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ABSTRACT We extend the autocorrelation-based approaches currently used in standards to full
correlation-matrix-based approaches in order to identify correlation between both spatially adjacent and
non-adjacent samples in reverberation-chamber measurements. We employ a scalar metric that allows
users to identify the number of effectively uncorrelated samples in new types of stirring sequences. To
make these approaches practical and enhance their accuracy, we implement a thresholding technique that
retains correlation related to important aspects of chamber configuration such as loading conditions. We
develop a method to propagate uncertainty in the complex correlation coefficients through to the number
of effective samples for a given reverberation-chamber set-up by use of a bootstrap technique that is
accurate even for highly skewed distributions of correlation coefficients. We further apply this method in
a sensitivity study regarding the choice of threshold value. Agreement with existing approaches in deter-
mining the number of effectively uncorrelated samples is presented for a measurement example where
spatially adjacent samples are utilized. Examples are then illustrated for non-spatially-adjacent correlated
samples at microwave and millimeter-wave frequencies.

INDEX TERMS Cellular device, coherence angle, coherence distance, correlation matrix, measurement
uncertainty, reverberation chamber, spatial correlation, wireless system.

. INTRODUCTION

VALUATING the spatial correlation between stirring-

sequence samples in reverberation-chamber measure-
ments has been a subject of study for many years [1], [2],
(31, [4], [5], [6], [71, [8], [9], [10], [L1], [12], [13], [14]. In
reverberation-chamber measurements, the number of stirring
sequence samples N is often determined by the required level
of uncertainty for a specific application. In [15], the compo-
nent of relative uncertainty related to the stirring sequence
was computed as 1/+/N, where it was assumed that all

samples were effectively uncorrelated. However, there will
often be some spatial correlation between samples in real
reverberation-chamber measurements. Thus, identifying sig-
nificant correlation between samples and relating it to the
uncertainty in the final quantity of interest is a key aspect of
creating effective stirring sequences and verifying chamber
performance. For example, IEC 61000-4-21 [16] requires that
the field homogeneity within the characterized test volume
of the reverberation chamber exceed a specified threshold, as
determined with field measurements performed at the edges
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of the test volume using only “independent” stirrer sam-
ples. In a second example, the CTIA reverberation-chamber
test plan [17], [18] requires that the number of effectively
uncorrelated samples exceeds 100 (“preferably 200 or 400”)
in order to meet an overall uncertainty budget for mea-
surements of total radiated power (TRP) or total isotropic
sensitivity (TIS). Thus, estimating the number of effectively
correlated samples is critical to meet the requirements of
various standards, as is the uncertainty in that estimate.

Autocorrelation approaches are often used to identify spa-
tial correlation between adjacent or near-adjacent samples in
the data record [4], [6], [16], [19], providing Nj,g, the number
of (independent) samples. Autocorrelation methods are ade-
quate for identifying correlation between spatially adjacent or
near-adjacent samples (as created with a rotating paddles or
translational stages). The work presented here extends the stan-
dardized autocorrelation approaches of [16] and [19, Sec. 7.8],
eliminating the current prerequisite for sequential-sample
stirring approaches. To differentiate between the single-row
autocorrelation approach and the full-correlation-matrix based
approaches presented here, we use the term Njpq to denote the
number of effectively uncorrelated stirring-sequence samples
for the former and the term Nes for the latter.

Prior work describes an approach that forms a full Pearson
correlation matrix from a single measurement of the stirring
sequence by circularly shifting the data [4], [7], [8], [9],
[10], [13]. Such methods have typically been implemented
frequency point by frequency point with a new correlation
matrix formed for each frequency. In [8], [9], [10], [13], cor-
relation matrices of stirring-sequence samples were formed
from field-strength measurements at the physical locations
corresponding to each corner of the working volume of the
chamber. A threshold was applied to the terms in each cor-
relation matrix prior to computing the number of effectively
uncorrelated samples Negr. The variance of the field values
obtained with the stirring sequence that utilized the Neg
samples was then used to determine field homogeneity, as
required by the IEC standard [16].

We will utilize a similar approach, but extend it to the
case where position stirring is an integral part of the stir-
ring sequence, as for over-the-air (OTA) testing of wireless
devices. In these applications, field inhomogeneity is a
given because RF absorber is often inserted to broaden the
chamber’s coherence bandwidth (CBW) [20], [21] allow-
ing demodulation of the communication signal. Note that
measurement methods for CBW are discussed in [18] and
[22, Ch. 5]. We will refer to this approach as a Circular-Shift
Correlation Matrix approach. The term “circular-shift” is
used because, as pointed out in [4], the matrix is formed from
a single, circularly shifted set of data. If correlation exists
only between spatially adjacent or near-adjacent stirring-
sequence samples, a single row may be used to assess spatial
correlation in the stirring sequence, as in the current, stan-
dardized approaches. The Circular-Shift Correlation Matrix
approach provides correlation between non-spatially-adjacent
samples such as those obtained by an antenna switch. Note
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that such circular shift of data for the IEC approach requires
that the stirring mechanisms start and end at the same
physical location. No such requirement is necessary for the
Circular-Shift Correlation Matrix approach.

Unlike the autocorrelation approaches, a full correlation
matrix approach requires a number of independent measure-
ments of the stirring sequence (typically called “observations”
of a variable). This enables the determination of both the
correlation coefficients and their distribution, with the lat-
ter allowing determination of uncertainty in the correlation
coefficients themselves. Prior work [7], [8], [9], [11], [14],
[23] has obtained these observations from measurements con-
ducted over a limited range of frequencies with the assumption
of a slowly varying chamber frequency response.

As examples, Pirkl et al. [7] first explored using a full
complex correlation matrix based on correlations of scat-
tering parameters and an entropy metric for the number
of effective samples without using a threshold. The groups
Becker et al. [11] and Verwer et al. [14] have also applied
this technique to assess the correlation between samples for
various stirring sequences at microwave and millimeter-wave
frequencies, respectively. Gradoni et al. [9], [23] utilized a
similar approach in simulation studies, exploring the impact
of applying a threshold in the latter work. Pfennig and
Krauthéduser [8] later applied the entropy approach of [7]
to field-probe measurements with a threshold and refined
the algorithm to address small measurement sets.

We also utilize the approach of [7], with the application
of a threshold in which correlation coefficients below the
threshold value are set to zero to correlation matrices formed
from complex S-parameter measurements. We denote this
method the Full Correlation Matrix approach, and illustrate
its utility with several measurement examples. We also pro-
vide an analysis of the components of uncertainty related to
estimating the number of effectively uncorrelated samples
Nefr. Knowledge of the uncertainties in Negr, when propa-
gated through to TRP, TIS, and other quantities obtained
from reverberation-chamber measurements, provides greater
confidence that Neg is large enough to obtain results of a
specified accuracy.

The original work in [7] required that the frequencies of
observation be spaced farther than the CBW of the cham-
ber set-up in order to obtain independent observations. In
studies not reported here, our work does not support this
requirement, finding that the representation of the cham-
ber’s spatial correlation is improved by use of all available
observations within the correlation-matrix calculation band-
width. Although, as stated in prior work, we do require that
a sufficient number of independent observation frequencies
be utilized.

In both the Circular-Shift Correlation Matrix and Full
Correlation Matrix approaches described here, we com-
pute the complex Pearson’s correlation coefficients, r;;, for
every pair of samples i,j in the correlation matrix. After
thresholding, we then apply the scalar, entropy-based met-
ric developed in [7] to the remaining set of |r,'j|2 values to
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obtain the effective number of uncorrelated samples. Note
that we apply the threshold to the magnitude-squared of the
complex correlation coefficients because our analysis uti-
lizes complex S-parameter measurements. This is discussed
in detail below.

Unlike most prior publications, our work is focused on
optimizing stirring sequences for OTA measurements of
wireless devices, where position stirring is a necessary part
of the stirring sequence, as opposed to verifying a specified
field uniformity at specific locations in the chamber. We also
present a useful visualization tool based on the distribution
of correlation coefficients that can identify the effects of
chamber loading, which is also a requirement for wireless
device measurements. Our methods are based on mea-
surements of complex transmission parameters S»;, which
are commonly utilized for OTA chamber-precharacterization
tests [18]. S-parameter measurements are straightforward to
acquire and, for the Full Correlation Matrix approach, retain
the frequency dependent phase relationships between the cor-
relation coefficients, which can provide additional insight
into the spatial correlation between samples as we will show.
Finally, we take advantage of the multiple observations pro-
vided by the Full Correlation Matrix approach to quantify
components of uncertainty related to the estimate of the
number of effectively uncorrelated samples for this approach.

Both of the correlation-matrix based approaches discussed
here are easily implemented in a few lines of code in com-
monly available computational packages. They can be readily
standardized as they are based on straightforward mathemati-
cal functions. In the following sections, we provide additional
detail on the approaches, including a discussion of compo-
nents of the uncertainty in Negr. We then compare them to
the IEC/3GPP approach, and illustrate their utility on mea-
sured data from reverberation chambers of different sizes and
utilizing various stirring sequences at both microwave and
millimeter-wave frequencies. We conclude with a discussion
of the relative merits of each approach.

Il. AUTOCORRELATION AND CORRELATION-MATRIX
APPROACHES

A. SPATIAL CORRELATION IN A STIRRING SEQUENCE
To explain the issues with identifying non-adjacent spatial
correlation, consider a reverberation chamber with a single
stirring mechanism such as a paddle traversing a linear rail
or rotating around an axis. Each position of the paddle rep-
resents a unique geometrical state of the chamber, forming a
continuous sequence of states as the paddle moves through
the chamber. The electric-field distribution in the chamber
is linked to the geometry of the chamber and changes as
the geometry changes. In general, a small movement of
the paddle gives a small change in field distribution, while
a large movement makes a large change in the field. For
reverberation-chamber measurements, it is desirable that the
change in field between stirring positions be large enough
that samples become (effectively) uncorrelated.
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FIGURE 1. Example of a stirring sequence path through a 2D state space formed by
positions of two independent stirrers. Adjacent-sample correlation and
non-adjacent-sample correlation are illustrated by the red The blue

show sufficient distance to be uncorrelated.

For chambers with a single stirrer, the stirring sequence is
a one-dimensional geometrical state space and, thus, corre-
lated samples will be adjacent to each other in the sequence
if samples are recorded sequentially. If the chamber has two
stirrers the state space becomes a two dimensional region of
geometrical stirrer states, where each stirrer creates one axis.
This makes possible many variants of trajectories of stirring
sequence traversing the two dimensional space. Samples that
are close in sequence are correlated, but it is also possi-
ble for samples that are far apart in the stirring sequence
to be correlated if the trajectory crosses or approaches
itself in the two dimensional space. This is illustrated
in Fig. 1.

The same also applies to chambers with more than two
stirrers, creating a corresponding multi-dimensional space
of geometrical states. As discussed below, when switching
between source antennas is used as a stirring mechanism, this
also adds an axis to the multidimensional space. However,
such a switch can only take on a discrete number of
states. Thus, identifying the number of spatially uncorre-
lated samples can be complex, and is the motivation of this
work.

As mentioned in the introduction, current standardized
methods for determining the number of spatially uncorrelated
samples, Njng, used in IEC [16] and 3GPP [19] (Section 7.8)
standards, are based on the application of a threshold to the
computed autocorrelation or autocovariance of N electric-
field or power samples acquired using the chamber’s stirring
sequence. In practice, an autocovariance approach is typically
used in which the mean is removed prior to the calculation of
the correlation function. Implicitly, these techniques assume
that the stirrer-dependent fluctuations of stirring samples may
be modelled as a wide-sense stationary process, having a
time-independent expected value, with correlation based only
on the difference in time between elements (that is, a fixed
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autocorrelation function) and finite second moments for all
observation times.

While samples are often acquired at frequencies covering
the measurement bandwidth, the autocorrelation function is
computed at a single frequency. Njyq is then obtained from
the spatial step size k of the stirring mechanism that provides
a value of correlation between the measured power-based
samples satisfying r(k) < rim, where r is the computed auto-
correlation and rjiy, is the threshold below which correlation
is deemed insignificant.

An example of the application of the current stan-
dardized method using this threshold for determining the
stirring-sample step size k is given in Fig. 2(a), where the
autocorrelation of measured power samples is plotted and
interpolated with the thin lines for a stirring sequence con-
sisting of only mechanical mode stirring (no position stirring)
at three different frequencies. The x-axis consists of the
lags in the autocorrelation function, formed from lag-shifted
vectors of all of the stirring-sequence samples. In Fig. 2(a)
each lag corresponds to different, consecutive positions of the
mechanical mode-stirrers. In contrast to the results presented
in later sections, the magnitude of the correlation coefficients
is not taken here, so both negative and positive values are
present in the plots. A threshold of rjy, = 0.3255 is plot-
ted with a horizontal dashed line, below which samples are
usually considered to be uncorrelated. The choice of thresh-
old rjim will be discussed further in Section II-B and the
uncertainty related to this choice in Section II-D.

For all three frequencies, the spatial correlation becomes
successively smaller when comparing samples with increas-
ing separation (that is, for increasing values of offset). For the
highest frequency of 2200 MHz, the correlation goes below
the threshold for a step size of k = 1. This means that the
spatial step used in the stirring sequence is sufficiently large
at this frequency so that Nj,g = N. The autocorrelation from
the measurements taken at 1800 MHz and 700 MHz shown
in Fig. 2(a) indicate that a step of k = 1 is not always suf-
ficient to reach correlation values below the threshold. In
the case of the measurement at 1800 MHz, a value below
rim 1s reached for k = 2. In the case of the measurement at
700 MHz, a value below 7y, is reached for k = 4.

In chambers that employ multiple stirring mechanisms, it
may further be the case that correlation is not monotonically
decreasing with increasing sample separation k. For instance,
the curve corresponding to a frequency of 1800 MHz shown
in Fig. 2(a) illustrates a dip, rise, and then decay for the auto-
correlation function with increasing offset between shifted
samples. This type of non-monotonic decrease is treated in
Section A.3 of IEC 61000-4-21 [16]: “--- when the magni-
tude of the correlation coefficient for increasing shifts drops
below and remains less than the value 1/e ~ 0.37.” For
this case, the correlation is still due to the proximity of
mechanical stirrers to their prior location.

Non-monotonicity in the autocorrelation function may also
occur when non-sequential position stirring is used. For this
case, samples that are not adjacent to each other in the data
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FIGURE 2. Comparison of autocorrelation plots for (a) a stirring sequence with only
mechanical mode stirrers, measured at three different frequencies; (b) a stirring
sequence with a switch and mechanical mode stirrers.

record may be spatially correlated. An example would be
the use of “source stirring” as part of the stirring sequence,
where physically separated antennas are used to randomize
the measurement of the fields in the chamber. An example
of the autocorrelation for this type of stirring sequence is
shown in Fig. 2(b), where the stirring sequence consists of
four spatially independent antennas that each successively
acquire samples for a given chamber state by use of a switch.
For these types of stirring sequences, where correlation exists
between samples in the data record that are quite distant
from each other, the current definition of correlation may not
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provide an accurate estimate of the number of uncorrelated
samples.

For such cases, a full correlation matrix approach should
be used and the Pearson’s correlation coefficients computed
for all sample pairs. The need for such an approach is high-
lighted in Note 3 of Section A.3 of IEC 61000-4-21 [16],
where the limitation of the autocorrelation approach to equi-
spaced samples from a single tuner is discussed. After a brief
overview of the current IEC/3GPP approach, we describe in
more detail two approaches for obtaining such matrices and
identifying the number of effectively uncorrelated samples.

B. IEC/3GPP APPROACH AND THRESHOLDING

In the IEC [16] and 3GPP [19] standards, the spatial correla-
tion between stirring-sequence samples is estimated from an
autocorrelation coefficient computed from received power
measurements obtained from a single observation of the
stirring sequence at a single frequency. As discussed in
the previous subsection, this method is valid for spatially
adjacent or near-adjacent samples.

In these standards, a threshold is specified for the desired
maximum value of correlation coefficient below which sam-
ples are considered to be uncorrelated as pgp = 1/e ~ 0.37.
The intent is to apply this criterion to the autocorrelation
function computed over all shifted samples of the stir-
ring sequence. However, as stated in these standards and
discussed in [4], [6], [10], [24], the specified maximum cor-
relation py of 0.37 would only be obtained if this value were
used to threshold correlation coefficients that were com-
puted from an infinite number of samples. Thus, a reduced
threshold rjip, is chosen that is only applied to the measured
correlation coefficients if the probability is less than 5%
that the true value of the correlation coefficient is greater
or equal to pg = 0.37. In the IEC/3GPP approach, this
threshold is used to determine the width of the autocorrela-
tion curve, whereas values of correlation coefficients below
this threshold are set to zero in the correlation-matrix-based
approaches discussed in the next section. Thresholding com-
pensates for the use of a finite number of measured samples
by suppressing noise and providing a more conservative
(reduced) estimate for Nj,q. In the IEC and 3GPP standards,
the threshold 7y, is defined as

7.22
im = 0.37( 1 —W s (1

where N is the number of stirring-sequence samples. Use
of this threshold gives 95% confidence that there will be at
least Njpq independent samples in the chamber measurement.
Equation (1) nonlinearly reduces the threshold rj;, based on
the number of measurement samples acquired. This func-
tion is plotted in Fig. 3 for N ranging from 100 to 1000.
As an example, if the stirring sequence uses N = 200 sam-
ples, then rj;n ~ 0.28, reducing the computed number of
effectively uncorrelated samples. Note that the IEC/3GPP
standards specify a minimum value for N of 100 in order to
avoid the “correlation noise floor” whereby a small number
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FIGURE 3. IEC/3GPP threshold r;, that compensates for the use of a finite number
of samples in determining the number of uncorrelated samples in
reverberation-chamber measurements.

of samples will have a higher probability of correlation than
a larger number of samples. As well, (1) applies only for
po = 0.37 as it is based on curve-fitting to numerical data
from [4].

C. CORRELATION-MATRIX-BASED APPROACHES
For the two correlation-matrix-based approaches presented
here, we first compute an N x N matrix of complex cor-
relation coefficients representing the pairwise correlation
between all measured samples. With o the covariance matrix,
the Pearson correlation coefficients are calculated as

Uij

The work of [7] derived an estimate of the true number of
effectively uncorrelated stirring-sequence samples from the
complex correlation matrix. We will refer to this estimate as
Neft, unthresholded- In the present work, we estimate the lower
bound on Neg, as is done in the IEC/3GPP approach, such
that correlation will not exceed the specified threshold pg.
To do this, each element, 7y, in the N x N matrix of complex
correlation coefficients is thresholded prior to calculating the
number of effectively uncorrelated samples as:

N2

N N :
Dim1 D=1 Il

Note that if all samples are effectively uncorrelated, the
elements r; will still be 1, and Ngg is thus limited to be
less than or equal to the number of samples, N. We set
the values of r;; that fall below the threshold equal to zero
for backwards compatibility with the IEC/3GPP approach.
A small value of r;; could be chosen as well.

Thresholding eliminates the effects of small correlation

coefficients with low significance on our estimate of Neg.
Such low correlation can occur, for example, with multiple

@)

rij=

Negr =

3)
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bounces in the reverberation chamber, creating partial or
low-level correlation that does not significantly affect our
estimate of Nefr or a quantity of interest such as total radiated
power. As well, the use of a non-infinite number of samples
may introduce low levels of correlation, sometimes referred
to as the correlation noise floor. This is because the chances
of a limited number of samples having the same or similar
value are higher than they would be if an infinite number of
samples could be used. The two approaches are explained
in more detail in the following two subsections.

1) CIRCULAR-SHIFT CORRELATION MATRIX APPROACH

In this approach, we form the correlation matrix with a cir-
cular shift of the measurement samples as in [4], [7], [8],
[10], [12], [13]. However, rather than calculating the circu-
lar autocorrelation, instead we form a complex correlation
matrix. For a measurement sequence x; withi =1,2,..., N
samples, the circular-shifted data are used to create an N x N
matrix at each frequency as:

X X2 X3 XN-1 XN

XN X1 X2 AN-2  XN-1
X| r =

X3 X4 X5 ... X1 X2

X2 X3 X4 ... XN X1

Note that, in this formulation, x, is a complex value con-
sisting of measured transmission parameters S;; and that
this evaluation is performed at each frequency f (there is no
averaging over a frequency bandwidth).

For each pair of observations, i, j, corresponding to rows
in the matrix X|r the covariance is calculated as

R .
%=N_1 > i = ) (o — () @)
k=1

where <-> indicates the mean over the stirring-sequence
samples and -* is the complex conjugate. The Pearson
product-moment correlation coefficients are then calculated
as in (2), with r;}irc being the pairwise correlation coefficient
obtained with this approach. Superscript “circ” denotes the
Circular-Shift Correlation Matrix approach. Note that rf.irc
can be simplified to the current definition of r(k) in [16],
[19] with k =j —i.

We then apply the threshold rjj, of (1) to each |rfjir°|2,
setting values less than the threshold to 0. This reduces the
noise in the result and compensates for the finite number
of samples in the measurement. The number of effective
samples is then evaluated by applying the scalar metric, here
termed Ncgc, from (3). Steps to implement these operations

€
using computational software are provided in the Appendix.

2) FULL CORRELATION-MATRIX APPROACH

The Full Correlation Matrix approach requires the mea-
surement of several sets or “observations” of the stirring
sequence. Due to the slowly varying nature of the frequency
response of the reverberation chamber, in this approach, our
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observations are obtained by use of measurements performed
over a band of frequencies, here termed the “correlation-
matrix calculation bandwidth.” See, for example, [7], [8],
[11], [12], [14]. For a measurement sequence with rows of
observations (f = fi,...,fr) of stirring-sequence samples

(n=1,...,N), an F x N matrix is formed as:
1.1 Xf1,2 Xfi,N
2.1 Xfr.2 Xf,N
v . i
X
Xr_1,1 Xfp_1,2 Xfp_1,N
X, 1 Xfr,2 Xfr,N

Note that, in this formulation, x¢, is again a complex value
consisting of measured transmission parameters Sp;. But
here, unlike the Circular-Shift Correlation Matrix approach
of Section II-C1, the evaluation is performed over a band of
frequencies.

Using (2), Pearson’s complex correlation coefficients, here
termed 7", are calculated pairwise between the F obser-
vations of all N samples in the stirring sequence. In this
case, the superscript “corr” is used to denote the frequency
dependent Full Correlation Matrix approach. N must again
exceed 100 as in IEC61000-4-21 [16], [19].

The threshold of (1) is applied, setting rl?jorr to zero for
|ri°j°”|2 < riim. The effective number of statistically uncor-
related samples, here termed Ngff”, is then calculated as
in (3).

In many computational packages, the set of N x N complex
correlation coefficients may be readily obtained using built-in
functions. For a matrix of measured complex S>; parameters
with F rows of frequency vectors and N columns of stirring
samples, such built-in functions may be used to obtain the
N x N matrix of normalized correlation coefficients directly.
An example of the implementation steps is given in the
Appendix.

3) THRESHOLD FOR CORRELATION-MATRIX-BASED
APPROACHES

For both of the correlation-matrix-based approaches
described above, the threshold is applied to the magnitude-
squared of the correlation coefficients by setting r; to
zero if |r,~j|2 < rim. The application of the threshold to
the magnitude-squared of our complex S-parameter data is
analogous to the application of the same threshold value
to IEC/3GPP power measurements, as discussed in [7].
Specifically, consider a complex normally distributed random
variable X with independent real and imaginary components
having a mean of 0 and variance of O’)%, and an exponen-
tially distributed random variable P = |X|%. For this case,
the covariance oj;,p may be related to the covariance oy x
as [see [7, eq. (14)] and [25]]

0ij,p = |<fij,X|2~ )

We will illustrate the equivalence of the terms in (5)
in Section III-A by comparing the IEC/3GPP power-based

413



REMLEY et al.: PRACTICAL CORRELATION-MATRIX APPROACHES

approach to the two complex S-parameter-based correlation-
matrix-based approaches.

Note that the requirement for a mean of zero on X(= S»1)
may not be satisfied for a chamber configuration with
a fixed receive antenna and a stirring sequence based
solely on the movement of mechanical paddles. However,
OTA measurements of wireless devices often require the
use of loaded chambers to broaden the coherence band-
width [18], [20], [21], [26]. In this case, position stirring
of the receive or transmit antenna generally must be used,
which shifts the mean to approximately zero, as discussed
in [22, Ch. 5].

The importance of thresholding for the correlation-matrix-
based approaches is illustrated in Fig. 4. In this figure, the
unthresholded values of (a) Nggc and (b) Ngg" have been
computed as a function of frequency for a large, unloaded
chamber (to be described in more detail in Sections II-D1
and III-A). The value of Neg = 360 corresponds to the
maximum number of stirring samples. The rapid change in
Negr between 2 GHz and 2.5 GHz illustrates the frequency
dependent nature of the chamber, which supports a higher
number of modes at higher frequencies.

In Fig. 4(a) and (b), when no threshold is applied, the
value of Negr is underestimated due to the large number of
low-level, insignificant correlations between samples present
in the measured data. Fig. 4(a) illustrates both the need for
applying a threshold and for frequency averaging for the
Circular-Shift Correlation Matrix approach. Fig. 4 (b) shows
results for the Full Correlation Matrix approach for three dif-
ferent correlation-matrix calculation bandwidths. Even when
the correlation-matrix calculation bandwidth is 800 MHz
(corresponding to 800 observations), the values of NJ§" are
significantly underestimated as compared to those computed
with the threshold. The effect of insignificant correlation will
be discussed further in Section II-D2.

D. UNCERTAINTY

The probability distribution function of Negr provided by the
Full Correlation Matrix approach of Section II-C2 allows
us to investigate the components of uncertainty related to
the estimate of Ngg for a given chamber configuration
and stirring sequence. One such component includes the
uncertainty in Neg arising from uncertainty in our esti-
mates of the correlation coefficients from a limited number
of imperfect measurements. A second component arises
from the sensitivity of Neg to the choice of threshold,
which affects our level of confidence in the estimated value
of Negr.

1) UNCERTAINTY IN Ngpp

We first evaluate the uncertainty in our estimate of Neg for
the Full Correlation Matrix approach due to the limited num-
ber of physical, nonideal measurements used to estimate the
correlation coefficients. These measurements are nonideal
due to instrumentation noise, minor positioner errors, opera-
tor errors, and other real-world effects. This analysis extends
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FIGURE 4. Thresholded (top black/blue curves) and unthresholded (bottom red
curves) values of Ny plotted as a function of frequency for a large, unloaded
reverberation chamber. Curves were computed using (a) the Circular-Shift Correlation
Matrix approach of Section II-C1 and (b) the Full Correlation Matrix approach of
Section II-C2. In (a), the thin (blue and red) lines represent the computed value of NS
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(b), N&&™ is shown for three correlation-matrix calculation bandwidths. For both
methods, the unthresholded values significantly underestimate N«. The rapid change
in Nt between 2 GHz and 2.5 GHz corresponds to the frequency dependent nature of
the chamber, which supports a higher number of modes at higher frequencies.

the work of [7]. Here we seek to propagate the uncertainty in
our estimates of the true value of the correlation coefficients
through to Negr.

Fisher’s seminal work in [27], [28], [29] has contributed
greatly to current understanding of the statistics of correlation
coefficients [30]. In [28], Fisher writes that the distribu-
tion of correlation coefficients around the true value of the
correlation coefficient in the neighborhood of 1 “become
extremely skew, even for large samples, and change their
form so rapidly that the ordinary statement of the ‘proba-
ble error’ is practically valueless.” This can be understood,
at least in part, by considering the finite support [—1, +1]
over which the correlation coefficients, which cannot have
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a magnitude greater than 1, are defined. Indeed, we found
that an analytic description based on the standard uncer-
tainty of the correlation coefficients and the application of
the law of propagation of error significantly underestimated
the variance of Negt.

With this in mind, here we apply a non-parametric boot-
strap method to evaluate the uncertainty of Neg. The first
bootstrap methods were developed by Efron in [31], with
more recent work described in [32]. Bootstrapping mim-
ics the sampling process by resampling from the original
set of observations. Multiple bootstrap resamples are used
to form distributions that may be used to evaluate the
statistics of quantities derived from the samples themselves.
Bootstrap methods do not require a priori knowledge of
the statistics of the sampled measurements or intermediate
results, such as the correlation coefficients used here, and
are applicable to complex transforms, such as that used to
calculate Ng from (3), with the caveat that variances remain
finite [33].

The most common approach to bootstrapping uses sam-
pling with replacement [34]. Sampling with replacement is
often preferred because it draws samples from the origi-
nal set of measured samples and, thus, does not impact the
expected results by changing the sample size (e.g., draw-
ing samples from a wider frequency bandwidth). This can
be especially important for reverberation-chamber measure-
ments due to the change in the chamber’s response with
frequency.

Here, we use bootstrap resamples of the measured values
of the complex S»; stirring-sequence samples at randomly
selected frequencies within the desired correlation-matrix
calculation bandwidth to obtain the bootstrap mean, boot-
strap distribution, bootstrap variance and 95% confidence
intervals of Ngi". We identified the top and bottom 2.5% of
the data to compute the bootstrap 95% confidence interval.

To obtain our bootstrap resamples, we form many (here
10000) data matrices from the S>; measurements of the stir-
ring sequence, retaining the order of the stirring-sequence
samples but using randomly ordered frequencies from within
the correlation-matrix calculation bandwidth (here 400 MHz)
extracted from the full set of measured S-parameters. We then
compute the thresholded correlation matrix from each resam-
pled data matrix. The bootstrap values of N are computed
from the 10000 bootstrap resamples. These bootstrap values
of Negr are then used to evaluate the bootstrap statistics of
Negt.

Fig. 5 shows the bootstrap distributions and statistics of
Nefr computed from measured data for two loading cases.
We plot only the five- and eleven-absorber cases because, for
the unloaded chamber at 3.55 GHz, the bootstrap distribu-
tion consists of a single value corresponding to the maximum
number of 360 acquired samples. While the chamber config-
uration corresponding to these data will be discussed in detail
in the following section, briefly, the measurements consist of
complex Syi-parameters of a 360-sample stirring sequence
acquired over a 400 MHz bandwidth centered at 3.55 GHz
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FIGURE 5. Bootstrapping approach to approximate the uncertainty in the estimation
of N33 for the Full Correlation Matrix approach. 10000 bootstrap samples computed
from 400 complex S-parameter measurements of the stirring sequence are shown for
a center frequency of 3.55 GHz.

with a frequency spacing of 1 MHz. A 360 x 360 corre-
lation matrix was formed from the 400 x 360 data matrix.
The threshold corresponding to |r,;,~|2 < nNim = 0.3082 was
applied, and Ngg"™ was computed using (3).

Measurements were performed in an unloaded chamber
(CBW =~ 613 kHz), as well as with significant (CBW =
3.3 MHz) and heavy (CBW =~ 6.7 MHz) loading with five
and eleven absorber blocks, respectively. Fig. 5(a) and (b)
illustrate the bootstrap statistics for these latter two cases.
The nominal value of Nefr, shown by the vertical dashed line
in Fig. 5, was computed from the original data.

In Fig. 5, the smooth distribution indicates that a suffi-
cient number of bootstrap resamples have been used. We see
that the bootstrap standard deviation o is less than one sam-
ple, distributed symmetrically above and below the bootstrap
mean. The 95% confidence interval, which may be asym-
metrically distributed, is less than four samples for both
five- and eleven-absorber cases. Thus, this component of
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uncertainty would not significantly affect the estimate of Negt
for this case. However, as will be illustrated in Sections III-A
and III-C, the bootstrap uncertainty in Neg is a function
of the measurement configuration, including the stirring-
sequence step size, chamber loading, frequency and number
of acquired samples. Thus, there could be configurations for
which this component of uncertainty could be significant.

We also note that there are small offsets in Fig. 5 between
the nominal values of Ng, which are computed from all of
the frequencies in the correlation-matrix calculation band-
width (400 MHz) over all of the stirring-sequence samples,
and the mean of Negr calculated from each bootstrap resample
formed by randomly selecting the measurement frequencies
in the 400 MHz calculation bandwidth. Offsets in the nomi-
nal value of Nggr and the bootstrap mean are common when
investigating the uncertainty of results generated by nonlin-
ear functions of its inputs. In our case, Neft is clearly not a
linear function of frequency (see Fig. 9, for example). Thus,
we expect to see the offsets shown in Fig. 5 between the
nominal solution for N based on all of the mode-stirring
samples frequencies and mean of Ngg calculated from each
bootstrap resample with measurement frequencies randomly
selected from the complete set of frequencies used to deter-
mine the nominal value of Nggr. Finally, note that the variance
was zero for the unloaded case where the value of Neg was
360 for all calculations at this frequency, as expected from
the graphs in Fig. 4.

2) SENSITIVITY TO CHOICE OF THRESHOLD

The choice of pg = 1/e &~ 0.37 for the IEC/3GPP approach
was discussed above, with a reduced value of threshold cal-
culated according to (1) implemented to account for the
finite number of samples in the stirring sequence. The
application of a threshold in the correlation-matrix-based
approaches eliminates the vast number of low-value correla-
tion coefficients that do not significantly affect the estimate
of a quantity of interest such as TRP or TIS. Such sam-
ples are considered to be below the “critical value” (see,
for example, [4], [10] and the references therein) and their
elimination can result in a significant improvement in the
estimate of Ne.

The potentially large number of insignificantly correlated
samples from a typical reverberation-chamber measurement
configuration is illustrated in Fig. 6, where the distribution
of |rl?j°rr |? is plotted in histogram form on the left axis, and
the value of Ng3™" for various threshold values |r,‘j|2 is plotted
on the right axis. Aside from the insignificant low-level cor-
relation, these plots clearly illustrate the significant levels of
spatial correlation that can be introduced by the chamber set-
up. For example, the only difference between the unloaded
case in Fig. 6(a) and Figs. 6(b) and (c) is that the cham-
ber is loaded with RF absorbers. Thus, the humps toward
the middle of the plots correspond directly to these loading
conditions. The data correspond to the same chamber con-
figuration and S-parameter measurements as above, with a
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FIGURE 6. The link between the distribution of correlation coefficients, the
threshold value and Ney. Left axis: Histogram of |r;|2. The y-axis has been cropped to
focus on the significantly non-zero correlation coefficients. Right axis: N« as a
function of threshold value |r;|2. (a) Unloaded chamber (CBW ~ 613 kHz); (b) chamber
loaded with five RF absorbers (CBW ~ 3.3 MHz); (c) chamber loaded with eleven RF
absorbers (CBW =~ 6.7 MHz); (d) five-absorber case with 180 stirring-sequence
samples obtained with a wider spatial step. The vertical green solid line corresponds
1O fiim.

360-sample stirring sequence and a correlation-matrix calcu-
lation bandwidth of 400 MHz, here centered at 5.55 GHz.
The measured data were collected with a frequency spacing
of 1 MHz and stirring mechanisms consisting of two rotating
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paddles and a rotating turntable. The threshold corresponding
to |r,-j|2 < nim =~ 0.3082 for Figs. 6(a)—(c) with 360 stirring
samples, and rjjy, ~ 0.2738 for 6(d) with 180 stirring samples
are indicated by vertical green lines.

We have capped the smaller histogram counts in
Figs. 6(a)—(d) at 100 on the y axis in order to visualize the
higher values of correlation that relate to chamber loading.
For Figs. 6(a) - (c), the maximum count is approximately
125000, 88 000, and 60000, respectively. These large num-
bers of insignificantly correlated samples is the reason the
threshold is effective at improving the estimate of Negt.

The red dashed curve in these plots show Negr computed
with various threshold values applied to |rC°“|2 As can be
seen quite clearly in Figs. 6(b) and (c) and as we discuss
next, the value of N can be quite sensitive to the choice
of threshold.

Note that this type of histogram representation of the cor-
relation coefficients can be used to optimize the stirring
sequence. For example, choosing a spatial step to reduce
higher correlation values is illustrated in Fig. 6(d). When the
spatial step is doubled for the five-absorber case, the sec-
ond hump is virtually eliminated. This choice of increased
step size aligns with the estimate of Neg = 180 for the
five-absorber case, as shown in the next section.

The effect of the choice of threshold value py on the
estimate of Njq was discussed in [4], [8], [10] and many
other papers. The selection of pp = 1/e was standard-
ized in [16] and appears to be based on [35] (see [24]).
IEC 61000-4-21 [16] refers to this value as a “convention.”
Lundén and Bickstrom point out in [24] that, for the test
engineer, po is “a trade-off between the cost of using more
stirrer positions and the merit of the decreased measurement
uncertainty in the test.” Krauthduser et al. [4] conclude that
po must be “established by the community” and investigated
values of pg as high as 0.43.

To study the sensitivity of Negr to the choice of thresh-
old, we again used a bootstrapping approach. We note
that the CTIA Proximity Effect Test, a reverberation-
chamber precharacterization test for ensuring adequate spac-
ing between antennas and absorbing objects, sets rjjm =
0.30 [18]. Fixing rjm = 0.30 while N varies from 200 to
1500 corresponds to choices of py ranging from approxi-
mately pg = 0.34 to po = 0.40. Based on this usage, we
elected to use in our bootstrap algorithm a range of thresh-
old values with a uniform distribution centered around 0.37,
extending to 0.40 on the upper end and 0.34 on the lower end.
To determine the new values of rjjy, we integrated the prob-
ability density function of the correlation coefficients as was
done in [4, eq. (3)], using the numerical tool from [36]. We
again created 10000 bootstrap resamples, this time includ-
ing both randomly selected threshold values along with the
random frequency vector selection outlined in the previous
subsection.

Fig. 7 plots the resulting bootstrap probability distribu-
tion, mean, variance and 95% confidence intervals of Negr
from our five- and eleven-absorber examples at a center
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FIGURE 7. Bootstrapping approach illustrating the sensitivity of N to choice of
threshold. The 10000 bootstrap samples were randomized with choices of threshold
ranging from 0.34 to 0.40, along with the randomization of the S,; measurements as in
Fig. 5, with a center frequency of 3.55 GHz.

frequency of 3.55 GHz. The nominal value of N.g, shown by
the vertical red dashed line, was computed from the original
data.

In contrast to Fig. 5, for these bootstrap analyses we see
a much wider bootstrap standard deviation, greater asym-
metry in the 95% confidence interval, and, most striking,
the potential for greatly asymmetric bootstrap distributions
depending on the frequency studied. These results indicate
that the estimate of Negr can be quite sensitive to the choice of
threshold. Therefore, for standardization purposes it is desir-
able to decide upon a universally adopted threshold value or
values. Because the IEC and 3GPP standards have deemed
correlation below the target value of py = 0.37 [ensured
in practice with the use of rjjy, from (1)] as insignificant
for the EMC and cellular OTA test communities, we select
this value as well, setting |r,~j|2 < rim- An uncertainty of
five or even 10 - 20 effective samples (see Sections III-A
and III-C) is often not an issue in estimates of metrics such
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as TIS or TRP because, in practice, a large number of extra
stirring-sequence samples are typically acquired. However,
the bootstrap analysis presented here (or similar analyses)
may be used if greater knowledge about the uncertainty and
sensitivity of a particular reverberation-chamber set-up to the
choice of rjjy, is desired.

lll. APPLICATION OF METHODS
We next illustrate the utility of two correlation-matrix-based
approaches, first with a validation example where we expect
the three approaches (IEC/3GPP, Circular-Shift Correlation
Matrix and Full Correlation Matrix) to provide a similar
number of effectively uncorrelated samples (Ning, ggc and
<t » respectively). We illustrate the uncertainty in Ng§"
for three loading cases. In Section III-B, we then present
examples for which the IEC/3GPP method overestimates the
value of Ngr because the acquired samples were not spatially
adjacent in the acquired data record due to the use of an
antenna switch. Finally, in Section III-C, we illustrate results
of the three approaches in the 28 GHz - 40 GHz frequency

band.

A. STIRRING SEQUENCES WITH SPATIALLY ADJACENT
CORRELATED SAMPLES

For measurements in which mechanical rotational or trans-
lational stirrers are used exclusively, spatial correlation is
expected to exist primarily between adjacent and near-
adjacent samples. For such cases, the original IEC/3GPP
autocorrelation-based methods of [16] and [19] should
provide a good estimate of the number of uncorrelated
samples in the stirring sequence, especially for unloaded
chambers. Thus, we first compare our correlation-matrix-
based approaches to the IEC/3GPP approach to confirm
that the three methods agree in this case. Such agree-
ment also demonstrates the equivalence between thresholding
a power-like correlation coefficient and the thresholding
the magnitude squared of a complex S-parameter-based
correlation coefficient, as given in (5).

To study agreement between the methods, we used a
dataset consisting of VNA measurements of complex S
values ranging from 700 MHz to 6 GHz acquired in 1 MHz
steps. These data were initially discussed in Section II-D.
The measurements were conducted in a large reverberation
chamber of dimensions 4.27 m x 3.65 m x 2.90 m utiliz-
ing three rotational stirring mechanisms: a vertical paddle, a
horizontal paddle and a rotating turntable. The measurements
were performed under static conditions in unloaded condi-
tions, as well as moderately loaded (5 RF absorbers, CBW
~ 3.3 MHz) and heavily loaded (11 RF absorbers, CBW =
6.7 MHz) conditions. The coherence bandwidths were deter-
mined with 0.5 threshold per [18]. Note that current 3GPP
test procedures for cellular base stations are performed in
chambers with no loading other than the base station itself
(or an equivalently sized block of absorber), although CTIA
procedures do require loading for testing of cellular-enabled
IoT user equipment. Each stirring mechanism was stepped

418

50 1
45 0.9
840 058
g
535 0.7
e 0.6
8 30 :
C
825 0.5
o
8 20 0.4
.?15 0.3
& 10 0.2
5 0.1
10 20 30 40 50
Stirring Sequence Samples
(a) 750MHz - 1.15 GHz.
50 1
45 0.9
8a0 08
£
Ess 0.7
i 0.6
8 30 -
&
825 0.5
o
$ 20 04
215 03
@ 10 0.2
5 0.1

10 20 30 40 50
Stirring Sequence Samples

(b) 5.55GHz - 5.95 GHz, unloaded.

FIGURE 8. Zoom-in on 50 x 50 segments of a 360 x 360 correlation matrix, prior to
thresholding, computed over two different frequency ranges (a) 750 MHz - 1.15 GHz
and (b) 5.55 GHz - 5.95 GHz. The lighter colors indicate spatial correlation between
samples. There are more significantly correlated samples in (a), resulting in a smaller
number for N, as shown in Fig. 9.

simultaneously in 1° increments, yielding 360 measurements
in this stirring sequence. For N = 360 and pp = 0.37,
(1) provides a threshold rjy, of 0.3082.

For the Full Correlation Matrix approach, we need several
observations of the stirring sequence, ideally at least as many
as the number of stirring samples. Thus, given the 1 MHz
increment for the S-parameter measurements, we formed the
360 x 360 correlation matrix from a 400 MHz correlation-
matrix calculation bandwidth, providing 400 observations
of the stirring sequence at each selected center frequency.
Center frequencies ranged between 950 MHz and 5.75 GHz
with a 100 MHz increment. The IEC/3GPP and Circular-
Shift Correlation Matrix approaches were computed for each
frequency and the results averaged over the same 400 MHz
increments.

Fig. 8 plots correlation matrices computed over the
400 MHz  correlation-matrix ~ calculation  bandwidths
corresponding to (a) the lowest measured frequencies
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from the bootstrap method described in Section II-D. The confidence intervals are
below 10 samples except for the frequency interval with the rapid change in N33 for
the zero-absorber case.

(center frequency f. = 950 MHz) and (b) highest measured
frequencies (f = 5.75GHz). The increased width of the
diagonal line in Fig. 8(a) shows that there is significant
correlation between samples adjacent to the diagonal, that
is, spatially adjacent stirring positions, at lower frequencies,
while little correlation is seen in Fig. 8(b). Because the
correlated samples are spatially adjacent to each other, the
correlation is expected to be detected well by all three
approaches.

Fig. 9 shows that the application of the threshold rjim
from (1) to |r§}ir°|2 and |r;5.°"|2 provides results that agree to
within a worst-case of 20 samples for all loading conditions
for all three methods. All three methods provide Negr = N for
the unloaded chamber above the transition region. Fig. 10
plots Ngg" for the three loading cases along with the 95%
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confidence intervals computed on a 500 MHz grid by use
of the bootstrapping approach described above. The confi-
dence intervals are less than 10 samples except for the rapid
transition in the value of Ngg between 2 GHz and 3 GHz
in the unloaded case. The increase in uncertainty in that
frequency range is due to the 400 MHz computation band-
width utilized for the Full Correlation Matrix approach. As
the value of Neg changes rapidly as a function of frequency,
the uncertainty in the estimate increases.

The IEC/3GPP method computes the correlation in one
column (or row) of the correlation matrix a single frequency
at a time. The discrete number of stirring-sample steps [vis-
ible on either side of the diagonal in Fig. 8(a)] results in
discrete steps for Njpq as a function of frequency. This dis-
crete step can cause the value of Njyq to vary significantly
in the transition regions as a function of frequency. This is
illustrated in Fig. 11, where values of Nj,q take on the lim-
ited set of values of N/3 = 120, N/2 = 180, or N = 360,
depending on the frequency. Frequency averaging is clearly
necessary for these situations and gives the smoother plot in
Fig. 9. Similarly, the necessity of frequency averaging for the
Circular-Shift Correlation Matrix approach was illustrated in
Fig. 4(a). Whether a finer frequency step can improve the
estimate is the subject of future work.

B. STIRRING SEQUENCES WITH NON-ADJACENT
CORRELATED SAMPLES
We next consider a case involving data from a chamber that,
in addition to mechanical stirring mechanisms, uses a switch
to select between multiple source antennas. The stirring
sequence is shown in Table 1. This example will high-
light the need for the correlation-matrix-based approaches
to estimate the number of uncorrelated samples.

Because the switch toggles between measurement anten-
nas for each mechanical stirring sample, spatial correlation is
scrambled in the data record. If N/4 = 150 samples are taken
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TABLE 1. Stirring sequence with mechanical stirrer and a 4-port
measurement-antenna switch.

Mechanical stirrer position | Switch position
1 1
1 2
1 3
1 4
N/4 1
N/4 2
N/4 3
N/4 4

TABLE 2. Description of cases formed by changing the length of time between
switching antennas.

Case Switch Time [ms] Expected Neg
1 Not switched Negr,1 = 150*
2 115 Negr,2 < 600
3 200 Negr,2 < Nefr,3 < 600
4 500 Neff’g < Neff’4 < 600
5 1000 Netr,4 < Negr,5 < 600

@ Note that N = 150 only when the stirrer speed sufficiently
exceeds the sampling speed to provide a spatially uncorrelated
channel between samples.

from each antenna, ideally there would be Nes = N = 600
spatially uncorrelated samples (although spatial correlation
due to the longer electrical wavelength may reduce this
number somewhat at lower frequencies). For this stirring
sequence, the mechanical mode stirrers move slowly but
continuously. A fast switching speed relative to the mechan-
ical mode-stirrer speed may result in increased correlation
between acquired samples because the chamber conditions
will not have significantly changed from one acquired sam-
ple to the next. Likewise, for the unswitched case, we would
expect increased correlation (and a lower value of Negr) when
the sampling occurs so rapidly that the channel has not sig-
nificantly changed between samples. This effect, unique to
continuous-mode stirring, was documented in [37]. We inves-
tigate the ability of the correlation-matrix-based approaches
to identify these effects, and compare them to the current
IEC/3GPP approach.

We studied the switching configurations described in col-
umn two of Table 2 for a stirring sequence with N = 600
samples. For the “Not Switched” case, we intentionally dis-
abled the antenna switch and a single antenna recorded the
same data four times. We expect these repeat measurements
to be highly correlated, with Nesgf = N/4 = 150. For the
other cases, as the switch time increases, we expect to see
less spatial correlation between measured samples and cor-
respondingly higher values of Neg, with the highest value
for Case 5.

For these measurements, the reverberation chamber was
smaller than in the example of Section III-A, having
dimensions of 1.945 m x 2.0 m x 1.44 m, specified for

420

o
®

Correlation |rij|2
< o
£ (o))

o
(N}

400

300
Stirring Sequence Samples

200

FIGURE 12. One row of the correlation matrix of [rf°"|? for Case 1, the unswitched
case.

use above 650 MHz. The chamber was unloaded, with stir-
ring mechanisms consisting of a rotating turntable, one
translational vertical plate, one translational horizontal plate
and the 4-element switched antenna. The data were col-
lected with a 1 MHz frequency step between 400 MHz
and 1 GHz.

In Fig. 12, we plot one row of the correlation matrix for
Case 1, the unswitched case. The four spikes correspond to
the four repeated measurements, which were intentionally
used to study the analysis approaches. The height of the
spikes changes somewhat because the continuously moving
stirrers moved slightly during the acquisition time (below
1 ms).

Fig. 13 plots the effectively uncorrelated samples (Njng
or Nggr) for the three approaches, where each approach
is denoted with a different symbol. We averaged the
IEC/3GPP and Circular-Shift Correlation Matrix approaches
over 100 MHz (yielding nine data points) and used a
400 MHz correlation-matrix calculation bandwidth for the
Full Correlation Matrix approach (yielding five data points).
The IEC threshold pg = 0.37 was adjusted according
to (1) to provide rjjm = 0.3255. This threshold was applied
to all three methods. The horizontal dashed line denotes
Negr = 150.

Three cases from Table 2 are plotted in Fig. 13 with dif-
ferent colors. We expect to see some correlation between
samples in the 400 MHz - 600 MHz frequency range
because this is below the chamber’s rated frequency of oper-
ation. All three approaches capture this effect. Case 1, not
switched, is plotted in blue. For this case, we expect to see
Negr =~ 150 above 600 MHz, as shown by the Circular-Shift
Correlation Matrix (triangles) and Full Correlation Matrix
(squares) approaches Note that Neg < 150 at the lower
frequencies because the stirrer speed did not sufficiently
exceed the sampling speed as noted in Table 2. However, we
see that the IEC/3GPP approach (circles) cannot identify the
spatial correlation between non-adjacent samples (illustrated
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FIGURE 13. The IEC/3GPP approach (circles) compared to the Circular-Shift
Correlation Matrix approach (triangles) and Full Correlation Matrix (squares) approach
for three switching cases. The switching cases are differentiated by color. Blue is
Case 1 (not switched), red is Case 3 (200 ms switching time) and green is Case 4

(500 ms switching time). The IEC/3GPP overesti the unswitched case because it
cannot assess the non-spatially adjacent samples.

in Fig. 12). This method overestimates the maximum value
of Negr = 150, with values ranging from 300 to 600. As dis-
cussed in Section II-A and highlighted in [16], the IEC/3GPP
method was not developed to detect non-adjacent spatial
correlation, but an extension to the correlation-matrix-based
approaches would provide an easy correction for this.

Case 3 (200 ms switching time) and Case 4 (500 ms
switching time) are plotted in red and green, respectively.
Here we expect all three approaches to provide the max-
imum value of Ngg = 600 above the 650 MHz rated
lower limit of the chamber, and all are very close to
this. Below 650 MHz, we see some additional correlation
between samples, especially for Case 3, because the antenna
switch changes between antenna elements so quickly that the
positioners have not adequately randomized the boundary
conditions for the lowest frequency points.

C. MILLIMETER-WAVE DATA IN LOADED AND
UNLOADED CHAMBERS

Our next example demonstrates the effectiveness of the
correlation-matrix-based approaches with data collected in a
large reverberation chamber at millimeter-wave frequencies.
For this example, the stirring sequence again has 600 sam-
ples with three different loading conditions. While we expect
the number of effectively uncorrelated samples to decrease
as the loading with RF absorber increases, because of the
large size of the chamber with respect to the electrical wave-
length, the reduction in Negr with loading is much smaller as
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compared to the lower-frequency cases. This example illus-
trates that the Full Correlation Matrix approach may provide
additional information on the reverberation-chamber config-
uration because it retains the phase relationships between
measured samples prior to computing |rl9°”|2.

We used a chamber of size 3.50 m x 2.30 m x 2.69 m
for these measurements. The stirring mechanisms consisted
of a rotating turntable, two vertical plates and two horizon-
tal plates. All were operated in stepped-mode conditions.
During the stepped-mode stirring sequence, the number of
samples was evenly divided between three stirrer groups.
In this example, with 600 samples, each stirrer group is
measured at nine positions (v/600 rounded up to the nearest
integer). The stirrer groups are (1) the turntable; (2) one hor-
izontal one vertical plate; and (3) the other horizontal and
vertical plate. A single, unswitched omnidirectional antenna
was used.

We collected data from 28 GHz to 40 GHz in 1 MHz
frequency steps. The chamber was unloaded, or loaded
with one or two RF absorbers having dimensions
60 cm x 60 cm x 10 cm. The coherence bandwidths for
the zero-, one-, and two-absorber cases were approximately
2.3 MHz, 3.3 MHz and 4.0 MHz, respectively. These val-
ues were somewhat lower in the lower half of the 28 GHz
to 40 GHz band, and somewhat higher in the upper half of
the band, on the order of 0.1 MHz. As mentioned earlier,
while not currently required for 3GPP base-station test pro-
cedures, loading broadens the coherence bandwidth, allowing
demodulation of the signal without distortion introduced by
the chamber set-up [20], [21], [26].

For the Full Correlation Matrix approach, the analysis
was performed over 600 MHz correlation-matrix calcula-
tion bandwidth intervals, each separated by 300 MHz. The
large analysis bandwidth is intended to provide approxi-
mately as many observations as stirring-sequence samples
for this approach. From (1), the value of rjj, for pp = 0.37
and N = 600 was 0.3255.

Fig. 14 plots the number of effective samples when the
chamber was loaded with two RF absorbers. For the other
cases, Nef = 600 across the frequency band. For the
two-absorber loading case, both the IEC/3GPP and Full
Correlation Matrix approach show a small reduction to
around N = 595. As the right axis on the graph shows,
this is within the 95% confidence interval for the Full
Correlation Matrix approach. Note that correlation between
stirring-sequence samples between adjacent pairs (near to the
diagonal of the correlation matrix) is detected by all three
approaches, but off-diagonal correlation would not be. Thus,
the three approaches do not track identically.

Fig. 15(a) provides a zoomed-in plot of the unthresh-
olded correlation matrix of |rl‘?.°“|2 for the two-absorber case
computed over the 600 MHz correlation-matrix calculation
bandwidth. This graph shows a structure of correlation that
is clearly apparent for any calculation bandwidth. For this
dataset, both the Circular-Shift Correlation Matrix approach
and the Full Correlation Matrix approach capture changes in
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FIGURE 14. Estimate of Ny using all three approaches and the 95% confidence
interval as a function of frequency for a millimeter-wave-band measurement. Left axis:
Nett for two-absorber case. Right axis: 95% confidence interval for N3g".

the off-axis correlation with frequency. However, the reten-
tion of the phase relationships between frequencies during
the analysis with the Full Correlation Matrix approach allows
us to view spatial correlation patterns related to the stirring
sequence.

To visualize this clearly, Fig. 15(b) plots one row of
the unthresholded correlation matrix |r°J‘rC|2 Each line is
computed at a single frequency, and low-level correlation
is visible for various pairs of stirring-sequence samples.
Fig. 15(c) plots one row of the unthresholded correlation
matrix |r$°7|2. Here, the frequencies refer to a center
frequency around which the 400 MHz correlation-matrix
calculation bandwidth is centered. The structure in the
correlation becomes apparent with this analysis.

These results show that even for large chambers at
millimeter-wave frequencies, the effects of spatial corre-
lation can be clearly identified. For the case shown here,
the level of correlation is insignificant and is thresh-
olded out. However, such analyses could be used to
improve the chamber configuration or stirring sequence,
if desired.

IV. DISCUSSION

Results illustrate that, when thresholded, both of the
correlation-matrix-based methods described here can be
used to compute the correlation between all pairs of sam-
ples in a stirring sequence, not just the adjacent samples
as is done in the current standards. A brief discussion
highlighting the differences between the two approaches
follows.

The Circular-Shift Correlation Matrix approach computes
correlation at a single frequency (i.e., a single observation of
the stirring sequence). As discussed, this method may then
require frequency averaging of the NCer values to obtain
a meaningful result if Neg changes rapldly as a function
of frequency, as shown in Fig. 4(a). As well, thresholding
must be performed at each frequency, which increases the
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FIGURE 15. Unthresholded correlation matrix for a large reverberation chamber
loaded with two RF absorbers (CBW ~ 4.0 MHz): (a) Zoom-in on 100 samples of the
correlation matrix of |r,5,?°"|2 computed over a 600 MHz bandwidth. (b) One row of the
correlation matrix of |r,.§"°|2 computed at three individual frequencies. (c) One row of
the correlation matrix of |r;""|2 computed at three center frequencies over a 600 MHz
bandwidth.

computational burden. However, this method is well-aligned
with current standardized autocorrelation approaches and can
capture frequency dependent behavior in the chamber well.
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For the Full Correlation-Matrix approach, correlation is
computed over a band of frequencies, providing multiple
observations of the stirring sequence. For this approach,
frequency averaging is effectively carried out during the cal-
culation. However, the use of several frequencies may smooth
out frequency dependent behavior of the reverberation-
chamber configuration that may be caused by antenna nulls
or other effects that change rapidly with frequency, as shown
in Section III-A, where the uncertainty increased when the
chamber characteristics changed rapidly with frequency. On
the other hand, this approach allows the user to estimate the
variance and perform a rigorous calculation of the uncer-
tainty in the estimated value of Ngg" based on multiple
observations of the same stirring sequence. As shown
in Section III-C, retention of the phase information also
allows the observation of structure in the stirring sequence
not observable with the frequency-point-by-frequency-point
autocorrelation methods.

Turning to the uncertainty analyses, our study of boot-
strapping to find the uncertainty in an estimate of Negr allows
us to draw some important conclusions. First, our estimate
of the bootstrap statistics was enhanced by use of all of
the measured frequencies F within the correlation-matrix
calculation bandwidth, not the subset F’ spaced by the coher-
ence bandwidth, as was proposed in [7]. For example, in
the five-absorber case with CBW ~ 3.3 MHz discussed in
Section II-D1, instead of using 400/3.3 ~ 121 samples to
form the data matrix, we used all 400 samples. Using as
much information as possible to construct the correlation
matrix reduced the uncertainty in our estimate of the vari-
ance. However, as pointed out in [7], it is indeed necessary
to provide a sufficient number of independent observations
F’ to adequately approximate the variance. We found that
a rule of thumb that the number of observations be greater
than or equal to the number of stirring samples reduced
the bootstrap variance. In summary, a minimum number of
independent observations F’ is necessary, but restricting the
covariance matrix to use only uncorrelated frequencies is not
a requirement.

Second, we observe that the estimate of Neg can be sen-
sitive to the choice of threshold. This indicates that use of a
standardized value of threshold may result in an approximate
value for Negr.

Finally, in this paper we do not explicitly evaluate the
uncertainty of estimates in [7] of the actual (unthresh-
olded) number of independent samples in a collection of
reverberation-chamber measurements, focusing instead on
the lower bound corresponding to the IEC/3GPP method.
However, the bootstrapping approach we develop here is
general and easily adapted to evaluating the uncertainty in
Netf, unthresholded from [7] as well, potentially allowing for
better evaluation of the actual uncertainty of other quan-
tities derived from reverberation-chamber measurements,
including TRP and TIS. Such uncertainties would also be
used when one wishes to compare measurement systems to
determine which system is more accurate.
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V. CONCLUSION AND FUTURE WORK

We presented two approaches for estimating the number of
effectively spatially uncorrelated samples in reverberation-
chamber measurements of wireless devices. The approaches
both utilize full correlation matrices to identify pairwise cor-
relation between samples in the stirring sequence collected
at non-spatially adjacent locations.

We applied a bootstrap approach to study components
of uncertainty related to the use of correlation-matrix-based
approaches. We found that uncertainty in the estimate of
Negr from the use of imperfect measurements of the correla-
tion coefficients had a limited effect in our microwave-band
measurements, but was important for our measurements in
the band between 28 GHz and 40 GHz. The sensitivity of
Netr to the choice of threshold was shown to be significant
for situations in which Ng changes rapidly as a function of
frequency. Finally, measured data illustrated the importance
of frequency averaging for autocorrelation approaches when
the value of Njg or Neg changes rapidly as a function of
frequency.

All three of the measurement examples presented in
Section III demonstrated that both of the correlation-matrix-
based approaches provide estimates of the number of
effectively uncorrelated samples that are sufficiently simi-
lar to the existing IEC/3GPP approach that they could be
considered “backward compatible” with current standards
documents. Use of these approaches could then allow stan-
dardized test methods involving innovative, efficient stirring
sequences and the assessment of new chamber types such
as the vibrating intrinsic reverberation chamber (VIRC), for
which a predictable, repeatable stirring sequence is not possi-
ble. Stirring methods such as antenna switching and diversity
could be readily used to increase the number of effective
samples, allowing improved efficiency while reducing uncer-
tainty related to the stirring sequence for both loaded and
unloaded chambers.

APPENDIX

CREATING AND THRESHOLDING THE COMPLEX

CORRELATION MATRIX

For the correlation-matrix-based approaches described in

Sections II-C1 and II-C2, once the data matrix of complex

S71 parameters has been formed as illustrated in those sec-

tions, only a few lines of code are required to calculate the

correlation coefficients, form the correlation matrix, apply
the threshold and compute the number of effective samples.

We present an example implementation, along with the cor-

responding commands for popular computational packages

MATLAB and Python with the NumPy library [38]':

l.a) Circular-Shift Correlation Matrix approach: Form
N x N data matrix X' of measured complex S71
parameters having N rows and columns of stirring
samples.

1. Mention of product names does not imply endorsement by NIST. Other
products may work as well or better.
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1.b)

2)

3)

4)

5)

MATLAB:
for k = 1:N;
S(k, :) = circshift (X(:), k);
end
Python:

for k in range (N):
S[k, :] = np.roll (X, —k)

Full Correlation Matrix approach: Form F x N data
matrix X°™ of measured complex Sy; parameters with
F rows of frequency vectors (observations) and N
columns of stirring samples.
MATLAB:

S = X(I:F, 1:N);
Python:

S = X]|O:F, 0:N]
Compute N x N correlation matrix R of complex rl.cjirc
or ri™ values.
MATLAB:

R = corrcoef(S);
Python:

R = np.corrcoef (S)

Compute N x N correlation matrix R2 from R, with
elements consisting of |ri°jir°|2 or |rl?j°”|2 values.
MATLAB:

R2 = abs(R)."2;
Python:

R2 = np.abs(R)**2

Set values of R2 to zero that are less than or equal to
Iim-
MATLAB:
R2(R2 <= rlim) = O;
Python:

R2[R2 <= rlim] = 0
Compute the number of effective samples using (3).
MATLAB:

R2Abs = sum(sum(R2));

Neff = round(N"2/R2Abs);
Python:

r_N = np.sum(R2)

Neff = N**2/r_ N

Note: The test data reported in this manuscript and a
MATLAB version of the Full Correlation Matrix approach

are

available on the NIST Public Data Repository at

https://doi.org/10.18434/mds2-2868.
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