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ABSTRACT We present a simple, stable, and spectrally-accurate quasi-analytical method for studying the
reflection, transmission, and radiation of EM waves in the presence of single-layer or multilayer material,
plasma, or metamaterial slabs that are inhomogeneous along the normal to the slab interfaces. Our approach
formulates the problem as a linear Volterra integral equation of the second kind, discretized using an
entire-domain Nystrom method with a high-order Gauss-type quadrature. The proposed algorithms ensure
mathematically guaranteed spectral convergence, handle electrically thin to electrically thick slabs, and can
accommodate discontinuous inhomogeneity profiles. Application examples include one-dimensional band-
gap structures, field enhancement in inhomogeneous metamaterial slabs with zero-crossings in permittivity,

and dipole-driven plasma antennas.

INDEX TERMS Dipole antennas, electromagnetic (EM) bandgap materials, EM scattering by nonhomo-
geneous media, EM scattering by plasma media, nonhomogeneous media, Volterra integral equations,

Nystrom method.

I. INTRODUCTION

NHOMOGENEOUS planar layers have diverse applica-

tions in integrated optics, photonics, plasma, and mi-
crowave engineering [1]-[7]. Graded-index slabs, for in-
stance, are used for optical waveguide design and the cre-
ation of optical components. Slabs with periodically modu-
lated refractive indices exhibit frequency-selective behaviour,
serving as simple one-dimensional EM band-gap structures.
Inhomogeneous plasma layers are employed in radio com-
munications, radio astronomy, and stealth applications due to
their adaptable reflection, absorption, and transmission char-
acteristics. Other significant applications include geophysical
exploration, biomedical imaging, and optical tomography.

Analyzing wave propagation in infinite inhomogeneous
slabs almost always relies on approximation methods be-
cause exact solutions are seldom available for arbitrary
material parameter distributions. The most common ap-
proach is the staircase approximation (SA), which models
the inhomogeneous slab as a stack of thin homogeneous
layers and then applies matrix propagation methods [8]—
[11]. While SA is simple, it requires a thin stratification
for accurate results and exhibits low convergence. Another

widely used approach involves converting the generalized
Helmbholtz equation into a Riccati (nonlinear) differential
equation for the local reflection coefficient and solving it as
an initial value problem using the Runge-Kutta method [12],
[13]. Several alternative approaches, such as series-expansion
[14]-[16], integral equations [17]-[19], and others [20]-[25],
are also available.

A distinct quasi-analytical method, which combines differ-
ential and integral equation techniques and exhibits spectral
convergence, has recently been used to investigate EM scat-
tering from inhomogeneous isotropic or anisotropic cylin-
drical [26], [27] or spherical [28] objects. In this study, we
extend the application of this method to address scattering by
single and multilayered slabs made of materials, plasma, or
metamaterials exhibiting inhomogeneity along the normal to
the slab interfaces. We consider two types of incident fields:
plane waves and spherical waves radiated by elementary
dipoles. Inhomogeneity profiles can be smooth or piecewise
smooth spatial functions. Our primary goal is a simple,
stable, and spectrally accurate algorithm that can provide
machine-precision results. We will approach this in two
steps.

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

VOLUME

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Open Journal of Antennas and Propagation. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/0JAP.2023.3347704

Tsalamengas: Nystrém-type Technique for Electromagnetic Wave Scattering in Inhomogeneous Material, Plasma and Metamaterial Slabs

We start by reformulating Maxwell’s equations in the
region occupied by the slab as a first-order system of ordi-
nary differential equations (ODEs) with a spatially-varying
coefficient matrix (Sections II-IV). When addressing the as-
sociated initial value problem (IVP), a variety of efficient and
reliable numerical schemes are available, typically divided
into linear multistep and Runge-Kutta methods. However,
selecting the optimal scheme can be a complex task due
to the trade-offs between stability, convergence properties,
computational complexity, and memory usage. Additionally,
these methods are limited by their algebraic order of accu-
racy and tend to degrade in performance when faced with
discontinuous inhomogeneity profiles.

Recognizing these limitations, we depart from the conven-
tional numerical schemes commonly associated with IVPs in
the second step. Instead, we transform the system of ODEs
into an equivalent linear Volterra integral equation (VIE) of
the second kind. The transformation is followed (Section V)
by discretization of the resulting VIE using a specialized
high-order entire-domain Nystrom method, coupled with an
appropriate Gauss-type quadrature.

The proposed algorithms ensure mathematically guaran-
teed spectral convergence, constrained only by the smooth-
ness of the underlying inhomogeneity profiles. When dealing
with analytic spatial functions, the convergence is exponen-
tial. This stands in contrast to widely used general-purpose
methods that exhibit an algebraic convergence rate of O(h?);
in such methods, the convergence rate is determined by
the order p regardless of the regularity of the underlying
function. Additionally, our algorithms provide simple closed-
form expressions for every entry of the Nystrom matrix,
apply across a wide range of slab thicknesses, and can
efficiently handle profile discontinuities. As a result, we
attain machine-precision results at low computational and
implementation costs.

Throughout this work, we assume a time-harmonic depen-
dence of exp(iwt), which we omit for brevity.

Il. SCATTERING OF E-POLARIZED PLANE WAVES

Fig. 1 shows an inhomogeneous slab, region 1, with thick-
ness d and continuous constitutive parameters e1(z) =
eoer1(z) and pi(z) = popr1(2). Sectionally continuous
parameters will be addressed in Section VI. The slab extends
infinitely in the = and y directions, surrounded by homoge-
neous regions 0 (z > z; = 0) and 2 (z < zg = —d) with con-
stitutive parameters (gq, (o) and (g2, p2), respectively. Both
(e1, p1) in region 1 and (g2, p2) in region 2 can be complex
to account for potential losses. The primary excitation is
an incident E-polarized plane EM wave propagating in the
direction of k"¢ = —k,4& — k, %, where

ke = kosin, k, = kg cos . @)

In (1), kg = wy/Eopg, and 7 is the incidence angle measured
from the z-axis, increasing clockwise. The electric field, with

an amplitude of Ej, is given by

‘Einc(x7 Z) _ gEoei(kw:rchz).

4

R

80, /,IO |\l£/ ];im‘
Z = 0 o -f — X
£(2), 1(2) d
zy=—d i
SR

FIGURE 1. Geometry of an inhomogeneous slab.

Remark 1. In each region, the field components vary as
f(z)e®*==  with the phase factor exp(ik,x) dictated by the
incident wave. O

In regions 0 and 2, the nonzero component of the total
electric field is expressed as

(22)
(2b)

EyO(CU, Z) = E;’nc(m, Z) + EOR ei(kwg;,kzz)
Eys(x,2) = EoT et keoths22)

where R and T are the reflection and transmission coeffi-
cients, respectively. In (2b), k.o = wk% — k2 with ky =
w,/Eaptz. For a lossy medium in region 2, k3 — k2 falls
within the lower half-plane of the complex plane. To ensure
a physically valid solution, we choose the branch of the
square root defining ko in such a way that Re(k,2) > 0 and
Im(k,2) < 0. The components of the associated magnetic
field are obtained from

1 95, 1 9B,

r — T ) - 3
iwp 0z iwp Oz )
with = pg or p = ps.
For the field in region 1, with components F'(z,z) =
etkeT F(2) (F = E,1, H;1, H,1), from Maxwell’s equations
we obtain an algebraic equation:

ky
H,(z) = (AJ,LLl((Z)Eyl(Z) 4)
and an ODE:
Ji
")~ @), ©

where the column-vector variable w(z) is defined as

(2) = [Eyi (2), Hoa (2)]7 (6)

and the matrix A;(z) is given by

0 .
Al(z)‘&(z;ehm)_[w Wé(ﬂ 7

iwp (2)

with k2 (2) = w?e1(2)p1(2).
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A. SOLUTION OUTLINE
The general solution of (5) is:

’l_L(Z) = Wl(Z,Zo)a(Zo)7 20 <z< 21, (8)

where W7 (z, z9) is the transition matrix associated with the
system matrix A;(z). The transition matrix is the solution
of the matrix-valued IVP:

dWl (Z 5 Zo)

dz
where I, denotes the 2 x 2 identity matrix.

The highly accurate computation of Wi(z, zg), carried
out in Section V, is an integral part of our method. After
obtaining W1(z1,20), we enforce continuity on u(z) at
z = zgp and z = z1, leading to:

= A1 (2)Wi(z,20), Wi(z0,20) =12, (9)

| 1 ol
EOTezkzzzo |:kz2:| — I_L(Z())7 A-h= I:kz:l ) (10)

w2 wo
where Re-i2k

- e taRzZ1

h = |:T€—i(kzzl—k2220):| I (] 1)
and A is the 2 x 2 block matrix:

-1 1

A= Kk) IRACEY <k)] (12)
wo W2

Once we obtain the unknowns R, T, and (zp) from (10),
we can evaluate the field everywhere using (2)-(4) and (8).

B. DNG SLABS

Our analysis extends to arbitrary isotropic inhomogeneous
materials or metamaterial slabs. Assuming all media are
lossless, we apply the second equation in (10) to a double-
positive (DPS) slab with e1(z) > 0 and p;(z) > 0. We
then apply the same equation to its double-negative (DNG)
counterpart with —e;(z) and —pq(2). This yields:

k-
wpo

ADPS . jDPS _ ADNG  ;DNG _ (ADNG _DNG)x — { 1 }

where the star (*) denotes the complex conjugate. Clearly,
Aj(z;—e1,—pm) = Ai(ze1, m), implying (WPNO)* =
WPPS 5o that (APNG)* = APPS, Thus, hPPS = (APNO)* by
(10). With z; = 0 and 29 = —d, as in Fig. 1, we obtain:

(R7 T)DNG — (R*,€2ikZQdT*)DPS. (13)

Hence, the transition from a DPS slab to its DNG counterpart
does not alter the reflectance (| R|?) and transmittance (|7?).

lll. SCATTERING OF H-POLARIZED PLANE WAVES
In this section, we investigate the dual problem to the
previous one. The incident plane wave is now H-polarized,
and its magnetic field is given by

Hinc(x’ Z) — gHoei(kszrkzz).

In regions 0 and 2, the nonzero component of the total
magnetic field is expressed as

Hyolw,2) = Hy*(2,2) + Hore' =742 (14)
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HyQ(xy Z) _ H[)T ei(kzw+kzgz)7 (15)

where R and T are the reflection and transmission co-
efficients, respectively. The components of the associated
electric field can be obtained from
)
iwe Ox
with € = g¢ or .
For the field in region 1, with components F'(z,z) =
ek F(2) (F = Hy1, By, EL1), from Maxwell equations
we obtain an algebraic equation:

ke
E =——H 1
zl(z) w€1(2’) yl(z) ( 7)
and an ODE: .
tz(;) = 4A5(2)0(2), (18)
where the column-vector variable v(z) is defined as
0(2) = [Hy(2), —En(2)] " (19)

The matrix As(z) is the dual of A;(z) and is given by

0 iweq(2)
Ax(2) = | k2 -#2(2) N (20)
iweq (2)
The general solution of (18) is:
0(z) = Wa(z,20)0(20), 20 <2< 21, @21

where Wa(z, zg) is the solution of the matrix-valued IVP:
dW2 (Z, Zo)
dz
The transition matrix Wy can be computed as in Section V.
Enforcing continuity on the vector variable 0(z) at z = zg
and z = z1, yields:

= As(2)Wa(z,20), Wal(zo,20) = I2. (22)

: 1
HOTezkzzzo |:k22] — 17(20)7

WwEeg

-1 1 _
(@) 1w ()] 5[]
wo W weQ

with & defined in (11). Equation (23) is the dual of (10).
Once we obtain the unknowns R, T, and ©(zp) from (23),
we can evaluate the field everywhere using (14)-(17) and
21).

Note: Property (13) is applicable in this case as well.

IV. ELECTRIC AND MAGNETIC DIPOLE RADIATION
In Sections IV.A and IV.B, we deal with arbitrarily oriented
electric and magnetic dipoles

D =D& +py:0+p22a m:mazi"i_myg""mzév
located at 7 (z’, y', 2’) over a bilateral [Fig. 2(a)] or grounded
[Fig. 2(b)] slab. Section I'V.C focuses on dipoles embedded in
either of these slabs, whereas Section IV.D concerns dipoles
radiating in the presence of DNG slabs. For simplicity, we
assume that region 2 (z < zg) in the structure of Fig.
2(a) has the properties of vacuum (gg, po). However, the
analysis readily extends to include the general case where a
homogeneous medium (e, 12) occupies that region.
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FIGURE 2. (a) Bilateral inhomogeneous slab excited by an arbitrarily
oriented elementary electric or magnetic dipole. (b) Grounded
inhomogeneous slab.

A. DIPOLES ON TOP OF AN INHOMOGENEOUS SLAB
We start with the problem of electric and magnetic dipoles
radiating on top of the inhomogeneous slab of Fig. 2(a).

1) Field Representation Inside the Slab
In the 2D Fourier-transform domain defined by the pair:

x .z // —i(ky w+kyy)f(kx’ ky,z) dkm dkyv (243)

Fllz, kys 2) / / ke tkov) £ (2, y, 2) dz dy, (24b)

Maxwell’s equations for region 1 split into two algebraic

equations:
kIEyl - kyEzl = wﬂlﬁzly _klﬁyl + kyf{»Ll = wglEzly

together with four first-order scalar differential equations
having the components of the column-vector variable

1(2) = [Bo1(2), By1(2), Hor(2), Hy1 ()]

as the unknowns. Here, for simplicity, we use fql(z) as
shorthand for fg1(ks, ky; 2), where f can be either E or
H, and ¢ can be either x or y. Let

el ) eo=fg 2o

(25)

(26)

After suitable manipulation, we obtain the following ODE:

dwq(z
dlz( )= 4ym(a) @7
where
0 0 0 —7i(2)
we1(z)
dgzy=i| O D memE 0 g
0 RN 0 0
w1 (2)
we(z) 0 0
with
Vi(2) = ki 4k — wer(z)p(2). (29)
The general solution of (27) is:
w1 (z) = Ws(z, 20)w1(20), 20 <2<z, (30

where W3(z, 2g), the transition matrix of the linear differen-
tial system (27), satisfies the IVP:
de(Z,ZQ) (31)
dz
with I, denoting the 4 x 4 identity matrix. The computation
of Ws(z,zp) is detailed in Section V. The term w;(zo)
encountered in (30) is elaborated in Section IV.A.4.

Once @ (z) is determined, we can evaluate % (z) using
(26):

O !

= A3(2)Ws(z,20), Ws(20,20) = Is

N=k+k. (32

2) Field Representation in Region 2

In the homogeneous source-free region 2, the field can be
described using scalar electric (7.2) and magnetic (7,,2)
Hertz potentials [29]:

EQ =V x V x (Qﬁeg) — iCU[LQV X (:IJTFWLQ), (33)

(34)

Both 7. and 2 satisfy homogeneous Helmholtz equa-
tions:

HQ =V xVx (:I;’]ng) + iw&fov X (yﬂ-eQ).

(V2 +kg)mga(w,y,2) =0, g=em  (35)
with Fourier-transform counterparts:
d? .
(d . )\2)7rq2(k17ky;z) —0. (36)

Using, for simplicity of notation, the shorthand 7g2(z) for
7g2(ks, ky; 2), we obtain:

Tma(2) = bpe?Z720) . (37)

Here, as = a(ks, ky) and by = by(ky, ky) are coefficients
to be determined, and
T 0
2 <arg(y) < 3.

1
— )\2 _ k2 2
Y ( O) ’ 2
Selecting the branch of the double-valued function v as in
(38), ensures the validity of the radiation condition at z —
—00.

We introduce the vector variable ws(z), defined analo-
gously to w;(z) but with the index 1 replaced by 2 in both

7~1—62(2) = GQG’Y(Z_ZO)7

(38)
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(25) and (26). Combining (33) and (34) with (37), we express
wa(z) as:

wy(z) = C(7) [‘;j ), (39)
where
a2 |y 0 0 weol]’
C(7) = {O oy —in 0] . @0)

Here, the superscript T denotes the transpose operation.

3) Field Representation in Region 0
The field in region O can be written as a sum of two
components:

i} = (i + Lo

The first component, denoted by the subscript d, represents
the primary field that would be generated by the dipole
source radiating in an unbounded space with parameters
(€0, tt0). We introduce the vector variable wy(z), defined
similarly to wj(z) but with the index 1 replaced by d in
both (25) and (26). It can be shown [29] that

(41)

Wa(z) = g(ks, ky, 2)Ca, (42)
where
1 . ’ . ’ ’
_ thex'+ikyy —vy|z—2"|
gk, ky, 2) = 787r2€ v 43)
and ¢4 is defined as follows:
* For the electric dipole case:
r i’Yk’z i’yk’y i
we wEeQ wEeQ
_ikgky  ikgka 0 Pz
Cq = weQY wepy Dy (44)
—kys  kgs 0 ’
k k o |
L FaS yS T
Here, s = sign(z — 2/).
* For the magnetic dipole case:
[ kys —kys O
i\2 m
Ca= | ivke ivky  sA2 | [ My (45)
W w W
kak,  ikihe o | LT
- WioY WHoY

The second component, denoted by the subscript s, repre-
sents the secondary field, also known as the scattered field.
It satisfies the source-free Maxwell equations and can be
expressed in terms of two scalar Hertz potentials, 75, and
0. using formulas similar to (33) and (34). The Fourier
transforms 75, and 7 , are given by

750(2) = boe YETE) 1 (46)

where ay = ao(ky, ky) and by = bo(ky, k,) are unknown
coefficients to be determined. Following a similar analysis
as in Section IV.A.2, we arrive at

m(2) = C() 0] e,

where w(z) is defined in a similar manner to w; (z), with
the index 1 replaced by s in both (25) and (26).

(z—21)

o0 (2) = age™” ,

(47)

VOLUME

4) Finalizing the Solution

To determine the yet-unknown coefficients {ag, by, az,bo}
and subsequently find the Fourier transforms of the fields, we
impose continuity on both the electric and magnetic fields’
x and y components—equivalent to enforcing continuity on
w(z)—at z = zp and z = z;. Using (30), we obtain a 4 x 4
system of linear algebraic equations:

Waler,)C0) 2] = €l 1] = auten). a9
Once these coefficients are determined, we can evaluate
Ws(2) and wo(z) using (47) and (39), respectively. Sub-
sequently, we can obtain w;(z) by using (30) with the
condition @1 (z9) = wa(z0). The field can then be computed
everywhere by applying the inverse Fourier transform (24a).

5) Far Field

In the radiation zone (r > )\g), the generated field consists
of two parts: a space wave component, representing the 3D
radiation field in regions 0 and 2, and a surface wave compo-
nent, characterizing the 2D waveguide modal field across all
three regions. The evaluation of these field components can
be carried out analytically via contour integration techniques
detailed in [30] and [31] (also refer to [32], [33]). Further
details regarding their application to our specific problem
can be found in Appendix A.

Alternatively, the space wave component in regions 0
and 2 can be determined by using the stationary phase
asymptotic integration technique [34]. In spherical coordi-
nates O(r, 0, p),

e*ikor
E(r) = [0Fp(0.0) + $F, (0, 0)] — —,
i) = Y20 - (om0 + B @9)

where Zy = +/pio/c0. Both Fy(6,p) and F,(6,p) have
closed-form expressions, which are summarized below.

e In region 0:

F9(97S0) :FQS(G,QD)—E(Zoﬁ.é_km.@)eikofﬂ?"
s L
Fo(0,¢) =F3(0.) = > (Zop - ¢ — - )™, (50)

where

o
Fj0,¢p) = ﬂw(l)(O) = —irkjao(ky, ky) sin 26,

sinf °
s 727'('2 (2) . 3 .
F3(0,0) = o s (0) = imki Zobo (K, Ky) sin26. (51)
Here, w{ )(z) denotes the jth scalar component of @,(z).
* In region 2:
Fy(0,9) = —imkgag(ka, ky)eFo0 059 sin 20,

F,(0,9) = imki Zoba (K, ki, ) €020 <5 gin 20,

In (51) and (52), (K, ky) is the stationary phase point:

(52)

(K, ky) = (ko siné cos ¢, ko sin fsin ). (53)
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B. DIPOLES ON TOP OF A GROUNDED SLAB

Refer to the configuration of Fig. 2(b). Now, region 2 is
perfectly electrically conducting, and as a result, both F,
and E, vanish at z = 2. Setting

=k, Hy(2) + ky H (20
=k, H, ( o) = kaHy(2), (54)
the continuity of w( z = z leads to the following

equation analogous to

) a
(48
ol

{Zg] = wy(=1),  (55)
with 00 1 0]
A_L) 00 1] : (56)

The expression of the far field in region O remains un-
changed.

C. HORIZONTAL DIPOLES EMBEDDED IN A SLAB
Here, we consider electric and magnetic dipoles

D= Tps +Ypy, M =ITmy+ym,
positioned at 7/ (z’, 3/, z’) inside the bilateral slab of Fig. 2(a)
(29 < 2’ < 21, submerged horizontal dipoles).

Region 0 is now source-free, and its field (Ey, Hp) can
be expressed in terms of two scalar potentials, 7.9 and 7,0,
with Fourier transforms:

Teo(2) = age YE=2), Tmo(2) = boe 7E21)  (57)

Here ag and by are coefficients to be determined. The
corresponding vector variable wg(z)—defined as in (26) but
with the index 1 replaced by O in both (25) and (26)—is
given by

wo(z) = C(—7) m ez, (58)

0

For the vector variable @ (z) associated with the field in
region 1 (29 < z < z1), we can write
_ . Wg(z, Zo)wl(ZO),
w1(2) = {Wg(z,zl)wl(zl),

The field representation in region 2 remains unchanged.
By applying the boundary conditions at z = 2y, 2 = 21,
and z = 2/, we obtain the linear algebraic system:

20 < z<Zz

2 < z< 2. (59)

W3(Z’72;0)C( ) |:b2:| Ws(z 21)0( ’}/) |:Zs:| == Qf)d7 (60)
where
—kymy + kymy,
T 76ikww’+ikyy’ _kymy — kymyg
472 k’ﬁpy - kyp$
kypy + ka:p$
For dipoles embedded in the grounded slab of Fig. 2(b),
we obtain the following linear algebraic system analogous
to (60):

W5(2, 20)A [‘;ﬂ — Ws(, 21)C (=) Bﬂ = 0g.

(61)

(62)

The expression of the far field in region 2 (case of bilateral
slab) remains unchanged. For region 0, we use (49) with
Fo(0, ) and F, (0, ) equated to F5(0, ) and F3(0, ») as
defined in (51).

D. DNG SLABS

Our analysis extends to arbitrary isotropic inhomogeneous
layers. Initially, we focus on the structure shown in Fig.
2(a) (dipoles over a bilateral slab). We define hPPS =
[ag, bo, az, b2]T as the column vector containing the unknown
coefficients encountered in (48) for a DPS slab with £1(z) >
0 and p1(z) > 0. We designate the associated transition
matrix as WPPS(zy, 29). In the case of the DNG counterpart
with —e1(2) and —pq(2), we use RPNG and WPNG, By
substituting (42) into (48), we obtain:

ADPS . ,DPS _

g(kmakyazl)éda (63)

(APNG . pPNGy* — (g(kz,kyazl)éd)*’

where, for ¢ = DPS and for ¢ = DNG, A9 is the 4 x 4 block
matrix

(64)

AN =[-C(=y) | Wi(z1,20)C()]. (65)

The property A%(z; —e1, —p1) = As(z;e1, p1) implies:

[WDNG(Zl, Zo)} WDPS(Zl, Zo).

In the far scattered field, where (k;,k,) = (K, ky) [see
(53)], v = ikgcosb, leading to [C(£y)]* = C(£7) and
¢ = ¢q. Consequently, (APNG)* = APPSand (64) can be
restated as:

APPS - (BPNGY* = [g(ky, iy, 21)] " Ca (66)
From (63) and (66), using (43), we deduce:
(EDNG)* _ 672i[n1m'+/{yy'7ko(z'7z1)cos O]BDPS. (67)

As a result, the relationship between the radiation patterns
FPNG(9, ) and FPPS(, ) of the far scattered field, whose
components are given by (51) and (52), is:

[FvDNG(e7 (P)]* _ _e2z[ﬁ$w +ryy —ko(z —21) cos 0] FDPS(9 SO)
(68)
For the structure in Fig. 2(b) (dipoles over a grounded
slab), we substitute C'(vy) in (65) with A and use the defini-
tions in (54) for as and b,. The final results—equations (67)
and (68)-remain unchanged. When a dipole is placed within
any of the slabs in Fig. 2, all the previously discussed results
and equations remain unchanged. However, in (67) and (68),
the phase term —ky(z’ — 21) cos 6 should be omitted.
Under the specified conditions, transitioning from a DPS
slab to its corresponding DNG slab does not alter the
magnitude of the radiation pattern of the far scattered field.

VOLUME ,

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Open Journal of Antennas and Propagation. This is the author's version which has not been fully edited and

content may change prior to final publication. Citation information: DOI 10.1109/0JAP.2023.3347

IEEE Open Journal of

V. NUMERICAL SCHEME FOR COMPUTING THE
TRANSITION MATRICES

In this section, we present an overview of the numerical
scheme used to compute the transition matrices Wy, Wo,
and W3 needed in equations (8), (12), (21), (23), (30), (48),
(55), (60), and (62). Instead of focusing on a specific case,
we provide a unified approach for solving the IVP

W = A(2)W (2, 20), (69a)
W(Zo, Zo) = I, (69b)

where I represents the identity matrix of the same order as
A. In (69a), A can be Ay, As, or Az, and correspondingly,
W represents Wy, Wa, or Ws.
To solve the IVP in (69), we transform it into a second-
kind Volterra integral equation (VIE):
W(z,20) =1 +/ AW (2 20)d2’ (70)
20
by integrating (69a) from zj to z and using (69b). To simplify
notation, we introduce a change of variable:

s=a+pt (-l<t<l), {g}:'zl;tzo. 1)
We then define:
F(t) = W(z(t), 20), (1) = Alz(7)]. (72)
With these definitions, we express (70) as:
F(t)y=1+p / tl o(r)F(r)dr. (73)

To discretize the VIE (73), we employ the Legendre-
Gauss-Radau (LGR) quadrature with nodes at the zeros
t1 <ty <...<ty=10of PNfl(t) — PN(t), where Pk(t)
is the k-th degree Legendre polynomial. The corresponding
weights are:

_ 1 14t
N2 [Py-1(t;)]?

Using the expansion:

’LUJ‘ jZl N.

geeey

(74)

with coefficients [27]:

N
_ 2
My = hﬁ;wj@(tj)F(tj)Pk(tj), b= g0 (79)
we derive the discrete counterpart of (73) as:

N N-1

F(t)— 83 @(t)F(t;) Y ;”—;ij)ck(t) — 1. (76)
k=0

¢ 1+t k=0
Ck(t)Z/ Pk(T)dT:{W k>1. 7

2k+1 4 -
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Subsequently, applying (76) at t = t1,t9,...,tx yields a
system of linear algebraic equations:
N
F(t;) = BY wiby®(t;)F(t;)=1,i=1,...,N, (18
j=1
where
N-1
bij = ) i, Pu(t;)Ci(ts) (79)

[}

k
Once we find {F(t;)}¥ | from (78), we can evaluate F(t)
at any ¢ in (—1, 1) either using (76) or by interpolation [27]:

N-1 1 N
Fity= FN(t)= > h—kPk(t) > w;Pi(t;)F(t;).  (80)
k=0 j=1

The property W(z1,20) = F(1) = F(tn) allows for
the direct evaluation of W (z,z20) from (78) without the
need for interpolation, justifying our preference for the LGR
quadrature method in this paper. This property is also shared
by other alternatives, including Gauss-Legendre-Lobatto and
Clenshaw-Curtis rules.

A. ERROR ESTIMATE

Let F(t) be the exact solution of (73) and FN(¢) its
approximation obtained from either (76) or (80). A con-
vergence analysis (see [35], [36]) provides the following
error estimate: If FF € C™(—1,1), then, for a sufficiently
large N, |[F — FN+1| = O(Nz~™). When F is analytic
(F € 0®(-1,1)), ||[F — FN*Y| = O(e*N) (c is a con-
stant independent of V), indicating exponential convergence.
These properties demonstrate that the proposed technique
exhibits the typical convergence behaviour of a spectral
method.

The algorithm’s spectral convergence rate depends on, and
benefits from, the smoothness of the underlying functions,
distinguishing it from general-purpose methods that have
fixed algebraic convergence rates (O(hP)); in such meth-
ods, p remains constant regardless of the regularity of the
function.

Discontinuous (non-smooth) profiles can be addressed in
the way outlined in Section VI.

B. SINGULAR PROFILES

For later reference in Section VIL.D, we will discuss simple-

zero and double-zero inhomogeneity profiles, resulting in

corresponding simple-pole and double-pole system matrices
1 -

—FA

(2 —2p)™ (=),

Here, z, represents the pole, and m is its multiplicity. The

function A(z) = (z — zp)™A(z) is smooth with respect to

z. With z = z(¢) as in (71), we define:

F(t) =W(z(t),20), ®(1) = Alz(7)].

For ®(7)F(r), we use an expansion of the form (74).
Following a procedure similar to the one that led from (69)

A(z) = m=1orm=2. (81)
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to (78), we derive a system of linear algebraic equations
analogous to (78):

N
F(t) =B Y wibe)F(t;) =1 (82)
j=1
fori=1,..., N, where
N-—1
b = S h PO (1) (83)
k=0
with
t
m Pr(1) pa—Y
C()t:/ LA (84)
R S A .

(—1 < t, < 1). When t,, is in the interval (—1, ¢), the integral
in (84) should be interpreted as the Cauchy principal value
for m = 1 and in the Hadamard finite-part sense for m = 2.
Once we find {F(t;)}}¥, from (82), we can evaluate F(t)
at any point, for instance, via interpolation based on (80).

1) Evaluation of C{™ (t)
We can evaluate C,(Cm)(t) using the recurrence relation:

Poa(7) = ——[(2k + 1)7Pe(r) — kPs1(7)].

k+1
This leads to the following expression:
m Qk + 1 m—1 m
G =77 60 + 5,07 ()]
k_ m) _
mck_l(t)7 m = 1,2 (85)

The term C,io) (t) that arises in (85) for m = 1 is given by:

t
c(t) = / Py()dr = Ci(t) (86)
-1
with Cy(t) defined in (77). The initial values are:
1 1 |t —tp|
Co(t) = G (tsty) =In T2
)y =cM(t:t,) =1+t +t,C00)  (87)
and @)
@) = /t dr 090Gy (L)
0 (T =1)? oty 7
Yordr
c@m=/**—7=éWwHw@w.<w
(T —1tp)

VI. LAYERED AND ELECTRICALLY THICK SLABS

Our analysis extends to multilayer slabs, such as the one
shown in Fig. 3, with the region (29, 21) comprising L
inhomogeneous sublayers. The core results—equations (10),
(23), (48), (55), (60), and (62)—remain unchanged. Now,
when W = W, with i = 1,2,3, we compute W (z1, z9) by
cascading the transition matrices of all the layers:

W(Zl,Zo) = W(Zl,CL_l)...W(Cl,Zo). (89)

The matrices W5(2', z9) and Ws5(2', z1) appearing in (60)
and (62) are computed similarly.

T
Eoo My
Z:Zl — X
L
$r :
- — .
: i £0(2),u"(2)
gi—l
- 5
g
z=12,
L)

FIGURE 3. Multilayer inhomogeneous slab with L inhomogeneous
sublayers.

The convergence of the algorithm relies on the smooth-
ness of {e((2), ¥ (2)}L,. Exponential convergence is
achieved when these functions are analytic.

A. HANDLING DISCONTINUOUS PROFILES

The latter observation offers a simple and efficient method
for handling single-layer slabs with discontinuous inhomo-
geneous profiles: Modelling the slab as a stack of lay-
ers by introducing artificial interfaces at the locations of
the discontinuities and then applying (89). The algorithm
achieves spectral convergence, with the rate depending on
the smoothness of the parameters within each sublayer.

B. THICK SLABS

While the model in Fig. 3 primarily focuses on multilayer
slabs, it also offers advantages when applied to single,
electrically thick slabs. In the case of a single slab, the
required quadrature order /N increases with the electric size
of the slab. As kyd becomes larger, the size of the Nystrom
matrix (IN2) and, consequently, the computational demands
can become quite high and potentially prohibitive. To address
this challenge, a thick slab can be artificially divided into
a stack of L moderate-thickness layers, and the equation
(89) can be used. This approach optimally maintains N at
a manageable level, significantly enhancing the stability and
computational efficiency of the algorithm. For more details,
refer to Section VII.

VIl. NUMERICAL RESULTS AND COMPARISONS
In this section, we present numerical examples to validate the
algorithms and demonstrate the high accuracy and flexibility
of the proposed method. For scattering problems involving
E (H) polarized plane-waves, we assume that (eg, 1) =
(€0, pto), and use an incident field amplitude of Fy = 1V/m
(Ho = 1A/m), unless stated otherwise.

The computer programs were implemented in Mathemat-
ica 10.4, which employs machine precision arithmetic as
the default setting. It uses double-precision floating-point
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numbers with approximately 16 decimal digits of precision.
However, Mathematica also supports variable precision arith-
metic, allowing users to specify their desired precision for
numerical calculations. Precision can be set either globally,
using the global variable $PreRead, or on a per-expression
basis using the SetPrecision function. In our work, we
consistently used a precision setting of 17 digits for all
examples, except for Table 1 and Fig. 8.

A. CONVERGENCE ANALYSIS

In Fig. 4, we demonstrate the convergence of the algorithm
by plotting the base-10 logarithm of the relative errors of | R
and |T'| against the quadrature order N. These results pertain
to the E-case with kod = 7 and ¢ = w/4. We consider six
distinct inhomogeneity profiles, labelled as Case I through
Case VI, each of which has exact analytical solutions avail-
able (see Appendix B). The relative error € for X = |R|
and X = |T| is defined as ¢ = |(X — Xevact)/xevact|
The figure illustrates exponential convergence, consistently
achieving an error on the order of 10~1¢, comparable to the
round-off error, with the appropriate selection of N.

For a deeper insight into the convergence behavior of
the method, Table 1 presents the relative error of |R|
for various quadrature orders N with parameter values
matching those in Fig. 4. These computations use high-
precision arithmetic. Notably, Table 1 reveals a phenomenon
of super-convergence: doubling the value of N yields more
than double the number of correct digits in the computed
reflection coefficient. This observation, combined with the
results from Fig. 4, suggests that the algorithm’s accuracy
is only limited by the employed machine precision. These
findings emphasize the exceptional precision and reliability
of the method.

TABLE 1. Convergence of relative error for | R| in the E-case with kod =
and ) = 7 /4. Constitutive parameters ¢,;(z) and x,1(z) in Case |I-Case
Ill are the same as in Fig. 4.

Relative Error

N Case 1 Case 11 Case III

8 0.305575 0.00996931 0.00349806

16 1.6634x10~7 3.85954x10~10 | 2.95448x10—10
32 2.35123x 1032 4.53615x1073! | 9.15876x10—2°
64 2.07652x107102 | 1.03709%x10783 | 2.26694x10~73
128 | 1.41282x107281 | 8.8053x10210 | 3.39653x10~ 174

In Fig. 4, the slab had a thickness falling within the reso-
nance region. However, the results shown in Fig. 5, with kyd
at 207, 2007, 5007, emphasize that the algorithm can handle
significantly thicker slabs. By employing the model shown
in Fig. 3 and appropriately selecting the number of artificial
layers L and the quadrature order N, we consistently achieve
an error on the order of 10716 in all cases, underlying the
reliability of the method for very thick slabs.

In all previous examples, the profiles were continuous
spatial functions. To explore the algorithm’s behavior in the

VOLUME

presence of discontinuous parameters, we now consider a
slab with ;1 = 1 and a relative permittivity given by:
242(z+d)?/d?, —d<z< -4
ril\%) =
er2) 5d2/(z + d)?, —4<z<0.

This profile has a second-kind (jump) discontinuity at z =
—d/2. Following the framework outlined in Section VI, we
use the model of Fig. 3 with L = 2, introducing an artificial
interface at z = (; = —d/2, and use (89). In Fig. 6, we
present the relative errors of |R| and |T'| as N increases for
the E-case, with kod = 57 and @ = w/4, demonstrating
exponential convergence similar to our previous examples.

In Fig. 7, we show the base-10 logarithm of the rela-
tive error for |F(6,¢)|, representing the radiation pattern
of an electric dipole in the configuration of Fig. 2(a).
We used the model from Fig. 3 with 10 artificial layers
(L=10). The parameters values are: (6,p) = (7/3,7/4),
p = (2 ++39)/2, kod = 27, and ¥ = (0,0,0). The
relative permittivity and permeability profiles, shown in the
inset, are £,17 = exp(—koz) and p,1 = explko(d + 2)].
The convergence remains exponential, with the relative error
reaching approximately 10~'° when an appropriate value of
N is chosen.

In Fig. 8, we compare the convergence of our algo-
rithm with that of the widely used SA method (staircase
approximation) for the E-case with parameters ¢ = m/4,
kod = 20w, €,1 = 3 + coslko(z + d)], and p,1 = 1. In
Fig. 8(a), the relative error is plotted against N2L for our
algorithm and against L for the SA method. Notably, SA
requires nearly L = 10° layers to achieve a relative error of
1013, whereas our algorithm, with L = 20 and N = 70,
attains an error of 1071%0, Moving to Fig. 8(b), we compare
the time required for both methods to reach a set accuracy
level, further highlighting the superiority of our approach.

B. APPLICATION EXAMPLE: PHOTONIC CRYSTAL

As mentioned in the Introduction, inhomogeneous slabs with
periodically modulated refractive indices can function as 1D
EM band-gap structures. In Fig. 9, we explore this possibility
with d = 1m, g1 = 2 + 15sin*(3072) and p,; = 2.
In Fig. 9(a), we show the first three band gaps in the
transmittance |T'|? for ¢ = 0, indicating equal transmittance
for both £ and H polarizations. Focusing on the lower
portion of the first band gap, in Figs. 9(b) and 9(c), we
depict transmittance variations with the angle of incidence
in the £ and H case, respectively. Notably, within the
range 22 < kod < 32, transmittance remains consistently
below 1078 for both polarizations, regardless of the angle
of incidence.

C. SCATTERING ON A PLASMA SLAB
We now consider an inhomogeneous cold collisional plasma
layer with relative permittivity
wf) (22)
er(z)=1-— =@

w

(90)
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FIGURE 4. log,, of relative error for | R| and |T'| versus quadrature order NN in the E-case with kod = w and ¢ = 7w /4. (a) Case l: .1 (z) =

efkgz,

pr1(z) = eP0CGTD (b) Casell: e,1(2) = 1+ 2[ko(z + d)]?, pr1 = 1.(c) Caselll: e,q(2) = 1 + P0G+ | = 1.(d) Case IV: e,y = 1,
pr1(z) = eF0GTD (e) Case V: e,1(z) = 3 + cos [ko(z + d)], pr1 = 1. (f) Case Vl: e,.1(2) = 2d/(z + 2d), pr1(z) = (z + 2d)/d.

Here, v.,, is the frequency of electron-neutral collisions, and
w,, is the angular plasma frequency: w, = y/e%n.(z)/eom,
where n., e, and m stand for the plasma density, electron
charge, and electron mass, respectively. For generality, we
assume that both n, and v,,, vary spatially with distributions:
2
ne(z) = ng [1 -1+ %’*’)2} 7

Ven(2) = Voe—a(1+2§)2 91

shown in Fig. 10. Here, ng is a constant, and the parameter
« can be set to either « = 0 (in which case v.,(z) = 1
remains constant) or o = 1.

In Fig. 11, we validate the algorithm for o = 0, resulting
in a constant v.,(z) set equal to vy. The figure displays
reflectance (|R|?), transmittance (|7'|?), and absorbance (A =
1—|RJ?>—|T?) as functions of v, /f with ¢ =0, f = 2.85
GHz, ng = 1.00755x 10'7 m~3, and d = 10 cm. Our results
perfectly match those in Fig. 3 of Ref. [18].

In Fig. 12, we analyze reflectance, transmittance, and
absorbance as functions of frequency for two vg values (1
GHz and 10 GHz) under both @ = 0 and a@ = 1. We maintain
no = 10'® m=3 and d = 10 cm constant. Notably, the curves
associated with v, = 1y = 1 GHz (corresponding to o« = 0)
closely resemble those in Fig. 4 of Ref. [18]. The ability to
control the scattering characteristics by varying 1/ is evident.

Fig. 13 shows the dependence of reflectance and ab-
sorbance on frequency (f) and slab thickness (d) in the F-

case for ¢ = 0, o = 1, and ng = 10'® m~3. In Figs. 13(a)
and 13(c), vp = 1 GHz, while in Figs. 13(b) and 13(d),
vo = 10 GHz.

For future reference, Figs. 14 and 15 display the variation
of the reflectance, transmittance, and absorbance with fre-
quency (f) and incidence angle (¢) in the E and H cases,
respectively, for vy = 1 GHz, ng = 10 m=3, d = 10 cm,
and a = 1.

D. FIELD ENHANCEMENT IN EPSILON-CROSSING-ZERO
FILMS

Field enhancement occurs in structures with near-zero pa-
rameters [37]. To illustrate, consider a thin (kod << 1)
homogeneous slab with permittivity €ge,, positioned in air
and illuminated by an H-polarized wave. The boundary
conditions E,(27) = E.(2") /e, and E.(2§) = E.(25)/er
signify an amplification of |E,| within the slab, inversely
proportional to €,.. As €, approaches zero, this phenomenon
intensifies, leading to significant energy confinement.

To investigate the field enhancement effect in inhomoge-
neous slabs with permittivity profiles that exhibit zero cross-
ings, Fig. 16 presents the distribution of |E,(z)| within a
plasma slab surrounded by air in the H-case, with parameters
'l/) = 7T/4, kod =m, ZyHy =1, ng = 108 m—3. The relative
permittivity, defined as:

eni(2) = 1 - w2(2) /u?,

corresponds to (90) with o = 0 in (91).

92)
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FIGURE 5. log,, of relative error for | R| and |T'| versus N in the E-case
with ¢ = 7/4,e,1 = 3 4 cos[ko(z + d)] and p,.q = 1. (@) kod = 20, (b)
kod = 200, (€) kod = 5007.

In Fig. 16(a), we select the circular frequency as w =
wp(—d/2) = 5.64146 x 10'° rad/s. With this choice, £,1(z)
takes the form e,1(z) = (d + 22)? (d* — 4dz — 42?) /d*
(inset), exhibiting a double zero at z = —d/2. As a result,
substantial field confinement occurs at the slab’s mid-plane.
The results in Fig. 16(a) were obtained using the algorithm
outlined in Section V.B (case m = 2).

In Fig. 16(b), we have chosen w = 5.5 x 100 rad/s. For
this specific choice, €,1(z) has zeros at z/d = —0.4208244
and z/d = —0.5791756 (see inset), leading to twin field
confinement at these two planes. The results in Fig. 16(b)
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FIGURE 7. log,, of relative error for | F'(9, )| with (6, ¢) = (7/3,7/4),
P = (& + V39)/2, kod = 2, 7 = (0,0,0), e,1 = exp(—koz),
pr1 = explko(d + 2)].

were obtained using the algorithm in Section V.B (case m =
1).

E. DIPOLE RADIATION OVER A METAMATERIAL SLAB
For an electric dipole p = 1§ (in Am) positioned at 7 =
(0,0,—d/2) within the bilateral slab of Fig. 2(a), Fig. 17
illustrates the amplitude of the radiation pattern |F(6, )]
in both the E-plane (¢ = 0) and the H-plane (¢ = 7/2).
The parameter values are: kg = 1, kod = 2m, £,1(2) =
exp(—koz), and 1 = explko(z—+d)]. Our computed results
precisely match the corresponding analytical solutions.

For a dipole radiating on top of a grounded homogeneous
DNG slab, in Fig. 18, we show 20log;, |F(6, )], (a) in
the E—plane and (b) in the H—plane with p = 1073% (in
Am), f = 5.943 GHz, d = 60 mm, ¥ = (0,0,0), &,1 =
—1.831, and p,; = —0.0238. The agreement with Ref. [38]
is excellent.
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FIGURE 8. (a) log,, of relative error for | R| versus the number of layers L
(SA), or N2 L (this work). (b) Time required to achieve a preset level of
accuracy. E-case, ¢ = 7 /4, kod = 20m, £,1 = 3 + cos[ko(z + d)],

pr1 = 1.

For a p-near-zero grounded metamaterial slab with €,; =
1.2 and p,; = 0.01, Fig. 19 illustrates the power pattern
P(9) = |F(0,9)|?/(2Zy) (in dB) at the principal planes
¢ = 0and ¢ = /2. In Fig. 19(a), the pattern is shown for an
electric dipole p = 1 (in Am) located at ¥ = (0,0, —d/2),
while in Fig. 19(b) it is shown for a magnetic dipole
m = Zog (in V'm) located at 7 = (0,0, —d). The operating
frequency is f = 9.122 GHz, and the slab thickness is
d = 75 mm. Our results are indistinguishable from those
presented in Ref. [39].

Transmittance

0 15 30 45 60 75 90
kod
(a)

Transmittance
H
(=)
S

24 27 30 33 36
0
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(©)

FIGURE 9. Transmittance (|T'|?) vs. kod for e,.; = 2 4+ 15sin?(307z) and
pr1 = 2.(a) ¢ = 0 for both E- and H-polarization. (b) E-case with various
1) values: 0°,30°,60°,80°, 89°. (c) H-case with the same ) values.

F. SOME FEATURES OF A DIPOLE DRIVEN PLASMA
ANTENNA

At the frequency of f = 8 GHz, in Fig. 20, we show
the radiation patterns |F (6, )| (in dB) in the E-plane
(¢ = 0) and H-plane (p = 7/2) for horizontal electric
[ = 0.001% in Am, Figs. 20(a) and 20(b)] and magnetic
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=0, =0, f=2.85GHz,d = 10 cm,and ng = 1.00755 x 1017 m~3.
Solid lines: this work, open and solid circles: Ref. [18].

[ = 12 in V'm, Figs. 20(c) and 20(d)] dipoles. The dipoles
are positioned at the upper interface z = 0 of either a
bilateral plasma slab (solid lines) or a grounded plasma slab
(dotted lines); the other parameter values are: 7 = (0,0, 0),
d=10cm a =1, vy = 1 GHz, and ng = 10'® m~3.
Additionally, Figs. 20(e) and 20(f) display similar radiation
patterns |F(0,¢)| on the ¢ = ¢y plane, where o, can be
any constant value, corresponding to vertical electric and
magnetic dipoles. Notably, the radiation patterns for the
bilateral slab align perfectly with those of the grounded slab.
This alignment is easily explained by examining the plots in
Figs. 14(b) and 15(b), which reveal that, at f = 8 GHz, the
transmittance is extremely small for any angle of incidence.
This indicates that the interface z = zy = —d behaves like a
perfectly conducting plane. Based on the results in Fig. 20,
we can conclude that, at the selected operating frequency,
the bilateral plasma slab of Fig. 2(a) serves as a practical
implementation of the grounded plasma slab of Fig. 2(b),
eliminating the need for any conductive elements.

VOLUME

CONCLUSIONS

We have introduced a simple yet highly accurate numerical
scheme for studying scattering of plane and spherical elec-
tromagnetic waves on inhomogeneous materials, plasma, and
metamaterial slabs. While our primary focus has been on
scattering and radiation, the algorithms can also address the
related propagation problems, as well as complex frequency
eigenvalue and eigenvalue lasing problems [40]. Further-
more, these algorithms can be extended to slabs containing
complex inhomogeneous media that can be anisotropic,
chiral, or bi-anisotropic. Such an extension would enable
investigations into intricate EM problems across a broad
spectrum of innovative materials and configurations.

APPENDIX A
FAR SCATTERED FIELD
Here, we provide an overview of the application of the
method of contour integration to our specific problem. We
focus on a vertical electric dipole (p = Zp) located at
7' = 22’ above the slab in Fig. 2(a), and limit our discussion
to the analytical evaluation of the Hertz potential 77, as
defined in Section IV.A.3. The approach for evaluating the
remaining Hertz potentials and the field within the slab is
similar.

A closer examination of (78) reveals that the transition
matrix W3 follows the structure noted in [11]:

w11 0 0 W14
o 0 Wao2 W23 0
W3 o 0 W32 W33 0 (93)
W41 0 0 W44

The elements w;; are analytic functions of A% (or equiva-
lently, of 2). Once we determine ag from (48) using (93),
we can derive 75, from (46) as follows:

p N(’Y) e—’y(z+z/—2z1)

= 94
WEO(’Y7 Z) 87T2w€0 ’)’D("Y) ) ( )
where,
N .
D((:yy)) = (weo)*wia + Yway — iweoy(wir F was).  (95)

To evaluate the inverse Fourier transform 73, of 7%, we
introduce a change of variables:

kg = AcosB,ky, = Asinf3, = =pcosyp, y=psinp

(0 < B,¢ < 2m) and follow the procedure outlined in [31].
When z; = 0, as in Fig. 2, we obtain:

+oo
o) = / / e~k Hh) 25 (. 2) iy b,

_ip [T @y, N
 8rweg /_OO Hy </\p)'yD(’y)

The original inverse transform path Cj takes the form
shown in Fig. 21, accounting for the presence of the two
branch points kg of the multivalued function (\) and the
surface wave poles of the integrand. These poles correspond

e 7T NN (96)
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FIGURE 14. E-polarization: (a) Reflectance, (b) Transmittance, and (c) Absorbance vs. frequency and angle of incidence for no = 10'®* m=3,d = 10 cm,

a =1,v9 = 1 GHz.

to the roots A = +01, ..., %08, of D[y(A)] = 0, representing
the dispersion equation for the supported TMY modes. (Note:
The pole configuration illustrated in Fig. 21 is specific to
the lossless case. When the slab exhibits loss, these poles
shift away from the Re()\) axis.) The branch cuts of ~
extend to infinity as illustrated in the figure. Additionally,
the Hankel function introduces a branch point at A\ = 0 with
the corresponding branch cut extending to infinity along the
positive Im(\) axis.

Next, we deform Cj as shown in Fig. 21 and apply
Cauchy’s residue theorem on the formed closed path Cy +

This work is licensed under a Creative Commons Attribution 4.0 License.

C4 + Cs. Working as in Refs. [30]-[32], we obtain:

meo(F) == | fNAx—2mi)  Res (£.8;),  (O7)
2 j=1 J

N(v)

A
H? (Ap)
Yy

o D,y =),

o) = 2

8mwey

A. SPACE-WAVE COMPONENT

The first term in (97) which contains the integral over Cy
represents the space-wave component of the potential. A
steepest descent evaluation of this integral, as outlined in
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6 Ref. [31] and valid for large distances from the dipole, results
10 in the closed-form expression:

3 - ip N(’}/) e—ikor—'yz/
' Teo(T) =

The correctness of (98) has been checked via an independent
derivation using the stationary phase integration technique.

v =1ikgcosf. (98)

drweg D(y) r ’

B. SURFACE-WAVE COMPONENT

The second term in (97) represents the surface-wave com-
ponent of the potential. Here, for large distances from the
dipole, it is appropriate to use the large-argument asymptotic

107 . . . form: H{® (Ap) ~ \/ €. In obtaining the )\Reﬁs, we
—Pj
-4 -2 0 2 4 employ the chain rule: '
zd DL _ D) dy g
(a) dA dy dx v '

The resulting expression for the surface-wave component is:

27 ; ’
s —iBjp—;j(z+2z")
ool E e
0 4w50 V 7 ,/@ D/ (v)

] 99)
] : = dd with v; = {87 — k3}'/2. The term D’(v;) can be easily
obtained from (95) provided the derivative wj;(7) can be

computed.

1) Computation of {3;}7—4

As previously mentioned, the elements w;; with 1 <4,7 < 4
of the transition matrix W3 are analytic functions of \? (or
7?). Consequently, D(v), as defined in (95), is an analytic
(i.e., pole free) function of ~. This property enables us

® to compute the roots {7;}7_; of D(y) = 0 using well-

FIGURE 16. Field distribution | E. (z)| for an Epsilon crossing zero established algorithms, such as the one described in Ref.
plasma slab in the H-case for ¢y = /4, kod = 7, ZoHo = 1, and . .

ho = 10T M2, (2) 0 o (—d/2) = 564146 » 10%0 and (b) [41]. Once the set of roots {v;} has been obtained, we

w = 5.5 x 10'° (in rad/s). The relative permittivity is given in (92). compute 3; as 3; = ’)/JQ» + kg.

As an illustrative example, Table 2 displays the normalized

propagation constants 3/kq for the TMY modes supported by
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FIGURE 17. |F (0, ¢)|, (a) in the E-plane (¢ = 0) and (b) in the H-plane
(p = 7/2) for p = 19 (Am), ko = 1, kod = 2m, ¥ = (0,0, —d/2),
er1 = exp(—koz), and p,1 = explko(z + d)].

the bilateral slab of Fig. 2(a). The parameters are as follows:
kod = 4m, p.1 = 1, and &1 = 3 + cos[ko(z + d)] — ie’
with ¢’ = 0 (representing a lossless dielectric) or ¢’ = 0.5
(indicating a lossy dielectric).

2) Computation of D’(v) and wj; ()
Efficient and accurate computation of D’(~y) and its prereg-
uisite, wy; (), is a crucial requirement for applying specific
root-finding algorithms detailed in Ref. [41]. Additionally,
D'() is essential for (99).

We will use the change of variable z = z(t), as defined
in (71), and introduce the notations F(t) = F(t;v) =
Ws(z(t), 20;7) and ®(7) = ®(737) = As(2(7);7) to

90
<—(|)—> E-plane

|F(6,0] (dB)

—— Thiswork

0--90 9

IF(0, /2| (dB)

135

180
(b)

FIGURE 18. Grounded DNG slab: Radiation pattern | F'(9, ¢)| in dB for
p = 0.001% (Am), f = 5.943 GHz, d = 60 mm, 7 = (0,0, 0), 20 = —d,
z1 =0,e,1 = —1.831,and p,; = —0.0238. (a) E-plane. (b) H-plane.

emphasize their dependence on the parameter . The de-
pendence of A3(z) on 7 becomes evident from (28), where
Y3 (z) = v* + k — w?e1(2)u1(2) according to (29). The
justification for the dependence of F'(t) on «y can be based
on (76). Using this notation, we can rephrase (76) as:

N N-1
F(t:7) = B @t Flt7) D0 32 Pelt)Cu(t) = 1
j=1 k=0

Upon differentiating with respect to -, we obtain:

Oy

) N . .
S — 5y ol T 4 B )

=

X Pk(tj)CkOf) =0. (100)

wj
h
—o 'k

=
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FIGURE 19. E-plane and H-plane Power patterns for a ;.-near-zero
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(a) Electric dipole p = 19 (Am) at # = (0,0, —d/2). (b) Magnetic dipole
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Applying (100) with £ =¢;,...,ty yields:
OF (t::7) al OF (t;;7)
Tu *5ijbij‘1>(tj;7)@7j’
Y =
N
O (t;;
= Bzwjbij¥1«“(tj;y), i=1,...,N, (101)
i=1 K
where b;; is given by (79). With {F (tj;fy)}j-v:l deter-

mined from (78), (101) transforms into a linear alge-
braic system from which we can compute the unknown
{8F(tj;~y)/87}§-\7:1. The required w;;(7) with 1 <id,5 <4
are the elements of OF (ty;y)/07. In terms of them, D’(~)

can be obtained using (95).

VOLUME ,

TABLE 2. 8/ko for an inhomogeneous slab. Parameters: kod = 4w, pq =
1,e.1 = 3 + coslko(z + d)] — i’ withe’ = 0and &’ = 0.5.

Bi/ko
i e =0 e =05
1 1.04804494442525 | 0.99844346886324 - i 0.137392890929445
2 | 1.23054600391380 | 1.23318975167569 - i 0.177503706190931
3 1.45472296058384 | 1.46344391146134 - i 0.167831444565456
4 | 1.54923147650879 1.55506026745734 - i 0.152894081358176
5 1.57247500347992 | 1.57890989681788 - i 0.153761795181344
6 1.80465808008725 1.81116267735049 - i 0.142925345806486
APPENDIX B

EXACT ANALYTICAL SOLUTION FOR SPECIAL CASES
We will focus on the scattering problem in the E-case, noting
that the H-case can be addressed through duality. Let

E, = 9By (2, 2) = QeikﬂEyl(Z)~
From (5) using (3) and (7), we can derive the generalized
Helmholtz equation:

dzEyl 1 (2) dEyl 2 2\ 77
— ki(z) — k) Ey = 0.
dz2 Ml(z) dz +( 1(2) a:) yl
Here, k?(2) = w?e1(2)u1(2), and gy (2) is the derivative of
p1(2).
Let V*(z) and V~(z) be two linearly independent solu-
tions of (102). Then

Eyi(2) = clVH(2) + V7 (2),

(102)

(103)

where c¢; and cy are constant coefficients. In terms of Fy,

we can obtain H,; from
- 1 dE,

Hy = - . (104)
iwpy dz

By enforcing continuity of both E,(z) and H,(z) at the
interfaces z = 29 and z = 2z, using (2), (3), (103), and
(104), we obtain a 4 x 4 linear system of algebraic equations
from which R, T, ¢;, and ¢y can be determined.

At this stage, the solution procedure is purely formal
because V*(z) cannot be expressed in terms of known
special functions for general inhomogeneity profiles. In Table
3, we provide a summary of special profiles for which exact
solutions to (102) are feasible. The eigen-solutions for Case
I to Case VI are presented below.

TABLE 3. Special inhomogeneity profiles.

Case &1 Hr1
I eko(dfz) ekoz
1I 14+ aq (k()z) + Oég(k:()z)2 1
I 1+ aeb? 1
v 1 aeb?
A% a + cos(bz) 1
b
VI Traz 1+az

Case . V*(2)= 3 (FoEy/kj+dka?—der0dko?)
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f = 8 GHz. Solid lines: bilateral plasma layer, dotted lines: grounded plasma layer.

Im(A) Case V: ,
4 2ko” bz
+oy . _.C 2 2 0
V*(z) =Mathieu§ | — b—g(kaC —ako®), — = ,?]
Here MathieuCla,gq,z|/MathieuS[a,q,2] denote the
BBk ” even/odd Mathieu function with characteristic value a and
— ’ parameter g. The Mathieu functions are solutions to the
equation y”’ + [a — 2¢ cos(22)]y = 0.
Case VI:
G VH(z) = ulz)Lifv(2)], V7 (2) = u(z)Yi[v(2)],
. / v where Y7 denotes the Bessel function of the second kind,
o e s and
FIGURE 21. Path of integration in the complex A— plane. u(z) = VI+az{q(2)}'/?, v(z) = —2q(z)
a
. . with ¢(2) = azV/ka? — bko? + i7/bko? — k2.
Case Il V (Z) =D+ [9. (Z)]’ , For additional inhomogeneity profiles with exact solutions
where D, (z) is the parabolic cylinder function, and: to the wave equation, see Section 4.3.4 in Ref. [29].
+1+1
(. —
97(2) = 5 a7 (o + 2hoz2), ACKNOWLEDGMENT
N , 3 o o ) The publication of the article in OA mode was financially
ve= W [(i4za2 — Aoy + 17 )ko” + 4k, 0‘2] supported by HEAL-Link.
Case III:  V*(2) = T 2iks (2koVaeb* /b), REFERENCES
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. + _ % v/ bz
Case IV: 4 (Z) =ez Jii\/l’z’t‘”ﬂzz (2k0 ae /b) Electromagn. Compat., vol. 43, no. 3, pp. 394-399, 2001.
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