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ABSTRACT In this work, we provide a unified framework for full-duplex (FD) massive multiple-input
multiple-output (MIMO) cellular networks with low-resolution analog-to-digital and digital-to-analog con-
verters (ADCs and DACs). An objective of this work is to derive an accurate model to account for a
wide variety of network irregularities and imperfections, including loopback self-interference (SI) that
arises in full-duplex systems and quantization error from low-resolution data converters. Our contributions
for forward and reverse links include (1) deriving signal-to-quantization-plus-interference-plus-noise ratio
(SQINR) under pilot contamination, linear minimum mean square error (LMMSE) channel estimation and
channel hardening; (2) deriving closed-form and approximate analytical expressions of spectral efficiency;
(3) deriving asymptotic results and power scaling laws with respect to the number of quantization bits, base
station antennas, and users, as well as base station and user equipment power budgets; and (4) analyzing
outage probability and spectral efficiency vs. cell shape, shadowing, noise, cellular interference, pilot
contamination, pilot overhead, and frequency reuse. Cell shapes include hexagonal, square, and Poisson
Point Process (PPP) tessellations. In simulation, we quantify spectral and energy efficiency as well as the
impact of SI power, inter-user interference, and cell shape on outage probability. We carry out the analysis
for sub-7 GHz long term evolution (LTE) bands and then extend the framework to support millimeter
wave (mmWave) bands.

INDEX TERMS Full-duplex, massive MIMO, low resolution ADC/DAC, cellular networks, interference,
networks lattice/tessellation, LTE, mmWave.

I. INTRODUCTION

WITH increasing demand for higher data rate, lower
latency, and higher reliability from a growing number

of wireless users and services, radio frequency (RF) tech-
nologies seek to use the limited available spectrum more
effectively. Beyond the connections from base stations to
mobile and fixed wireless subscribers, cellular systems also
provide backhaul from basestations to the Internet and other
networks. Installing optical fiber or other cabling for back-
haul can be prohibitively expensive and in some cases not
allowed by law.

As far back as 2011, microwave and satellite RF bands had
become commonly used to support backhaul [4]. Currently,
millimeter wave (mmWave) technology, which refers to the
spectrum in the 10-300 GHz range,1 has emerged as a
promising solution for providing large bandwidths. In par-
ticular, mmWave is an attractive band for integrated access
and backhaul [5], [6], [7].

1. Although a rigorous definition of mmWave frequencies would place
them between 30 and 300 GHz, industry has loosely defined them to include
the spectrum from 10 to 300 GHz.
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One proposed solution to address the scarcity of spectrum
is to employ full-duplex (FD) transceivers [8]. FD systems
have emerged as a viable solution to enable the efficient use
of spectrum by allowing transmission and reception using
the same resource blocks [9]. A direct consequence is the
potential to reduce latency and overhead as well as double
the spectral efficiency vs. half-duplex (HD) systems [10].
Moreover, FD transceivers are cost efficient since the trans-
mit and receive arrays can be placed into a single dedicated
array for shared transmission and reception [11], [12], [13].
These benefits call for the integration of FD into practi-
cal consideration, e.g., machine-to-machine communications
as well as integrated access and backhaul which have been
recently adopted in 3GPP Release 17 [14].
Due to the dramatic differences in received power from

near and far transmitters, FD systems are constrained by
loopback self-interference (SI) that leaks from the transmit
array to the colocated receive array and that can be up to
100 dB stronger than the desired received signal [15], [16].
Without proper SI cancellation, the analog-to-digital convert-
ers (ADCs) can be swamped by SI, thereby resulting in very
poor communication performance.
Recent publications have proposed robust beamform-

ing design to suppress SI and enable FD opera-
tion [17], [18], [19]. Authors [20], [21], [22] have proposed
beamforming techniques such as zero-forcing (ZF), mini-
mum mean square error (MMSE), and null-space projection
to suppress SI. In massive multiple-input multiple-output
(MIMO) systems in particular, base stations (BSs) employ
many more antennas than those available on user equipment
(UE). Having a massive number of antennas enables not only
enough spatial multiplexing gain but also sufficient degrees
of freedom (DoF) to reduce SI and improve spectral effi-
ciency significantly. In addition, authors in [23] investigated
FD massive MIMO relaying with low resolution ADC in
terms of spectral and energy efficiency. They derived the ZF
as well as closed-form expressions for spectral efficiency and
the tradeoff between energy and spectral efficiency for var-
ious system configurations. Moreover, work [24] proposed
a beam-domain approach using hybrid time-switching and
power splitting for FD massive MIMO systems to improve
spectral efficiency. Furthermore, authors in [25] proposed
an antenna selection scheme to cancel the loopback SI and
used a genetic algorithm to solve the nonconvex optimization
problem.
Several authors have harnessed the advantages of both

FD and massive MIMO [26], [27], [28]. In fact, the authors
in [26] and [27] investigated a multipair decode-and-forward
relay employing FD massive MIMO and proved that as the
number of antennas goes to infinity, SI is asymptotically
suppressed. In [28], an SI-aware receive filter for the uplink
(reverse link) and precoder for the downlink (forward link)
are designed.
Although employing a massive number of antennas has

many benefits, it comes with a tradeoff of hefty power con-
sumption. In fact, having a large number of antennas leads to

pronounced growth in the power consumption and hardware
cost as each RF processing chain requires a pair of high-
resolution ADCs (e.g., 10-12 bits each for commercial appli-
cations) [29], [30]. A b-bit ADC with a sampling frequency
fs requires 2b · fs computations per second. Consequently, the
power consumption grows exponentially with the resolution
and linearly with the sampling frequency [31]. To circumvent
this, low-resolution ADCs (1-3 bits) have been suggested for
massive MIMO to reduce power consumption at the expense
of spectral efficiency [32], [33], [34], [35], [36], [37].
Related works have proposed power-efficient system

designs based on low-resolution ADCs and digital-to-analog
converters (DACs). In [38], the authors investigated a
FD massive MIMO amplify-and-forward relay with low-
resolution ADCs while the authors in [39] studied a massive
MIMO mixed-ADC system system, wherein a few of the
high-resolution ADCs are allocated for channel estimation
with 1-bit ADCs used for payload reception. In addition,
the authors in [34] considered a mixed DAC/ADC multipair
amplify-and-forward massive MIMO relay, analyzed sum
spectral efficiency, and proposed a power allocation scheme
with the aim of maximizing the sum spectral efficiency. An
uplink spectral efficiency of a HD massive MIMO with low-
resolution ADCs and a spectral/energy efficiency trade-off
analysis in mixed ADC scenarios have been investigated over
Rician channels in [29], [40], respectively.
In this paper, we propose a unified framework for

analysis of FD massive MIMO cellular networks with low-
resolution ADCs/DACs for different network topologies such
as hexagonal lattice, square grid, and Poisson Point Process
(PPP) tessellation. The BSs operate in FD mode under
low-resolution ADCs/DACs and are each equipped with a
massive number of antennas, while the UEs operate with
a single antenna in HD mode under infinite ADC/DAC
resolution. More importantly, we propose separate analy-
sis frameworks for reverse and forward links under pilot
contamination, and use matched filters in the receiver and
for the precoder at the FD BSs. Since the BSs operate in
FD, loopback SI is created at the BS transceiver wherein the
precoded signal transmitted by the BS leaks to the BS com-
biner and consequently corrupts the uplink signals received
from the users. In addition, downlink users are vulnerable to
the inter-user interference (IUI) incurred by the uplink UEs
since the BSs operate in FD mode.
To characterize the reverse and forward link performance

measures, we evaluate the average signal-to-quantization-
plus-interference-plus-noise ratio (SQINR)2 among the users
(either on the reverse or forward link). The channels are esti-
mated in the reverse link phase wherein the UEs send the

2. The word “quantization” introduced in the term SQINR is derived
from the application of low-resolution ADCs/DACs as the received sig-
nal becomes quantized rather than continuous in amplitude. Although the
application of low-resolution ADCs/DACs reduces the power consumption,
it incurs nonlinear distortion. One approach models the nonlinear distortion
as additive noise. Other approach uses Bussgang Theory to linearize this
distortion for the sake of simplicity and tractability and approximate the
nonlinearity as a gain plus additive noise.
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pilots to the BSs which estimate the channels and com-
pute the precoders and combiners. We propose the forward
link channel state information (CSI) acquisition based on the
channel reciprocity property of time division duplex (TDD)
systems. As long as the forward and reverse transmissions
occur within the channel coherence time, the physical chan-
nel is reciprocal. This property is exploited for Massive
MIMO [41] to avoid the large channel feedback to the BS
in the reverse link phase. The only issue is that the receive
and transmit RF chains in the transceivers (i.e., the hardware
from the antenna to the ADC in the receive path and from the
DAC to the antenna in the transmit path) are not reciprocal,
thereby calibration is required to compensate hardware asym-
metry. To facilitate the analysis, we assume TDD channel
reciprocity with perfect calibration.
For channel modeling, we consider channel hardening; for

channel estimation, we consider the linear minimum mean
square error (LMMSE) approach. Capitalizing on both, we
evaluate the cumulative distribution function (CDF), spectral
efficiency, and energy efficiency vs. the average SQINR for
reverse and forward links under several scenarios. To the
best of our knowledge, this is the first work proposing a
unified framework for FD massive MIMO in multiuser and
multicell cases with low-resolution ADCs/DACs.
The main contributions of this work are summarized as

follows:

• Derive expressions for the received signals as well as
the relative SQINR for reverse and forward links under
channel hardening, LMMSE channel estimation, low-
resolution ADCs/DACs, and pilot contamination.

• Derive closed-form and approximate analytical expres-
sions for spectral efficiency in the reverse and forward
links. We adopt the additive quantization noise model
(AQNM)3 to model ADC and DAC quantization error.
We show that the spectral efficiency is substantially
affected by the use of low-resolution ADCs/DACs
which cannot be compensated only by employing a mas-
sive number of BS antennas; each UE should adopt high
resolution ADCs/DACs to ensure good performance.
Since each UE only requires two ADCs for in-phase
and quadrature (IQ) sampling in the reverse link and
two DACs for IQ sampling in the forward link, using
high-resolution data converters in the UEs is a viable
solution.

• Analyze the effects of network imperfections and irreg-
ularities such as the cell shape, shadowing, noise and
cellular interference on the reverse and forward links.
Cellular interference includes pilot contamination as
well as inter-cell and intra-cell interference. We fur-
ther investigate the impact of pilot overhead, number
of users per cell, and frequency reuse factor on both
the CDF and spectral efficiency.

3. To facilitate analytical performance of systems with low resolution
ADCs/DACs, we adopt the common AQNM proposed in the literature.

• Gauge the effects of full-duplexing such as SI channel
power, SI signal power, and IUI on the reverse and
forward link users, respectively.

• Derive asymptotic results as well as power scaling
laws for reverse and forward links in order to unpack
engineering insights into the proposed system model.

• Demonstrate the generality of the proposed work by
showing the results match those in related work for sev-
eral special cases. Although some of the special cases
such as single-user, single-cell, and high-resolution
cases, are less common, the analysis of these cases
is useful for gaining insight.

• Assess the numerical results in terms of CDF, spectral
and energy efficiency for hexagonal lattice, square grid
and PPP tessellation.

The paper is organized as follows. The system model
is introduced in Section II. The reverse and forward links
analysis are presented in Sections III and IV, respectively.
Derivation of asymptotic results as well as power scaling
laws are reported in Section V. Section VI extends the
modeling of the reverse and forward links from sub-7 GHz
LTE bands to 5G LTE millimeter wave bands. Section VII
defines performance measures of energy efficiency and out-
age probability. The numerical results and their discussion
are presented in Section VIII while Section IX concludes
the paper.
Notation: We use the following notation throughout this

paper: bold lowercase x is used to denote column vectors,
bold uppercase X is used to denote matrices, non-bold letters
x,X are used to denote scalar values and calligraphic letters
X to denote sets. Using this notation, |x| is the absolute
value of a scalar, ‖x‖ is the norm. X∗ is the Hermitian or
conjugate transpose, XT is the matrix transpose, X† is the
Moore-Penrose inverse, X−1 denotes the inverse of a square
non-singular matrix, [x]n is the n-th entry of x, and [X]mn
is the element located in the m-th row and the n-th column
in the matrix X. We use CN (m, �) to denote a complex
circularly symmetric Gaussian random vector with mean m
and covariance �. We use U [a, b] to denote the uniform
distribution within the range [a, b]. We use E[ · ] to denote
the expectation and var[ ·] to denote the variance. We denote
subscripts u for uplink and d for downlink. Table 1 defines
the mathematical symbols most commonly used in this paper.

II. NETWORK MODEL
We consider a macrocellular network where each BS oper-
ates in FD mode and is equipped with Na � 1 antennas.
Each UE operates in half-duplex mode and has a single
antenna.

A. NETWORK GEOMETRY
Recent research on modern cellular networks has proposed
various approaches to address the modeling and performance
analysis of reverse and forward links. The Wyner model [42]
gained enormous attention for its simplicity as it consid-
ers inter-cell interference to be constant or a single random
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TABLE 1. Definition of symbols commonly used in the paper in alphabetical order.

variable to account for fading. However, it has been shown
in [43] that this model suffers from shortcomings in the cases
where the inter-cell interference is spatially averaged, e.g.,
a code division multiple access (CDMA) network congested
by a high load. In the same context, existing work sug-
gests a network model consisting of regular and deterministic
BS deployment, e.g., hexagonal or square grid-based model
shown by Figs. 1 and 2(a). Although this network model

is regular, closed-form expressions for the communication
performance are not tractable and instead the derivation is
based on approximations and Monte Carlo simulation. It has
been shown that the grid-based model is an upper bound
to the actual performance retrieved from real data, e.g.,
the signal-to-interference-plus-noise ratio (SINR) coverage
based upon a square grid is an upper bound to network
measurements [44], [45].
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FIGURE 1. Hexagonal lattice network. The cell of interest and the cells belonging to
subset C, i.e., all the ones reusing the same pilot dimensions, are shaded and a
copilot user equipment in each cell is indicated by a circle. Also indicated is the
distance r0,(�,k ) between the cell of interest cell 0 and the k -th user equipment
served by the cell �. In addition, indicated is the distance Dcopilot between the cell of
interest and its first tier of copilot cells.

Limitations of previous approaches led to the development
of random spatial models for network modeling. This new
perspective brought two important results. First, tractable
derivations of communication performance such as rate and
SINR expressions became possible. Second, random spatial
models were at least as accurate as grid-based models and in
many cases more accurate with respect to actual networks.
For example, Fig. 2(b) is a PPP distribution of both BS
deployment and UE locations, which provides accurate SINR
statistics for real urban networks [46].

B. LARGE-SCALE FADING
The locations of BSs form a stationary and ergodic point
process �BS ⊂ R

2 of density λBS, and the UE positions
follow an independent point process �UE ⊂ R

2 of density
λUE, which is also stationary and ergodic. Together, they
model a realistic macrocellular network scenario.
Each UE is associated with the BS from which it has

the strongest large-scale channel gain and we denote by Ku�
and Kd� the number of uplink and downlink UEs served by
the �-th BS. The large-scale gain comprises pathloss with
exponent η > 2 and shadowing that is independently and
identically distributed (IID) across the paths. In particular,
the large-scale gain between the �-th BS and the k-th user
connected to the l-th BS is

G�,(l,k) = Lref
rη�,(l,k)

χ�,(l,k), (1)

FIGURE 2. Realization of homogeneous cellular networks. (a) Square grid consists
of regular deployment of BSs while the UEs are uniformly distributed in the cells.
(b) PPP network model wherein the deployment of BSs and UEs are distributed
according to a PPP.

with Lref as the pathloss intercept at a unit distance, r�,(l,k) the
link distance, and χ�,(l,k) as the shadowing coefficient satis-
fying E[χ2/η] <∞. Further, we introduce large-scale fading
between the UEs to model the IUI. We denote T(�,n),(l,k) as
the large-scale channel gain between the n-th user and the
k-th user associated with the �-th and l-th BSs, respectively.

Without loss of generality, we denote the 0-th BS as
the focus of interest and drop its subscript for notational
compactness. For large-scale gains,
• G0,(l,k) = G(l,k) relates the BS of interest with the k-th
UE associated with the l-th BS.

• G�,(0,k) = G�,k relates the �-th BS with the k-th UE
associated with the BS of interest.

• G0,(0,k) = Gk relates the BS of interest with its own
k-th UE.

• K0 = K is the number of UEs served by the BS of
interest.

The same scripting and compact notation are applied to other
quantities.

C. SMALL-SCALE FADING
We denote h�,(l,k) ∼ NC(0, I) as the normalized reverse link
Na × 1 small-scale fading between the k-th user located in
cell l and the BS in cell � and h∗�,(l,k) as the forward link
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reciprocal, assuming TDD with perfect calibration [47]. In
addition, we denote by g(�,n),(l,k) ∼ NC(0, σ 2

iui) the 1 × 1
small-scale fading between the n-th user in cell � and the k-th
user in cell l [32]. We further denote by HSI ∼ NC(0, μ2

SI)

the SI channel matrix (Na × Na) [32].
Remark 1: In this work, we assume perfect knowledge

of the SI channel. The estimation of the SI channel can be
carried out with conventional methods such as Least Squares
(LS) or MMSE estimators. If the channel matrix is sparse,
then a compressive sensing method will be the best candi-
date, in particular, for a channel matrix of large dimension.
In addition, we consider an estimate of the SI channel (ĤSI)

while the estimation error can be accounted as additional
source of SI. Note that tackling the SI channel estimation
problem is out of the scope of this work.

D. NUMBER OF USERS PER CELL
Regardless of the regularity of the network lattice, disparities
may come to play across the BSs due to shadowing and
randomness of user locations.
Without shadowing, any user is associated with the tagged

BS in its Voronoi cell, and the number of users, condi-
tioned on the cell area, is a random variable with mean λUE
multiplied by the cell area A. If �UE is a PPP, then the
number of users follows a Poisson distribution. Depending
on how the cell area is distributed, the distribution of the
number of users per cell can be evaluated. For example, if
�UE is a PPP, such number in a lattice network is Poisson
distributed with average λUE/λBS while, for an irregu-
lar network with PPP distributed BSs, the corresponding
distribution is approximated in [48].
In the presence of shadowing, a user is not necessarily

associated with the nearest BS. Although the shadowing per
link is strong and independent, the number of users per
BS still follows a Poisson distribution with mean λUE/λBS
regardless of the BS locations. In fact, when shadowing
increases significantly, it dominates the pathloss and each
BS becomes equally likely to be the one serving a partic-
ular user. For instance, let’s consider a region with a finite
area A consisting of AλBS BSs and AλUE UEs, all located
randomly. When the shadowing strengthens, the number of
users served by each BS follows a Binomial distribution
B(AλUE, 1

AλBS
), since each UE has equal probability 1

AλUE
of being associated with any of the AλBS BSs. For a region
with infinite area (A −→ ∞) and with a constant mean
λUE/λBS, the Binomial distribution converges to a Poisson
distribution [49].

E. QUANTIZED SIGNAL MODEL
For signal amplitudes with infinite resolution, a typical
received signal y is given by

y = Hx+ n, (2)

where H, x, and n are the channel matrix, precoded symbols,
and additive white Gaussian noise (AWGN), respectively.

TABLE 2. ρ for different values of b [54].

For ADCs, many nonlinear quantization models have been
proposed; however, the analysis of such models is com-
plex for a higher number of bits of amplitude resolution. In
quantized systems, a lower bound on the spectral efficiency
has been derived by treating the quantization as additive
Gaussian noise with variance inversely proportional to the
resolution of the quantizer, i.e., 2−b times the received input
power where b is the number of ADC bits.
Recent work [10], [50], [51], [52] used an AQNM to

model the nonlinear distortion as a gain plus additive noise
for mmWave signals for an arbitrary number of ADC bits. In
addition, authors in [53], [54], [55] derived Gaussian approx-
imations using Bussgang Theory to linearize the nonlinear
quantization distortion which is quite similar to the AQNM.
The received signal (2) is processed by RF chains and then
converted to the digital discrete-time domain by ADCs. The
AQNM represents the quantized version of (2) given by

yq = αy+ q, (3)

where q is the additive quantization noise, and α = 1 − ρ

where ρ is the inverse of the signal-to-quantization-plus-
noise ratio (SQNR), which is inversely proportional to the
square of the resolution of an ADC, i.e., η ∝ 2−2b.

F. TIGHTNESS OF AQNM
We consider a uniform quantizer with step size 
 defined
as 
 = b−a

2Bits−1
where a and b are the lower and upper

bounds of the quantizer input. We denote by ye as the output
of the uniform quantizer and yq as the quantized signal
using the AQNM given by (3). In (3), y is the input of the
quantizer, which is assummed to be uniformly distributed on
[a, b]. Note that q is additive quantization noise which has
a Gaussian distribution with zero mean and variance given
by [56]

σ 2
q =


2

12
, (4)

The mean square error (MSE) is defined by

MSE =
∑

n

E

[
|ye[n]− yq[n]|2

]
. (5)

To show the tightness, let’s consider an example of a quan-
tizer with a = −15V and b = 15V , y ∼ U [ − 15, 15].
As shown by Fig. 3, as the number of quantization bits
increases, the MSE decreases; i.e., the precision of the
AQNM is accurate and the model gets closer to the output
of the quantizer.

G. FULL-DUPLEX AND LOW RESOLUTION ADC/DAC
Fig. 4 illustrates a basic abstraction of a BS operating in FD
mode. The uplink UEs send the data to the BS independently
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FIGURE 3. MSE between the output of the quantizer and quantized signal obtained
using the AQNM.

FIGURE 4. Basic abstraction of a full-duplex base station: The uplink user
equipment (UE) sends the data to the base station (BS) independently from the data
intended to the downlink UE sent from the BS. Since the BS transmits and receives
simultaneously at the same resource blocks, SI leakage is created in the form of a
loopback from TX to RX sides of the BS.

from the data intended for the downlink UE transmitted
from the BS. Since the BS transmits and receives simulta-
neously using the same resource blocks, SI leakage is created
as loopback from transmit (TX) to receive (RX) arrays of
the BS.
Without loss of generality, we illustrate the analysis of

a FD system with low resolution ADCs/DACs for a single-
cell scenario. Then we generalize the analysis to a multi-cell
network for reverse and forward links.
The received uplink signal yu at the BS prior to quanti-

zation is given by

yu = √
PuHuxu +

√
PdHSIy

d
q + nu, (6)

where the downlink unquantized precoded signal yd is
given by

yd = Fxd. (7)

Here, F is the precoder. By approximating the quantiza-
tion effects using the AQNM, the received signal yu and
transmitted signal yd after quantization at the BS can be

modeled as

yuq = αuyu + qu (8)

ydq = αdyd + qd. (9)

We define the covariance matrices for the AQNM [32] as

Rqu = E
[
quq∗u

] = αu(1− αu) diag
(
PuHuH∗u +Q+ σ 2INa

)
(10)

Rqd = E
[
qdq∗d

] = αd(1− αd) diag
(
FF∗

)
, (11)

where Q is given by

Q = PuHSI

(
α2
dFF

∗ + Rqd

)
H∗SI. (12)

III. REVERSE LINK ANALYSIS
At the channel estimation stage, we assume the BS operates
in HD mode with full-resolution ADCs and DACs [34]. In
other words, in the absence of the SI and quantization error
due to limited ADC/DAC resolution, the received signal (sent
from the k-th uplink UE) at the BS of interest, assuming
no pilot contamination and single-cell single-user case, is
given by

yuk =
√
GkPkhk + vk. (13)

Upon data transmission from the users (in a multicell and
multiuser scenario), the BS operates in full-duplex mode
with low-resolution ADCs/DACs. Consequently, the BS of
interest observes the following received signal vector

yuq = αu
∑

�

K�−1∑

k=0

√
G�,kP�,kh�,ks�,k + αu

√
PSIHSIqd

+ αuαd
√
PSI

K−1∑

k=0

HSIfks
d
k + qu + αuv. (14)

Next, we will consider two channel estimation/acquisition
approaches, LMMSE and channel hardening, wherein the
pilot contamination will come to play.
Remark 2: As illustrated in Fig. 4, the BS consists of two

antennas arrays dedicated for transmission and reception and
hence the uplink and downlink channels estimation can be
carried out separately.

A. LMMSE CHANNEL ESTIMATION
Decomposing the channel into an estimate and an error term
entails a new formulation of the received signal vector

yuq = αu
∑

�

K�−1∑

k=0

√
G�,kP�,k

(
ĥ�,k + h̃�,k

)
s�,k + αuv

+ αuαd
√
PSI

K−1∑

k=0

HSIfks
d
k + αu

√
PSIHSIqd + qu. (15)

Note that ĥ�,k is the LMMSE channel estimate and h̃�,k is
the channel estimation error which is uncorrelated with the
channel estimate and has variance given by

MMSEk = 1

1+ Pk
Pu

SNRu
k

, (16)
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where Pd is the total power transmitted from the BS at the
cell of interest and Pk is the power transmitted from the k-th
user to the BS of interest.
Since the number of coherence tiles Nc is finite,4 the

number of orthogonal pilot dimensions Np < Nc is also
finite. While it is possible to assign orthogonal pilots to K
active users in certain cells, it is impossible to preserve pilot
orthogonality over the entire network especially when having
many cells. When the system runs out of orthogonal pilots,
pilots have to be reused across network cells. Eventually,
this reuse incurs interference or pilot contamination during
the estimation stage. For each user, the BS of interest would
like to estimate the quantity

√
Pk
Pu
Gkhk, k = 0, . . . ,K − 1, (17)

However, with pilot contamination, the BS ends up
estimating

√
Pk
Pu
Gkhk +

∑

�∈C

√
P�,k

Pu
G�,kh�,k, k = 0, . . . ,K − 1, (18)

4. The number of coherence tiles per fading block or also termed as the
number of single-carrier symbols per block denoted by Nc = BTc, where
B is the bandwidth and Tc is the channel coherence time. If the fading
blocks are IID, then Tc coincides with the coherence time of a stationary
fading process, which leads to Nc = � B2ν

� with ν is the velocity. Note that
the expressions of the number of coherence tiles hold if the bandwidth is
not too large [57, Ch. 3].

Thereby, the LMMSE channel estimate is given

ĥk =
Pk
Pu

SNRu
k

1+ Pk
Pu

SNRu
k +

∑
�∈C

P�,k
Pu

SNRu
�,k

×
⎛

⎝hk +
∑

�∈C

√√√√
P�,k
Pu

SNRu
�,k

Pk
Pu

SNRu
k

h�,k + v′k

⎞

⎠, (19)

and the variance of the LMMSE channel estimation error h̃k
becomes

MMSEk =
1+∑

�∈C
P�,k
Pu

SNRu
�,k

1+ Pk
Pu

SNRu
k +

∑
�∈C

P�,k
Pu

SNRu
�,k

. (20)

Proof: The proof is given in Appendix A.

B. DATA TRANSMISSION
By decomposing the interference into inter-cell and intra-
cell components and applying the linear receive filter w∗k at
the k-th user (yuq,k = w∗kyuq), the received signal at the BS
of interest of the k-th user is given by (21), shown at the
bottom of the page. To distinguish pilot contamination from
other sources of interference, we decompose the sources of
inter-cell interference which results in the expression of the
received signal (22), shown at the bottom of the page.
Theorem 1: For LMMSE channel estimation, the output

SQINR of the k-th uplink user is given by (23).

sqinrk =
α2
u
Pk
Pu

SNRu
k |w∗k ĥk|2

denu
, (23)

where denu is given by (24), shown at the bottom of the
next page.

yuq,k = αu
√
GkPkw∗k ĥksk︸ ︷︷ ︸

Desired Signal

+ αu
√
GkPkw∗k h̃ksk︸ ︷︷ ︸

Channel Estimation Error

+αu

K−1∑

k=0

√
GkPkw∗k

(
ĥk + h̃k

)
sk

︸ ︷︷ ︸
Intra-Cell Interference

+αu
∑

� �=0

K�−1∑

k=0

√
G�,kP�,kw∗kh�,ks�,k

︸ ︷︷ ︸
Inter-Cell Interference

+ αuαd
√
PSI

K−1∑

k=0

w∗kHSIfks
d
k

︸ ︷︷ ︸
Self-Interference due to Full-Duplexing

+αu
√
PSIw

∗
kHSIqd + w∗kqu︸ ︷︷ ︸

Aggregate AQNM

+ αuw∗kv︸ ︷︷ ︸
Filtered Noise

(21)

yuq,k = αu
√
GkPkw∗k ĥksk︸ ︷︷ ︸

Desired Signal

+ αu
√
GkPkw∗k h̃ksk︸ ︷︷ ︸

Channel Estimation Error

+αu
∑

k �=k

√
GkPkw∗k

(
ĥk + h̃k

)
sk

︸ ︷︷ ︸
Intra-Cell Interference

+αu
∑

�∈C

√
G�,kP�,kw∗�,kh�,ks�,k

︸ ︷︷ ︸
Pilot Contamination

+ αu
∑

� �=0
�/∈C

K�−1∑

k=0

√
G�,kP�,kw∗�,kh�,ks�,k + αu

∑

�∈C

K�−1∑

k=0
k �=k

√
G�,kP�,kw∗�,kh�,ks�,k

︸ ︷︷ ︸
Inter-Cell Interference

+ αuαd
√
PSI

K−1∑

k=0

w∗kHSIfks
d
k

︸ ︷︷ ︸
Self-Interference due to Full-Duplexing

+ αu
√
PSIw

∗
kHSIqd + w∗kqu︸ ︷︷ ︸

Aggregate AQNM

+ αuw∗kv︸ ︷︷ ︸
Filtered Noise

(22)
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Proof: The proof is given in Appendix B.
If the channel estimation is perfect, the pilot contamination

is negligible and inter-cell interference is subsumed within
the noise.
Proposition 1: With perfect CSI, without full-duplexing

(HSI = 0) and without pilot contamination, we retrieve the
same SQINR expression for reverse link derived by [58].
Averaging over the channel realization ĥk and hence wk,

the reverse link user spectral efficiency is provided by

Ik
B
= E

[
log

(
1+ sqinrk

)]
, k = 0, . . . ,K − 1, (25)

If we introduce the pilot overhead, we would need to aggre-
gate the reverse and forward spectral efficiencies or, in its
place, a partition of the overhead between the reverse and
forward links. Thereby, the effective reverse link spectral
efficiency becomes

Ieff
k

B
=
(

1− β
Np

Nc

)
E
[
log

(
1+ sqinrk

)]
, k = 0, . . . ,K − 1.

(26)

where β ∈ [0, 1] is the fraction of the pilot overhead ascribed
to the reverse link.

C. CHANNEL HARDENING
One of the benefits of having massive number of antennas
is the hardening of the filtered signals. Suppose that, rather
than w∗k ĥk (where ĥ is the estimate of h), the decoder regards
E[w∗khk] as the filtered channel. The receiver can compute
this value from the channel statistics while the fluctuation
of the filtered signal around the mean can be treated as SI.
Thereby, (22) becomes (27) shown at the bottom of the page.
When considering pilot contamination, the received signal
of the k-th user can be reformulated as (28) shown at the
bottom of the page.
Theorem 2: For channel hardening, the output SQINR of

the k-th uplink user is given by

sqinrk =
α2
u
Pk
Pu

SNRu
k

∣∣E
[
w∗khk

]∣∣2

denu
, (29)

denu = α2
u

⎛

⎜⎜⎝1+
∑

k �=k

Pk
Pu

SNRu
kMMSEk +

∑

� �=0
�/∈C

P�,k

Pu
SNRu

�,k +
∑

�∈C

K�−1∑

k=0
k�=k

P�,k

Pu
SNRu

�,k

⎞

⎟⎟⎠‖wk‖2 + α2
u

∑

k �=k

Pk
Pu

SNRu
k

∣∣∣w∗k ĥk
∣∣∣
2

+ α2
u

∑

�∈C

P�,k

Pu
SNRu

�,kw
∗
kE

[
h�,kh∗�,k|wk

]
wk + α2

uα
2
d

σ 2
PSI

K−1∑

k=0

∣∣w∗kHSIfk
∣∣2 + α2

u

σ 2
PSI

∣∣w∗kHSIqd
∣∣2 + 1

σ 2

∣∣w∗kqu
∣∣2 (24)

yuq,k = αu
√
GkPkE

[
w∗khk

]
sk︸ ︷︷ ︸

Desired Signal

+αu
∑

k�=k

√
GkPkw∗khksk

︸ ︷︷ ︸
Intra-Cell Interference

+αu
∑

� �=0

K�−1∑

k=0

√
G�,kP�,kw∗kh�,ks�,k

︸ ︷︷ ︸
Inter-Cell Interference

+αu
√
PSIw

∗
kHSIqd + w∗kqu︸ ︷︷ ︸

Aggregate AQNM

+

Aggregate Self-Interference︷ ︸︸ ︷

αu
√
GkPk

(
w∗khk − E

[
w∗khk

])
sk︸ ︷︷ ︸

Channel Estimation Error

+ αuαd
√
PSI

K−1∑

k=0

w∗kHSIfks
d
k

︸ ︷︷ ︸
Self-Interference due to Full-Duplexing

+ αuw∗kv︸ ︷︷ ︸
Filtered Noise

(27)

yuq,k = αu
√
GkPkE

[
w∗khk

]
sk︸ ︷︷ ︸

Desired Signal

+αu
√
GkPk

(
w∗khk − E

[
w∗khk

])
sk︸ ︷︷ ︸

Channel Estimation Error

+αu
∑

k�=k

√
GkPkw∗khksk

︸ ︷︷ ︸
Intra-Cell Interference

+αu
∑

�∈C

√
G�,kP�,kw∗kh�,ks�,k

︸ ︷︷ ︸
Pilot Contamination

+ αu
∑

� �=0
�/∈C

K�−1∑

k=0

√
G�,kP�,kw∗kh�,ks�,k + αu

∑

�∈C

K�−1∑

k=0
k �=k

√
G�,kP�,kw∗kh�,ks�,k

︸ ︷︷ ︸
Inter-Cell Interference

+ αuαd
√
PSI

K−1∑

k=0

w∗kHSIfks
d
k

︸ ︷︷ ︸
Self-Interference due to Full-Duplexing

+ αu
√
PSIw

∗
kHSIqd + w∗kqu︸ ︷︷ ︸

Aggregate AQNM

+ αuw∗kv︸ ︷︷ ︸
Filtered Noise

(28)
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where denu is given by (30), shown at the bottom of the
page. With sqinrk, k = 0, . . .K−1 being locally stable, the
evaluation of the gross spectral efficiencies do not require
averaging over the fading realizations, but rather it is directly
computed by

Īk
B
= log

(
1+ sqinrk

)
, k = 0, . . . ,K − 1. (31)

D. MATCHED FILTER RECEIVER
A matched filter for user k satisfies wMF

k ∝ ĥk. This entails
the following expression as [57, eq. (10.48)]

wMF
k =

√√√√
Pk
Pu

SNRu
k

1+ Pk
Pu

SNRu
k +

∑
�∈C

P�,k
Pu

SNRu
�,k

×
⎛

⎝hk +
∑

�∈C

√√√√
P�,k
Pu

SNRu
�,k

Pk
Pu

SNRu
k

h�,k + v′k

⎞

⎠. (32)

In above equation, the scaling is important to operate the
decoder, but immaterial otherwise because it equally affects
the received signal as well as the noise and interference. The
scaling satisfies E[‖wMF

k ‖2] = Na and the entries of v′k have
power of 1/(PkPu

SNRu
k) as discussed in [57, Sec. 10.3.2]. The

pilots are assumed to be regular and aligned at every cell.
Corollary 1: If x and y are jointly Gaussian, i.e.,

[
y
x

]
∼ NC

([
μy
μx

]
,

[
Ry Ryx
Rxy Rx

])
(33)

The random variable y|x = x is complex Gaussian with
mean

μ = RyxR−1
x x (34)

and covariance

R = Ry − RyxR−1
x Rxy. (35)

We will use Corollary 1 later to prove the results of
Theorem 3.

1) LMMSE CHANNEL ESTIMATION

In this subsubsection, we will derive the output SQINR of
the k-th uplink user under LMMSE channel estimation and
with a matched filter receiver.
Theorem 3: For LMMSE channel estimation and with a

matched filter receiver, the output SQINR of the k-th uplink
user is given by (36).

sqinrMF
k =

α2
u
Pk
Pu

SNRu
k |wMF∗

k ĥk|2
denMF

u

(36)

where denMF
u is given by (37), shown at the bottom of the

page.
Proof: The proof of Theorem 3 is given by Appendix C.

Proposition 2: With LMMSE channel estimation, without
full-duplexing, with full-resolution (αu = αd = 1) and with
a matched filter receiver, we exactly retrieve the same output
SINR of the k-th uplink user given by [57, eq. (10.50)].

2) CHANNEL HARDENING

We adopt the matched filter receiver to design the combiner
wk, k = 0, . . . ,Ku − 1.
Corollary 2: The matched filter receiver wMF

k (transmitter
fMF
k ) has the following properties [32], [47]

1) E[‖wMF
k ‖2] = E[‖fMF

k ‖2] = Na.
2) E[‖wMF

k ‖4] = E[‖fMF
k ‖4] = N2

a + Na.
3) E[|wMF∗

k hk|2] = E[|h∗kfMF
k |2] = Na.

denu = α2
u
Pk
Pu

SNRu
kvar

[
w∗khk

]+ α2
u

∑

k �=k

Pk
Pu

SNRu
kE

[∣∣w∗khk
∣∣2
]
+ α2

u

∑

�∈C

P�,k

Pu
SNRu

�,kE

[∣∣w∗kh�,k
∣∣2
]

+ α2
u

⎛

⎜⎜⎝1+
∑

� �=0
�/∈C

K�−1∑

k=0

P�,k

Pu
SNRu

�,k +
∑

�∈C

K�−1∑

k=0
k �=k

P�,k

Pu
SNRu

�,k

⎞

⎟⎟⎠E

[
‖wk‖2

]
+ α2

u

σ 2
PSIE

[
|w∗kHSIqd|2

]

+ α2
dα

2
u

σ 2
PSI

K−1∑

k=0

E

[∣∣w∗kHSIfk
∣∣2
]
+ α2

u

σ 2
E

[
|w∗kqu|2

]
(30)

denMF
u = α2

u

∑

k �=k

Pk
Pu

SNRu
k|wMF∗

k ĥk|2 + α2
u

⎛

⎝1+
K−1∑

k=0

Pk
Pu

SNRu
kMMSEk +

∑

� �=0

K−1∑

k=0

P�,k

Pu
SNRu

�,k

⎞

⎠
∥∥∥wMF

k

∥∥∥
2

+ α2
u

∑
�∈C

(
P�,k
Pu

SNR�,k

)2

1+ Pk
Pu

SNRu
k +

∑
�∈C

P�,k
Pu

SNRu
�,k

(∥∥∥wMF
k

∥∥∥
4 −

∥∥∥wMF
k

∥∥∥
2
)
+ α2

uα
2
d

σ 2
PSI

K−1∑

k=0

∣∣∣wMF∗
k HSIfk

∣∣∣
2

+ α2
u

σ 2
PSI

∣∣∣wMF∗
k HSIqd

∣∣∣
2 + 1

σ 2

∣∣∣wMF∗
k qu

∣∣∣
2

(37)
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Theorem 4: For channel hardening and a matched filter
receiver, the output SQINR of the k-th uplink user is given
by (38).

sqinr
MF
k =

α2
u

(
Pk
Pu

SNRu
k

)2
N2

a
(

1+ Pk
Pu

SNRu
k +

∑
�∈C

P�,k
Pu

SNRu
�,k

)
den

MF
u

(38)

where den
MF
u is given by (39), as shown at the bottom of

the page. Here, INR = PSIμ
2
SI/σ

2.
Proof: The proof of Theorem 4 is provided in

Appendix D
Corollary 3: To further characterize the spectral effi-

ciency, we derive a new bound using the following formula
[59, eq. (35)]. Assuming statistical independence between x
and y, we have

E

[
log

(
1+ x

y

)]
∼= log

(
1+ E[x]

E[y]

)
. (40)

Lemma 1: Assuming perfect CSI, and applying
Corollary 3, the output SQINR of the k-th uplink
user (38) becomes

sqinr
MF
k =

(
Pk
Pu

SNRu
k

)2(
N2

a + Na
)

(
1+ Pk

Pu
SNRu

k +
∑

�∈C
P�,k
Pu

SNRu
�,k

)
den

MF
u

.

(41)

In the proof of Theorem 4 in Appendix D, the terms in (96),
shown at the bottom of p. 25 related to the channel estima-
tion error and pilot contamination vanish because the CSI is
perfect.
Proposition 3: Considering a single-cell multiuser system

(without any inter-cell interference) with perfect CSI,
Corollary 3 entails the results for the reverse link in [32].
Proposition 4: With channel hardening, without full-

duplexing, with full-resolution and with a matched filter
receiver, the output SINR of the k-th uplink user is given
by (42), shown at the bottom of the page.
Remark 3: Note that Proposition 4 entails the same result

for reverse link derived in [57, eq. (10.63)].

Lemma 2: When the power (SNRu
k) of the k-th uplink

user goes to infinity, the output SINR (42) converges to Na.
This SINR limit, caused by the channel estimation error, is

incurred by the users with favorable conditions, i.e., having
small shadowing and short distances from the associated BS.
However, this limit is irreducible and cannot be overtaken
by a matched filter receiver reliant on channel hardening.
Neglecting pilot contamination, the output SINR expres-

sion (42) can be reduced to

sinr
MF
k ≈

Na

(
Pk
Pu

SNRu
k

)2

(
1+ Pk

Pu
SNRu

k

)(
1+∑

�

∑Ku�−1
k=0

P�,k
Pu

SNRu
�,k

) .

(43)

E. FRACTIONAL POWER CONTROL
In an outdoor environment, the received power is highly
degraded by pathloss and shadowing; hence, we adopt a
slow power control regime such as fractional power control
to compensate pathloss. Such a power adaptation technique
is characterized by a parameter ϑ ∈ [0, 1] to control the

received power of the UEs. Formally, P�,0
Pu

, . . . ,
P�,Ku

�
−1

Pu
must

be optimized at each cell � on the basis of that cell’s weighted
sum spectral efficiency. Consequently, the power control
factor is

P�,k

Pu
∝ 1

Gϑ
�,(�,k)

, k = 0, . . . ,Ku� − 1. (44)

By saying P�,k
Pu
≤ 1, k = 0, . . . ,Ku� − 1, we mean the

reverse link transmit power must not exceed its maximum
value. If ϑ = 0, all UEs have the same transmit power
and no power control regime is adopted. When ϑ = 1, the
pathloss represented by the pathloss exponent is completely
compensated.

IV. FORWARD LINK ANALYSIS
The signal transmitted by the �-th BS is

x� =
Kd�−1∑

k=0

√
P�,k

Na
f�,ks�,k, (45)

den
MF
u = α2

uNa

⎛

⎝1+
∑

�

Ku�−1∑

k=0

P�,k

Pu
SNRu

�,k

⎞

⎠+ α2
uN

2
a

∑
�∈C

(
P�,k
Pu

SNRu
�,k

)2

1+ Pk
Pu

SNRu
k +

∑
�∈C

P�,k
Pu

SNRu
�,k

+ α2
uαd(1− αd)K

dN2
aINR

+ α2
uα

2
dK

dN2
aINR+ Naαu(1− αu)

⎡

⎣2
Pk
Pu

SNRu
k +

∑

k �=k

Pk
Pu

SNRu
k +

∑

� �=0

∑

k

P�,k

Pu
SNRu

�,k + αdNaINR+ 1

⎤

⎦(39)

sinr
MF
k =

Na

1+ Pk
Pu

SNRu
k+

∑
�∈C

P�,k
Pu

SNRu
�,k

(
Pk
Pu

SNRu
k

)2

1+∑
�

∑Ku�−1
k=0

P�,k
Pu

SNRu
�,k + Na

1+ Pk
Pu

SNRu
k+

∑
�∈C

P�,k
Pu

SNRu
�,k

∑
�∈C

(
P�,k
Pu

SNRu
�,k

)2
(42)
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where P�,k is the power allocated to the data symbol s�,k ∼
NC(0, 1), which is precoded by f�,k and intended for its k-th
user. The power allocation satisfies

Kd�−1∑

k=0

P�,k = Pd, (46)

where Pd is the forward link power per cell. Since the BS
operates in FD mode, the reverse link users are only cor-
rupted by the SI while the forward link users are SI-free. But
since the reverse link users users are sending simultaneously
when the forward link users users are receiving, the latter
are vulnerable to the IUI caused by the reverse link users.
Upon data transmission from the BS of interest, the k-th

user observes the following quantized received signal from
the BS of interest as

ydq,k = αd
∑

�

Kd�−1∑

k=0

√
G�,kP�,k

Na
h∗�,kf�,ks�,k

+
∑

�

Kd�−1∑

k=0

√
G�,kP�,k

Na
h∗�,kqd,�

+
∑

�

Ku�−1∑

k=0

√
T(�,k),kPu�,kg(�,k),ks

u
�,k + vk. (47)

In the reverse link, the LMMSE channel estimates are avail-
able at the BSs from the corresponding pilot observations.
Therefore, exploiting the channel reciprocity in TDD, we
can skip the channel estimation at the UEs. Nevertheless, the
channel estimation at the UEs can be carried out by sending
precoded forward pilots, using at least one precoded pilot
per UE and per coherence time (block of samples).
In the rest of this section, we focus on the analysis of

channel-hardening reliant receivers.

A. CHANNEL HARDENING
Since we consider receivers taking advantage of channel
hardening, the k-th user served by the BS of interest regards
E[h∗k fk] as its precoded channel wherein the small-scale
fading is averaged. The variation of the actual precoded
channel around the mean incurs SI, such that (47) can be
formulated as (48) shown at the bottom of the page.
Theorem 5: For channel hardening, the output SQINR of

the k-th downlink user is given by (49).

sqinrk =
α2
d

Pk
PdNa

SNRd
k

∣∣E
[
h∗k fk

]∣∣2

dend
(49)

Here, dend is expressed by (50) shown at the bottom of the
page, where SNRiui

(�,k),k = PuT(�,k),k/σ
2.

Proof: The proof is straightforward by evaluating the
expected value of the power of each term. The expected
value of the power of channel estimation error is nothing
but the variance of the precoded channel. The derivation
cannot go further because this result is considered for any
given BS precoder. Later in Theorem 6, we will specify
the BS precoder and hence the derivation will be more
intricate.

B. MATCHED FILTER PRECODER
The �-th BS gathers channel estimates
ĥ�,(�,0), . . . , ĥ�,(�,Kd�−1) from the reverse link pilots
transmitted by its own users. With a matched filter
transmitter, the precoders at cell � are given by

fMF
�,k =

√
Na

ĥ�,(�,k)√

E

[∥∥∥ĥ�,(�,k)

∥∥∥
2
] , k = 0, . . . ,Kd� − 1, (51)

where the precoders share the same properties as the matched
filter receiver indicated by Corollary 2.

ydq,k = αd

√
GkPk
Na

E
[
h∗k fk

]
sk

︸ ︷︷ ︸
Desired Signal

+αd

√
GkPk
Na

(
h∗k fk − E

[
h∗k fk

])
sk

︸ ︷︷ ︸
Channel Estimation Error

+αd
∑

k�=k

√
GkPk
Na

h∗k fksk

︸ ︷︷ ︸
Intra-Cell Interference

+
∑

�

Kd�−1∑

k=0

√
G�,kP�,k

Na
h∗�,kq�

︸ ︷︷ ︸
Aggregate AQNM

+ αd
∑

� �=0

Kd�−1∑

k=0

√
G�,kP�,k

Na
h∗�,kf�,ks�,k

︸ ︷︷ ︸
Inter-Cell Interference

+
∑

k �=k

√
Tk,kPu�,kgk,ksk,u

︸ ︷︷ ︸
Same Cell Inter-User Interference

+
∑

� �=0

Ku�−1∑

k=0

√
T(�,k),kPu�,kg(�,k),ks�,k,u

︸ ︷︷ ︸
Other Cells Inter-User Interference

+ vk︸︷︷︸
Noise

(48)

dend = α2
d
Pk
PdNa

SNRd
kvar

[
h∗k fk

]+ α2
d

∑

k�=k

Pk
PdNa

SNRd
kE

[∣∣h∗k fk
∣∣2
]
+ α2

d

∑

� �=0

Kd�−1∑

k=0

P�,k

PdNa
SNRd

�,kE

[∣∣h∗�,kf�,k
∣∣2
]

+
∑

�

Ku�−1∑

k=0

Pu�,k
Pu

SNRiui
(�,k),kE

[∣∣g(�,k),k
∣∣2
]
+
∑

�

P�,k

PdNa
SNRd

�,kE

[∣∣h∗�,kqd,�
∣∣2
]
+ 1 (50)
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Recall the expression of the reverse link channel estimate
at the cell of interest (19), and referring to the analogy with
the matched filter receiver, the k-th matched filter precoder
at the BS of interest is expressed by

fMF
k =

√√√√
Pk
Pu

SNRu
k

1+ Pk
Pu

SNRu
k +

∑
�∈C

P�,k
Pu

SNRu
�,k

×
⎛

⎝hk +
∑

�∈C

√√√√
P�,k
Pu

SNRu
�,k

Pk
Pu

SNRu
k

h�,k + v′k

⎞

⎠. (52)

which exactly matches the reverse link matched filter
receiver.
Theorem 6: For channel hardening and with a matched

filter precoder, the output SQINR of the k-th downlink user
is expressed by (53).

sqinr
MF
k =

Pk
Pu

SNRu
k
Pk
Pd

SNRd
kNa

(
1+ Pk

Pu
SNRu

k +
∑

�∈C
P�,k
Pu

SNRu
�,k

)
den

MF
d

(53)

Remark 4: The fractions P�,k
Pu

and P�,k
Pd

for any � and
k, are the fractional power control and power allocation
coefficients, respectively.
While introducing the new term � = SNRd

�,(l,k)/SNRu
�,(l,k)

for any �, l and k as the forward-reverse signal-to-noise ratio
(SNR) ratio, the output SQINR of the k-th downlink UE
becomes

sqinr
MF
k =

α2
d

Na

�+ Pk
Pu

SNRd
k+

∑
�∈C

P�,k
Pu

SNRd
�,k

Pk
Pu

Pk
Pd

(
SNRd

k

)2

den
MF
d

(54)

where den
MF
d is given by (55), shown at the bottom of the

page.
Proof: The proof of Theorem 6 is provided in

Appendix E.
Proposition 5: Considering a single-cell multiuser system

(without any inter-cell interference) with perfect CSI,
Corollary 3 entails the results for forward link in [32].

Proposition 6: With channel hardening, without full-
duplexing (no IUI), with full-resolution and with a matched
filter precoder, the output SINR of the k-th downlink user
is given by (56).
Remark 5: Note that Proposition 6 entails the same result

for forward link derived in [47].
Neglecting pilot contamination and assuming � +

Pk
Pu

SNRd
k ≈ Pk

Pu
SNRd

k , the output SINR of the k-th downlink
user (56) is reduced to (57).

sinr
MF
k ≈

Pk
Pu

Pk
Pd

(
SNRd

k

)2
Na

(
� + Pk

Pu
SNRd

k

)(
1+∑

� SNRd
�,k

) . (57)

Remark 6: Note that the output SINR expression (57)
admits a duality with its reverse link counterpart (43). In
addition, the assumption of � + Pk

Pu
SNRd

k ≈ Pk
Pu

SNRd
k is

equivalent to considering a perfect channel estimation and
therefore any achievable SINRs in the reverse link can be
also achieved in the forward link if the same total power is
transmitted.

C. TRACTABILITY
Finding closed-form expressions of the proposed systems is
not tractable. However, under special assumptions, tractable
expressions of the CDF as well as the spectral efficiency
can be derived.
Proposition 7: Without full-duplexing, with full resolu-

tion, without pilot contamination, without noise, and with
fixed number of users as well as assuming the number of
downlink users (K) is the same in all the cells, the CDF
and the average spectral efficiency per user under uniform
power allocation scheme satisfy (58) shown at the bottom
of the next page, and (59), respectively.

I
sir

MF
k
= log2(e)

∫ +∞

0

1− e−zNa/K

1F1(1, 1− δ, z)

dz

z
, (59)

Here, the function Bδ(·) is defined by

Bδ(x) = 2F1(1, δ + 1; 2δ + 2;−1/x)δ

x1+2δ�(2δ + 2)�2(1− δ)
, (60)

Here, 2F1(·) is the Gauss hypergeometric function, 1F1(·) is
the confluent hypergeometric or Kumar function, and �(·)
is the Gamma function.

den
MF
d = 1+ α2

d

∑

�

SNRd
�,k + α2

d

∑

�∈C

Na

� + Pk
Pu

SNRd
�,k +

∑
l∈C

Pl,k
Pu

SNRd
�,(l,k)

Pk
Pu

P�,k

Pd

(
SNRd

�,k

)2

+
∑

�

Ku�−1∑

k=0

Pu�,k
Pu

SNRiui
(�,k),k + αd(1− αd)

∑

�

P�,k

Pd
SNRd

�,k

(
Kd� + 1

)
(55)

sinr
MF
k =

Na

�+ Pk
Pu

SNRd
k+

∑
�∈C

P�,k
Pu

SNRd
�,k

Pk
Pu

Pk
Pd

(
SNRd

k

)2

1+ α2
d

∑
� SNRd

�,k + α2
d

∑
�∈C

Na

�+ Pk
Pu

SNRd
�,k+

∑
l∈C

Pl,k
Pu

SNRd
�,(l,k)

Pk
Pu

P�,k
Pd

(
SNRd

�,k

)2
(56)
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TABLE 3. Values for parameter s for typical pathloss exponents η [57, Table 10.1].

In (58), the term s∗ < 0 is defined as the solution of

s∗δγ
(−δ, s∗

) = 0. (61)

where γ (·, ·) is the incomplete lower Gamma function and
δ = 2/η. We solve (61) to find s* which then determines
the values of η and δ in this tractable case. Common values
of the parameter s∗ for typical pathloss exponents are given
by Table 3.
Proof: The proof of the results entailed by Proposition 7

are derived in [47].

V. ASYMPTOTIC ANALYSIS AND POWER SCALING LAWS
In the section, we investigate the effects of the number of
quantization bits, number of BS antennas, number of users,
and BS and UE power budgets on spectral efficiency for the
reverse and forward links. In the next Section, we carry out
the analysis for the channel hardening case.
Lemma 3: For a fixed power budget, fixed num-

ber of transmit antennas and full-resolution (b→∞,
αu = αd = 1), the spectral efficiencies for reverse and for-
ward links converge to (62) and (63), shown at the bottom
of the page, shown at the bottom of the page, respectively.
In (62) and (63), the quantization error introduced by finite

resolution ADCs and DACs vanishes for full-resolution.

When the number of antennas is fixed, spectral efficiency for
uplink/downlink users becomes constant. Although increas-
ing ADC/DAC resolution can improve the uplink/downlink
spectral efficiency, the latter is limited by pilot contamina-
tion, SI, IUI and cellular interference including intra and
inter-cell interference.
Lemma 4: For a fixed number of antennas Na and a fixed

number of bits b as well as assuming uniform power allo-
cation for the forward link, when SNRu

k, SNRd
k → ∞,

the spectral efficiency for the reverse and forward links
converge to

ĪMF
u

B
→ log

(
1+ Na

αu(2− αu)

)
(64)

ĪMF
d

B
→ log

(
1+ αdNa

Kd − αd + 1

)
. (65)

In (64) and (65), the spectral efficiency for the reverse and
forward links depend on the number of antennas Na, number
of users K, and the AQNM ADC/DAC resolution parameter
α. When the transmit power at the BS and UE in the cell
of interest grows large enough, the aggregate interference as
well as the pilot contamination are eliminated.
Lemma 5: If the transmit powers of the BS and each user

are scaled with the number of antennas Na, i.e., P = E
Na

where E is fixed, as Na →∞, the spectral efficiencies for
reverse and forward links converge to

ĪMF
u

B
→ log

⎛

⎜⎝1+
αu

(
Ek
Eu

SNRu
k

)2

1+ αd
(
αuKd + 1− αu

)
INR

⎞

⎟⎠ (66)

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

F
sir

MF
k

(τ ) ∼= e
s∗
(
Na
τK−1

)

0 ≤ τ <
Na/K
3+ε

F
sir

MF
k

(τ ) = 1−
(
Na
τK − 1

)δ

sinc(δ)+ Bδ

(
τK

Na−2τK

)
Na/K

3 ≤ τ <
Na/K

2

F
sir

MF
k

(τ ) = 1−
(
Na
τK − 1

)δ

sinc(δ)
Na/K

2 ≤ τ < Na
K

(58)

ĪMF
u

B
→ log

⎛

⎜⎜⎜⎜⎝
1+

(
Pk
Pu

SNRu
k

)2
Na

1+ Pk
Pu

SNRu
k+

∑
�∈C

P�,k
Pu

SNRu
�,k

1+∑
�

∑Ku�−1
k=0

P�,k
Pu

SNRu
�,k + Na

∑
�∈C

( P�,k
Pu

SNRu
�,k

)2

1+ Pk
Pu

SNRu
k+

∑
�∈C

P�,k
Pu

SNRu
�,k

+ NaKdINR

⎞

⎟⎟⎟⎟⎠
(62)

ĪMF
d

B
→

log

⎛

⎜⎜⎝1+
Na

�+ Pk
Pu

SNRd
k+

∑
�∈C

P�,k
Pu

SNRd
�,k

Pk
Pu

Pk
Pd

(
SNRd

k

)2

1+∑
� SNRd

�,k +
∑

�∈C
Na

�+ Pk
Pu

SNRd
�,k+

∑
l∈C

Pl,k
Pu

SNRd
�,(l,k)

Pk
Pu

P�,k
Pd

(
SNRd

�,k

)2 +∑
�

∑Ku�−1
k=0

Pu
�,k
Pu

SNRiui
(�,k),k

⎞

⎟⎟⎠ (63)
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ĪMF
d

B
→ log

(
1+ α2

d

�

Ek
Eu

Ek
Ed

(
SNRd

k

)2
)

. (67)

In (66) and (67), we found that using a proper power
scaling law and more antennas can eliminate the inter-user,
inter-cell and intra-cell interference as well as pilot contam-
ination and noise for both the reverse and forward links.
However, the reverse link is still corrupted by the SI.
Lemma 6: If the transmit power and number of users per

cell are fixed, the spectral efficiencies for reverse and forward
links as Na/K →∞ converge to (68) and (69), respectively.

Equations (68) and (69) corroborate the fact that increas-
ing the ratio (Na/K) leads to pilot contamination dominance
which imposes a limit on the SQINR. The reverse link
performance is also saturated by the SI in addition to the
pilot contamination.

VI. EXTENSION TO MILLIMETER WAVE BANDS
Up to this point, we have been focusing on sub-7 GHz
LTE bands. In this section, we provide an extension of
the previous analysis to the mmWave spectrum from 30 to
300 GHz5 whereas most users operate at a carrier frequency
below 7 GHz. The major benefits of operating in mmWave
frequencies is the availability of larger bandwidths and unli-
censed spectrum. For example, channels with 2 GHz of
bandwidth are common for systems operating at 60 GHz
unlicensed mmWave bands. Larger bandwidth channels mean
higher data rates.

A. CHANNEL MODEL
Radio channel properties depend on the carrier frequency.
Electromagnetic waves propagating at low/medium
frequency can travel for long distances due to low pen-
etration loss, small pathloss, and rich scattering paths. A
good channel model to describe such a phenomenon is
the Complex Gaussian or Rayleigh fading. For mmWave
bands, electromagnetic waves travel short ranges due to
high penetration loss, large pathloss, and limited scattering

5. Although a rigorous definition of mmWave frequencies would place
them between 30 and 300 GHz, industry has loosely defined them to include
the spectrum from 10 to 300 GHz.

FIGURE 5. Relative position of TX and RX arrays at BS. Given that the TX and RX
arrays are collocated, the far-field assumption that the signal impinges on the antenna
array as a planar wave does not hold. Instead, for FD transceivers, it is more suitable
to assume that the signal impinges on the array as a spherical wave for the near-field
LOS channel.

paths. In other words, mmWave channels are generally
sparse wherein the number of rays is small and grouped in
a small clusters. A good common channel model that can
capture these properties is the 3D geometric channel, a.k.a.
the Saleh-Valenzuela model, expressed as

H =
√
NRXNTX

CRc

C−1∑

c=0

Rc−1∑

rc=0

αrcaRX
(
θrc

)
a∗TX

(
φrc

)
, (70)

where NRX and NTX are the numbers of antennas at RX
and TX, respectively. C is the number of clusters, Rc is
the number of rays per cluster, and θrc and φrc are the
angles of arrival (AoA) and departure (AoD) of the rc-th
ray, respectively. Each ray has a complex path gain αrc .
Also, aRX(θ) and aTX(φ) are the RX and TX antenna array
response vectors, respectively. We adopt a uniform linear
array (ULA) wherein the array response vector is given by

aRX(θ) = 1√
NRX

[
1, ei

2πr
λ

sin(θ), . . . , ei
2πr
λ (NRX−1) sin(θ)

]T
.

(71)

where r and λ are the antenna spacing and signal wavelength,
respectively.

B. SELF-INTERFERENCE CHANNEL MODEL
Per Fig. 5, the SI leakage at the BS is modeled by the channel
matrix Hs. The separation, or transceiver gap, between TX

ĪMF
u

B
→ log

⎛

⎜⎜⎜⎜⎝
1+

αu

(
Pk
Pu

SNRu
k

)2

1+ Pk
Pu

SNRu
k+

∑
�∈C

P�,k
Pu

SNRu
�,k

αu

∑
�∈C

( P�,k
Pu

SNRu
�,k

)2

1+ Pk
Pu

SNRu
k+

∑
�∈C

P�,k
Pu

SNRu
�,k

+ αd
(
αuKd + 1− αu

)
INR

⎞

⎟⎟⎟⎟⎠
(68)

ĪMF
d

B
→ log

⎛

⎜⎜⎝1+
1

�+ Pk
Pu

SNRd
k+

∑
�∈C

P�,k
Pu

SNRd
�,k

Pk
Pu

Pk
Pd

(
SNRd

k

)2

∑
�∈C 1

�+ Pk
Pu

SNRd
�,k+

∑
l∈C

Pl,k
Pu

SNRd
�,(l,k)

Pk
Pu

P�,k
Pd

(
SNRd

�,k

)2

⎞

⎟⎟⎠ (69)
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and RX arrays is defined by distance d while the transceiver
incline is determined by ω. The SI channel is decomposed
into a static line-of-sight (LOS) channel modeled by HLOS,
which is derived from the geometry of the transceiver, and
a non-line-of-sight (NLOS) channel described by HNLOS
which follows the geometric channel model defined by (70).
The (q, p)-th entry of the LOS SI leakage matrix can be
written as

[
HLOS

]
qp =

1

dpq
e−i2π

dpq
λ , (72)

where dpq is the distance between the p-th antenna in the TX
array and q-th antenna in the RX array at BS given by (74)
shown at the bottom of the page. The aggregate SI channel
matrix can be obtained by

Hs =
√

κ

κ + 1
HLOS

︸ ︷︷ ︸
Near-Field

+
√

1

κ + 1
HNLOS

︸ ︷︷ ︸
Far-Field

, (73)

where κ is the Rician factor.

C. SIGNAL PROCESSING PERSPECTIVE
Communicating at mmWave bands is not simply a matter of
just switching the frequency band to be higher. Migrating to
mmWave completely changes the assumptions that underlie
prior developments in signal processing for communica-
tions. The RF hardware introduces constraints that have
significant effects on the beamforming, precoding, power
consumption, etc. Unlike universal mobile telecommunica-
tions system (UMTS) and long term evolution (LTE), devices
operating at mmWave frequencies are power hungry; e.g.,
the ADC/DAC consumes hefty power because higher sam-
pling rates are needed for the larger bandwidths in mmWave
communications.
Adopting a full-digital architecture for the large antenna

arrays needed for mmWave LTE communications becomes
impractical. In fact, for the full-digital architecture, an RF
chain is dedicated for each antenna, but due to the higher
power consumption of each RF chain at mmWave bands,
the full-digital solution for mmWave communications is not
feasible. To reduce the power consumption, adopting a hybrid
analog/digital architecture, wherein the number of RF chains
is reduced and each RF chain is connected to the entire
array of antennas as illustrated by Fig. 9, may solve this
shortcoming. Although such a solution reduces the number
of RF chains and hence sacrifices degrees of freedom leading
to reduction in spectral efficiency, the reduction in the total
power consumption can lead to a practical implementation.
For comparison, the full-digital architecture of the FD BS is
illustrated by Fig. 4 and the hybrid analog/digital architecture
of the FD BS by Fig. 6.

FIGURE 6. Basic abstraction of the hybrid analog/digital architecture of the FD BS.
WRF and WBB are the analog and digital combiners at the BS, respectively. FRF and
FBB are the analog and digital precoders at the BS, respectively. The number of
streams that the BS can sustain is denoted by Ns while the number of RF chains is
denoted by NRF. We further illustrate the loopback SI from the transmit to receive
arrays of the BS and we denote by Hs the aggregated SI channel.

The full-digital precoder or combiner designed in the
previous sections for the reverse and forward links is nei-
ther energy-efficient nor feasible for mmWave; however,
the designs may serve as benchmarking tools to measure
the efficacy of the hybrid beamforming design in Fig. 6.
In proceeding with mmWave analysis, we decompose the
full-digital solution into the equivalent analog and digital
components. Without loss of generality, we conduct the anal-
ysis for a given optimal full-digital precoder denoted by
Fopt.
In this subsection, we aim at decomposing the optimal

precoder Fopt into the equivalent digital FBB and analog FRF
solutions. The hybrid analog/digital decomposition problem
P 1 can be stated as

P 1 : min
FBB,FRF

‖Fopt − FRFFBB‖2F
s.t. FRF ∈ FRF

‖FRFFBB‖2F = Ns, (75)

where FRF is the set of feasible RF precoders which corre-
spond to a hybrid architecture based on phase shifters, i.e.,
the set of matrices with constant-magnitude entries.

D. IMPLEMENTATION OF MILLIMETER WAVE
SOLUTIONS
The main objective of this subsection is to illustrate
the implementation of the mmWave hybrid analog/digital
solutions following these steps:
1) Find full-digital combiner W = [w0,w1, . . . ,wKu−1]

and precoder F = [f0, f1, . . . , fKd−1] at the FD BS of
interest. Such solutions could be the matched filter as
proposed for LTE bands or other solutions such as ZF
or MMSE.

2) Decompose full-digital combiner and precoder at the
FD BS into the equivalent analog and digital solutions
as W =WRFWBB and F = FRFFBB.

dpq =
√(

d

tan(ω)
+ (q− 1)

λ

2

)2

+
(

d

sin(ω)
+ (p− 1)

λ

2

)2

− 2

(
d

tan(ω)
+ (q− 1)

λ

2

)(
d

sin(ω)
+ (p− 1)

λ

2

)
cos(ω) (74)
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For the forward link, each user receives a single spatial
stream from the BS and hence we assume that the total
number of allowable spatial streams is Ns = K. In addition,
we assume that the maximum number of served users is
equal to the number of RF chains at the BS, i.e., K ≤ NRF.
This is motivated by the spatial multiplexing gain of the
proposed multiuser MIMO (MU-MIMO) hybrid precoding
system, which is restricted by min(NRF,K) for Na > NRF.
For simplicity, the BS uses K out of the NRF available
RF chains to serve the K users. In the digital domain, the
BS applies a K × K digital precoder FBB followed by an
Na × NRF analog precoder FRF. Since the analog precoder
is implemented using analog phase shifters, it has the con-
stant amplitude constraint, i.e., |[FRF]m,n|2 = 1

Na
. Further,

we assume that the angles of the analog phase shifters are
quantized and have a finite set of possible values. With these
assumptions, the analog precoder entries takes the following
form [FRF]mn = 1√

Na
eiθmn where θmn is the quantized angle

at the (m, n)-th entry of the analog precoder. The total power
is constrained by normalizing the digital precoder such that
‖FRFFBB‖2F = Ns.
For the reverse link, we adopt the same assumptions in

terms of the number of spatial streams and RF chains as
the forward link. To process the received spatial streams of
each user, the BS applies an Na × NRF analog combiner
WRF followed by a K ×K digital combiner WBB. Like the
analog precoder, the analog combiner is implemented using
analog phase shifters and satisfies |[WRF]m,n|2 = 1

Na
. Given

that the analog phase shifters are quantized and have finite
set of feasible values, the analog combiner entries satisfies
[WRF]mn = 1√

Na
eiφmn where φmn is the quantized angle at

the (m, n)-th entry of the analog combiner.
We start by designing the digital precoder FBB by using

the Least Square (LS) routine as

FBB = F†
RFFopt, (76)

To satisfy the power constraint in (75), we normalize the
digital precoder FBB by a factor of Ns‖FRFFBB‖F .
To design the analog precoder FRF, we proceed by alter-

nating optimization; i.e., we fix the digital precoder FBB
and seek the analog precoder that optimizes the following
problem

P 2 : min
FBB,FRF

‖Fopt − FRFFBB‖2F
s.t. FRF ∈ FRF. (77)

It is important to note that decomposing the optimal solution
into a hybrid analog/digital solution is not straightforward
due to the non-convex unit modulus constraints. There is
no general method to optimally solve (77). To solve this
problem, we adopt the approach used by [60] to offer a near-
optimal solution of (77). The authors apply the Conjugate
Gradient Algorithm for analog precoding based on Manifold
Optimization [60]. More details about Manifold Optimization
can be found in [61]. The hybrid precoding design is
summarized by Algorithm 1.

Algorithm 1 Hybrid Beamforming Design

1: Input Fopt

2: Construct F(0)

RF with random phases and set n = 0
3: repeat
4: Fix F(n)

RF and F(n)
BB = F(n)†

RF Fopt Optimize F(n+1)

RF using
[60, Algorithm 1] when F(n)

BB is fixed.
5: n← n+ 1.
6: until a stopping criterion triggers
7: For the digital precoder at the transmit side, normalize

FBB ←
√
Ns

‖FRFFBB‖F FBB

FIGURE 7. Basic abstraction of a digital combiner.

E. UPPER BOUND ON SPECTRAL EFFICIENCY
For the interference-free case, the optimal beamformers
diagonalize the channel. By applying the singular value
decomposition (SVD) on the channel, we retrieve the singu-
lar values and extract the first Ns modes associated with the
spatial streams. The upper bound for uplink or downlink is
given by

IBound =
Ns−1∑

�=0

log
(

1+ σ�(H)2SNR
)
. (78)

VII. ENERGY EFFICIENCY AND OUTAGE PROBABILITY
A. ENERGY EFFICIENCY
The energy efficiency, expressed in bits/s/Watt or bits/Joule,
is defined as the ratio between the spectral efficiency
I(sqinr) and total power consumption ρTotal. It is
expressed as

J (sqinr) = I(sqinr)
ρTotal

. (79)

In this work, we define the energy efficiency with respect
to reverse link since the receiver (BS) is equipped with
multiple antennas. For full-digital BS combiner as illustrated
by Fig. 7, the total power consumption model is defined by

ρDC
Total = Na(ρLNA + ρRF + 2ρADC), (80)

where ρRF is the power consumption per RF chain which
is defined by

ρRF = ρM + ρLO + ρLPF + ρBBamp . (81)
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FIGURE 8. Basic abstraction of an analog precoder.

FIGURE 9. Basic abstraction of a hybrid analog/digital combiner.

For analog architecture as illustrated by Fig. 8, the total
power consumption can be expressed as

ρAC
Total = Na(ρLNA + ρPS)+ ρRF + ρC + 2ρADC. (82)

For hybrid analog/digital architecture as illustrated by
Fig. 9, the total power consumption by the mmWave hybrid
receiver is expressed by

ρHC
Total = Na(ρLNA + ρSP + NRFρPS)

+ NRF(ρRF + ρC + 2ρADC). (83)

Examples of the power consumption of each device is
presented in Table 5. The power consumption of all compo-
nents except the ADC is independent of the bandwidth B and
number of bits b, whereas ρADC grows exponentially with
b and linearly with B and with Walden’s figure of merit for
ADCs c, which is the energy consumption per conversion
step per Hz. Common values of c are given in Table 6.

In this paper, we selected three reasonable component
power consumption models that we approximately iden-
tify with current and future generations of technology. The
Walden figures of merit c for these ADCs are detailed in
Table 6.
• The High Power ADC (HPADC) model is based on an
existing device that supports sampling at Gs/s and has
been cited in related literature such as [53]. In order
to give phase shifters appropriate power consumption
values, we pair the existing ADC model with an existing
phase shifter model with ρADC = 2mW in [65].

TABLE 4. System parameters [12], [32], [47], [62].

TABLE 5. Power consumption of each device [63].

64

TABLE 6. ADC power consumption per sample per level, c [63].

• The Low Power ADC (LPADC) model considers a
likely future best-case scenario deduced from the hard-
ware survey [31]. Likewise, we pair this “best case
scenario” with a best case phase shifter model, with
negligible power consumption ∼ 0mW in [66].

• The ADC power values are rapidly changing, and
we consider the extreme cases of well-established
HPADC [53] and future LPADC [31]. Very recently
a new Intermediate Power ADC (IPADC) has been
proposed in [69]. Given this dynamic situation, we com-
plement our study by using the method and associated
Web visualization tool in [70] to enable researchers
include advances in ADC technology.

B. OUTAGE PROBABILITY
Once a transmission strategy is specified, the corresponding
CDF or outage probability for rate R (bits/s/Hz) is then

Pout(sqinr,R) = P
[I(sqinr) < R

]
, (84)

18 VOLUME 4, 2023



With available powerful channel codes, the probability of
error when there is no outage is very small and hence the
outage probability is an accurate approximation for the actual
block error probability [71]. As justified in the literature,
radio systems such as UMTS and LTE operate at a target
error probability [71]. Therefore, the primary communica-
tions performance measure is the maximum rate,6 at each
sqinr, such that this threshold ε is not overtaken, i.e.,

Rε(sqinr) = max
ζ
{ζ :Pout(sqinr, ζ ) ≤ ε}. (85)

VIII. NUMERICAL RESULTS
In this section, we discuss numerical results of the system
performance. Unless otherwise stated, Table 4 presents the
values of the system parameters.7 We assume uniform
power allocation for the forward links as well as a two-tier
hexagonal network.
For hexagonal and square grids, we draw the geometry of

the cells wherein a BS is dropped at the center of each cell
(square or hexagonal) and users are uniformly distributed
in each cell. For PPP tessellations, we draw the Voronoi
network wherein a BS is dropped in each Voronoi cell and
the BS locations are generated using PPP with rate λBS while
user locations are generated using PPP with rate λUE.
The comparison of the analytical solution stated by

Proposition 7 with the simulation-based results is illustrated
by Fig. 10. The gap between the analytical results (which
are asymptotic in the shadowing standard deviation and num-
ber of cells) and simulation results (with only 19 hexagonal
and 25 square grid cells) is always less than 2 dB. As the
strength of the shadowing and number of cells increases,
the gap shrinks as the simulation curves converge to their
analytical counterparts. Likewise, if the BS locations cease
to conform to a lattice and adopt a more irregular layout,
the simulation curves would shift left of the analytical ones
based on a regular layout.
Fig. 11 illustrates the CDF of the average reverse link

SQINR. When the number of downlink users is large (20
users per cell) and hence there is significant SI power, the
CDF performance worsens, and vice-versa. In addition, by
increasing the ratio Na/K�, the user beams become exceed-
ingly narrow which allows the desired signal to dominate
the noise and rejects a large amount of interference. In
addition, by increasing the SI channel power from 10 to
15 dB, the SI power increases and hence the CDF worsens.
Furthermore, antenna array directivity plays an important
role in compensating pathloss and suppressing interference.

6. In this work, we define the notion of rate with outage as the average
data rate that is correctly received/decoded at the receiver which is equivalent
to the throughput. In other standards in the literature, the rate with outage
is often synonymous with the transmit data rate. If we consider the rate
with outage as the throughput, we would account for the probability of
bursts (outage) by multiplying by the term (1− ε), while for the transmit
data rate, the term (1− ε) would not be accounted for.

7. It is important to note here that these values for the parameters are
selected from [32], [47], [62] subject to the standards to prove the validity of
the obtained results. For all cases, 105 realizations of the random variables
were generated to perform the Monte Carlo simulation in MATLAB.

FIGURE 10. Forward link results: Large-scale distributions of sirMF of an
interference-limited network with uniform power allocation, where the number of
pilots per cell Np −→ ∞. Comparison between the analytical solution in Proposition 7
and the simulation-based results for a hexagonal with 2-tier (19 cells) and a square (25
cells) lattice networks.

FIGURE 11. Reverse link results: Effects of antenna gain, SI channel power and
number of downlink UEs on the CDF of the SQINR. Unless otherwise stated, the
number of downlink UEs per cell is 10 users and the antenna array gain is 30 dB. The
difference between red and blue curves is the value of the ratio Na/K� . The difference
between the gray and orange curves is the number of downlink users per cell, i.e., 20
vs. 10. The black curve is simulated using the default values except antenna gain is
0 dB.

This is confirmed when employing omnidirectional BSs, the
CDF performance degrades, and vice versa.
Fig. 12 plots the effective spectral efficiency vs. num-

ber of ADC/DAC quantization bits (b). Spectral efficiency
increases with b and converges to a ceiling defined by the
full-resolution case. The rate decreases when adopting low-
resolution ADC/DACs (i.e., having a small number of bits b).
In addition, spectral efficiency noticeably degrades for 40W
vs. 30W of SI power. Although FD is vulnerable to loop-
back SI, FD outperforms HD mode which is one of the goals
of this work. We evaluate a low mobility case (pedestrians)
and a high mobility case (vehicles). Since the pedestrian
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FIGURE 12. Reverse link results: Effects of SI power, overhead, ADC/DAC
resolution, duplexing mode and pilot contamination on spectral efficiency. The dashed
red curve is simulated for HD and accounts for pilot contamination unlike the solid
yellow curve. The dashed gray curve is simulated using the default values in Table 4.
A hexagonal grid is assumed for this simulation. The solid red curve is considered for
pedestrians unlike the solid gray curve which is considered for vehicles.

FIGURE 13. Forward link results: Effects of full-duplexing, ADC/DAC quantization
error, and the ratio Na/K� on the CDF of the SQINR. The dashed gray and solid blue
curves are simulated for full and low resolution DAC, respectively.

model features a large fading coherence tile and hence low
overhead, better effective spectral efficiency is achieved com-
pared to the vehicular case that features a small fading
coherence tile and hence higher overhead.
Fig. 13 plots the CDF, or outage probability, of the aver-

age forward link SQINR. When the number of reverse link
users is large (e.g., 100 users per cell) and hence IUI is
large, the CDF performance worsens, and vice versa. In addi-
tion, the performance improves with increasing ADC/DAC

FIGURE 14. Forward link results: Effects of SI power, overhead, DAC resolution,
duplexing mode and pilot contamination on the spectral efficiency. Dashed yellow
curve stands for full-resolution, pedestrians and FD. Solid red and gray curves stand
for low-resolution and FD. Solid blue curve stands for low-resolution DAC, HD and
pedestrians scenario.

resolution. By significantly increasing the ratio Na/K�, the
user beams become exceedingly narrow, and the desired sig-
nal dominates the noise and interference. This factor, for
example, rejects about 9 dB of interference at a CDF of 80%.
Although the increase of this factor is important, the SINR
is limited by the pilot contamination which is corroborated
by (56).
Fig. 14 shows the forward link spectral efficiency vs. num-

ber of BS antennas for low and full DAC resolution. Since
the pedestrian mobility features a large fading coherence tile
and hence low overhead, better spectral efficiency is achieved
vs. vehicular mobility that features a small fading coherence
tile and hence higher overhead. In addition, we observe that
the proposed system outperforms HD mode, which shows
the feasibility of FD in cellular networks.
Fig. 15 plots the CDF, or outage probability, vs. forward

link SQINR. In the CDF, the PPP tessellation exceeds the
hexagonal lattice except for a small range of 5–8 dB of for-
ward link SNR. In addition, the performance decreases with
increasing inter-user interference incurred by FD operation
of the BS and uplink UEs transmission. The plot shows the
loss incurred by the low-resolution ADC/DAC is about 2 dB
when the CDF saturates.
Fig. 16 plots the energy efficiency vs. number of quan-

tization bits b for three ADC generations. Each generation
shows the number of ADC bits that gives maximum energy
efficiency, e.g., 8 bits for HPADC, 11 bits for IPADC and 15
bits for LPDAC described in Section VII-A, with energy effi-
ciency increasing for b lower than this value and decreasing
for b greater than this value. The optimal point is influ-
enced by both the saturation of the spectral efficiency as b
increases, which depends on SNR, and by the ADC power
consumption model, which increases with b. Comparing
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FIGURE 15. Forward link results: Effects of full-duplexing, quantization error, and
network cell shapes on outage probability (CDF) with quantizer gains αu = αd = 0.6.
The results are simulated without accounting for pilot contamination.

FIGURE 16. Reverse link results: Energy efficiency vs. number of quantization bits
for three ADC generations using values of Walden’s figure of merit c given in Table 6.

ADC generations, the power consumption of the legacy
LPADC model increases at a higher rate vs. b than for either
IPADC or HPADC models.
Fig. 17 plots the spectral vs. energy efficiency for three

ADC generations. In the chart, we notice curves that evolve
as the number of bits b is increased, reaching upward and
right up to a point where they wrap around themselves and
energy efficiency returns to the top left corner. Each curve
can be interpreted as an “operating region” where the BS
receiver can be implemented. The more extended the area
covered by a receiver, the more versatile the corresponding
design; the closer a curve to the top-right corner, the better
the corresponding architecture. We observe that the energy
efficiency only increases up to a certain number of bits
due to the fact that for a smaller number of bits b, the
spectral efficiency increases more than the power, and the
energy efficiency increases. However, for a larger number

FIGURE 17. Reverse link results: Spectral efficiency vs. energy efficiency for three
ADC generations using values of Walden’s figure of merit c given in Table 6.

FIGURE 18. Large-scale distribution of E[sqinrMF] based LMMSE estimation in the
reverse link of a two-tier hexagonal network with fractional power control (ϑ) and SI
power (PSI). A cell-edge user is considered for the simulation with 3 bits of ADC
resolution at the BS. The gray and yellow curves are simulated for the same power
control (ϑ = 0.7) but with a different number of downlink users per cell. The blue, red
and yellow curves correspond to the same simulation parameters including the same
number of downlink UEs = 10, but with different power control coefficients (ϑ).

of bits b, the power consumption increases faster than the
spectral efficiency, thereby resulting in a decrease of the
energy efficiency while the spectral efficiency still increases.
This occurs due to the fact that the power consumption of
ADC increases exponentially, whereas the spectral efficiency
increases sub-linearly, with an increase in the number of
ADC bits.
Fig. 18 plots the CDF of the SQINR based on LMMSE

channel estimation for different fractional power control val-
ues as well as SI power. The primary motivations for a
fractional power control policy in the cellular reverse link
are to provide beneficial coverage enhancements for the
lowest-percentile users, who are typically at the cell-edge,
and manage the average transmit power of battery-powered
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FIGURE 19. Large-scale distribution of E[sqinrMF] based LMMSE estimation and

sqinrMF based channel hardening in the reverse link of a two-tier hexagonal network
without power control. For ADC resolution, b = 3 bits is assumed.

UE devices. In practical cellular systems such as LTE and
New Radio (NR), fractional power control policy is network-
specific and not user-specific; thus, there needs to be some
optimization carried out to select parameters that can provide
acceptable performance for the majority of users and bestow
a high overall system capacity. For ϑ = 0, the fractional
power control policy reverts to a fixed-power transmission.
For ϑ > 0, conversely, it compresses the dynamic range of
the received power by a factor ϑ . At high SNR, the use of
larger values ϑ affects the CDF since the users closest to their
serving BSs greatly decrease their transmit power relative to
the users at the cell-edge. Exponent values for ϑ in the range
of 0.5 to 0.7 have been identified as providing a satisfactory
balance between cell-edge and aggregate performance [57].
In addition, the cell-edge features high SI power of around
90 dB. When the number of forward link UEs decreases, the
forward link transmit power at the BSs decreases resulting
in lowering the SI power by approximately 6 dB and hence
improving the CDF.
Fig. 19 plots the CDF of the large-scale distribution for

LMMSE channel estimation and channel hardening as well
as different values of the shadowing standard deviation. We

observe that sqinr
MF

(channel hardening) tracks E[sqinrMF]
(LMMSE channel estimation) most of the way with a gap

of roughly 7 dB. Certainly, sqinr
MF
k ≤ E[sqinrMF

k ], k =
0, . . . ,K−1 because to evaluate sqinr

MF
1 , . . . , sqinr

MF
K−1, we

have unconditioned on ĥ0, . . . , ĥK−1 and wk, thereby depriv-
ing the receiver of information. However, the performance of
a channel hardening-based receiver is less complex to com-
pute, and deep into the massive MIMO regime; it is hardly
inferior but instead serves as a tight lower bound and conve-
nient analytical tool. We further observe that the shadowing
strength raises the lower tail of the SQINR distribution at
the expense of a slight reduction in the upper tail of the
CDF near saturation.

FIGURE 20. Large-scale CDF vs. sqinrMF based channel hardening in the forward
link for a PPP network for four different numbers of frequency bands, �. For ADC
resolution, b = 3 bits is assumed.

Cellular network service providers must guarantee a min-
imum Quality of Service (QoS) for their customers such as
rate and coverage probability. Commercial cellular network
designers must find a way to increase and maintain a satis-
fied coverage probability. For the case where the network is
interference-limited, a robust way to improve the coverage
is to decrease the number of interfering BSs. This can be
carried out using fractional frequency reuse policy wherein

 ≥ 1 is the reuse factor that determines the number of
various frequency bands exploited by the network, where
one band is used per cell. From the independent thinning
Theorem of PPP [72, Theorem 2.36], it follows that the
interfering BSs that transmit in the same frequency band
are a thinned version of the original PPP and have a den-
sity λBS/
. Note that the thinned version of a PPP is also
a PPP. Increasing the frequency reuse factor leads to min-
imizing the interference and hence improving the outage
probability (CDF) as shown by Fig. 20. When 
 −→ ∞,
cellular interference is completely eliminated and hence the
network becomes noise-limited.
The desirable increase in coverage with increasing 
 has

to be balanced against the fact that each cell can only
exploit 1/
-th of the available frequencies. Fig. 21 shows
the optimal fractional frequency reuse 
 from the aver-
age spectral efficiency perspective is in fact 
 = 1; i.e.,
any increase in coverage from frequency reuse is paid for
by decreasing the sum spectral efficiency in the network.
Therefore, increasing the number of frequency bands can
lead to non-efficient use of the spectrum and hence degrade
the spectral efficiency. We also observe spectral efficiency
improves with increasing pathloss. In fact, this is explained
by the fact that since the network is interference-limited, the
higher pathloss exponent would also reduce the power of the
interfering signals, thereby leading to the spectral efficiency
improvement.
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FIGURE 21. Spectral efficiency vs. number of frequency bands for the large-scale

sqinrMF based channel hardening in the reverse link for a PPP network. Simulations
are considered for different values of the pathloss (η) as well as 3 bits of ADC
resolution.

FIGURE 22. Spectral efficiency vs. number of quantization bits for large-scale

distribution sqinrMF in the reverse link for a PPP network. We assume Na = 1000
antennas at the BS.

Fig. 22 simulates the reverse link spectral efficiency vs.
number of quantization bits (b) for a PPP tessellation
network. Spectral efficiency increases with b and converges
to a ceiling derived by (62) in Lemma 3; the rate decreases
when adopting low-resolution ADCs and DACs (low b).
Spectral efficiency degrades for 10W and 40W of SI power
vs. the SI-free case.
Fig. 23 shows the forward link spectral efficiency increas-

ing with the number of quantization bits b and BS antennas
for a PPP tessellation. When considering low and full res-
olution data converters, spectral efficiency converges to a
fixed ceiling with enough antennas, which agrees with (69)
in Lemma 6.
Fig. 24 illustrates the performance of the reverse link spec-

tral efficiency vs. average SNR. We observe that the proposed

FIGURE 23. Spectral efficiency vs. number of antennas for large-scale distribution

sqinrMF in the forward link for a PPP network. The default value of frequency reuse
factor is 1.

FIGURE 24. Reverse link spectral efficiency results for single cell, multiuser
scenario: Comparison of the proposed FD hybrid beamforming algorithm with the HD
case, all-digital beamforming, and upper bound. 5 users are uniformly dropped in the
cell.

hybrid beamforming FD design achieves better spectral effi-
ciency than the HD mode, and the relative gap increases
with average SNR. Moreover, there are losses in spectral
efficiency between the proposed design in comparison with
the benchmarks of the all-digital case (wherein an RF chain
is dedicated to each antenna element) and the upper bound.
These losses are incurred by the unit modulus constraint
as well as the limited number of RF chains in the hybrid
architecture which itself is a loss in the DoF.
Fig. 25 shows the performance of the forward link spectral

efficiency vs. average SNR. We notice that the performance
improves with the number of RF chains at the BS and
approaches the all-digital performance with 8 RF chains.
In fact, increasing the number of RF chains is equivalent to
providing more DoF to cancel the interference and achieve a
spatial multiplexing gain, thereby resulting in good spectral
efficiency.
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FIGURE 25. Forward link spectral efficiency results for single cell, multiuser
scenario. Comparison between all-digital and hybrid beamforming for different
numbers of RF chains at the BS. 5 users are uniformly placed in the cell.

IX. CONCLUSION
In this work, we provided a unified framework for full-duplex
cellular networks with low resolution ADCs/DACs. Using
the framework, we developed analytical expressions for the
SQINR and spectral efficiency and for forward and reverse
links under pilot contamination, LMMSE channel estimation
and channel hardening. The proposed modeling accounts
for pilot overhead, self-interference, and network geometry
such as hexagonal lattice, square grid and PPP tessellation.
Matched filter receivers and precoders are applied at the
receive and transmit arrays of the BSs, respectively, to further
reduce complexity.
Further, we derived special cases, asymptotic results and

power scaling laws to unpack several engineering insights of
the proposed model. First, if the number of antennas Na and
number of resolution bits b are held fixed and the power goes
to infinity, the spectral efficiency for the reverse and forward
links are saturated by a ceiling determined by the number
of antennas and the ADC/DAC resolution gains. Second, if
the power scales with the number of antennas and the latter
becomes massive, cellular interference including pilot con-
tamination, inter-cell interference, and intra-cell interference
vanishes except for the SI power. Third, if the ratio of the
number of antennas Na and the number of users per cell K�

goes to infinity, cellular interference is rejected but pilot con-
tamination and SI power remain. We also observe spectral
efficiency improves with increasing pathloss. In fact, this is
explained by the fact that since the network is interference-
limited, the higher pathloss exponent would also reduce the
interfering signals power, thereby leading to the spectral
efficiency improvement.
Furthermore, we extended the analysis of sub-7 GHz

LTE bands to support mmWave bands. In the analysis, we
introduced a signal processing perspective on hybrid ana-
log/digital beamforming, a problem formulation of the hybrid
beamforming design and benchmarking tools such as the

impractical all-digital beamforming approach and an upper
bound on the spectral efficiency.
We also analyzed power consumption and investigated

the effects of ADC/DAC power, Walden’s figure merit for
ADCs/DACs, and the number of quantization bits on energy
efficiency. In addition, the overall system performance is
quantified in terms of effective spectral efficiency and out-
age probability (i.e., cumulative distribution function of the
large-scale distribution of the SQINR). Using a proper scal-
ing ratio of the number of antennas Na over number of users
per cell K�, a large amount of interference can be rejected
as previously mentioned; this justifies the use of matched
filter beamforming which is less complex than MMSE and
ZF filters. Although the SQINR is limited by pilot contam-
ination for a massive number of antennas, this effect is not
pronounced.
Simulation results show the quantization error, SI, and

IUI incur rate losses; however, the rate loss can be com-
pensated by employing a large number of BS antennas as
well as high resolution ADCs/DACs in the UEs. The hefty
power consumption in the BSs due to having a large num-
ber of antennas can be reduced by employing low resolution
ADCs/DACs. The simulation results also corroborated the
robustness of the proposed FD mode compared to the HD
mode, which is one of the goals of this work to demonstrate
the feasibility of the FD in cellular networks.
Finally, analytical expressions derived for matched filters

are widely applicable, as corroborated by a multitude of
examples. This wide applicability of the proposed reverse
and forward link analysis makes its extension to other low-
complex and yet resilient transmit and receive strategies,
power allocation, user association policies and even channel
conditions, highly attractive.

APPENDIX A
PROOF OF THE LMMSE CHANNEL ESTIMATE
During channel estimation in the reverse link, the BSs
switch to operate in HD mode and full-resolution so that
the received signal at the BS of interest becomes

yk =
√
GkPkhk +

∑

�∈C

√
G�,kP�,kh�,k + vk. (86)

The LMMSE equalizer is

wMMSE =
(
GkPk +

∑

�∈C
G�,kP�,k + σ 2

)−1√
GkPkI. (87)

Therefore, the LMMSE channel estimate (ĥk = wMMSEyk) is

ĥk = GkPk
GkPk +∑

�∈C G�,kP�,k + σ 2

×
⎛

⎝hk +
∑

�,∈C

√
G�,kP�,k

GkPk
k�,k + vk√

GkPk

⎞

⎠. (88)
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By properly scaling the numerator and denominator by the
noise power, we have

ĥk =
GkPk
σ 2

GkPk+∑�∈C G�,kP�,k+σ 2

σ 2

×
⎛

⎜⎝hk +
∑

�∈C

√
Gk,�P�,k
GkPk

σ 2
h�,k + vk√

GkPk

⎞

⎟⎠, (89)

which leads to the result in (19) with v′k = vk/
√
GkPk and

1

Na
E

[
‖v′k‖2

]
= 1

Na
Na
|vk,i|2
GkPk

= σ 2

GkPk
= 1

Pk
Pu

SNRu
k

. (90)

The estimation error is h̃k = hk − ĥk, which is

h̃k =
1+∑

�∈C
P�,k
Pu

SNRu
�,k

1+ Pk
Pu

SNRu
k +

∑
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SNRu
�,k
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k
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While the variance of the estimation error is calculated as

MMSEk =
1+∑

�∈C
P�,k
Pu

SNRu
�,k

1+ Pk
Pu

SNRu
k +

∑
�∈C

P�,k
Pu

SNRu
�,k

. (92)

APPENDIX B
PROOF OF THEOREM 1
The derivations of the terms related to SI and aggregate
AQNM in the denominator of (23) are straightforward. We
will focus on deriving the remaining terms.
The desired signal is the component projected onto what

the receiver regards as the true channel for the k-th uplink
user, ĥk, while the projection onto the estimation error h̃k
is treated as additional Gaussian noise (filtered by wk). The
inter-cell interference, included within the noise, is made
explicit in this formulation, but also treated as Gaussian
noise (filtered by hk). Conditioned on ĥ0, . . . , ĥK−1 and wk,
which the BS of interest is privy to, the output SQINR
for user k equals to (23) where we have capitalized on the

independence between wk and h̃k, for k = 0, . . . ,K − 1, to
develop

E

[∣∣w∗khk
∣∣2|wk

]
= E

[
w∗k h̃kh̃∗kwk|wk

]

= w∗kE
[
h̃kh̃∗k

]
wk

= w∗k
(
MMSEk · I

)
wk

= MMSEk‖wk‖2. (93)

As far as the inter-cell interference goes, the term
E[|h∗kh�,k|2|wk] = w∗kE[h�,kh∗�,k|wk]wk cannot be further
elaborated in complete generality for copilot interferers, i.e.,
for � ∈ C and k = k, because wk is contaminated by, and
therefore it is not independent of, h�,k whenever � ∈ C.
For noncopilot interferers, though, wk and h�,k do exhibit
independence and thus

w∗kE
[
h�,kh∗�,k|wk

]
wk = w∗kE

[
h�,kh∗�,k

]
wk = ‖wk‖2. (94)

Therefore, we obtain the expression (23) in Theorem 1.

APPENDIX C
PROOF OF THEOREM 3
The derivation of the terms in (37) are straightforward except
for the term E[h�,kh∗�,k|wMF

k ]. For a matched filter receiver
wMF
k , using the results of Corollary 1 and after some math-

ematical manipulations, the conditional covariance of the
copilot interference can be evaluated as

E

[
h�,kh∗�,k|wMF

k

]

= I+
P�,k
Pu

SNRu
�,k

1+ Pk
Pu

SNRu
k +

∑
l∈C

Pk,l
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l,k

(
wMF
k wMF∗

k − I
)
.

(95)

After substituting (95) in (36), we prove the results of
Theorem 3.

APPENDIX D
PROOF OF THEOREM 4
From the expression of the SQINR (38), den

MF
u can be

written as (96). Using Corollary 2, we derive the terms
of (96) as

var
[∣∣∣wMF∗

k hk
∣∣∣
2
]
= E

[∣∣∣wMF∗
k hk

∣∣∣
2
]

den
MF
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[
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k hk

]
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2
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�,kE

[∣∣∣wMF∗
k h�,k
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2
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∑
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Pu
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�,k +
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�∈C

∑
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P�,k

Pu
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�,k

⎞

⎟⎟⎠+
α2
u

σ 2
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[
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k HSIqd|2
]

+ α2
dα

2
u

σ 2
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K−1∑

k=0

E

[
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]
+ 1

σ 2
E

[
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k q2
u|
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(96)
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1

σ 2
E

[∣∣∣wMF∗
k qu

∣∣∣
2
]
= Naαu(1− αu)

⎡

⎣2
Pk
Pu

SNRu
k +

∑

k �=k

Pk
Pu

SNRu
k +

∑
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⎦ (102)

den
MF
d = α2
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den
MF
d = 1+ α2
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−
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Pu
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k

1+ Pk
Pu

SNRu
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N2
a

= Na. (97)

Since wMF
k and hk are independent for k �= k

E

[∣∣∣wMF∗
k hk

∣∣∣
2
]
= E

⎡

⎢⎣wMF∗
k

I︷ ︸︸ ︷
E
[
hkh∗k

]
wMF
k

⎤

⎥⎦

= E

[∥∥∥wMF
k

∥∥∥
2
]

= Na. (98)

The unconditional copilot interference power equals to

E

[∣∣∣wMF∗
k h�,k

∣∣∣
2
]

= Na +
P�,k
Pu

SNRu
�,k

1+ Pk
Pu

SNRu
k +

∑
l∈C

Pl,k
Pu

SNRu
�,k

N2
a. (99)

Since wMF
k ,HSI and qd are mutually independent

E
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k HSIqd
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2
]
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k E
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SI
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qdq∗d
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In addition, the mutual independence of wMF
k ,HSI and fMF

k
yields

Kd−1∑

k=0

E

[∣∣∣wMF∗
k HSIf

MF
k
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2
]
= μ2

SIK
dN2

a. (101)

Using [32, Appendix A], the last term of (96) is given
by (102), shown at the top of the page, where INR =
PSIμ

2
SI/σ

2. The derivation of the above terms leads to the
results of Theorem 4.

APPENDIX E
PROOF OF THEOREM 6
In Theorem 6, initially the denominator den

MF
d of the output

SQINR is expressed by (103), shown at the top of the page.
Using [32, Appendix A], the 7-th term of (103) can be
simplified as follows:

∑

�

P�,k

PdNa
SNRd

�,kE

[∣∣h∗�,kqd,�
∣∣2
]

= αd(1− αd)
∑

�

P�,k

Pd
SNRd

�,k

(
Kd� + 1

)
. (104)

The first 5 terms of (103) can be derived using results from
the reverse link analysis (97)-(99) as well as Corollary 2.
After mathematical manipulations, (103) can be simplified
as (105), shown at the top of the page. While introducing
the new term � = SNRd

�,(l,k)/SNRu
�,(l,k) for any �, l and k as

the forward-reverse SNR ratio, (105) can be reduced to (55)
and hence Theorem 6 is proved.
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