

where @y = e Py and uy = Po
(a) of (A.7), we have applied (Klfz) = (1[:11) Il(tll’ replaced

n = i+1, and added the term for n = 0 without changing the
summation since MaV(O,M)I—(MSV(O,Ma) _ p1vO0.p0)—ja5v(0.6) _

K—n
0 when n = 0.

K—n Pon

In step
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By eliminating the terms that are independent of n using
ZnKz_ol (Krjl)(—l)" =0, (A.7) can be simplified as:

K-1

1,0 ©o K—1
Poi = o D ( i )(—1)”
n=0
y w1v(0, u2) — i5v(0, fie)
K—n
K

_ $0 K 1\
_K(K—D;(n)( .

X (u1v(0, w2) (A.8)

— i15v(0, fi6)),

where the term for n = K is added without changing the
summation since wiv(0, up) — it5v(0, fig) = 0 when n = K.
Again, by eliminating the terms that are independent of n
using Zf:o (5)(—1)" =0, ngt‘” can be further simplified
as:

K

K
po _ ¢ 1) Z <n>(—1)” n1v(0, n2). (A9)

out K(K

B. EVALUATION OF P:) witH 1<K <K - 2
When 1 < k < K — 2, three order statistics, Ay, hg4+1, and

hg, are involved in ngtk), which can be rewritten as:

1Lk
PO = Pr(|ho|2 > 10, [hi]?
{Sk},

2 T 5 )
> —, Ry <Rg
s
(A.10)

T
< —, |41
Ps| +11

= E
no<lho|?<no(1+¢;)

where Si is defined by

Pogg ' 1hol? — 1 Poey ' hol* — 1
Sp 2 Pr( g2 < 22000 Ty, — =
& r(l 4 P, [hkt1] P,
14 &) (1 + &) — (1 + Polho|?
i < A o})o (1+ Pol o|))_ N
s

In (A.10), the expectation is taken over 1o < |ho|> < no(1+
&y) considering the relationship between the upper and lower
bounds on the channel gains.

The joint PDF of three order statistics, hk, hxt1, and hg,
is given by [44]

Fime2 1 2. e (65 Y5 2)

= Gre (1 —e) e (e —et) T e
K—k-2
=@ ) (K o 2) (—Dfe (1 - e
1
i=0
e—(K—k—i—l)ye—(i—H)Z’ (A12)

where x <y <z and ¢, = Using (A.12), Sk

K!

can be expressed in terms of lho|? as follows:
K—k—-2
K—k-2 :
Sk =¢ —1)
k= ZO ( l. )( )
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ng g2 -1
Ps _ —x\k—1
X e x(l —e x)
0
(1e5) (1+e9) — (1+Pglhgl?)
Py .
—(K—k—i—1)y
X g g2-1 ¢
Py
(1+e5) (1+29) — (1+PglhgI*)
Py .
x / e~ D2 grdydx. (A.13)
y

After some algebraic manipulations, Sy can be further
evaluated as follows:
—k— S _tg?
k= ok L i 2\ kGi+ 1)
5 <ﬁle—ﬂzlhnz — fise—fslhol? ~ fize—Ralhol® _ ﬁse—ﬂelhnz)

K—k K—k—i—1

(A.14)

N K-k Kk~ K—k—(1+i)(1+£0) (1+£5)

whereulzePs,/Q:P—no,/Q:e Ps s

N
. . (K—k)(egtesteges)

~ _ K—k—i—1 _(A4+dDPy ~_ _ ——p— ~

M4 = Psno Py s U5 = ’ ,and,ug,—
_ (K=k)Py

By substituting (A.14) into (A.10), P-P can be evaluated
as:

K—k—2 ik
- K—k—2\ (=1) AV
Py = =D
out = Pk ;( i )k(i+1)§ n) D
y v, fi2) — iisv(n, fie)
K—k
_ A3v(n, ig) — fsv(n, fie)
K—k—i—1
@inl K==\ Cpym
KK—k—1) =~ m

k . . . .
k n o Bv(n, fo) — gsv(n, fie)
=

_ 13v(n, pa) — fisv(n, ) (A.15)
K—k—-m ' '
K—k—m(l+¢eq)(1+es)
where 3 = e Py and puq = K;sknfom - ’”P—io. In step
(b) of (A.15), we have replaced (*~¥%) with (* ") 225,

applied m = i+ 1, and added term for m = 0 with-
out changing the value of PULY gince A1v0ni)—itsviniie) _

out K—k
u3v(n,pua)—itsv(n,fe) __ _
e - =0 when m = 0.

Furthermore, some terms in (A.15) involving fi1, ft2, fis,
and [i¢ but being independent of m can be further eliminated
since Y% (Z)(—l)m = 0, while fi1, {2, fis, and fig are
not functions of m. The simplification can be expressed as
follows:

. K—k—1

k) Pk K—k—1 m
plto — ¥k _1

out k(K —k —1) n;) ( m =D

k . .
k n s — ,
y Z (—1)teh u3v(n, pLa) — fsv(n, fLe)
—\n K—k—m
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K—k "
< )(—1)
k k .\
x Y ( )(—1)”6’*(u3v(n, ma) — fsv(n, fie))

K-k
)(—1)’"

m

k n
x Z ( )(—1)”er u3v(n, p4), (A.16)

n

n=0

where step (c) follows by absorbing K — k — 1 into the
binomial coefficients without changing the summation and
step (d) follows by using anzo (i)(—l)m =0 and [t5 and
[le that are not functions of m.

(,K—1)
C. EVALUATION OF POUT
ALK-1)

The probability term Pg,; can be expressed as:
- Poey o> — 1
PIAD = g ey < D0 0BT
o 2> 110 Ps
Pogy ' hol* — 1
I |? > ————— |hx|?
Py
_ (L +e)(+0) — (1+ Polhol?)
Py '
(A.17)
By extracting the hidden constraint on the upper and
—1 2
lower bounds on |hg|? from (A.17), ie., %}:O‘l

_ 2 — .
(e (teo)=UtPolholD) - pULE=D a1 be rewritten as follows:
;

pLE=1) _ o

out

{Sk-1}, (A.18)

no<lho|?><(1+&5)no
where Sg_1 denotes probability inside the expectation
in (A.17). There are two order statistics hgx_1 and hg
involving in Sg_; with the joint PDF [44]

K-2
e

Sing 1122 (6 ¥) = poe *(1—e™) ,  (A.19)

where x < y. Using (A.19), Sx—1 can be evaluated as follows:

K—1 o nlhgl?

S Z K—-1 (—1)”8”76 Psno

K—1 = 90 —

n K—-1
n=0
c0Fes+HEQEs
% (eplse—uslho2 _ 6_7% S;S w0 e—ﬂeholz)’ (A.20)
where ps = P;no and pueg = —%. Using the expression
5 s

in (A.6), PSJ{KA) can be derived as follows:

(ILK—1) 9o = (K—1 n A
Poi' =2 0, e
n=0

_ eotestepes

1
X (e”s v(n, us) —e P

v(n, /L6)) . (A21)
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D. EVALUATION OF Py, AND P ;-

In Case I, the determination of Pglgt involves two independent
random variables |hg|?2 and |hg|%. Recalling the expression
in (23), Pg}t can be rewritten as follows:

—17 12
Ny lhol” —1 P
PO = B Pr[|he? < X k)P < =) L.
lho|?>m0 Py Py

(A.22)
g holP—1 e
By comparing “—p~— and 7, it can be seen that
—1 h 2_1 .‘ s .
L |POS| - 1% if |hol> < no(14e5); Otherwise,
~hol2—1
Ty o=l > £ Thus, PY can be evaluated as follows:

s
P Py out

—1 2

Ny lhol” —1

PG = E pr( ngp < Mo Mo" =2
no<lhol <no(1+¢;) P

+ B {e(ik? <)}
lho|2>n0(1-+e5)

no(1+&s) _no_lx—l K
f l1—e P e *dx
1m0

+ (1 — efn.v)Ke*WO(l‘i’es)

K L ro(l+es) n
=3 (B)eerred [Tl
n=0 n n

0
+(1- e—ﬂs)Ke—flo(1+8s)

K K n
= Z < )(—1)"el’s v(n, 0)
n=0 n

+(1- e_ns)Ke_UO(l""sx).
.. @D 1 . . .
Similarly to Py, Py, is a function of two independent

random variables |hg|? and |Ag|?. In Case III, the achievable

(A.23)

. 111 Pylhg|? 11
rate is R; ) = log, gl + Polflollgul) and T = 0. Then, P(()m)
can be evaluated as follows:

PUD — pr( hg)? < no, log 1+L’<|2 <R,
o T Polmo? 1)

K
K) 1 — e—+nnsPo)no
-3 () e
n=0 (}’l

1 + nngPo
By combing the obtained expressions for Pf)lgt, P(()l&t), and

P(()llftl), we arrive at (28).

APPENDIX B

PROOF OF COROLLARY 1

Considering that P(()Igt, P(()Iulz and Pg&tl) depend on k, the high
SNR approximations for ngt, Pf,‘j@ , and P((,I,}tl) will be derived

separately in the following subsections.

(A.24)

A. HIGH SNR APPROXIMATION FOR P3%
(IL,0)
P

Based on the derived closed-form expression in (A.9), P,
can be rewritten as follows:
K

(I1,0) ©o K n
P, = — —1 0, .
o = R 1) nE—O (n)( ) 1v(0, p2)
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K

_ ©o K o
_K<K—1)Z<n>( b

n=0

no(1+¢)
X (1 / e (matDx gy
n

0

(B.1)

By applying the approximation ¢ ~ 1 — x for x — 0 and
using the definitions of @1 and w2, as Py = Py — 00, P(()Et’o)

can be approximated as follows:

no(1+e5) K K
POO - _H S (0) =
KK —1) Jy, —\n

1+eg) (1+e5) —1
,wen(so +1)x

X e dx
© )
KK — 1)
no(1+5) (1+eg)(I+es) (1 kK
X/ (1 - e_< s _(80 H)X)) dx
0
_ [%44]
K(K—-1)
no(l+es) /(1 1 K
x / <—( te)dte) (5" + 1)x> dr,
0 Py

(B.2)
where step (e) is obtained by applying 3K (¥)(-1)"a" =
(1—a)X. By applying the binomial expansion, PquIEO) can be
further simplified as follows:

K

awo) _ $o K\ (1 +¢g)(1+ 8s))K_"
Poui ™= gk —1) 2 (n)( P,

n=0

1 n no(1+¢&5)
x (—1)”(50‘ + 1) / dx
n

0

K
_ poso(1 +e0)® 3 (K) ="
PEYKK —1) g \n) n+1

x ((1 e — (14 eS)K*"). (B.3)
B. HIGH SNR APPROXIMATION FOR P3:) wiTH
1<K<K-2
Reflecting to the derivations made in Appendix A, ng{k)

can be rewritten as follows:

o s (K—k e (K s
Pout = %k Z m =D Z n (=1)"ePs us3
n=0

m=0

no(L+ek) _( n )
x/ o \mmg ta )Xy
7

0

B4

By applying the approximation e &~ 1 — x for x — 0 and
using the definitions of p3 and 4, as Pg = Py — oo, P((,Ijgk)

can be approximated as follows:

K—k
I,k K—k
P =¢k2< N )(—1)’”

m=0

k k n_ m(l+eg)(I+es)
X (—=1)ePse Py
0 n

n=
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)xdx.

no(1+ex) _( n___m__ .
x / o\ 75~ (B.5)
1o

Since Zﬁ:o (ﬁ)(—l)”a" = (1 — a), P(()Ht’k) can be further

expressed as follows:

no(l+e) K=k e 1 ko
P = o / Z( . )(—1)”’2(”)(—1)"
Ul

0 m=0 n=0

(145p) (1+es) ( —1 ) ) ( -1 71)
—n(————¢&, +1)x) —nle, x—P,
X e ( Ps 0 e \0 * Jdx

o /-no(l+ak)<1 ~ e_((mogsum)_<£51+1)x)>’<—k
Ul

0

ANk
X (1 - e_(solx_PX l)> dx
* (40 7 (1 + g0)(1 + &) . K—k
= @k /ﬂo —PS — (80 + l)x
—1 1\
X (so x—P; ) dx, (B.6)

where step (f) follows high SNR approximations. Applying
the binomial expansions to (B.6), the high SNR approxima-
tion for P(()Ht’k) can be obtained as follows:

pLb _ pkeol + 0 H (= DF

out P§<+1
K—k
K—k
X Z ( )(—l)m(l + 8S)K—k—m
m=0 mn

k
k 1 m+n+l_1
> ()t
—\n m+n+1

(B.7)

C. HIGH SNR APPROXIMATION FOR P{ ")

First, we rewrite P(()IJ{K_I) as follows:

K—-1

LK1 ) K—-1 o
TS I
n=0

__eptestepes

1
X <e”s v(n, us) —e Py

K—1

%o K-1 _np%
(e

n=0

no(1+€x) 1 7( n )
X _/ (ePse P THs 1 )X
n

0

_EO+E§+SOE§ _( n 1)
—e P e \Pag RN gy

v(n, Mé))

(B.8)

Since 3%, )~ =0, PUE=D can be expressed as

follows:
no(1+e&5) 1 -1 gotestepes
puLK=1 _ _%0 / <e”s—(80 +1)x_eoPso)
K—1/,

(B.9)

X (1 — e_”(go_lx_P“_])>K_ldx.

By applying the approximations e ™ &~ 1 — x for x — 0, as
Py = Py — o0, Péﬂ{K_l) can be approximated as follows:

no(1+¢s) K—1
ALK-1) %o -1 1
Py = —/ (80 x— P )

K—1/J,
1 1
o (UFeodre) or )
P 0
@ mod+es) gy g0 \K7!
Tk-1 %0 T,
no S
14 20)(1 + _
X (—( EOI)JE &) _ <80 '+ 1>x>dx
_ /"O“Hﬂg_m_l)(lﬂo)(l+ss)
K—-1/, 0 Py

no(1+es)
K<P_0 1 / EO_(K_1)<80_1 + 1)x

K—1
X ( - £—O> dx
Py
_oeoeX (1 + £0)(1 + &)

PEYIR(K — 1)
w0k (2" +1) (K + ) + 1)
- PPRE-nE+D
Following similar algebraic manipulations as for deriving

the high SNR approximation of Péli{k) (1<k=<K-1), pY

out

(B.10)

and Pélﬂ) can be approximated as
) _ 8055+1 i B 8085(1 + &) (B.11)
P K 1) PE it

and

P(IH) . 85((] + 8())K+] — 1)
o PEI K + 1)
el (eok + D =Dl +e0) 1 +1) B2
PEY2(K +2)(K + 1) o
respectively.

By combing (B.3), (B.7), (B.10), (B.11), and (B.12), the
high SNR approximation for Py, is obtained as (33).
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