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ABSTRACT New formulas for the design of cylindrical Graded-Index (GRIN) lens-antennas with inte-
grated feeder are presented. The possibility of integrating the feeder within the lens makes the system
more compact, avoids complex mechanical design and alignment errors. The lens is characterized in
analytical form by Geometrical Optics (GO). The expression of the radially varying refractive index is
derived by applying the conservation of the momentum inside the lens and imposing parallel rays at the
lens output interface. The mathematical procedure to retrieve the refractive index is based on the inver-
sion of a truncated Abel transform. The Poynting vector at the lens aperture is derived by applying the
conservation of energy in each elementary ray-tube. By approximating the Poynting vector to a Gaussian
function the total efficiency of the lens-antenna is derived in a closed form, allowing for a quick lens
design. The proposed formulation has been successfully validated by using ray-tracing and a full-wave
simulations. Finally, we present examples of practical design of GRIN lenses by using holes of different
shapes in a dielectric ABS/Teflon host media.

INDEX TERMS Lens-antennas, dielectric lenses, inhomogeneous lenses.

I. INTRODUCTION

GRADED Index (GRIN) lenses are popular due to
their focusing properties and their application as high

gain antennas. Several GRIN lens configurations have
been reported in the literature, including the well-known
Luneburg [1] and half-Maxwell fisheye [2]. The design usu-
ally provides the transformation of a spherical wave into
a plane wave, resulting in a highly directive beam. The
limitation of these lenses is related to their bulky size and
weight in the 3D configuration. In microwaves, they are dif-
ficult to be manufactured with conventional methods. With
the advent of the 3D printing technology, they can be eas-
ily manufactured by varying the material density. Moreover,
the installation and alignment become a demanding process.
A GRIN lens with an integrated feeder overcomes the above
difficulties and it is proposed in this paper. To solve such

limitations GRIN lens with an integrated feeder has been
studied in this paper.
An interesting approach to design GRIN lenses is to

employ Transformation Optics (TO) [3]–[9] or quasi-
TO [10]. Through a coordinate transformation TO manages
to reshape the lens profile to realize a flat GRIN lens
with low aberrations, and convenient integration with planar
feeder. However, the achieved shape and design parame-
ters are applicable only in a narrow frequency range and
requires anisotropic permittivity and permeability values,
which are almost impossible to be realized in practice
with a good accuracy. Therefore, approximations need
to be made on the final TO solution that significantly
deteriorate the antenna performance, which results to be
inferior to the one designed by Geometrical Optics (GO)
ray-solution [11], [12]. Although GO loses some validity
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around caustics (where it becomes singular) and around
shadow boundaries (where it has to be complemented by
diffracted rays), in focusing media it leads to a convenient
approximation of the aperture field and subsequently one
can use Physical Optics (PO) for the far field prediction.
The aperture field can be estimated through tracing of the
curvilinear GO rays; these rays are locally orthogonal to
the wave fronts of the propagating field in isotropic GRIN
media. While the ray tracing gives the phase of the aper-
ture field, the amplitude can be evaluated by applying the
energy transport equation, which expresses the conserva-
tion of the energy in each elementary ray-tube [13], [14].
Unfortunately, the GRIN profile realizing focusing condi-
tion requires the solution of a non-linear integral equation,
which is rarely obtained in an analytical form.
In this paper, we derive the exact solution for a radial

refractive index profile of a GRIN lens with integrated feeder,
namely a GRIN lens with a zero focal-length. Assuming that
the focus is inside the medium, the radially varying refrac-
tive index profile is derived in analytical form via the inverse
truncated Abel transform. This differs from the conventional
Abel transform since a finite limit integration is used to
define the transform. Although the GRIN solution for infi-
nite cylinder and radial graded index exists in the literature,
it is mostly used in the framework of fiber optics [15], [16].
The application to antennas has not been investigated for this
zero focal-length lens, in contrast with the more popular
GRIN lens with non-zero focal length (without an inte-
grated feeder) [17]–[20]. To the authors knowledge the above
integration with a clear explanation and the analytical deriva-
tion for solving the non-linear integral equation required
to describe the problem cannot be found in the literature.
Therefore, additional information is presented here to render
this derivation complete.
Based on ray-paths and of the refractive index profile,

we derive here the Poynting’s vector at the lens aperture
by applying the conservation of energy in elementary ray-
tubes. Upon choosing the parametric cosm θ varying function
to approximate the feed intensity pattern, we found that the
achieved power density of the aperture could be conveniently
approximated by a Gaussian distribution. Thus, allowing for
a closed form expression for tapering and spill-over effi-
ciency to be derived in a closed analytical form. The closed
form expression of the total efficiency gives the possibility of
designing the system in a straightforward quick way avoiding
optimization processes [21]. The formulation presented here
is validated with a ray-tracing algorithm, solving numeri-
cally for the ray-paths and Poynting’s vector at the aperture,
as well as with results from a full wave analysis.
The article is organized as follows. Section II presents the

GO analytical solution of the GRIN lens refractive index
and of the ray-paths inside the lens. Section III provides
a closed form expression for the power density and its
Gaussian approximation as well as a closed form expression
for the aperture efficiency. Section IV provides a numerical

FIGURE 1. Flat inhomogeneous GRIN lens and coordinate systems. (a) 3D view.
(b) 2D view; the black curved line represents the ray-path of a ray launched with an
angle θ from the focus.

validation for that formula by ray tracing and full-wave anal-
ysis. Section V shows an example of GRIN implementation
through a homogenized medium constituted by holes in
a host dielectric fed by an integrated waveguide. Section VI
draws the conclusions.

II. DIRECT INVERSION AND RAY-PATHS
Let us consider a flat inhomogeneous circular symmetric lens
with refractive index n(ρ). Rays are launched with different
angles θ from a point source positioned at the center of the
lens input interface.
From the point source the rays propagate inside the

lens by following curvilinear ray-path because of the radial
dependency of the refractive index of the medium. Each
trajectory forms an angle ψ between the radial direc-
tion ρ and the local ray direction. The conservation of
the wavenumber component along the direction z (also
known in optics as conservation of the momentum) can
be written as L = n(ρ) sinψ(ρ) = n0 cos θ along the
ray trajectory, where n0 is the maximum GRIN value
assumed to be on the axis. The latter can be rearranged

as tanψ = L/(n
√

1 − (L/n)2) = n0 cos θ/
√
n2 − n2

0 cos2 θ .
The ray-path can be obtained in the form z = z(ρ)

by integrating along ρ its derivative dz/dρ = tanψ , thus
providing

z(ρ) =
∫ ρ

0

n0 cos θ
√
n(ρ′)2 − n2

0 cos2 θ

dρ′ (1)

The rays reach the maximum of their trajectory ρout when
ψ = π/2 and L = n0 cos θ = n(ρout). The point in which this
occurs is denoted by turning point. The focusing condition
occurs at those value of thickness d for which the condition
L = n(ρout) is satisfied for all the rays, namely all the rays
arrive at their turning point independently on their initial
momentum. This leads to

d =
∫ ρout

0

n(ρout)√
n(ρ)2 − n2(ρout)

dρ, n(ρout) = n0 cos θ (2)
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A. DIRECT INVERSION OF THE INDEX PROFILE
The solution of the integral equation (2) is known in optics
since it is used in graded index optical fibers [15]. However,
the procedure of the solution, is not well known; there-
fore, it is appropriate to derive it by resorting to the inverse
‘truncated’ Abel transform as described below. First, we nor-
malize the refractive index and the momentum by n0, thus
obtaining

d =
∫ ρmax

0

l
√
η2(ρ)− l2

dρ (3)

where l = cos θ , η = n/n0. The ray path equation is first
manipulated by using the change of variable η = η(ρ) and
therefore ρ = ρ(η). We can hence write (3) as:

d = −
∫ 1

l

dρ

dη

l
√
η2 − l2

dη (4)

In (4) the unknown function becomes ρ = ρ(η) which is
the inverse function of η = η(ρ). Eq. (4) can be thought
of as the inverse truncated Abel transform of the function
ρ = ρ(η). Indeed the Abel transform and inverse transform
for a couple of functions f (l) and F(η) with variables l and
η can be written as:

f (l) = − 1

2π

∫ ∞

l

dF(η)

dη

1
√
η2 − l2

dη (5)

F(η) =
∫ ∞

η

f (l)l
√
l2 − η2

dl (6)

in which the upper limit is infinity. On the other hand, in
(4) the upper limit is 1, and this requires the introduction of
a “truncated” version of the Abel transform which compli-
cates the inverse-type relationship. To proceed with a direct
inversion, the steps below may be followed
i) change formally l into l’ and η into η′ in (4),
ii) multiply both members of it by 1/

√
l′2 − η2,

iii) integrate both members in dl’ from η to 1
With these steps we obtain:

∫ 1

η

d
√
l′2 − η2

dl′ = −
∫ 1

η

[∫ 1

l′
dρ

dη′
l′

√
η′2 − l′2

dη′
]

× 1
√
l′2 − η2

dl′ (7)

Next, the order of integration is interchanged by applying
Fubini’s theorem (note that on the integration region the
argument inside the square-roots remain non-negative), thus
leading to:

∫ 1

η

d
√
l′2 − η2

dl′ = −
∫ 1

η

dρ

dη′

×
[∫ η′

η

l′
√
l′2 − η2

√
η′2 − l′2

dl′
]

dη′

(8)

By recognizing that:

l′
√
l′2 − η2

√
η′2 − l′2

= d

dl′
arcsin

( √
l′2 − η2

√
η′2 − η2

)

(9)

and by inserting (9) in (8), leads to:

∫ 1

η

d
√
l′2 − η2

dl′ = −
∫ 1

η

dρ

dη′

[

arcsin

( √
l′2 − η2

√
η′2 − η2

)]η′

η

dη′

= −
∫ 1

η

dρ

dη′
π

2
dη′ = −π

2

∫ 0

ρ

dρ = π

2
ρ

(10)

which can be rearranged as

ρ(η) = 2

π

∫ 1

η

d
√
l2 − η2

dl. (11)

Eq. (11), together with (4), generalizes the Abel transform
and inverse transform to the case of unity upper endpoint,
i.e., to the case of a truncated Abel transform. Therefore,
the solution of (11) can be obtained as the inverse truncated
Abel transform of a constant function d(l) = d. To this end,
the use of the identity

∫ 1

η

1
√
l2 − η2

dl = ln

(
1 + √

1 − η2

η

)

= arccos h

(
1

η

)
,

(12)

leads to

ρ(η) = 2d

π
arccos h

(
1

η

)
(13)

which is finally inverted leading to

n(ρ) = n0/ cosh
( π

2d
ρ
)
. (14)

By assuming a lens of radius a and characterized by a con-
tinuous refractive index distribution such as its value at the
lens side edges matches the free-space refractive index, we
obtain:

n0 = cosh
(πa

2d

)
; d

a
= π

2

1

cosh−1 n0
(15)

The refractive index as a function of ρ is given in Fig. 2.
It is seen that the value of the maximum refractive index
becomes rapidly large for decreasing values of d/(2a). These
large values cannot be applied in practice since the dis-
continuity at the output interface would create reflections,
therefore, limiting the practical applicability to very thick
lenses, unless a terminal matching layer is used. This aspect
will be quantified in Section III-C.
Before proceeding further, we should stress the fact that

a closed form expression of the refractive graded index for
focusing lenses cannot be obtained in a closed analytical
form except for few cases. The one obtained here is one of
this few cases
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FIGURE 2. Refractive index distribution for different values of the ratio d/a, where d
is the lens thickness and a is the lens radius.

B. CLOSED FORM EXPRESSION OF THE RAY-PATH
Inserting (14) in (1) and making the substitution x =
cosh(γρ) with γ = π/2d, gives the integral form for the
ray-paths z = γ−1

∫ cosh(γρ)
1 (tan2 θ−x2)−1/2dx which can be

solved in exact form as [23, p. 86],

z = 1

γ
arcsin

[
sinh(γρ) cot θ

]
(16)

which inverted leads to

ρ = 1

γ
sinh−1[tan θ sin(γ z)

]
(17)

The latter is the explicit expression of the ray-paths for any
ray starting with an arbitrary angle θ .

III. POWER DENSITY AND APERTURE EFFICIENCY
A. POWER DENSITY AT THE LENS INTERFACE
The incident Poynting vector S(ρ) at the output interface
z = d is obtained by the conservation of energy in each
elementary ray-tube from the feed. Denoting by U(θ) the
radiation intensity of the feed, the power flowing in an
elementary ray-tube of solid angle sin θdθdϕ is given by
U(θ) sin θdθdϕ; this power is preserved along the ray till the
aperture, where it can be expressed as S(ρ)dρdϕ. Equating
the two expressions leads to

S(ρ) = U(θ)
sin θ

ρ

dθ

dρ
(18)

Substituting z = d in (17) and using (15) leads to

ρ = 2d

π
sinh−1[tan θ ]; θ = tan−1

(
sinh

(πρ
2d

))
(19)

which, after some algebraic steps, gives

S(ρ)

S(0)
= U(tan−1(sinh(y))

tanh(y)

y cosh(y)
(20)

where y = πρ/2d. We notice that the distribution only
depends on d which is linked to the maximum value n0
through (14). The distribution of normalized power is given
in Fig. 3 for an isotropic source (U(θ) = 1).

It should be practically convenient to use parametric feed
patterns as a reference for the evaluation of the lens design.

FIGURE 3. Distribution of normalized power density on the aperture with respect to
the normalized radius for various values of the ratio d/a.

FIGURE 4. Power density on the aperture obtained by U(θ) = cosm θ feed; GO
solution (colored lines) and Gaussian approximation (black lines) for m ranging from
2 to 12.

To this end we adopt the feed type used in [22, p. 813],
with radiation intensity given by:

U(θ) = cosm θ (21)

These feeds have a gain of 2(m+1) and produce, for a given
value of n0, a normalized power distribution

S(ρ)

S0
= tanh(y) cosm

(
tan−1(sinh(y))

x cosh(y)
m = 2, 4, . . . ;

y = ρ

a
cosh−1 n0 (22)

which is obtained by substituting eq. (21) in (20). The
obtained profiles can be approximated by

S(ρ)

S0
= exp

(
−(0.5m+ 0.65)

(ρ
a

cosh−1 n0

)2
)

(23)

which is valid for n0 ∈ [1.2, 2], (d/a ∈ [1.2, 2.5]), with
maximum error less that 3% for m ranging from 2 up to 12.

Fig. 4 presents the Gaussian closed form approximation
(black curves) against the exact solution of the normalized
power for n0 = 1.44 (Teflon) with m spanning from 2 to
12 with even values.
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B. EFFECT OF REFLECTIONS AT THE OUTPUT
INTERFACE
Fig. 2 shows that, in order to satisfy the focusing condi-
tions while reducing the thickness d, the dielectric constant
has to be increased. However, increasing the dielectric con-
stant entails the risk to have power reflected back from the
lens output interface. This implies feed mismatch and even
a distortion of the aperture power density with respect to
the optimal one. An estimate of the aperture power density
Sout(ρ) at the output interface is obtained by accounting for
reflections through a local non-dispersive transmission line
equivalent model.

Sout(ρ) = S(ρ)T(ρ),T(ρ) =
{

1 −
[
n(ρ)− 1

n(ρ)+ 1

]2
}

(24)

In (24), T(ρ) is the local transmission coefficient expressed
as 1 − R(ρ), where R(ρ) is the local reflection coefficient.

C. APERTURE EFFICIENCIES FOR STANDARD FEED
PATTERN
It is worth to point out that the presented lens can be
used as a Gaussian aperture antenna, as discussed in
Section III-A. Such a feature is particularly relevant for
reflector antenna applications, where Gaussian feeding is
often desired. In this context, it is convenient to analytically
predict the gain of the lens, which can be written as

G = (ka)2εtapεspillεtran (25)

where εtap, εspill, εtrans denote the tapering, spill-over and
transmission efficiencies, respectively. The tapering effi-
ciency is defined here as the ratio between the maximum
power intensity in the far region and the power captured by
the aperture. In GO assumption, this leads to eq. (26). The
spill-over efficiency is the ratio between the total power radi-
ated by the feed (namely transported by all launched rays)
and the power arriving to the aperture (namely transported by
those rays captured by the aperture, see Fig. 6). Neglecting
the contributions of diffracted rays, this leads to eq. (27).
The transmission efficiency is indeed the ratio between the
power transmitted through the aperture and the one incident
(eq. 28).

εtap = 2
∣∣∫ a

0

√
S(ρ)ρdρ

∣∣2

a2
∫ a

0 S(ρ)ρdρ
(26)

εspill =
∫ θmax

0 U(θ) sin θdθ
∫ π

0 U(θ) sin θdθ
(27)

εtrans =
∣∣∫ a

0

√
T(ρ)S(ρ)ρdρ

∣∣2

∣∣∫ a
0

√
S(ρ)ρdρ

∣∣2
(28)

In (27) θmax is the maximum angle for which the ray is
captured by the output aperture and T(ρ) is defined in (24).
Substituting ρ = a in (19), one has

θmax = tan−1
[
sinh

(πa
2d

)]
= tan−1

[√
n2

0 − 1

]
(29)

It is observed that for n2
0 = 2, θmax = 45◦. We also note that

εtap, εspill, εtrans do not depend on the frequency under the
GO assumption, and their values can be universally depicted
as a function of d/a independently of the lens radius electrical
size (i.e., a in terms of the wavelength).

Using (23) in (26) and (21) in (27) leads to the closed
form expressions

εtap = 4

δ
tanh

(
δ

4

)
;δ = (0.5m+ 0.65)

(aπ
2d

)2
(30)

εspill = 1 − cosm+1
[
tan−1

(
sinh

(πa
2d

))]
(31)

which can be rephrased in terms of n0 through (14). The
above expression can be extended to a generic feed with
gain Gf setting Gf = 2(m+ 1), namely m = 1

2Gf − 1. Note
that The Gaussian approximation of the Poynting vector has
been used in the evaluation of the tapering efficiency in (31).
Fig. 5 shows the individual contributions (Fig. 5 a-c) to the

total aperture efficiency (Fig. 5 d) as a function of d/a for dif-
ferent exponent in U(θ) = cosm θ feed pattern. As expected,
the total efficiency exhibits a maximum for different values
of d/a (and therefore n0). This gives a convenient way to
design the optimal lens for any thickness. For any values of
m, the maximum possible efficiency is always between 70%
and 80%. Suggested values are n0 = 1.44, d = 1.73a and
m = 6, which correspond to a feed gain of 11.4dB and an
aperture efficiency of about 80%. With these values, a lens
of 5λ radius gives a Gaussian pattern of about 29dB gain.

IV. NUMERICAL VALIDATION
A. RAY-TRACING
A ray-tracing algorithm, has been developed in order to carry
out a numerical validation of the presented work [28]. For
a given n(ρ), the ray-tracer kernel derives the ray-paths inside
the inhomogeneous lens by solving the ray-equation, and the
Poynting vector at the lens aperture by solving the energy
transport equation, which expresses the conservation of the
energy in a ray-tube. Fig. 6 shows the rays traced inside the
GRIN lens, with evidence of spill-over and captured rays
that contributes to the definition of the spill-over efficiency.
Fig. 7 shows the normalized Poynting vector at the output

lens interface for different values of d/a, assuming m = 12
for the primary feed pattern in (10). The results are compared
with the analytical form in (23).

B. FULL-WAVE ANALYSIS
A full wave analysis has been carried out by using the CST
Microwave Studio Suite simulator. The model is composed
by a point source embedded in a cylindrical lens. The lens
is characterized by a radius of 5λ and by a radially varying
refractive index n(ρ). The latter is given by (14) once d/a and
n0 has been fixed. The point source feed has been modeled as
an array of two Huygens’s sources in a dipole-loop configu-
ration that achieves approximately a U(θ) = cos3(θ) pattern.
At the lower interface, the lens is shielded by a metallic
ground plane. The directivity of the antenna is calculated
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FIGURE 5. Individual and total efficiency contributions -as a function of d /a for
different exponent in U(θ) = cosm θ feed pattern. (a) tapering efficiency (εtap );
(b) spill-over efficiency (εspill ); (c) transmission efficiency(εtrans ); (d) total
efficiency(εtot ).

by the full wave analysis by dividing the power density for
the radiated power obtained integrating the normalized radi-
ation pattern and next dividing by the area of the interface.

FIGURE 6. Ray-paths from ray-tracer: spill-over and captured rays.

FIGURE 7. Normalized power density S(ρ)/S(0) as a function of ρ/a for primary feed
pattern with m = 12. Comparison between the analytical solution (solid lines) and the
results from ray-tracer (dashed).

TABLE 1. Comparison between CST and closed form formula.

Fig. 8(a) shows a comparison between the full-wave based
total efficiency for a lens of radius 5λ and different value of
d/a; these values are compared with the efficiency calculated
through the closed form (30)-(31). Fig. 8(b)-(f) shows the
directivity radiation pattern for various cases; insets in the
various pictures show the snapshot of the real part of the
electric field propagating inside the lens.
Table 1 summarizes the closed form formulas with the

one obtained by CST for the cases shows in Fig. 8a. It is
seen that our formulas underestimate the full-wave values of
efficiency of few percent. This is probably due to the fact
that the polarization as well as back radiation from the feed
is not described properly in our formulas.

V. EXAMPLES
A. GRIN BY HOLES IN DIELECTRIC HOST MEDIUM
The GRIN lens may be realized by varying the hole den-
sity in a dielectric host medium, practically realizing or
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FIGURE 8. (a) Comparison between full-wave total efficiency (CST) and efficiency calculated by the closed form in (30)-(31); (b)-(f) gain patterns achieved for a lens of radius 5λ

for different values of d/a. (b) d/a = 1, (c) d/a = 1.2, (d) d/a = 1.4, (e) d/a = 1.6, (f) d/a = 1.8; (f) d/a = 2. The insets present a snapshot of the real part of the in-plane transverse
electric field. The feed is relevant to a doublet huyigens source with 9dB gain (m = 3).

by drilling a solid dielectric or by additive manufactur-
ing. We consider here two examples, in which the dielectric
host medium is Acrylonitrile Butadiene Styrene (ABS) and
Teflon, characterized by a dielectric permittivity εr = 2.7,
and εr = 2.1, respectively. The ABS is normally used in 3D
printers. For both materials we will consider both square or
circular holes, the first ones easier to be done by 3D printer
and the second ones by drilling. Once one has fixed n0 = ε

1/2
r

and the radius of the lens, the lens thickness d is derived
from (15). If we fix a = 3.12 cm we obtain d = 5.35 cm
and d = 4.3 cm for Teflon and ABS, respectively.

In order to synthesize the graded index by holes, the
cylindrical lens has been subdivided in N cylindrical ideal
concentric shells, with average radius centred at ρi with
i = 1, . . .N, each one with constant width δ = 2.4mm <

λ/4, (where λ is the free-space wavelength at 30GHz). Each
shell has been filled by an entire number of holes (either
square or circular) with cross-section areas s2i , constant in
azimuth, like those shown in Fig. 9.
In each shell perimeter we can accommodate an integer

number of holes equal to Ni = [2πρi/δ], where [.] here
denotes the integer part of the argument. This allows the cell
containing a single hole to be almost square (see Fig. 10).
The equivalent permittivity has been computed by averaging
the full and empty volume permittivity, as

εi = Vholes,i + εr
(
Vshell,i − Vholes,i

)

Vshell,i
(32)

FIGURE 9. CAD models of the GRIN lens; (a) circular holes; (b) square holes.

In (32), εi = n2(ρi), is a sampling of the desired continuous
refractive index n(ρ) to be synthesized, defined in (14).

Furthermore, Vholes,i is the empty volume associated to the
ith shell, Vshell,i is the volume of the i-th shell, and εr = n2

0 is
the relative permittivity of Teflon or ABS, respectively. The
hole height has been fixed equal to the entire lens thickness
d in order to preserve the longitudinal homogeneity. Thus,
one has Vholes,i = Nis2i d and Vshell,i = 2πρiδd. Eq. (32) can
be therefore inverted to find s2i

s2i = 2πρiδ(εi − εr)

Ni(1 − εr)
(33)
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FIGURE 10. Gain patterns for the GRIN lens design with (a) εr = 2.1 (Teflon),
d = 5,35, a = 3.12λ and (b) εr = 2.1 (Teflon), d = 4.53λ, a = 3.12λ, at a working
frequency f0 = 30 GHz, obtained by square holes, circular holes and homogeneous
cylindrical shell, respectively. E-plane and H-plane are on the left hand side and right
hand side, respectively.

In (33) si is either the side of the square holes or it is related
to the radius of the circular holes through S2

i = πr2
i (see inset

of Fig. 10). The adopted discretization and homogenization
processes produce two kind of errors in the permittivity pro-
file of the GRIN lens wrt the ideal one: i) a discretization
error due to the approximation of a continuous profile with
a step profile ii) a homogenization error due to the unavoid-
able approximation of Ni to an integer number. It is seen
that the average discretization error for Teflon is 0.2% (ABS
0.4%), while the average homogenization error is 2.6% (4%)
for circular holes and 2% (2.8%) for square holes. Therefore,
the homogenization error is prevalent with respect to the dis-
cretization error and increases with the permittivity of the
host medium. Therefore, the square-holes solution is prefer-
able. This is confirmed by the numerical results of the next
section.

B. NUMERICAL RESULTS
Full-wave CST simulations has been carried out for the lens
described in the previous section (a = 3, 12 cm, d = 4.3 cm,
with center frequency at 30 GHz). The lens has been fed
in both ABS and Teflon case by a circular waveguide of
radius 2.8 mm, filled by the pertinent dielectric, fed by
a TE11 mode and integrated in the lens. The radiation inten-
sity pattern of this open-ended waveguide when it radiates

FIGURE 11. Snap-shoot of the real part of the E-plane Field distribution for the
GRIN lens with εr = 2.1 (Teflon) at f0 = 30 GHz. (a) cylindrical shells, (b) square holes.

into an infinite medium with the same relative permittiv-
ity approximates eq. (21) with m = 3 for both Teflon and
ABS. Our formulas predict a total aperture efficiency of 70%
for Teflon and 76% for ABS. Fig. 10 presents the gain- pat-
terns in the E-plane and H-plane obtained by square holes,
circular holes and homogeneous cylindrical shell, respec-
tively. Fig. 10a and 10b are relevant to Teflon and ABS,
respectively.
As expected, it is seen that the square-holes cases bet-

ter fits the reference case of homogeneous cylindrical shell.
For the case of Teflon, the maximum directivity for homoge-
neous cylindrical shell is given by 25 dB (aperture efficiency
equal to 80%) against 24.3dB for square-holes (70%) and
23.2dB (55%) for circular holes. For the case of ABS, the
aperture efficiency is equal to 85% against 80% for square-
holes and 45% for circular holes, in line with our prediction.
Furthermore, the radiation patterns for the square holes are in
better agreement with the reference ideal one. Furthermore
the Teflon case shows a better symmetry in the two planes.
A snapshot of the real part of the electric field inside the

Teflon lens is presented in Fig. 11(a) for cylindrical-shell
lens and in Fig. 11a for square-holes lens. It can be clearly
seen that the spherical wavefront delivered by the waveguide
is gradually transformed in planar phase fronts at the lens
aperture. Equally well for both the cylindrical shells and for
the square-holes.
A further possible application of the proposed formulation

is to consider a model of a shaped GRIN lens where the
metallic wall profile follows the extreme ray-path. We will
refer to it as “cup-lens”. The external-wall profile of the
cup-lens is designed following the mathematical expression
in (17) with θ = θmax. Two cases have been considered
where the walls are covered or not by a perfectly electric
conductor. Fig. 12a and 12b show the E-field inside the
lens without and with external metallization, respectively.
The far field directivity pattern is indeed shown in Fig. 12c
and 12d, respectively. It is seen that the two principal-plane
cuts exhibit a good symmetry in the main lobe, especially for
metallized walls, as it occurs in scalar horns. The cross-polar
components in these cases are below −35 dB with respect
to the maximum of the co-polar components, as typically
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FIGURE 12. Snap-shoot of the real part of the E-plane field distribution for the GRIN
cup-lens at f0 = 30 GHz realized by square-holes. (a) case without metallic walls;
(b) with metal walls. Directivity pattern in the E-plane and H-plane for the structure
without metallic walls (c) and with metallic walls (d). The level of the cross-polar
components are outside the represented scale.

occurs in scalar horns. Also, the pattern profile approaches
a Gaussian shape in all planes.

VI. CONCLUSION
Design formulas for a new compact GRIN lens with inte-
grated feed have been derived. The exact expression of the
refractive index profile has been obtained by applying the
inverse truncated Abel transform to a ray-path congruence
equation given by GO. The exact relationship between the
lens geometrical parameters (d/a) and the maximum value
of the refractive index (n0) allows a simple design of the
antenna. The Poynting vector at the lens aperture, assum-
ing a cosmθ -type feeder, has been achieved by applying
the conservation of energy in ray-tubes. The latter can be
approximated with a Gaussian profile and this allows for
achieving aperture efficiency in closed form. The resulting
total efficiency may be designed till a value of 80%. The
closed form results have been successfully validated with
an in-house ray-tracing algorithm, based on GO, and by
full-wave simulations. Finally, we have presented practical
design of GRIN lenses by using holes in a Teflon or ABS
host media, including a case of a cup-horn designed by
the analytical profile of the extreme ray-path. This opens
the possibility to simply design a new type of all-dielectric
scalar (Gaussian) horn, which constitutes a reduced-volume
alternative to corrugated horns [26] or to profiled conical
horn with dielectric loading [27] and will be the subject of
a future dedicated work.
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