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Hoo and u-Synthesis for Nanosatellites Rendezvous and Docking

Camille Pirat™, Finn Ankersen, Member, IEEE, Roger Walker, and Volker Gass

Abstract—In this brief, the nanosatellite rendezvous and
docking problem is tackled. It was never attempted for small
spacecraft, as critical technologies, such as six-degree-of-freedom
(DoF) micropropulsion systems, have only recently become avail-
able due to advances in MEMS. The typical level of noise in
nanosatellites’ sensors and actuators combined with the dynamics
uncertainties, low actuation capabilities, and reliability require-
ments makes the use of robust control appropriate. The system
is described by a linearized rotation/translation, six DoFs, and
coupled dynamics, including fuel sloshing. An 7, controller
is first designed, in which robust stability and performance are
assessed using structured singular values. The controller robust-
ness is then improved using u-synthesis. Nonlinear Monte Carlo
simulations for both controllers, including realistic sensors and
actuators models, are provided allowing a thorough assessment
of the complete guidance, navigation and control (GNC). The
sought GNC schemes are shown to be robust to the modeled
uncertainties and to satisfy the docking requirements.

Index  Terms— Cubesats, docking, 7Hso, p-analysis,
p-synthesis, rendezvous, robust control, satellites.

I. INTRODUCTION

OBUSTNESS in space has always been of significant

concern in the design of space systems, whether for the
conception of telecommunication hardware, scientific payload,
or navigation and control algorithms. This is especially true for
rendezvous and docking (RVD) missions, for which a failure
could have catastrophic consequences. RVD is a procedure
during which a satellite, called the chaser, is being maneuvered
toward and attached to another satellite, the target, by a succes-
sion of open-loop and closed-loop maneuvers. The docking of
two satellites requires a high control accuracy and has always
been challenging. For European Space Agency (ESA) own
Automated Transfer Vehicle (ATV), a lateral accuracy better
than 10 cm was required with a relative angular alignment
better than 5° [1].

In 1999, a new class of satellites were created, called
CubeSats. These nanosatellites weigh between 1 and 20 kg and
satisfy a specific form factor called a unit, a 10 x 10 x 10-cm
cube. With the growing amount of available CubeSat tech-
nologies, RVD can finally be envisaged for these types of
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nanosatellites but was yet never attempted. For CubeSats,
the required relative position and attitude accuracy to dock
are estimated to be 1 cm and 2° [2].

Today, only a few spacecraft have performed RVD, and
three of them are of paramount importance and represent the
state of the art: the Russian Soyuz and Progress, and the
European ATV. The first two vehicles are based on nonlinear
control and pulsed linearization [3], whereas ATV is based on
a six-degree-of-freedom (DoF) linear coupled dynamics and is
using an Ho controller and pulse width modulation (PWM)-
operated thrusters for the actuation [4].

Earlier in the development of the ATV, several con-
trol algorithms were investigated, among which are linear
quadratic Gaussian (LQG) control, Pole Placement, H,, and
u-synthesis [5]. These all suggested promising performances,
although the robust controllers were more efficient at dealing
with the flexible solar arrays. H«o, linear quadratic regulator
(LQR), and proportional-integral-derivative controller have
also been traded off for a docking experiment taking place
within the International Space Station (ISS) using the MIT
SPHERES [6]. More optimal solutions have been sought using
linear quadratic tracking and state-dependent Riccati equation
control algorithms, although the coupling between the rota-
tions and translations has not been explicitly considered [7].
Model predictive control schemes have also been investigated
for docking with a fixed [8] or a rotating [9] target.

The level of CubeSat-specific challenges, such as sensor
and actuators’ noise, low actuation capability, and dynamics
uncertainties, combined with the required level of reliability,
naturally leads to the use of robust control schemes, such
as Heo or u-synthesis. Furthermore, robust control had a
successful on-orbit application in the frame of the ATV
program, upon which this brief is built and extends the
results.

The issue of uncertainties in the feedback system can
be addressed using Heso control. It has been applied to a
variety of subjects among which is the control of space
systems with flexible appendages, such as for large space
structures [10] or for satellites with large solar arrays or
antennas [11]. Robustness can be efficiently assessed using
structured singular values (SSVs) and has recently been proven
to be more efficient than Monte Carlo at detecting destabilizing
combinations of parameters [12]. As a way to further improve
robustness, u-synthesis can be used. This control method has
been investigated for the position and attitude control of the
ATV [5] and was shown to be more robust than H .

Although RVD and robust control are well-understood prob-
lems for large spacecraft, a clear gap exists with CubeSats
and nanosatellites. A first step has been taken in [6] in the
frame of the SPHERES experiment. However, the dynamics
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Fig. 2.  RVD scenario.

and level of external perturbations are distinctly different than
for an actual space mission, as this experiment took place
within the controlled environment of the ISS. This brief then
aims at providing a more comprehensive answer to this control
problem. The most advanced research has been performed in
the frame of the ATV in [4] in which a comprehensive robust
control solution based on Hs, and p-analysis was proposed.
This will be used as a starting point to design the controllers.

II. PROBLEM FORMULATION

Five different reference frames are needed to define
the problem properly. They are shown in Fig. 1. The
Earth-centered inertial frame, F7, is centered on the Earth
and has the X-axis toward the vernal equinox and uses the
J2000 definition [13]. The Z-axis points toward the North pole,
and Y completes the direct triad. r’I and r7 are the target and
chaser satellites’ inertial position.

The local-vertical/local-horizontal frame, F¢, is centered
on the satellite centre of mass (CoM): Zp = —(r/r,) where r
is the satellite position in F7 and is referred to as R. o =
—(r x v)/(Jr x v],) where v is the satellite velocity in F7
and is called H. Finally, » completes the direct frame and
is referred to as V.

The remaining frames are: the geometrical frame, F,,
the body frame, Fj», which has its origin on the satellite
CoM, and the docking frame, F;. Note that for these frames,
the subscripts ¢ or ¢ can be added to differentiate the chaser’s
frames from the target’s frames.

A typical RVD scenario is provided in Fig. 2. The objective
is to control the relative position and orientations between the
two satellites’ docking ports. The port-to-port (P2P) control
will start at point S»,, at 10-m range, once the chaser is already
aligned with the target port. How to bring the chaser satellite to
this point for specific CubeSat applications has been discussed
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Fig. 3. Body frame F} and docking port frame F, for the target and chaser
satellites.

in [14]. The guidance from S, to S2,, S2, to Sz, and finally
to docking is a forced straight line motions at a speed of 1
cm/s.

A. Relative Attitude

The dynamics used in this brief are an improved version
than the one proposed in [4] and can be found in [15]. It is
briefly recalled here. Fig. 3 shows the docking port frames
in their respective satellites. er‘ is the position of the target

docking port expressed in the target body frame 7}, and rjl’ =
Adp, rgl’, where Ag,p, is a direction cosine matrix mapping
Fb, to Fy,. The attitude dynamics expressed in an arbitrary
frame Fy is

aﬁ“ = Id_l[Td_ (wﬁzlo-i-Ado 0)31) X (Id (“’ZO‘*‘Ado “’31))]

ey

with Ago = AapApo, Ty is the torque control input, wgo is
the docking port rotation rate with respect to Fp, and wZI is
the rotation rate of Fp with respect to F7, expressed in Fp:
cogl =[0 —w, 0], with w, the orbital mean motion. I is the
satellite inertia in F; and is obtained from the known inertia
in the body frame I,

la = Aas(lp +m[ | ' s = rilr DAGy @)

The relative rotation rate between the chaser and target dock-
ing ports is then expressed in the chaser docking frame F,

Wf = 0 — Ag g0 3)
with wj‘o and wjjo dynamics given by (1). Differentiating (3)

c
leads to the relative attitude dynamics equation

ded; _ deo . dio

c -d, dio
wdc = wdc o Ad"dtwdz +wd‘ ' X (Adcdtwd; ) (4)

c
which contains the torques’ input from the target and the
chaser. The attitude angles odedi = [gdeds ﬁdﬁd‘ s ydfdf]T are
represented using the 1-2-3 Euler sequence.

B. Relative Position
Fig. 4 shows the relative position between the chaser and

target CoMs sft, and the P2P position s;l‘d‘. The P2P position
can be expressed in Fy, as

d.d t de. d,
sd: - Ad,volsf + Adtchdcbcrb: — Adzbzrb,t 5)
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Fig. 4. Chaser and target relative position in F7, and P2P relative position.

which can be differentiated two times to get the dynamics and
the chaser translation control input F, . The state space has
the following state vector:

_ d ;d/ dcdt dcdt o dc dt T
x = [oc Uwy sy Sy ] (6)
where a%? and wjfd’ are the P2P relative Euler angles and

rotation rates. The control input

u=I[T,, Fi,1" (7

contains the chaser torques and force inputs expressed in the
docking port frame. The units for the state vector are: rad,
rad/s, m, and m/s. For the control input, units are Nm and N.
The dynamics is linearized around x = 0 and uz = 0, which
is an equilibrium point if and only if 4, = F), = Fo. The
state-space A and B matrices have the following shape (if not
specified otherwise, all matrix elements have dimension 3 x3):

0 Ala 0 0 0 0

| Ax Ao 0 0 | Bai 0

A=l 0o o n|"B=lo o|®
Ay Ay Agz Ay By By

and are detailed in [15]. Finally, C = Ij and D = 0.

The target attitude dynamics uses the full body dynamics
as opposed to the one used for the ATV, where the ISS
motion was represented by a harmonic oscillator [4]. Also,
the controllability matrix C = [B AB A*B ... A""!B], using
the dynamics proposed in [4], is rank deficient, whereas it has
full rank using the dynamics described earlier. This difference
comes from the coupling between the target attitude and chaser
position, which is here directly accounted for in the A and B
matrices.

C. Sloshing

The sloshing dynamics is approximated by a spring-mass
and damper model [4]. The liquid mass m; is divided into
a sloshing part, m, and a solid part, mg, which does not
contribute to the sloshing effect. As, to the best of our knowl-
edge, no studies focused on sloshing for CubeSats propulsion
systems, the ATV values will be used and correspond to
a spherical tank with conical baffle. The transfer function
relating an external force Fp acting on the satellite and, Fj,
the sloshing perturbation, is

Fy csS + kg
o 2 Cs ks *
F N +m—13+m_|

©)
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TABLE I
P2P DYNAMICS’ POLES, DAMPING &, AND NATURAL FREQUENCY @

Poles £ w (rad/s)
1.00-10"19 4+ 70810712 —1.42-10"9 7.08.10"12
—3.16-10720 £ 4.27 . 10795 7.39-1016  4.27.10705
+5.74-10794 £1.26-107%%; F9.77.10701 588.10704
6.78-10720 +£1.08-10795 —6.26-10"17 1.08-10793
—5.42-10720 £1.08 - 107934 5.01-10-17  1.08.10-03
—1.36-10792 £3.75 . 10795 1.00 1.36 - 10792
—1.36-1002 1.00 1.36 - 10702
—7.99-10791 £2.20- 107934 1.00 7.99 10701
—7.99.10701 1.00 7.99 1001
30 em 30 em
20 cm 20 cm
lil‘cﬂ' ggc l“fﬂ- @gt
| g, | g,
20 em | 24, 20em | £
: :
P niniieieetiei i T T T T s >
10 em
Fig. 5. Chaser (left) and target satellites. Their respective body frames are

located at their center and aligned with Fg, and Fyg,.

In [4], the values for a half-full tank are ¢, € [0.16; 0.5] s*
and the natural frequency range is [0.01; 0.04] Hz.

The environmental perturbations are not directly accounted
for in the dynamics, as they are attitude and position depen-
dent. These are composed of the residual atmospheric drag,
gravity gradient, and residual magnetic dipole [13]. Simu-
lations show that the norms of the torques’ and forces’
perturbations are on average 1 uNm and 10 uN. They will
be specifically included in the w-analysis and Monte Carlo
simulations. The poles of the plant are provided in Table I.
The zeros are: —1.12, —1.35, —1.31-10724£2.63- 107/, and
—1.12£1.44-107%.

D. CubeSats Configuration

The two CubeSats are shown in Fig. 5 and satisfy the 6U
CubeSats form factor. Both are equipped with deployable solar
arrays. No information about their natural frequency content
is available, but it is assumed to be high enough to be safely
neglected. The target does not carry any fuel and weighs 11 kg.
The chaser has a dry mass of 10 kg and carries 2 kg of
propellant. To maximize the sloshing perturbations, a tank
filling ratio of 1/2 is selected. It is believed that using the
ATV values for the sloshing will lead to conservative results.
The chaser’s fuel is liquid butane, and the natural frequency
of this system due to the tank size is expected to be higher
than the ATVs. Both satellites are equipped with reaction
wheels delivering 2 mNm around each axis with an output
error of 10%. The chaser is further equipped with a cold gas
propulsion system delivering 4 mN of thrust in each direction
and has an output error of 10%. A related torque error is also
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Fig. 6. S, T, and K S mixed sensitivity.

present (due to misalignment, timing error, and CoM uncer-
tainties) amounting 5% of the thrust. To increase the coupling
between rotations and translations, the ports are positioned
so that their axes do not run through the satellites’ CoMs.
These positions in Fp, and Fj,, are rli’ =[-0.10.10.11T m

and r,. = [0.1 0.1 0.1]T m, respectively. Their orientations
are such that Ag.p, = Agp, = I3. Although these positions
are out of the CubeSats, they represent a worst case and will
increase coupling effects.

III. Hso DESIGN

A relative accuracy of 1 cm and 2° (3¢) is required at
docking. To have margins on the requirements, the lateral
relative position control accuracy shall be better than 5 mm
(30), and the relative attitude angles better than 1° (30).
During translations, the relative position control shall be
smaller than 5% of the range (30), and the relative attitude
angles smaller than 2° (30). These requirements will be used
for the definitions of the frequency-dependent weights during
the synthesis of the H, controller.

The mixed-sensitivity approach is used to solve the Hoo
problem, and the output sensitivity (S), complementary sensi-
tivity (7'), as well as the gain times sensitivity (K S) will be
shaped [16]. The problem is shown in Fig. 6. G is transformed
into an augmented plant P with three exogenous inputs wy .3
(reference signal, sensor noise, and input disturbances) and
three exogenous outputs z1, 3 (control error e, plant output y,
and control signal u). The plant G is given by the state-space
matrices (8). The D matrix is zero and

C:|:I3 0 0 Oi|

0 0 Iz 0 (10)

meaning that only the relative position and attitude angles
are available for feedback. This dynamic is then combined
with the sloshing model to form the plant G. Note that if
C = I, would have been selected instead, i.e., with the full
state available for feedback, the output loop gain L would be
rank deficient.

As, within the H, framework, normalized signals are used,
the plant G needs to be properly scaled. The input and output
scaling matrices, U and Y, are such that

G =v~'Gu, K,=UKyY"! (11)
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where K is the unscaled controller used for implementation
and G’ is the scaled plant. The U scale can be defined merely
based on the available torques and forces. To avoid actuators’
saturation, the values of 1 mNm and 1 mN are selected. The
relative attitude angles should always remain constant and
equal to zero; the attitude output is thus not scaled. The kinetic
energy in the system is equal to the work of the actuation
force: (1/2)mv? = Fx. While docking, the speed is 1 cm/s.
Assuming that all the fuel has been depleted and that a 1-mN
force is used, the actuation force, most important contribution,
takes place at a distance x = 0.5 m. The input and output
scaling matrices are thus

1073 0 L 0
U‘[ 0 10—313}’ Y‘[o 0.5 13}‘ (12)

A. Weights’ Definition

W, represent the frequency content of the reference signal
and is selected as W, = Is. The state is estimated using
a vision-based navigation (VBN) [15]. The navigation filter
output is assumed to be a white noise with a 1° error for the
relative attitude and 1% error for the relative position

180
Wn=|:”l3 0 :|

0 1025 (3)

Note that W, attitude component is not unit-less, as the corre-
sponding plant output is not scaled. As for the LQG, the Hoo
structure contains a separate estimator-like term, and the
position and attitude could be directly filtered within the H .
This was not possible to do here, as the VBN measurement
equations are varying with the range. The extended Kalman
filter used for the VBN should, however, not impact the H
phase margin (PM) and gain margin (GM), as, when combined
to an LQR, the resulting LQG margins are preserved. This
gives confidence that the VBN will not impact the Ho
robustness. Finally, according to Section II-D, the actuators’
uncertainties can be represented as

01 0 0] 0 005 005

0 01 0| 005 0 005

0 0 01| 005 005 0
Wa=1—"0 "0 01 o0 0 (14)

o 0 0| 0 01 0

0 0 0| 0 0 0.1

The top-right matrix block represents the thruster-related
torques’ errors. These three weighting matrices were kept
simple so as to lower the controller order.

The required performances of the controller are defined
using the weights Wi 3. The performance weight W; is
selected as a diagonal matrix, in which elements are the
first-order transfer functions

1
s ol
Wi, (5) = F+—-—+

, i=1,...,6.
s+ w1 Aq

5)

The mapping between the performance weight Wi and the
requirements is achieved by tuning Mj, Ay, and w;. Looking
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only at the first exogenous input and output and as W, = Ig:
71 = W1 Swi. The steady-state error (s = 0) is thus defined as

1
Wi (s =0) = — = ‘X (16)
’ A €max
As for this mission, a 5% error is required, A; = 0.05.

At high frequencies, M is bounding the sensitivity function
from above. An overshoot smaller than 50% is required. Using
the maximum peak criteria [16], this leads to Mg = 2.5.
To have margins, a nominal overshoot of ~30% is selected,
which leads to M| = 2. Finally, @ can be approximated by
w =~ 4/t;, where t; is the settling time [4]. The translation
time from 2.5-m range to docking takes 225 s. A 100-s
settling time is required. However, an 80-s time was selected
to have margins with respect to the performance requirement.
This leads to w; = 0.1 rad/s, which is below 0.25 rad/s of
the sloshing modes and well above the dynamics’ bandwidth
(~0.001 rad/s).
W5 has the same diagonal structure than W

s+ wrAs

W, . (s) = : , i=1,...,6. (17)
’ 5 + an
To leave sufficient freedom to the Hoo solver, wr» = 20w

is selected. The weight should roll off to —20 dB to avoid
noise amplification leading to M> = 10. At low frequency,
Ay = 0.05 which means that ||T|oc < 26 dB. Theoretically,
T should also be bounded by 6 dB, as S is. However, it was
realized that giving the solver more freedom allowed achieving

higher margins. Last, the input control weight is
1
S + w3

Wy (s5) =~ °
3 ) s+ w3Asz

=1,...,6. (18)
To not penalize the control input at low frequencies, A3 = 10°.
The crossover frequency is selected as w3 = w;. Above this
value, the weights roll off to —40 dB, M3 = 1072, limiting
high-frequency disturbances at the plant input.

Solving the suboptimal H, problem, using the MATLAB
Robust Control Toolbox [17], leads to y = 1.02 with a
36-order controller. Simulations show that this controller
does not meet the accuracy requirements. The reason is that
W, = I, meaning that changes at any frequency may happen,
including infinitely fast changing reference signals. The con-
troller was thus synthesized such that the maximum control
output would be delivered for a step reference signal. To
meet the performance requirements, the input scale U (12) is
increased to give the controller more authority. This may lead
to actuator saturation. However, the reference signal does not
have high-frequency content, which limits possible saturation.
W, is also replaced by a transfer function similar to (15),
and thus, it penalizes high-frequency contents in the reference.
This increases the PM and GM considerably. The new input
scale is: U = diag[2- 10_313, 3-107213]. All the other weights
are identical to the first case where W, = Is. W, parameters
are: M, = 10°, A, = 0.8, and o, = w)&3 rad/s. This crossover
frequency was selected such that W, does not penalize signals
before W, and W3 do.

These new scaling matrices and weights lead to y = 0.77,
with GM = [-4.6,6.5] dB, PM = 4304° and
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Fig. 7. Scaled plant: SW,, TW;, and KSW; at the plant output and their
respective weights for W # 1. y = 0.77 is achieved and the controller order
is 42. (a) Scaled plant. (b) Unscaled plant.

o, = 0.20 rad/s at the input, and GM = [—11.4,13.7] dB,
PM = £46.7°, and w, = 0.13 rad/s at the output. However,
as W, is now a 6 x 6 nontrivial diagonal matrix, the controller
order grew from 36 to 42. The scaled plant and controller
singular values are shown in Fig. 7(a). Here, KSWr > 0 dB
and, thus, may lead to noise amplification at the plant input.
However, when unscaling the plant, as shown in Fig. 7(b),
KSWr < 0 dB, which guarantees no noise amplification. This
controller shows good performances and meets the docking
requirements. Note that increasing the input scaling matrix to
provide more control authority is simpler than adjusting the
weights, but removes some of the physical meaning in the
weight selection.

IV. u-ANALYSIS

Necessary and sufficient conditions for the robust stability
(RS) can be obtained using the SSVs or x. The parameters
which can bring uncertainties in the dynamics are the chaser
mass, m., the inertias, I. and I;, the chaser fuel sloshing
damping coefficient and natural frequency, ¢y and f, and time
delays. With a dry mass of 10 and 2 kg of fuel, the chaser total
mass will vary throughout the mission between 10 and 12 kg

me =11 kg £ 10%. (19)

The target mass uncertainty will not be considered as it
does not carry any propellant, and can thus be precisely
measured. CubeSats inertia tensors are usually not measured,
rather estimated using available 3-D modeling software with
an accuracy of ~10%. Note that for the y-analysis, the inertia
tensors are assumed diagonal. This assumption is made to
avoid repeated real parameters in A, which simplifies x4 com-
putation. As described in Section II-C, the damping coefficient
and natural frequency of the fuel slosh are difficult parameters
to estimate. For the model considered, as explained in [4],
the following uncertainties will be assumed:

¢y = 0.33 571 +48%
f; = 0.025 Hz + 40%.

(20)
21

In Section III, the actuators’ uncertainties were modeled by a
diagonal matrix with the top-right term representing the forces’
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K

Fig. 8. Plant description used for the p-analysis.
TABLE II

RELATIVE SENSITIVITY OF THE CONTROLLERS TO THE UNCERTAINTIES,
IN% OF THE RP MARGIN

A I. It mc¢ ¢ fs 0r ky ke ke
Hoo 2 2 26 49 4 37 36 14 21
p-synthesis 3 1 20 72 12 67 31 11 17

effects on the torques. Here, it can be similarly modeled as

k0 0 0 ko ke
0 k 0 k 0 ke
o 0 Kk ok Kk O
Ki=10 0 0 &, 0 o0 (22)
0 0 0 0 kf 0
00 0 0 0 kK
with ky = k, = 1 £10% and ke = 0 £5%. Ky is a

multiplicative gain at the plant input. Finally, a time delay is
added at the plant input, lumping the multiple sources of delay
present in the control loop into one single linear fractional
transformation (LFT). The time delay transfer function is
represented by a first-order Pad approximant. The control loop
will be sampled at 1 Hz; the delay uncertainty J, is estimated
to be

5 =055 =+ 100%. (23)

Considering these uncertainties, the A-structure contains
53 real elements.

A. Robust Stability and Robust Performance

The u-analysis diagram is shown in Fig. 8. As for the
Hoo synthesis, Wy is a diagonal matrix in which elements
are all equal to 1073, This corresponds to the amount of
orbital perturbations acting on the spacecraft (such as dif-
ferential drag and gravity gradient) and not to the actuators
errors, as these are already accounted for in the upper LFT.
A performance weight W), will be used to assess the sensitivity
function behavior and has the same form as in (15). For W),
the values for M), and w, satisfying the requirement exactly
are selected: M, = 2.5, w, = 0.04 rad/s, and A, = 0.05
(see Section III-A). To compute the bounds of u, a linear
matrix inequality solver is used.

The value of u for the RS and robust performance (RP) is
shown in Fig. 9. The controller remains stable for 191% of
the modeled uncertainties, and the closed-loop gain remains
below one for 127%. For the RS, the steep drop at @ ~ 0.19
rad/s is consistent with the controller crossover frequency. The
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Fig. 9. (a) RS and (b) RP for the Hso controller.
0.55 0.7
— i lower 0,65 [ 1over
0.5
0.6
0.45 055
=X 3 05
0.4 0.45
0.4
035
0.35
03 0.3
1073 1072 107! 10° 1072 107! 10°
w (rad/s) w (rad/s)

(2) (b)

Fig. 10. (a) RS and (b) RP for the u-synthesis controller.

RS is most sensitive to ¢y at 99% and f; at 63%. The RP
sensitivity is summarized in Table II. The closed loop is barely
sensitive to inertia uncertainties, which justifies the diagonal
inertia assumption.

V. w-SYNTHESIS

The p-analysis performed in Section IV shows that the
plant is most sensitive to the sloshing and actuators’ uncertain-
ties (22). Furthermore, as the sloshing model used in this brief
is scaled at a CubeSat level but not tailored for it, increasing
the robustness to these parameters is relevant. The A-structure
for this case has dimension 28, with three occurrences for cy,
16 for fy, three for ks, three for k;, and three for k;.
It means that A € R, and for real A-structure with repetitions,
w-synthesis is very unlikely to converge. The uncertain
dynamic was thus approximated by a purely complex distur-
bance

G = Guom(l + W,A), AeC. (24)

W, is computed using the MATLAB ucover command and
is of order 5. Using the same scaling and weights as in the
Ho, a controller can be synthesized. The D — K solver was
initialized using the H, controller previously obtained. It took
nine iterations to reach a minimum, with y = 0.77. The
resulting controller order is 98 and its margins are at the
input GM = [-5.7,8.36] dB, PM = +36°, and w, = 0.21
rad/s, and at the output GM = [—12.8,13.5] dB, PM =
+46.4°, and w, = 0.14 rad/s. The RS and RP are using
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Fig. 11. Torque and force commands and corresponding actuators’ outputs. (a) Reaction wheels. (b) Propulsion.

the same weights and uncertainties than that described in
Section IV. The u values are shown in Fig. 10. This controller
remains stable for 191% of the modeled uncertainties, and the
closed-loop gain remains below one for 151%, which is indeed
more than the H,. The sensitivity of the controller is provided
in Table II.

VI. NONLINEAR SIMULATION

The Hoo controller order is 42, and the u-synthesis is 98.
Some of the controllers’ poles have large negative real parts
and can thus be removed, looking at the Hankel singular
values. Using the MATLAB balred command, which is a
balanced residualization preserving the dc gain, the Hy, could
be reduced to an order 30, and 43 for the pu-synthesis. For
each controller, the closed-loop bandwidth is = 0.2 rad/s.
To ensure a sampling frequency larger than ten times the
bandwidth, the guidance, navigation, and control (GNC) is
sampled at 1 Hz. The controllers are discretized using a
bilinear transformation, which preserves the s, norm [18].

Note that if the controllers’ order would be an issue
for implementation, another approach, called Structured-Heo,
which is the subject of a consequent amount of research, could
also be used [19]-[21]. It benefits from the H,, framework,
while at the same time, using low-order classical controllers
with fixed structures.

The simulator used to assess the performances of the
controllers was created in Simulink. It includes representative
environmental, sensor, and actuator models, such as differen-
tial drag, gravity gradient, reaction wheels, propulsion, and star
trackers. The propulsion is operated in PWM. The thrust time
is computed as Tony = (4/Umax) TpwM With umax the maximum
available control input and Tpwy the modulation period. The
reaction wheels and propulsion outputs are provided in Fig. 11.
Note that it has been proven that PWM adds time lead in the
loop and thus does not degrade the robustness [22]. The target
attitude pointing capability is shown in Fig. 12. The P2P VBN
used for the docking and its capabilities are described in [15].
It provides a six-DoF solution and takes into account the
coupling between rotations and translations.

For the ports’ configuration described in Section II-D,
the initial conditions for the chaser in Fp are s§ =
[~5.2 0 0]" m and v = 0, and F}, is aligned with F. For
each Monte Carlo simulation, the uncertain parameters which
have been described in Section IV are randomly generated.

At docking, the driving requirement is the lateral accuracy
which shall be better than 5 mm (30). The number of Monte
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Fig. 12. Target attitude pointing accuracy.
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Fig. 13.  Hoo: 600 Monte Carlo run. The red lines are the 5% of the

range (30) requirement and the docking accuracy.

Carlo run was set to 600. This amount of simulation gives a
0.3-mm confidence interval on the 30 requirement, with 95%
confidence. Fig. 13 shows the H, controller performances in
the target docking frame Fy,. Note that at 2.5-m range along
x, the chaser holds its position for 10 min before final docking.
The translations are initiated by the guidance function which
provides the acceleration profile as a feedforward directed to
the propulsion system. To prevent saturation, the acceleration
phases require only 2 mN of thrust (over 4 mN available).
Recall that the approach speed is 1 cm/s.

All the simulated approaches for both controllers stay within
the boundaries (depicted by the red lines in the figures). Fig. 14
shows the lateral accuracy at docking as well as the yaw and
pitch angles. The red circles represent the 30 requirements.
All the simulations led to successful dockings with a 95%
confidence. It can be seen that the u-synthesis is slightly more
accurate than the Hoo due to its higher bandwidth. A sys-
tematic bias can be observed due to the relative dynamics.
If required, this bias can be reduced by decreasing the value
of Ay in (15).
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Fig. 14.  Accuracy at docking for 600 Monte Carlo runs. The red circles are
the 30 requirements. (a) Hoo. (b) u-synthesis.

VII. CONCLUSION

This brief aimed at assessing the feasibility of nanosatellites
RVD, which was yet never achieved. Besides control accuracy
which should be ten times better for CubeSats than for
large satellites, the lower performances of the sensors and
actuators make the task difficult. Two different controllers
could be synthesized: H, and u-synthesis. Both controllers
were shown, RS and RP, using p-analysis, and as expected,
the u-synthesis exhibits higher robustness margins than the
Hoo- Using nonlinear simulations, 600 Monte Carlo runs were
performed, showing that both controllers satisfy the 5-mm
(30) docking requirements with margins. Compared with
other schemes, robust controllers provide a well-established
framework to handle all the uncertainties, giving confidence
in the results. Furthermore, having the w-analysis closed-loop
sensitivity at an early stage of a CubeSat mission design
allows identifying critical elements to achieve a consistent
systems’ design. The proposed controllers together with the
VBN are robust to wide range of uncertainties, and providing
that the bounds on these uncertainties were indeed adequately
identified, RVD between two CubeSats is feasible today.
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