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ABSTRACT In this paper, an analytical formulation of the infinite dipole array scan impedance is
presented. The primary contribution of this work is the introduction of a lossy transmission line analogue
which simultaneously models the Floquet modal impedances as well as the reactive properties of the
dipole’s physical geometry. A scan dependent line inductance is implemented, resulting in accurate
impedance predictions at extreme scan angles. The model accurately predicts the input scan impedance of
tightly-coupled arrays and connected arrays for a variety of element geometries. Ground planes, substrates,
superstrates, and feed structures are also incorporated in the model. Calculated impedances are compared
to full-wave electromagnetic models, demonstrating high accuracy predictions from broadside to near 90◦
in each scan plane. Finally, an array which scans to 60◦ in each scan plane is rapidly optimized using
only the transmission line model and compared to full-wave simulations, achieving a 3:1 VSWR over
a 6.1:1 bandwidth, demonstrating the value of the model as a starting point for array design.

INDEX TERMS Dipole arrays, equivalent circuits, tightly coupled dipole array (TCDA), ultra-
wideband (UWB) array.

I. INTRODUCTION

DIPOLE arrays are a popular architecture for
achieving wideband performance with scan capa-

bility, with the additional advantage of improved cross-
polarization compared to other wideband elements such as
Vivaldi antennas [1]. Notably, the tightly coupled dipole
array (TCDA) has been shown in the literature to achieve
these features. The TCDA, sometimes called a closely-spaced
array, was first proposed by Munk [2] as a practical realiza-
tion of Wheeler’s theoretical infinite current sheet array [3],
intended to achieve wide impedance bandwidths using an
array of planar dipoles. The “tightly coupled” descriptor
refers to the strong capacitive coupling between adjacent
elements, which is implemented in order to counteract the
inductance caused by a conductive ground plane beneath the
dipole elements. Since Munk’s initial innovation, a number
of TCDA’s have been described in the literature, reporting
bandwidths including 5:1, 10:1, and 46:1 [4], [5], [6]. Many
of these designs incorporate additional design characteristics,

including dielectric loading, unique schemes, and frequency
selective surfaces, in order to achieve additional bandwidth.
A common technique to begin designing and optimiz-

ing such arrays is to leverage an impedance model based
on the physical properties of the array. This has been
achieved via equivalent circuit models such as Munk’s, as
well as analytical formulations based on Green’s functions by
Cavallo et al. [7]. Existing circuit models are lacking how-
ever, in that they are often inaccurate at the band edges and
at large scan angles in the E-plane, resulting in extensive
manual optimization in full-wave electromagnetic solvers.
Methods based on Green’s functions demonstrate high accu-
racy but are formulated for 2D current distributions and
require approximations for 3D elements, potentially limiting
intuition for the relationship between physical parameters
and performance.
This work introduces an intuitive representation for the

infinite dipole array impedance by modelling the dipole reac-
tances using a lossy transmission line terminated with the
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inter-element impedance. Past models [2] have utilized loss-
less transmission lines for the Floquet modal impedances, but
in this paper the Floquet modal transmission lines are used to
calculate the series losses on a dipole equivalent transmission
line, accurately incorporating both the reactance due to the
ground plane and the reactance due to the physical geometry
of the element. The result is a versatile model which does
not rely on the computation of geometry-dependent Green’s
functions.
This transmission line model has the advantage of sim-

plicity, with impedance values based on readily calculated
physical parameters for common geometries. It is also
valid for non-planar designs, such as “egg-crate” PCB con-
figurations and fat wire dipoles. The proposed model is
demonstrated to accurately predict the scan impedance for
the dipole array, particularly for extreme scan angles. This
calculation is possible when the broadside impedance is
known a-priori or estimated via the physical element geom-
etry. The model addresses the fundamental scan impedance
behavior of the dipoles themselves, regardless of additions
such as feed structures, baluns, and frequency selective sur-
faces (FSS), although it is also capable of incorporating
these. Additional array performance properties, such as radi-
ated fields and inter-polarization common-mode behavior, are
beyond the scope of most existing circuit models as well as
the proposed new model.
Within this paper, Section II summarizes the conven-

tional TCDA circuit model, which is used as a partial basis
for the improved model. Section III compares the conven-
tional circuit model and the Green’s function approach to
full-wave simulations of a wire array, demonstrating their
limitations. Section IV describes the new transmission line
model and provides formulas for each model parameter.
Section V applies the new model to three different dipole
array geometries to demonstrate its accuracy and versatil-
ity. In Section VI, feed structures are introduced, and the
new model is applied to a wide-scanning array optimization
problem, showing its value as a starting point for array
design. In Section VII, comparisons to other methods and
arrays are discussed, as well as future work to expand the
scope of the model.

II. THE CONVENTIONAL TCDA EQUIVALENT CIRCUIT
MODEL
As a starting point, we will briefly review the existing, con-
ventional model for the TCDA before adapting it to the
more general case of a dipole array with arbitrary inter-
element impedances. This model for the core scan behavior
(not including secondary additions such as baluns or FSS)
remains in prominent use in the past 5 years, particularly
among leading TCDA research groups [8], [9], [10].

Munk’s original TCDA leveraged an equivalent lumped
circuit model to represent the scan impedance behavior of
the dipole array, and many designs since have likewise relied
on equivalent circuits. The most common equivalent circuit is

FIGURE 1. The conventional equivalent circuit model for the ideal TCDA input
impedance (with ground plane reflector).

shown in Figure 1. Within the circuit model, the characteris-
tics of the dipole element are described by a series inductance
(LDIPOLE) and a coupling capacitance (CCOUPLING). These
components are then connected in series to a set of trans-
mission lines (TLSUPER, TLSUB) in parallel representing the
radiation impedance of the embedded element in terms of
the forward and back-propagating radiating Floquet modes.
The forward propagating mode is modelled as a transmission
line connected to a free space modal impedance (Z0), while
the backward propagating mode terminates in a short circuit,
representative of the infinite ground plane. The length of the
backward-propagation transmission line is set equal to the
height of the dipoles above the ground plane (HSUB), while
the length of the forward-propagation transmission line is
set equal to an optional superstrate thickness (HSUPER).
The impedance (ZSUPER, ZSUB) and propagation constants

(βSUPER, βSUB) of the transmission line segments are deter-
mined by the characteristics of the scanned Floquet modes
in the media above and below the array, as well as the
ratio of the E and H plane element spacing. Munk and oth-
ers based their formulation of the Floquet scan impedance
on that of Wheeler [3], who in turn referenced Stark in
his derivation [11]. Wheeler arrived at a scan dependence
for the Floquet modes which was equivalent to the field
pattern function of the array, F(θ)2, divided by an aper-
ture foreshortening term cos θ . It was assumed that F(θ)2

is equal to cos2θ in the E-plane, with no variation in the
H-plane. The result is a Floquet modal impedance that varies
according to cos θ in the E plane, and 1/cos θ in the
H plane.
The free-space impedance, Z0, has the same scan and unit

cell dependence as the Floquet modes. Unlike the Floquet
modal impedance, the propagation constants for the transmis-
sion line segments are only geometrically dependent on the
component of the propagation vector normal to the array.
Thus, a simple cos θ term is used to set the propagation
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constant of the scanned mode, along with the dielectric prop-
erties. Many arrays since Munk’s original design, including
that of Doane et al. [12], have included a dielectric super-
strate to improve the wideband performance of the array.
In modelling these arrays, sub-sections of transmission line
are introduced with impedance and propagation constants
appropriately scaled according to the relative permittivity
and permeability of the materials. The impact of refraction
on the normal-oriented propagation vector is also accounted
for by calculating the angle of refraction θR from layer
to layer.
Finally, some designs, including Doane’s have included

models of feed structures which provide a realistic means to
supply a signal from beneath the ground plane up to the feed
point of the dipole. In the following sections of this paper,
we will initially examine the scan impedance without feed
structures but will later integrate them into the model for
optimization purposes. The full set of equations governing
the conventional equivalent circuit model, which align with
those reported by Doane, are

ZETL = dE
dH

√
μ0μr

ε0εr
cosθR (1)

ZHTL = dE
dH

√
μ0μr

ε0εr

1

cosθR
(2)

ZE0 = dE
dH

√
μ0

ε0
cosθ (3)

ZH0 = dE
dH

√
μ0

ε0

1

cosθ
(4)

βTL = √
μrεr cosθR (5)

θR = sin−1
(

sinθ√
μrεr

)
(6)

where dE is the array spacing in the E plane, dH is the array
spacing in the H plane, μr is the relative permeability of
the media, and εr is the relative permittivity of the media.
Superscripts E and H denote whether the impedance is
defined for the E or H plane scan, and the TL and 0 subscripts
denote whether the impedance is that of the transmission line
sections or upper radiating half-space, respectively.
We note that this conventional circuit model defines the

core scan impedance of the array. Various additions such as
FSS, multi-layered superstrates, and matching-network inte-
grated feed structures [8], [9], [12] serve primarily to match
to this impedance or otherwise modify it. Thus, it is critical
to correctly model the core behavior, including both the radi-
ating modes and the reactive properties of the dipole itself,
in order to achieve an accurate model.

III. PERFORMANCE OF THE CONVENTIONAL TCDA
CIRCUIT MODEL
An accurate model for the scan impedance will minimize
error at scan for all scan angles simultaneously. To evaluate
the accuracy of the conventional model’s scan impedance
formulation, a wire TCDA was first simulated with a PEC
ground plane and no dielectric superstrate or substrate. The

TABLE 1. Conventional circuit model values of the TCDAs.

FIGURE 2. Geometry of the simple wire TCDA (not to scale).

inductance and capacitance values for the wire TCDA cir-
cuit model were initially estimated analytically based on the
dipole dimensions. Afterwards, precise values were numer-
ically optimized by comparing to the full wave model at
broadside scan. This allowed for isolating the accuracy of
the model’s scan dependence from other factors such as
specific circuit parameter values.
The analytically estimated and broadside-fit parameters

are listed in Table 1 for the example wire TCDA. The input
impedance was simulated at broadside as well as at 45◦ in
both the E and H-scan planes. A notional band of 0.5 to
5 GHz was used to demonstrate the wideband accuracy of
the lossless equivalent circuit model. The unit-cell geometry
of the example TCDA is shown in Figure 2.
The wire TCDA was designed to validate the core scan

behavior of the conventional equivalent circuit model; it
was not optimized for performance. The capacitive coupling
between dipole elements was formed solely by the fields
between the tips of adjacent dipoles. To calculate the wire
dipole arm inductance, the thin-wire formulation given by
Rosa [13] was used

LDIPOLE = μ

π

(
l ∗ log

(
l+ √

l2 + ρ2

ρ

)
−

√
l2 + ρ2 + l

4
+ ρ

)

(7)

where l is the total length of one dipole arm (such that
l = dE −WFEED −WCAP)/2 and ρ is the radius of the wire,
resulting in LDIPOLE = 11.3 nH. For the coupling capacitance
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FIGURE 3. (a) Broadside input impedance of the thin wire TCDA, comparison of
CST, Conventional Circuit Model, and Green’s Function Model (b) H-plane 45 scan with
the same parameters, and (c) E-plane 45 scan with the same parameters.

between wire tips, the radius of the wire is approximately
100 times larger than the gap, and thus a parallel plate
approximation of the capacitance is sufficient:

CCOUPLING = ε0πρ2

WCAP
(8)

The resulting coupling capacitance is CCOUPLING =
0.28 pF. In addition to the coupling capacitance, a shunt
capacitance CGAP is also included in parallel to the
TCDA circuit to account for the capacitance across the dipole
feed gap WFEED; this component has been demonstrated in
previous models in the literature [14].
Because the analytical calculation of circuit values is only

approximate, a minimization algorithm in MATLAB was
used to find precise values that generated the least error at
broadside. With the exception of the feed gap capacitance
(which did not conform to the parallel plate approximation),
the error-fit component values were found to be within ∼15%
of the analytically calculated values, indicating their physi-
cal plausibility. These values were then used in subsequent
circuit models in order to ensure that any error was isolated
to the scan impedance formulation, and not the individual
component values.
Next, the H-plane and E-plane scan impedances were eval-

uated at 45◦, with results shown in Figure 3 compared to
full-wave simulations in CST Microwave Studio. While the
H-plane scan demonstrates strong agreement on par with
that of the broadside impedance, the E-plane scan imag-
inary impedance for the conventional equivalent circuit is

inaccurate, demonstrating excessive series inductance. In
Section IV, the cause of this disagreement is explored.
In addition to the conventional circuit model, the predicted

impedance using the Green’s function model [7] was also
plotted in Figure 3. Because the modelled unit cell features
a 3D wire and the Green’s function approach is 2D, an
approximation was used to set the dimensions of the current
distribution, wherein the width of the current distribution was
equal to four times the radius of the thin-wire [15]. High
accuracy was observed for the Green’s function method,
but the computational implementation was significantly more
complex, requiring a double summation of Bessel functions.
The Green’s function performance was optimized for exe-
cution in MATLAB via extensive vectorization and used
a bound of +/− 20 samples to approximate the infinite
double summation, which achieved convergence. In contrast
to the 1600 calculations required for the Green’s function
method, the conventional circuit model required only two
transmission line equations per scan.

IV. THE LOSSY TRANSMISSION LINE MODEL
A. THE TRANSMISSION LINE EQUIVALENT FOR THE
SMALL DIPOLE
Several adjustments to the conventional model result in sig-
nificantly improved accuracy, particularly at large E-plane
scan angles. First, it is observed that the conventional cir-
cuit model over-simplifies the reactive field behavior of the
electrically small dipole comprising the unit cell by omitting
the dipole self-capacitance. A more accurate representation
may be obtained by considering the dipole as a short, lossy
transmission line. This representation is valid due to the field
behavior of the radiating structure.
Consider a small subsection of current IN on one arm

of the dipole, shown in Figure 4 (a). The section possesses
a series inductance due to the relation of IN to the surround-
ing magnetic field flux. The same small section possesses
a shunt capacitance due to the arcing electric field lines
between the two dipole arms. A radiation resistance is
also associated with the small section, corresponding to the
energy which couples to the far-field. An equivalent cir-
cuit for the lossy small dipole in free space is shown in
Figure 4 (b).

This periodic circuit is equivalent to that of a lossy trans-
mission line with zero shunt conductance. Thus, we can
model the impedance of the dipole using equations for
the lossy transmission line input impedance. Similar mod-
els have been previously employed for conical dipole input
impedances [16] but have not been applied to infinite arrays.
When the small dipole is placed in an infinite array, the radia-
tion resistance is replaced with the Floquet modal impedance
based on the lattice spacing, ground plane, superstrate, and
substrate. The transmission line is no longer terminated in
an open-circuit, but now terminates in the inter-element
impedance, as shown in Figure 5. Practically, the distributed
properties of the transmission line can be approximated by
taking the total inductance and capacitance associated with
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FIGURE 4. (a) Field behavior of an electrically short dipole of constant current
and (b) the periodic lumped element transmission line equivalent of the same.

FIGURE 5. The lossy transmission line circuit model for the infinite dipole array
input impedance.

the small dipole and dividing it by the length of the line for
use in the transmission line equation.

B. THE DIPOLE INDUCTANCE SCAN FACTOR
When simulating the E-45◦ scan impedance for the ideal wire
TCDA (Figure 3), it is evident that the imaginary impedance
is overestimated by the conventional model in Section III;
this directly corresponds to an excess of series inductance in
the circuit. Both Wheeler [3] and Stark [11] expressed the
variation of dipole radiation resistance in terms of the field
pattern function Fm(θ)2 divided by a cosθ factor due to the
foreshortening of the projected radiating aperture with scan.
For a simulation utilizing impressed voltage sources, the
currents on the array vary with scan according to the pattern
function. As the currents determine both the resistance and
reactance of the impedance, it is evident that any component
of the reactance which experiences the same currents as the
resistance will also vary with scan according to the same
dependence.
Within the lossy transmission line model, the line induc-

tance is in series with the radiation resistance and thus
also varies according to the pattern function. Unlike the

resistance, however, the scan reactance does not have an
aperture dependence since the corresponding energy is not
radiated; thus, no cosθ factor is divided out. Consequently,
the inductance can be understood to vary from its broadside
value according to the normalized Fm(θ)2 as the array scans.
For a short dipole length (l < λ/4), the dipole inductance
LDIPOLE(θ) for the transmission line model of the dipole
array effectively varies according to

H − Scan: LDIPOLE(θ) = LB (9)

E − Scan: LDIPOLE(θ) = LB|cos(θ)|2 (10)

where LB denotes the inductance at broadside, which can
be estimated with (7). The validity of the inductance scan
dependence is demonstrated in Section V for all elevation
angles when scanning in the E-plane.

C. LOSSY TRANSMISSION LINE MODEL VALUES
Incorporating the aforementioned effects, the generalized
lossy transmission line model is shown in Figure 5.
The transmission line is terminated in the inter-element
impedance ZINT , and a shunt capacitance CGAP is included
at the feed ports to account for the capacitance across the
dipole feed gap. In the case of the TCDA, ZINT is equal to the
impedance of the capacitance between dipoles, CCOUPLING.
For a connected dipole array, ZINT = 0.
The transmission line input impedance is given according

to the shunt combination of the feed gap capacitance with
the classic transmission line input impedance:

ZIN = 1

jωCGAP
||Z

TL

ZINT + jZTLtan(kTLl)

ZTL + jZINT tan(kTLl)
(11)

where ZTL is the characteristic impedance of the lossy
transmission line analogue, kTL is the complex propagation
constant of the line, and l is the length of the line, equal
to half the length of the dipole. These values are calculated
using the lossy transmission line equations with the shunt
conductance set equal to zero:

ZTL =
√
ZRAD(θ) + jωLDIPOLE(θ)

jωCDIPOLE
(12)

kTL = (1/l)
√−(ZRAD(θ) + jωLDIPOLE(θ))( jωCDIPOLE)

(13)

In (12) and (13) CDIPOLE is the self-capacitance of the
dipole, LDIPOLE(θ) is the scan-dependent self-inductance
of the dipole, and ZRAD(θ) is the scan-dependent radia-
tion impedance. Note the (1/l) term in (13) corresponds to
the conversion from total dipole parameter values to per-
unit-length values such that the propagation constant kTL is
appropriately scaled. The term ZRAD(θ) is the parallel com-
bination of the backward and forward propagating Floquet
modal impedances, calculated according to:

ZRAD(θ) = ZSUBIN ||ZSUPERIN (14)
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TABLE 2. TL model values of the wire TCDA.

In (14), ZSUBIN and ZSUPERIN are the scan-dependent input
impedances of the superstrate and substrate Floquet trans-
mission line analogues shown in Fig. 1, whose parameters
are described in (1) - (6). The value of ZRAD(θ) serves the
role of series resistance per unit-length in a conventional
lossy transmission line equation. For this model, a complex
impedance is necessary to represent this value due the poten-
tial inclusion of a ground plane, superstrates, and substrates
which contribute a reactive component. This reactance cor-
responds to the reflection of radiated field components due
to these additions. In contrast, LDIPOLE(θ) and CDIPOLE cor-
respond to the reactive behavior associated with the physical
geometry of the element itself.
The self-capacitance CDIPOLE must now be incorporated,

and it is useful to have an analytical approximation. A simple
approximation for the self-capacitance has been provided by
McDonald [17]:

CDIPOLE ≈ πεl

2 ln
(

l
2ρ

) (15)

where l is the length of one dipole arm (l = dE/2 = 0.7 cm),
and ρ is the radius of the wire (ρ = RWIRE = 0.1 mm). This
approximation holds true for short dipoles with small feed
gaps and uniform current. The resulting self-capacitance for
the wire TCDA example is found to be CDIPOLE = 44.5 fF;
upon performing a broadside error-fit, a physically plausi-
ble value of CDIPOLE = 59.1 fF was found to be ideal.
In Table 2, the analytically calculated values for the wire
TCDA are listed, as well as new error-fit values at broadside
for the improved model. For most parameters, the error-fit
values for the new model are closer to the analytically-
calculated values than the original model values shown in
Section II.

V. VALIDATION OF TRANSMISSION LINE MODEL WITH
FULL-WAVE SOLVER
A. THE TRANSMISSION LINE EQUIVALENT FOR THE
SMALL DIPOLE
Using the lossy transmission line model with the error-fit
values in Table 3, the scan impedance is calculated and
compared to the impedance from a CST full-wave model
in Figure 6, demonstrating near-perfect agreement for 45◦
scan. Furthermore, the scan impedance is also plotted for
60◦ and 85◦ in the E and H-planes, showing equally good
agreement. There is no change in the broadside impedance
observed in Figure 3. With the model now proven to accu-
rately represent the scan impedance behavior for a thin wire
TCDA, it is next applied to other dipole array geometries.

FIGURE 6. (a) E and H plane 45◦ real (black) and imaginary (grey) scan input
impedance of the thin wire TCDA, comparison of CST and Transmission Line Model,
(b) E and H plane 60◦ scan (c) E and H plane 85◦ scan.

TABLE 3. TL model values of the fat wire connected array.

B. THE FAT WIRE CONNECTED DIPOLE ARRAY
To demonstrate the robustness of the transmission line model,
it is next applied to a fat-wire (ρ > l/10), connected dipole
array with a PEC ground plane. All geometric parameters
shown in Figure 2 are preserved except for RWIRE, which was
set equal to 0.1 cm (a 10x increase), andWCAP which was set
equal to 0. Analytical estimates for each model parameter,
as well as the minimized-error broadside fit, are given in
Table 3, showing strong physical plausibility. The modelled
impedance is plotted in Figure 7, again demonstrating near-
perfect agreement with the full-wave model. Note that while
the 85◦ scan was not plotted here for sake of brevity, it had
similar near-perfect agreement.

C. THE PCB TIGHTLY-COUPLED DIPOLE ARRAY
To further validate the transmission line model, it was also
applied to the PCB TCDA described by Doane, with an
ideal feed port [12]. All geometric parameters were dupli-
cated, and the plotted results were re-created to ensure
a direct comparison (not shown for brevity). This model
represents a significantly more complex geometry, including
a tapered dipole feed section, overlapping capacitive sec-
tions, and dielectric superstrate. As was done previously for
the wire TCDA, values were fit to the model at broadside,
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FIGURE 7. (a) Broadside real (black) and imaginary (grey) input impedance of the fat
wire connected dipole array, comparison of CST and Transmission Line Model (b) E
and H plane 45◦ scan (c) E and H plane 60◦ scan.

TABLE 4. TL model values of the PCB TCDA.

and then used when calculating the scan impedance. The
original values used by Doane, as well as the broadside
error-fit values, are shown in Table 4; the error-fit values
are physically plausible given the dimensions of the dipole
arms. The lossy transmission line impedance model at broad-
side scan is shown in Figure 8 (a); the E and H-plane scan
impedances at 45◦ and 60◦ are shown in (b) and (c), demon-
strating close agreement over the band. Although not shown
for sake of brevity, the transmission line model better predicts
the impedance compared to [12].
Note that the agreement between the circuit model and

the full-wave simulation is degraded at the upper edge of
the band for the 60◦ H-plane scan. This is because the PCB
TCDA features a tapered feed, which results in a varia-
tion in the element reactance. In a future effort, this effect
could be incorporated by cascading multiple sections of lossy
transmission line with varying reactive properties instead of
a single line.

VI. OPTIMIZATION OF A WIDE-SCANNING DIPOLE
ARRAY WITH FEED STRUCTURES
A. DESIGN GOALS AND OPTIMIZATION MODEL
To demonstrate the value of the transmission line model for
practical array designs, a notional wide-scanning array was

FIGURE 8. (a) E and H plane 45◦ real (black) and imaginary (grey) scan input
impedance of the PCB TCDA, comparison of CST and Transmission Line Model, (b) E
and H plane 45◦ scan (c) E and H plane 60◦ scan.

FIGURE 9. The lossy transmission line circuit model for the infinite dipole array
input impedance with vertical balanced feed structures.

designed using the model. A single-polarized TCDA was
optimized in MATLAB using the methodology described in
Section IV to scan out to 60◦ in both the E and H planes
while maximizing the 3:1 VSWR bandwidth. The design
was then validated in CST for each scan angle. Feed struc-
tures were included in the form of two vertical conductors
which form a balanced twin-lead transmission line from the
ground plane to the dipole feed point. The purpose of this
optimization was not to demonstrate a final, immediately
realizable design, but to show the accuracy of the transmis-
sion line model for a challenging problem that is beyond the
capability of existing circuit models.
In order to incorporate the balanced vertical feed structure,

the model was adjusted to add a lossless input transmission
line, shown in Figure 9. The feed line parameters are given
by its characteristic impedance, propagation constant, and the
height of the dipole array above the ground plane, given by
ZF , kF , and HSUB, respectively. For purposes of the optimiz-
ing the array, ZF and kF can be approximated using equations
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for the twin-lead line capacitance and inductance [18]:

CF = εrsubε0π

cosh−1
(
SF
DF

) (16)

LF = µ0

π
cosh−1

(
SF
DF

)
(17)

ZF = √
LF/CF (18)

kF = ω
√
LFCF (19)

where SF is the center-to-center spacing between the twin
lead conductors, and DF is the diameter of each conductor.
The dipole arms extend to the edges of twin lead conductors,
such that the feed gap WFEED = SF – DF. The substrate
dielectric is included between the vertical feed structures.
Due to the presence of the vertical conductors of the feed

line, the backward propagating Floquet modal impedance
changes; it is no longer scan dependent in the E scan plane
due to the shorting of vertically polarized electric fields
beneath the array [10]. Likewise, the propagation constant
is no longer scan dependent:

ZETLSUB = dE
dH

√
μ0μr

ε0εrsub
(20)

βTLSUB = √
μrεrsub (21)

B. ARRAY GENETIC OPTIMIZATION SETUP
In order to optimize the full-wave design, a genetic algorithm
was implemented in MATLAB, adapted from Gordy [19].
The genome for the algorithm consisted of the geomet-
ric dimensions of each aspect of the array, along with the
superstrate and substrate dielectric properties. The Floquet
transmission line model parameters were calculated based
on these dimensions using the equations previously listed
in (1)-(8). These formulations are generally accurate, with
the exception of the approximations for the dipole self-
capacitance and self-inductance which feature more variance.
To circumvent this limitation, a dipole wire radius WRAD of
0.1 cm was used and held static. Based on the previous sec-
tion simulating the fat dipole connected array with this same
radius, the per-unit length capacitance and inductance can
be calculated as 0.1 pF/meter, and 330 nH/meter, respec-
tively. Thus, for the genetic optimization, the broadside
self-capacitance and self-inductance are determined only by
changes in dE and the superstrate permittivity, which linearly
scales the self-capacitance.
Fitness for the algorithm was defined as the ratio of the

maximum to minimum frequency values within the largest
span having 3:1 or better VSWR. A frequency band of 0.1 to
5 GHz was simulated to allow for optimal fitness within
a subset of a large potential bandwidth of operation. A 100 	

feed port impedance was specified when calculating VSWR
for the array.

C. TCDA OPTIMIZATION RESULTS AND CST
COMPARISON
The genetic algorithm for the TCDA optimization converged
to a maximum fitness after simulating 310 generations of

TABLE 5. Optimized wide-scanning TCDA genome.

FIGURE 10. Geometry of the optimized dipole array unit cell, with zoomed in Feed
Point View (top), and 3D view of multiple unit cells in the infinite array
configuration (bottom).

100 candidates using the transmission line model at both
scan angles as well as broadside, totaling 93,000 simulations.
The total duration of the optimization was approximately
60 seconds using an 11th Gen Intel Core i7-1185G7
consumer-grade CPU. The optimal genome is listed in
Table 5, with a tightly-coupled array resulting. The modelled
optimized bandwidth ranged from 0.41 GHz to 2.6 GHz,
resulting in a predicted bandwidth of ∼6.3:1.
Using these parameters, along with the predetermined wire

radius, the unit cell was then generated and simulated in CST.
The resulting unit cell geometry is shown in Figure 10, with
a zoomed in view at the connection point between the dipole
arms and the vertical feed structures. The array geometry

VOLUME 3, 2022 1249



ROBINSON AND RAPPAPORT: LOSSY TRANSMISSION LINE MODEL

FIGURE 11. (a) Broadside real (black) and imaginary (grey) input impedance of the
optimized array, comparison of CST and Transmission Line Model, (b) E plane 60◦
scan (c) H plane 60◦ scan.

is realizable for fabrication with the possible exception of
the capacitive gaps between dipole arms. The interelement
capacitance was modelled in CST with a parallel plate geom-
etry, which required a very small gap (14 μm) to achieve
the optimized capacitance. In an actual array, an alternative
capacitive structure may be needed due to fabrication toler-
ances, such as interdigitated fingers at the ends of the dipole
arms or larger diameter capacitive plates.
A comparison of the simulated scan impedance between

the lossy transmission line model and the full-wave CST
model is plotted in Figure 11. No broadside fit or other
optimization of parameter values was utilized for this
comparison. Strong agreement is observed for each scan
angle over a greater than 10:1 simulated bandwidth, espe-
cially in the matched band (shaded gray region). The only
area demonstrating disagreement occurs at ∼3.0 GHz in the
H-plane scan, possibly due to the presence of the vertical
feed transmission lines affecting the dipole self-reactance,
causing the parameter estimates to be less accurate.
The VSWR of the full-wave design is shown in Figure 12,

demonstrating good agreement across the matched band.
The full-wave design based on the transmission line model
exhibits less than 3:1 VSWR from 0.44 – 2.7 GHz,
resulting in a 6.1:1 bandwidth. While a very slight devi-
ation has occurred from the MATLAB transmission line
model matched bandwidth, these differences may be cor-
rected by limited full-wave optimization and tweaking.
The total thickness of the array is equal to ∼0.11 λ

at 0.44 GHz.

FIGURE 12. (a) Broadside VSWR of the optimized array, comparison of CST and
Transmission Line Model, (b) E plane 60◦ VSWR (c) H plane 60◦ VSWR.

VII. DISCUSSION AND CONCLUSION
In this paper, a new model was described which lever-
ages lossy transmission line equations to accurately predict
the scan impedance of the infinite dipole array. The
model demonstrates high accuracy when the broadside
array impedance is known a-priori or estimated via phys-
ical parameters. It correctly predicts the scan impedance
at much greater angles than previously reported lumped
element circuit models, particularly in the E-scan plane.
It also enables accurate predictions for geometries that
are not readily described by existing Green’s function
based models for 2D current distributions, such as Doane’s
PCB TCDA.
The model was shown to be valid for tightly-coupled

arrays and connected dipole arrays with a variety of geome-
tries (thin wire, fat wire, and PCB). Although not explored
here, arbitrary interelement impedances via lumped compo-
nents are likewise possible, as well as arrays without ground
planes and asymmetric dipole elements. The model is com-
patible with potential inclusions of popular TCDA design
additions, such as FSS, matching network feed structures,
and multi-layered superstrates.
The value of the model was demonstrated by using it to

optimize a notional array to maximize bandwidth at large
scan angles in both the E and H planes. Optimizing the
transmission line model via genetic algorithm (with some
parameters known a-priori) required roughly 60 seconds with
an affordable consumer-grade processor. Near perfect agree-
ment was observed between the model and the full-wave
simulation over the matched band.
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The optimized array design features a fractional bandwidth
of 146%, which greatly exceeds the bandwidth of the individ-
ual dipole element in free-space; this is enabled by the careful
optimization of parameters such as inter-element capaci-
tance. Although the optimized design is largely notional
and is intended primarily to demonstrate the accuracy of
the transmission line model when used for optimization, we
note that the performance is comparable to other published
designs such as [20], which featured a 3.1:1 VSWR with
at least 60◦ scan in each plane and achieved a bandwidth
of 6.1:1.
In practice, parameters other than bandwidth are also

of interest in the design of the unit cell, such as cross-
polarization isolation and efficiency. While the transmission
line impedance model does not predict these behaviors, it
offers a robust starting point for the design of a wide-
scanning array, particularly when some parameters such
as unit cell size or conductor dimensions are predeter-
mined. Because the model is based on reactive parame-
ters directly related to the element physical dimensions,
it also offers an intuitive understanding of performance
for post-optimization tweaking in full-wave design
software.
We note that one limitation of the current lossy trans-

mission line model is its dependency on the reactive
approximation for a short dipole; this enables the use of
fixed reactive values along the length of the dipole equivalent
transmission line. For increasing dipole lengths (dE → λ/2),
however, these values will not be fixed due to the field behav-
ior of the dipole varying across its length. One workaround
for this issue to design a short dipole (dE = λ/4) but
choose an array lattice spacing that spatially oversamples
in the E-scan plane, and then feed adjacent element rows in
parallel for an effective half-wavelength phase-center spac-
ing. This approach has been successfully demonstrated by
Doane et al. [12].
The next task in this work will be to fabricate and

test a dipole array designed using the lossy transmission
line model; doing so will further compare to the model
and demonstrate its value. Subsequent efforts may inves-
tigate improving accuracy for long dipole elements based
on varying reactive parameters along the lossy transmission
line. Additionally, the model may be adapted to tapered
dipole slot hybrids such as [21] by implementing a cas-
cade of transmission line sections with similarly varying
parameters. Unbalanced feed structures may also be inves-
tigated by implementing appropriate reactive loading on
the input transmission line. Higher order matching tech-
niques and incorporation of matching baluns may also be
incorporated to further expand the bandwidth of rapidly opti-
mized wide-scanning arrays. Finite array effects are also
a topic of significant interest and will be explored in the
context of the new model, potentially by incorporating addi-
tional line segments to represent the effects of surface
wave modes.
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