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ABSTRACT Adaptive antenna array employing phase shifters only can reduce the hardware cost and
power consumption, but the related optimization is well understood to be difficult to solve. In this
paper, we examine the use of both continuous phase shifters (CPS) and discrete phase shifters (DPS) in
antenna array for adaptive interference suppression. First, we formulate the phase-only tuning problem
with CPS via quadratically constrained quadratic program (QCQP), which can be approximated through
semidefinite relaxation (SDR) and solved by convex-optimization solvers efficiently. We also demonstrate
that quantizing such results directly may not necessarily give acceptable performance. Then, we propose
to use binary quadratic program (BQP) for the optimization of the adaptive beamformer utilizing DPS
with an arbitrary number of control bits to specify the phase-shift levels. The resultant BQP can be relaxed
and solved efficiently too. Moreover, due to the similarity between the CPS and DPS formulation, we
can mix them in a single beamforming scheme to provide additional compromises between the output
signal-to-interference and noise ratio (SINR) performance and implementation cost. Simulations show
that in the considered interference-limited environment, our proposed beamformers with CPS, DPS, and
hybrid phase shifters (HPS) give desirable results as expected.

INDEX TERMS Antenna array, continuous phase shifter (CPS), discrete phase shifter (DPS), con-
ventional beamformer (CB), minimum-variance distortionless response (MVDR) beamformer, adaptive
beamformer, quadratically constrained quadratic program (QCQP), binary quadratic program (BQP),
convex optimization, semidefinite relaxation (SDR).

I. INTRODUCTION

ADAPTIVE antenna array has been widely studied
for several decades, which benefits many engineer-

ing fields, including radar, communication, sonar, naviga-
tion, remote sensing, radio-astronomy, biomedical imaging,
automotive application, drone surveillance, and many oth-
ers [1]–[3]. For the use of beamforming, it is known that
the conventional beamformer (CB), also called the delay-
and-sum beamformer, is made to let the array response be
matched to the array-steering vector of the desired signal.
The main lobe of the CB points to the direction of the desired
signal, and the received signal power is then maximized. One
merit of the CB is its simplicity, in which only phase values
of the received signal are adjusted. Nevertheless, the CB
does not take notice of the interference from other direc-
tions and only optimistically lets the relatively low sidelobe

suppress it. Therefore, the output signal-to-interference and
noise ratio (SINR) performance of the CB is usually quite
away from that of the optimum. It is also known that to
obtain the optimal performance of array-pattern synthesis,
both the amplitude and phase of the received signal from
each antenna should be tuned, e.g., through the use of the
minimum-variance distortionless response (MVDR) or min-
imum mean-squared error (MMSE) beamforming criterion.
However, due to the use of additional scaling devices for tun-
ing the amplitude as compared with the beamformer using
phase shifters only, the induced hardware cost and power
consumption for the MVDR or MMSE beamformer can
be significant for many applications, especially when the
number of antenna elements is large. Besides, the MVDR
or MMSE beamformer is often implemented in the digi-
tal domain. For this case, each antenna requires its own
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radio-frequency (RF) feed, which is very costly and increases
the complexity accordingly [4], [5].
In this regard, the design of beamformers using phase

shifters only, such as the CB, which can adapt to the
interference-limited environment, is very attractive to the
research community. The resultant beamformer with the gen-
eral continuous phase shifters (CPS) can lower the hardware
cost compared to the MVDR or MMSE beamformer [3],
but it is understood that the related optimization problem
is quite challenging to solve. Thanks to the advances in
optimization and related techniques, some interesting results
exist to approach the solution of the problem [6]–[13]. To
name a few, for instance, in [6], [7], different heuristic
algorithms were proposed to obtain the phase-only solu-
tion for the beamforming weights. Also, with a special
formulation, such a result could be obtained via nonlin-
ear programming [8] or combinatorial optimization [9]. It
was demonstrated in [10] that the so-called autocorrelation
matching method could be used to solve this phase-only
problem. In addition, [11]–[13] provided some other new
iterative ways to obtain the phase-only weights. Note here
that many of them were chiefly based on minimizing the
difference between a preset array pattern and that of the
proposed phase-only beamformer, or just achieving an array
pattern with relatively low sidelobe levels. More recently,
convex optimization has been utilized to synthesize the
array pattern [14], and to solve the challenging phase-only
beamforming problem [15]–[19]. The advantages of these
approaches are that the solution can be approached more
systematically, setting a more solid theoretical basis for the
research.
Additionally, in some practical circumstances, the use

of discrete phase shifters (DPS) for beamformers is a
promising way to further lower the hardware complex-
ity [20]–[31]. Again, due to the difficulties of the discrete-
valued optimization, many of the previous schemes were
based on heuristic global optimization algorithms, such as
genetic algorithms (GA), particle swarm optimization (PSO),
simulated annealing (SA), ant colony optimization (ACO),
binary differential evolution (BDE), and so on, to achieve
different levels of beamforming performance. And usually,
the methods were developed mainly based on some spe-
cific numbers of control bits for the phase-shift levels, and
were generally not good enough for any interference-limited
environment.
In this paper, we examine the use of both CPS and DPS

in the antenna array for adaptive interference suppression.
First, we formulate the phase-only tuning problem with CPS
via quadratically constrained quadratic program (QCQP),
which can be approximated through semidefinite relax-
ation (SDR) and solved by common convex-optimization
solvers efficiently. We also demonstrate that quantizing
such results directly may not necessarily give acceptable
performance. Then, we propose to use binary quadratic pro-
gram (BQP) for the optimization of the adaptive beamformer
utilizing DPS with an arbitrary number of bits to specify

the phase-shift levels. The resultant BQP can be relaxed
and solved efficiently too. Moreover, due to the similar-
ity between the CPS and DPS formulation, we can mix
them in a single beamforming scheme to provide addi-
tional compromises between the output-SINR performance
and implementation cost. This may fit the case of dis-
tributed/cooperative beamforming in which different devices
work together to form certain array patterns. For example,
some devices or some parts of the device are sophisticated
enough to be equipped with CPS, but some are not and
only possess DPS. Also, the hybrid approach can be a
mix of DPS with a different number of control bits. All
these give extra flexibility in the formulation and related
design with limited hardware resources. Simulations show
that in the considered interference-limited environment, our
proposed beamformers with CPS, DPS, and hybrid phase
shifters (HPS) give desirable results as expected. In sum-
mary, the design and development of the proposed CPS,
DPS, and HPS beamformers own the following merits:
1) The proposed adaptive beamforming strategies with

CPS, DPS, and HPS are all based on improving
the output-SINR performance. In other words, as
compared with some state-of-the-art approaches, the
interference-limited environment can be treated more
intentionally.

2) Since the optimization of CPS, DPS, and HPS beam-
formers is tackled via convex relaxation, it can then be
efficiently solved by convex-optimization solvers such
as CVX [32]. This also means that the solution can
be obtained systematically with a reasonable amount
of computation.

3) The design of the proposed DPS beamformer fits the
usage of any number of control bits. Together with
the HPS beamformer, which flexibly combines the
ways of both CPS and DPS in one beamforming
scheme, some good trade-offs among the output SINR,
hardware complexity, and power consumption can be
obtained for a wide range of purposes. Design guide-
lines are acquired as well through the discussion of
the experimental results given in this work.

4) Our results show that in terms of the output-SINR
performance, the beamformer with CPS only can
perform consistently close to the optimal MVDR
beamformer. Besides, the DPS beamformer with 4
control bits gives excellent performance for most
cases. The DPS beamformer with only 1 control
bit can still provide acceptable performance, and
can even outperform the classical CB in some
circumstances.

The remainder of this paper is organized as follows.
Section II provides the background of this research. The
signal model used in this research and the idea of both the
CB and MVDR beamformer are reviewed. In Section III to V,
we develop the beamforming schemes with CPS only, DPS
only, and a mix of both CPS and DPS, respectively. The
design considerations and characteristics of each strategy
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are explained in detail. Simulation results demonstrating
the performance of our proposed methods with various set-
tings and trade-offs are presented in Section VI. Finally,
conclusions are drawn in Section VII.
Notation: We adopt the notation of boldface lower-case

letters for vectors (e.g., a), and boldface upper-case letters for
matrices (e.g., A). The conjugate operator, transpose oper-
ator, and conjugate transpose operator are denoted by (·)∗,
(·)T , and (·)H , respectively. Besides, 1N×1 denotes an N× 1
vector with all entries being 1; 0N×1 denotes an N×1 vector
with all entries being 0; IN is an N×N identity matrix. Also,
the notation Tr(·) stands for the trace operation, Rank(·)
represents the rank of the included matrix, and Diag(·)
denotes the diagonal matrix constructed by the included
vector. For a complex number/vector/matrix, we use (·)R
and (·)I to denote respectively the real and imaginary parts.
The symbol � is used to denote a generalized inequality,
i.e., A � 0 means A is a symmetric positive semidefi-
nite matrix. In addition, we use CN (μ, σ 2) to represent
the complex Gaussian distribution with mean μ and vari-
ance σ 2. Finally, E[·] represents the statistical expectation,
and j = √−1.

II. SIGNAL MODEL, CONVENTIONAL BEAMFORMER
(CB), AND MINIMUM-VARIANCE DISTORTIONLESS
RESPONSE (MVDR) BEAMFORMER
In this section, we first describe the signal model used here.
Then, we review two benchmark beamforming techniques.
One is perhaps the most straightforward beamforming
approach which utilizes phase shifters only, and is named
the CB. The other is the MVDR beamformer. It adapts the
interference-limited environment more sophisticatedly with
both amplitude and phase control, and is optimal in terms
of providing the largest output-SINR value. Details will be
elaborated on in the following.
To not complicate the problem, we consider the use

of a classical uniform linear array (ULA) placed in the
far field to receive narrowband signals. The array com-
prises N isotropic antenna elements lying along a straight
line with the same spacing d. Weights with amplitude
and phase control or phase-only control are employed to
tune the array pattern. Besides, assume that M + 1 sig-
nal sources impinge on the ULA, which include a desired
signal plus M uncorrelated interference sources all from
different angles of arrival θm, with m = 0, 1, . . . ,M and
−90o ≤ θm ≤ 90o. The notation θ0 is used to repre-
sent the arrival angle of the desired signal, and θm with
m = 1, 2, . . . ,M is used to represent the arrival angle of the
mth interference. The array-steering vector of the desired
signal (m = 0) and interference (m = 1, 2, . . . ,M) can
then be expressed as v(θm) = [v1(θm) v2(θm) · · · vN(θm)]T

with vn(θm) = exp(j2π
(n−1)d

λ
sin(θm)) in which λ is the

signal wavelength and n = 1, 2, . . . ,N. We assume half-
wavelength inter-element spacing, i.e., d = λ

2 , in the
following. Hence, the signal received at the considered ULA

can be expressed as

r = v(θ0)s+
M∑

m=1

v(θm)im + z (1)

where s and im are the waveforms of the desired sig-
nal and the mth interference, respectively, and z is the
additive white Gaussian noise vector generated accord-
ing to CN (0N×1, σ

2
z IN) with σ 2

z being the noise vari-
ance. Accordingly, the signal-to-noise ratio (SNR) and
interference-to-signal ratio (ISR) for the environment are

defined as E[|s|2]
σ 2
z

and
∑M

m=1 E[|im|2]
E[|s|2]

, respectively.
As mentioned, the CB is perhaps the simplest kind of

array-processing scheme to enhance the received-signal qual-
ity, and only phase shifters are needed in the adjustment.
According to the signal model described in (1), the opera-
tion and the corresponding outcome of CB can be written
as y = wH

CBr with wCB = 1
N v(θ0). That is, a spatial

matched filter is constructed to “capture” the desired signal
as much as possible, but the interference may not be proba-
bly treated. This can serve as the baseline when comparing
the performance of various beamforming methods.
On the other hand, the optimal MVDR beamformer,

which adapts to the environment using amplitude-phase
weighting, can maximize the output SINR. With Riz =
E[(

∑M
m=1 v(θm)im + z)(

∑M
m=1 v(θm)im + z)H] denoting the

covariance matrix of interference-plus-noise, it can be
shown that the weight vector of MVDR is wMVDR =
(v(θ0)R

−1
iz v(θ0))

−1R−1
iz v(θ0) [2]. Note that matrix inverse is

needed to obtain wMVDR, and both the amplitude and phase
of the received signal from each antenna element should
be tuned in general. Therefore, the induced computational
complexity and hardware cost may be too high for many
applications, especially when the size of the ULA is large.
Nevertheless, since the MVDR beamformer gives the possi-
bly largest output SINR, this can serve as an upper bound
of the output-SINR performance.

III. PROPOSED CONTINUOUS PHASE-SHIFTER (CPS)
BEAMFORMING
We propose an adaptive beamforming method using CPS in
this section. To seek a good outcome for the beamformer, we
formulate a new criterion together with the CPS constraint.
It can acquire a considerable value of output SINR according
to the interference-limited environment encountered. Here,
before going into the details, we first reveal the output-SINR
value of a beamformer, i.e.,

γ = wHRsw
wHRizw

(2)

in which Rs = E[(v(θ0)s)(v(θ0)s)H] is the covariance matrix
of the signal part only, and w is the weights of the beam-
former. For example, w can be wCB or wMVDR for the CB or
MVDR beamformer as defined and explained in Section II,
and this results in γCB or γMVDR, respectively.
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In the design of the CPS beamformer, we expect a large
output-SINR value given in (2). Thus, if we denote the out-
put SINR after the CPS weighting as γCPS, an optimization
problem can be described as

max
wCPS

γCPS (3)

s.t. |wCPS,n| = 1, n = 1, 2, . . . ,N (4)

where wCPS is the N × 1 weight vector of the CPS beam-
former, and wCPS,n is the nth entry in wCPS for all possible
n. The unit-modulus constraint in (4) restrains the change
of the magnitude, and, as a result, only phase values can
be adjusted. It is well-understood that the optimization with
this unit-modulus constraint is not easy to tackle. We then
reformulate the problem as follows. For the objective func-
tion in (3), instead of calculating the ratio between the signal
power and interference-plus-noise power, we change it to

wH
CPSRswCPS − αwH

CPSRizwCPS

= wH
CPS(Rs − αRiz)wCPS

= wH
CPSRwCPS (5)

in which we set R = Rs − αRiz for notational simplicity.
That is, the objective function is altered to be the differ-
ence between the signal power and interference-plus-noise
power. Note that in (5) a new parameter α is set, which is
used to provide a balance between the two power values.
Practically, since our target is that the output-SINR value
of the proposed CPS beamformer can approach that of the
MVDR beamformer, we may set α near γMVDR or just the
same order of γMVDR to make the two included values at
a similar level. Consequently, both the signal power and
interference-plus-noise power can be suitably treated in the
optimization, which will be demonstrated later in the simu-
lation section. Besides, for the constraint in (4), we rewrite
it as w∗

CPS,nwCPS,n = 1, and the whole optimization can then
be reformulated to be

min
wCPS

−wH
CPSRwCPS

s.t. w∗
CPS,nwCPS,n = 1, n = 1, 2, . . . ,N. (6)

In this way, the previously-mentioned problem in (3) and (4)
is changed to become a QCQP problem. However, it is well-
known that QCQP is not necessarily convex, and the general
case of it is non-deterministic polynomial-time hardness
(NP-hard). To approach the solution, we know that one com-
mon way is to employ semidefinite relaxation (SDR), which
essentially lets the original non-convex optimization problem
be approximated by a convex one, and then be solved effi-
ciently by convex-optimization solvers.1 Specifically, to use
the CVX solver to solve the resultant problem by SDR,

1. In the literature, more advanced methods for solving this kind of
QCQP/unit-modulus constrained optimization are available [33]–[35]. To
not complicate the matter, we choose the perhaps most well-known tech-
nique to solve this problem, i.e., SDR, here. For an N-dimensional SDR
problem, it is known that the worst-case complexity of finding the solution
is about O(N6.5), while it gives a performance bound for the optimization
as well as suboptimal results.

we first need to change the complex-valued expressions
in (6) to contain real values only. To do so, we rewrite
the complex-valued matrix R and complex-valued vector
wCPS as

R̃ =
[

(R)R −(R)I

(R)I (R)R

]
(7)

w̃CPS =
[

(wCPS)
R

(wCPS)
I

]
(8)

respectively. The optimization problem in (6) can then be
rewritten to be

min
w̃CPS

−w̃T
CPSR̃w̃CPS

s.t.
((
wCPS,n

)R)2 +
((
wCPS,n

)I)2 = 1,

n = 1, 2, . . . ,N. (9)

Also define a real 2N × 2N symmetric positive semidef-
inite matrix WCPS and a series of 2N × 2N matrices Pn
in which all entries are 0 except the (n, n) entries and the
(n+ N, n+ N) entries being 1, with n = 1, 2, . . . ,N. The
optimization problem in (6) can then be equivalently stated
as

min
WCPS

−Tr
{
R̃WCPS

}

s.t. Tr{PnWCPS} = 1, n = 1, 2, . . . ,N

WCPS � 0

Rank(WCPS) = 1. (10)

The solution WCPS is supposed to be the result of w̃CPSw̃T
CPS.

Importantly, to solve this optimization via SDR, the Rank-1
constraint in the constraint set of problem (10) is removed,
and (10) is then relaxed to become a semidefinite program-
ming problem, which is convex and can be solved within
polynomial time. Based on the solution WCPS, randomiza-
tion steps such as those explained in [36] can be employed
to find a suitable vector w̃CPS (or wCPS) which can probably
give not only a good solution for the optimization in (9)
(or (6)), but also a large output-SINR value for the original
objective function in (3). Note that the computational com-
plexity of randomization steps is generally much less than
that of solving the semidefinite programming problem itself;
therefore, the computation cost of such randomization can
usually be ignored in the whole optimization process.

IV. PROPOSED DISCRETE PHASE-SHIFTER (DPS)
BEAMFORMING
In this section, we change our focus to the design of beam-
formers using DPS to deal with the interference-limited
environment adaptively. At first glance, one may say that
direct quantization of the outcome of the previously-derived
CPS beamformer also results in a beamformer with discrete-
valued phase shifts only. However, as shown later, the
performance of such an approach may not be good, and
this indicates the necessity for the optimization focusing on
the usage of DPS developed in the following.
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As stated, the objective function given in (6) can give
good output-SINR performance for a beamformer, and thus
we keep utilizing it here as the objective function for the
DPS beamformer. The constraint for admitting only discrete-
valued phase shifts is set as follows. Assume we employ
K control bits to specify the L finite phase-shift levels, with
L = 2K . Without loss of generality, the L allowable phase-shift
values are denoted by φ1, φ2, . . . , φL, and then the corre-
sponding weights become exp(jφ1), exp(jφ2), . . . , exp(jφL),
respectively. Accordingly, the optimization for the DPS
beamformer can be altered to be

min
wDPS

−wH
DPSRwDPS

s.t. wDPS,n ∈
{
ejφ1 , ejφ2 , . . . , ejφL

}
,

n = 1, 2, . . . ,N (11)

where wDPS is the N × 1 DPS weight vector, and wDPS,n is
its nth entry. To demonstrate how we solve this problem, we
consider a special case that L = 2 (K = 1), i.e., only two
phase-shift values are allowed for the DPS beamformer, and
N = 2, i.e., only two antenna elements are used to receive the
signal for brevity. Moreover, suppose that the resultant DPS
weight vector is wDPS = [ exp(jφ1) exp(jφ2)]T . For this case,
we may express the resultant objective function (ignoring the
minus sign) as that in (12), shown at the bottom of the page,
where we let Pl = Diag([ exp(jφl) exp(jφl)]) with l = 1, 2 in
this scenario. Also, we define Ruv = PHu RPv with u, v = 1, 2,
and write

R =
[
R11 R12
R21 R22

]
. (13)

With reference to these expressions, we see that the
optimization in (11) can be restated to be

min
x

−xTRx (14)

s.t. x ∈ {0, 1}4 (15)

xn + xn+2 = 1, n = 1, 2. (16)

As indicated in (15), x is a 4 × 1 vector with entries being
either 0 or 1, and xn is the nth entry in this vector. The

constraint in (16) is used to restrict the phase shifters not
being repeatedly assigned. It is not difficult to see that this
optimization is a BQP problem.
After understanding the derivation for the special case,

we then show that the DPS setting mentioned above for
designing an adaptive beamformer can be extended to any
number of antenna elements N and any number of phase-
shift levels L. To see this, the vector x in (14) for the general
case can be set as

x =

⎡

⎢⎢⎢⎣

[x11 x21 · · · xN1]T

[x12 x22 · · · xN2]T

...

[x1L x2L · · · xNL]T

⎤

⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎣

x1
x2
...

xL

⎤

⎥⎥⎥⎦ (17)

which is an NL × 1 vector including L subvectors xl with
length N for l = 1, 2, . . . ,L. Similarly, the matrix R in (14)
can be extended to become

R =

⎡

⎢⎢⎢⎣

R11 R12 · · · R1L
R21 R22 · · · R2L
...

...
. . .

...

RL1 RL2 · · · RLL

⎤

⎥⎥⎥⎦ (18)

which is an NL× NL matrix including LL submatrices Ruv

with size N × N for u, v = 1, 2, . . . ,L. The corresponding
constraints in (15) and (16) are changed to be x ∈ {0, 1}NL
and xn1+xn2+· · ·+xnL = 1 for n = 1, 2, . . . ,N, respectively.
Again, it is a BQP problem. One common way to tackle this
is to reformulate it as QCQP. To see this, we make use of x
in (17) and R in (18) for the objective function, and rewrite
the corresponding two constraints for general values of N
and L. Thereupon, the whole optimization becomes

min
x

−xTRx (19)

s.t. xnl(xnl − 1) = 0,

n = 1, 2, . . . ,N and l = 1, 2, . . . ,L (20)

wH
DPSRwDPS

=
[
ejφ1

ejφ2

]H
R

[
ejφ1

ejφ2

]

=
([

ejφ1 0
0 ejφ1

][
1
0

]
+

[
ejφ2 0
0 ejφ2

][
0
1

])H

R
([

ejφ1 0
0 ejφ1

][
1
0

]
+

[
ejφ2 0
0 ejφ2

][
0
1

])

= [1 0]PH1 RP1

[
1
0

]
+ [1 0]PH1 RP2

[
0
1

]
+ [0 1]PH2 RP1

[
1
0

]
+ [0 1]PH2 RP2

[
0
1

]

= [ [1 0][0 1] ]

[
PH1 RP1 PH1 RP2

PH2 RP1 PH2 RP2

]
⎡

⎢⎢⎣

[
1
0

]

[
0
1

]

⎤

⎥⎥⎦ (12)
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Ax = 1N×1 (21)

in which A is an N × NL matrix with all entries being
0 except the (n, n), (n, n + N), (n, n + 2N), . . . , (n + LN)

entries being 1 for n = 1, 2, . . . ,N. Similarly, this QCQP can
be transformed and relaxed like those in (6)-(10), and then
solved via convex optimization. Note here that as L (or K)
increases, the dimension of the optimization is unavoidably
enlarged, but it may still be manageable with the computation
power nowadays. Later, in the simulation section, we will
see that 4 control bits are generally enough to let the DPS
beamformer provide very good performance for most cases.

V. PROPOSED HYBRID PHASE-SHIFTER (HPS)
BEAMFORMING: A MIX OF CPS AND DPS
After deriving both CPS and DPS beamformers, in this
section, due to the similarity between the two schemes,
we demonstrate that we can mix them to make a new
hybrid PS (HPS) beamformer to provide extra compromises
between the output-SINR performance and implementation
cost. Specifically, we observe that the objective functions in
both (6) for CPS and (11) for DPS are in the same quadratic
form, and are set toward the same target. At the same time,
the constraints for both cases are in quadratic form/linear
form too. Therefore, for a specific antenna element, we may
set it using either the CPS constraint or the DPS constraint
without altering the structure of the optimization. Here,
define ICPS as the index set of antenna elements applying
CPS, and IDPS as the index set of antenna elements apply-
ing DPS, respectively. The optimization of the proposed HPS
beamformer with CPS and L-level DPS can be set to be

min
wCPS,wDPS

−wH
CPSRwCPS − wH

DPSRwDPS (22)

s.t. w∗
CPS,nwCPS,n = 1, n ⊂ ICPS (23)

wCPS,n = 0, n �⊂ ICPS
wDPS,n ∈

{
ejφ1 , ejφ2 , . . . , ejφL

}
,

n ⊂ IDPS (24)

wDPS,n = 0, n �⊂ IDPS
in which the first term and the second term in (22) are
the objective functions in (6) and (11), respectively, (23)
is the constraint for CPS, and (24) is the constraint for
L-level DPS. Regarding the previous derivation, we see that
it is QCQP too, and can be relaxed and solved efficiently.
In fact, it is also possible to employ different levels of
DPS in one HPS beamformer. For this case, we need to
include the corresponding objective functions and constraints
in the optimization. The performance of the proposed CPS,
DPS, and HPS beamformers under different settings will be
experimentally shown in the next section.

VI. SIMULATION RESULTS
Finally, in this section, some numerical cases that clarify
the characteristics of our phase-only beamforming strategies
are presented. In the following, we compare the capabil-
ity of the proposed CPS, DPS, and HPS beamformers,

together with the approaches of CB, MVDR beamformer,
and the phase-only beamformer presented in [15] for adap-
tive interference suppression. For our proposed beamformers,
MATLAB-based CVX is used to acquire the results of SDR,
and C language is used for the randomization. The pro-
gram is run on a general-purpose computer (CPU: Intel Core
i7-9Gen., RAM: 16GB). For all experiments, results can be
obtained within a reasonable time.

A. TYPICAL ARRAY PATTERNS OF PROPOSED CPS AND
DPS BEAMFORMERS
In the first set of figures, we inspect the behavior of our
CPS and DPS beamformers and compare their performance
with the optimal MVDR beamformer. To explore the
superiority of our methods, we also simulate the state-of-
the-art approach proposed in [15], in which the phase-only
beamformer is optimized by convex relaxation too, for com-
parison. The same environment as those of [15, Sec. 3] is
set, i.e., N = 32, a notch for interference suppression is
required in the arrival angles from −33◦ to −30◦, and the
main beam is pointed to +10◦. To reveal the features of
all considered methods, we set different SNR and ISR val-
ues for the environment in the experiments. In Fig. 1, we
present the array patterns of the proposed CPS beamformer,
the optimal MVDR beamformer, and the beamformer in [15].
Fig. 1(a) shows the results of SNR = 0dB and ISR = 20dB.
We see that the optimal MVDR beamformer performs the
best beyond question since it places the deepest notch in
the interference direction and owns the lowest sidelobe level
in the array patterns. Both CPS and the method in [15]
have similar results in terms of the resultant array patterns.
However, we see that CPS owns a lower sidelobe level than
the method in [15]. Since the SNR value is relatively small,
the CPS beamformer tries to reduce the sidelobe level for
better output-SINR performance. Actually, when we exam-
ine their output SINR, the MVDR beamformer, CPS, and
the method in [15] give the values of 15.02dB, 14.99dB,
and 14.97dB, respectively. The difference among them is
not large. Therefore, we may say that they are equally good
even though both CPS and the method in [15] use phase
shifters only without any amplitude control of the received
signal. Then, we increase the SNR value to 30dB; different
outcomes can be observed in Fig. 1(b). Again, MVDR is still
the best, and the array patterns of both CPS and the method
in [15] look alike as well. Nevertheless, in this scenario, the
sidelobe of the CPS beamformer is higher than that of the
method in [15]. CPS acts like this because when the SNR
value is large, the sidelobe level does not affect the output
SINR much. The key to good performance is the depth of
the notch. The actual output-SINR values of MVDR, CPS,
and the method in [15] are 45.00dB, 44.77dB, and 43.31dB,
respectively. This time, the difference among them becomes
large, and importantly, the proposed CPS beamformer per-
forms 1.46dB better than the method in [15]. This indicates
that the CPS beamformer can adapt itself to the environ-
ment better than the method in [15], and can provide an
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FIGURE 1. Array patterns of proposed CPS beamformer as compared with MVDR
and the method in [15]. (a) SNR=0dB and ISR=20dB, (b) SNR=30dB and ISR=20dB.

output-SINR value much near that of the optimal MVDR
beamformer.
After that, in Fig. 2, we mainly demonstrate the

performance of the proposed DPS scheme with various set-
tings. Fig. 2(a) shows the results of directly quantizing the
outcomes of the CPS beamforming with 4, 3, 2, and 1 control
bit(s) for the phase-shift levels, respectively. As revealed, it is
intuitively true that the smaller the number of control bits is,
the worse the interference suppression capability becomes.
Note here that when the number of control bits decreases to 2
or 1, no notch is formed in the interference direction. While
the output-SINR value of MVDR is 15.02dB for this case,
those of CPS with 4, 3, 2, and 1 control bit(s) for quantization

FIGURE 2. Array patterns of different beamformers using discrete phase shfiters
only as compared with MVDR. (a) Direct quantization of CPS, (b) Proposed DPS
beamformer.

are 7.87dB, 2.89dB, −15.42dB, and −17.01dB, respectively.
We see that the degradation is quite severe as the number of
control bits reduces. Interestingly, Fig. 2(b) show the results
of the proposed DPS beamformer with 4, 3, 2, and 1 control
bit(s). It is not difficult to see that much deeper notches can
be formed this time, even when the number of control bits
decreases to 1. To be more specific, the output-SINR values
of the DPS beamformer with 4, 3, 2, and 1 control bit(s)
are 14.66dB, 14.13dB, 12.25dB, and 9.25dB, respectively.
Hence, much better output-SINR performance is obtained,
and this also means the optimization for DPS is worth
doing.
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FIGURE 3. Average output-SINR performance of various approaches in the random
environment with SNR=0dB and ISR=20dB vs. N .

FIGURE 4. Average output-SINR performance of various approaches in the random
environment with N = 30 and SNR=0dB vs. ISR.

Appendix gives the weight vectors wCPS for plotting the
array patterns in Figs. 1(a) and 1(b), and the weight vectors
wDPS for plotting the array patterns in Fig. 2(b), respectively.

B. AVERAGE OUTPUT-SINR PERFORMANCE OF
PROPOSED CPS AND DPS BEAMFORMERS
After checking the typical characteristics of our CPS and
DPS beamformers, we change to examine their average
output-SINR performance, together with the CB and MVDR
beamformer for comparison. To test these beamformers, we
virtually set three zones in the environment, i.e., zone one
is from −70◦ to −40◦, zone two is from −15◦ to −15◦,
and zone three is from 40◦ to 70◦. The desired signal comes
randomly from one of the three zones with a random angle
of arrival generated within that zone, and likewise, two
interference sources appear in the other two zones (one for
each) at random. Fig. 3 shows the average output-SINR of
different methods with SNR = 0dB, ISR = 20dB, and an
increasing N. Intuitively, for all methods, we see a larger

FIGURE 5. Average output-SINR performance of various approaches in the random
environment with N = 30 and ISR=20dB vs. SNR.

value of output SINR as N becomes large. The MVDR
beamformer is the best, and the CPS beamformer performs
almost as well as MVDR. Besides, more control bits for
the DPS beamformer lead to better performance, and the
output-SINR value of DPS with 4 control bits can be con-
sistently close to the optimum, especially when N is large.
When the number of control bits decreases, the output-SINR
performance degrades unavoidably. We observe that when N
is larger than 25, using even 1 control bit for the phase-shift
levels can bring about the performance quite close to that of
the CB. Recall that the CB still requires continuous-valued
phase shifters for implementation; the proposed DPS with 1
control bit seems very attractive in actual usage for the case
that the performance of the CB is acceptable.
Next, in Fig. 4, based on similar settings, we check

the average output-SINR performance with SNR = 0dB,
N = 30, and an increasing value of ISR. Again, MVDR is
optimal, and the CPS beamformer performs almost the same
as MVDR. The performance of the DPS beamformer and CB
degrades inevitably as ISR becomes large. Notwithstanding,
we observe that the DPS beamformer can provide differ-
ent levels of good performance with a reasonable hardware
cost. In the high ISR region, the DPS beamformer with just
1 control bit can notably outperform the CB.

In addition, Fig. 5 reveals the average output-SINR
performance with ISR = 20dB, N = 30, and different
SNR values. We see that as the SNR value increases, all
methods give better output SINR. Again, the CPS beam-
former is almost as good as the MVDR beamformer, and the
output-SINR values of both schemes can linearly increase.
Other approaches, including the DPS beamformer and the
CB, may not be as good as the optimal MVDR beam-
former in the high SNR region since very high precision of
weighting is required for good performance in that region.
However, DPS is still desirable in the low to medium SNR
region for providing various levels of adaptive beamforming
performance.
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TABLE 1. wCPS Found by the CPS Beamformer for Use in Figs. 1(a) and 1(b), and wDPS Found by the DPS Beamformer for Use in Fig. 2(b)

C. AVERAGE OUTPUT-SINR PERFORMANCE OF
PROPOSED HPS BEAMFORMER
Finally, mainly based on the random environment defined in
the previous part, we demonstrate the characteristics of the
proposed HPS beamformer with various settings in Fig. 6.
It is known that among the proposed phase-only beamform-
ing approaches, in terms of the hardware needed, the CPS
beamformer is the most complicated one while the DPS
beamformer with only 1 control bit is the simplest one. Thus,
we consider mixing these two schemes here to examine the

performance of the proposed HPS beamformer. In Fig. 6(a),
with N = 30, INR = 20dB and SNR = 0dB, we show the
average output SINR of the HPS beamformer via different
numbers of CPS connected to the antennas. The number of
DSP with 1 control bit connected to the antennas is then
equal to N (= 30) minus the number of CPS. That is to say,
in the figure, when the number of CPS equals 0, it is the
DPS beamformer with 1 control bit. When the number of
CPS equals 30, it becomes the pure CPS beamformer. The
index sets ICPS and IDPS are randomly generated according
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FIGURE 6. Average output-SINR performance of the proposed HPS beamformer
with CPS and DPS (1-bit) vs. the number of CPS. (a) ISR=20dB, SNR=0dB, (b)
ISR=40dB, SNR=0dB, (c) ISR=20dB, SNR=20dB.

to the numbers of CPS and DPS set in the experiments. The
results of the CB and the MVDR beamformer are also shown
in the figure for reference. As expected, as the number of
CPS increases, the output-SINR values of the HPS beam-
former increase quite smoothly. This offers an additional
way to give different trade-offs between the output-SINR
performance and the hardware cost. Last but not least, we
change the ISR to 40dB and the SNR to 20dB, respectively,

and the results are shown in Fig. 6(b) and 6(c). We see a sim-
ilar trend in both figures too. These confirm the robustness
of our HPS beamformer in different environments.
In summary, from the information provided in the figures,

we may set the adequate phase-only adaptive beamformer
according to the performance we need and the hardware
complexity the system can tolerate.

VII. CONCLUSIONS
The concept of phase-only beamformers is a crucial way
to lower the implementation cost, especially for large-scale
antenna arrays. In this paper, we propose various phase-only
beamforming strategies, including the CPS beamformer, the
DPS beamformer, and the mix of them, named the HPS
beamformer. We show that they can successfully adapt to the
random interference-limited environment. Essentially, thanks
to the advances in convex-optimization techniques, all the
formulated problems can be solved efficiently to achieve
different levels of performance and hardware complexity.
Experimental results give valuable guidelines for the design
and development of these phase-only adaptive beamformers.
For example, the output SINR of the CPS beamformer can be
consistently close to that of the optimal MVDR beamformer.
Furthermore, the DPS beamformer with only 1 control bit
can be comparable to the CB in terms of the output-SINR
performance for most cases. All these benefit the usage of
adaptive beamformers for real-world applications.

APPENDIX
WEIGHT VECTORS USED IN FIGS. 1 AND 2
Table 1 shows the weight vectors wCPS found by the
optimization of CPS for plotting the array patterns in
Figs. 1(a) and 1(b), and the weight vectors wDPS found
by the optimization of DPS for plotting the array patterns
in Fig. 2(b), respectively.
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