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ABSTRACT Characteristic mode analysis (CMA) is based on time-harmonic electromagnetics and applied
mostly in frequency domain. In this paper, CMA is extended to time domain (TD) for transmission
problems. Based on the modal self- and mutual-admittance of two-port systems, the modal TD response
is obtained using inverse fast Fourier transform, extrapolation and Hilbert transform. TD-CMA represents
modal impulse response on specified ports, and impulse response of the system is the linear superposition
of the modal ones. Numerical examples are provided to explain this new concept. For a pair of parallel
wires, the calculated TD-CMA is alike the common and differential modes. For a pair of dipoles, TD-
CMA can be divided into strong and weak coupling modes according to their magnitudes. The strong
coupling modes are due to the pulse radiation and oscillations at dipole tips and feedings. Time delay
paths are clearly observed in the near field but are not discernable in the intermediate field. This shows
different coupling mechanisms for the two cases. TD-CMA expands research field of CMA and may find
applications for analyzing transient behaviors of microwave systems.

INDEX TERMS Characteristic modes, extrapolation, Fourier transform, modal admittance, time domain.

I. INTRODUCTION

CHARACTERISTIC mode analysis (CMA) attracts
extensive attentions for guiding the antenna design,

mutual coupling suppression, radiation pattern synthesis, and
other emerging applications [1]–[5]. Theory of characteris-
tic modes (TCM) was established in the frequency domain,
i.e., the time-harmonic framework [6]–[9]. The eigenvalues
and eigencurrents are computed at each single frequency,
and a broadband response is obtained by proper mode
tracking [10], [11]. Therefore, very few works have con-
sidered the modal behaviors in time domain. Nevertheless,
some pioneering works tried to combine the CMA and finite-
difference time-domain (FDTD) method for computing the
eigenvalues and eigencurrents. Electric field with a random
spatial distribution is first assumed in FDTD as the initial
excitation, and then the electric and magnetic fields in time
domain are calculated through time marching [12], [13].
The eigencurrents are calculated by discrete Fourier trans-
form (DFT) of the surface currents stored in each time step.
Main advantage of this method is to calculate the eigenvalues
and eigencurrents in a large frequency band from a single

FDTD run. However, this method is only valid when one
single mode dominates at resonance and the computation
sometimes fails due to poorly randomized initial fields at
zero time. Those drawbacks make this method less useful
for realistic problems.
Recently, a new CMA framework in the time domain was

proposed for transmission and coupling problems [14], [15],
namely time domain CMA (TD-CMA). TD-CMA of a two-
port system is based on the modal admittance (MA) that
is related to eigencurrents and eigenvalues of the system.
Different from the radiation problems, specified excitation
ports are required for the signal transmission problems.
MA is computed in a large frequency band and its time
domain response is obtained by the inverse fast Fourier
transformation (IFFT). The modal impulse responses of
the pre-defined ports are important for TD-CMA, as they
can show how one mode affects the pulse transmission
between the two ports. In addition, modal impulse responses
can depict the reflections and oscillations of the pulses
within the radiators. It is noted that TD analyses of radi-
ators, scatterers and mutual couplings between antennas
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have a long history for theoretical or application-oriented
purposes [16]–[18].
Although the idea seems to be easily implemented,

several issues need to be solved for accurate TD-
CMA. Theoretically, IFFT requires the response in the entire
frequency spectrum including the DC frequency. However,
most CMA codes have a limited computational bandwidth
due to known issues such as numerical breakdown in
low frequency range and insufficient mesh density in high
frequency range as discussed in [11], [19]. Hence, an extrap-
olation algorithm is adopted to calculate CMA data in low
frequency range till the DC frequency [20]. We also try to
extrapolate CMA data in high frequency range to improve
the time resolution of the TD-CMA. Furthermore, the dis-
crete Hilbert transformation (DHT) is utilized to ensure the
causality and the Kaiser Window function is used to suppress
the ripples of TD-CMA [21]. Through a series of treatments,
TD-CMA of different systems can be accurately calculated
and its physical meanings are explained through examples.
The remaining parts of this paper are organized as follows.

A summary of CMA and modal admittance in frequency
domain are given in Section II. Theory and computation
of TD-CMA are also provided in Section II. Dual-wire
transmission lines are analyzed in Section III. Near- and
intermediate-field mutual couplings between two dipoles
are examined in Section IV. Section V discusses TD-
CMA of wireless power transfer (WPT) system. This paper
is concluded in Section VI.

II. CMA IN THE FREQUENCY AND TIME DOMAINS
A. MODAL ADMITTANCE OF TWO-PORT SYSTEMS
For a two-port system with radiating structures, such as
open transmission lines and dual-antenna system, mutual
admittance is defined at the two feeding ports in the frame-
work of CMA as follows. The whole system is treated
as one structure, meshed with triangular surface elements,
and analyzed using MoM with Rao-Wilton-Glisson (RWG)
basis and testing functions. After computing the eigencur-
rents and eigenvalues, the modal self admittance (MSA) and
modal mutual admittance (MMA) of the two ports can be
obtained [2]. For instance, the MMA reads

Y21(jω) = I2
V1

=
∞∑

n=1

Yn21(jω) =
∞∑

n=1

In(p, jω)In(q, jω)lplq
1 + jλn(jω)

,

(1)

where Yn21(jω) is the nth order MMA of ports 1 and 2.
The delta-gap voltage V1 is applied at port 1 with edge
index p and length lp (dimensions in m), and the induced
current I2 at port 2 with edge index q and length lq is
decomposed into modes. In(p, jω) and In(q, jω) (dimensions
in A/m) are coefficients of the basis function for Jn. MSA
and MMA can be calculated in a wide frequency range by
proper mode tracking. The data in frequency domain can
be transformed to time domain and we get the so-called
TD-CMA for transmission problems.

FIGURE 1. Computational procedures of TD-CMA for transmission problems. The
steps in the gray area are necessary for complicated problems like near-field coupling
and may be skipped for others. Curve fitting is optional to widen the computational
bandwidth of modal admittance, and DHT is used to ensure the causality. The Kaiser
window can suppress the ripples of the computed curves.

B. TIME DOMAIN RESPONSE
MSA and MMA are functions of frequency and they can
be denoted as Yn11(jω) and Yn21(jω), respectively. According
to (1), Y21(jω) can be expressed into a linear superposition
of Yn21(jω), and thus its IFFT Y21(t) can be denoted as the
superposition of Yn21(t) due to the linear feature of IFFT. In
this sense, Yn21(t) is the nth order modal impulse response
of the system for transmission problems.
Calculation of TD-CMA is based on IFFT of MA and

some works need to be done because IFFT requires the
frequency response in the entire spectrum. However, gen-
eral mode tracking routine provides only band-limited data,
which may be insufficient for accurate TD analysis. In this
paper, a set of computation procedures for TD-CMA are
proposed as shown in Fig. 1.
It is important to understand the relationship of the

frequency data and recovered time curves. We assume that
the MMA is calculated from fmin (and extrapolated to DC) to
fmax with a uniform frequency step fstep. The largest calcu-
lation frequency fmax determines the resolution (time step)
in time domain, i.e., tstep = 1/fmax. The frequency step,
on the other hand, restrains the maximum time duration
as tmax = 1/fstep. The resolution and duration are impor-
tant time-domain parameters for depicting narrow pulses and
late-time signal, respectively. Finally, the impulse response of
a general two-port system is divided into linear superposition
of modal impulse responses as

Y21(t) =
∞∑

n=1

Yn21(t) =
∞∑

n=1

F−1[Yn21(jω)
]

(2)

Time domain curves of MSA are obtained in a similar way.
The eigenvalues and eigencurrents established in frequency
domain are solely determined by the structural geometry at
one single frequency. Contrarily, TD-CMA for transmission
problems is related to the geometry, feeding positions and
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the data in the entire frequency spectrum. Therefore, TD-
CMA can reflect how one mode attributes to the fundamental
responses of the system in the linear system sense.
The procedures in the gray area are optional, in which the

extrapolation, DHT and Kaiser window function is applied
to improve the computation. One may drop those procedures
for simple problems or using more accurate CMA solvers
in future.
First, we introduce the DHT procedure. Wireless and wired

transmissions are causal, which ensures that the output cur-
rent depends only on the past and current excitation. The
causality ensures the computation of correct time delays. The
modal solutions are causal since no output would appear
before the excitation ever applies. Take the MMA as an
example, the DHT is a useful approach to enforce the
causality as

Im
[
Yn21(jω)

] = H
{
Re

[
Yn21(jω)

]}
, (3)

The DHT is necessary for TD-CMA because numerical error
of CMA is somewhat larger than that of MoM with the
same mesh. Especially, convergence of the imaginary part
of eigencurrents is poor, whereas the real part converges
rapidly as discussed in [23]. Therefore, only the real parts
of MMA are reserved and the imaginary parts are calculated
by (3) to ensure the causality.
Mode tracking sometimes fails in low frequency range

due to the existence of degenerated modes or numerical
errors. As a result, the lower frequency fmin cannot reach
the desirable one, i.e., fstep. Instead, we can extrapolate fmin
to the DC frequency by setting the real part an even function
such as [18]

Re
[
Yn21(jω)

] = e1ω
2 + e2 (4)

where e1 and e2 are the fitting coefficients. The DC value e2
is obtained by theoretical analysis. Take dual-wire transmis-
sion line with a slit and antenna problems as an example, e2
is zero because no signals are transmitted at DC frequency.
e1 is then obtained through the full-wave result at the lower
frequency fmin and extrapolate the MMA to DC using (4).
To extend the analysis to higher frequency range, one

may extrapolate the MMA using the sum of sine and cosine
series as

Re
[
Yn21(jω)

] =
N∑

n=1

(
an cos(bnω)

gnω + hn
+ cn sin(dnω)

lnω + mn

)
, (5)

where a, b, c, d, g, h, l, m are the coefficients to be
determined.
Since envelope of the MMA decays slowly with the

frequency, a first-order polynomial is regarded as a denom-
inator in (5).
The IFFT to time domain in (3) may yield many rip-

ples due to the abrupt truncation of frequency domain
data (equivalent to a rectangular window). In this paper,
a Kaiser window is used to reduce the frequency leakage

for alleviating the ripples as [24]

K(n) =
⎧
⎨

⎩
I0

[
β
(

1−[(n−α)/α]2
)1/2

]

I0(β)
0 ≤ n ≤ M

0 others
(6)

where M = fmax/fstep, α = M/2 and I0 is the zeroth order
modified Bessel function of the first kind. β is a coeffi-
cient that controls the shape of Kaiser window. Obviously,
M+1 is the number of frequency points used for computing
the MMA.
Computational complexity of TD-CMA is similar as that

of CMA in frequency domain. The mostly time-consuming
parts are the fill-up of impedance matrix [Z] and the eigen-
value decomposition of [Z]. The extrapolation, DHT, Kaiser
window, and IFFT are usually fast. However, CMA con-
sumes more time than full-wave solution, especially for large
platforms [4], [25].

C. COMPARISON WITH TIME-DOMAIN REFLECTOMETRY
Time-domain reflectometry (TDR) is a well-known method
that utilizes the impulse response of transmission lines.
One port of the transmission line is usually terminated by
a matched load and a short pulse is injected to the other port.
Wave reflections happen when the pulse encounters discon-
tinuities along the transmission line, and the discontinuities
are located and characterized by measuring the magnitude,
wave form, and time delay of the reflected pulses [26]–[28].
TDR utilizes the impulse response that is obtained by IFT

of the S parameters. On the other hand, TD-CMA is based on
the modal admittance in (1), i.e., mode decomposition of the
Y parameters. As S parameters can be transformed into the Y
parameters using [Y(jω)] = ([I] + [S(jω)])−1([I] − [S(jω)])
([I] is the identity matrix), TD-CMA is essentially the mode
decomposition of TDR.
TDR is physically implemented by instruments like the

pulse generator and oscilloscope, which is very useful for
locating faults in long transmission lines. Contrarily, TD-
CMA is a tool for transmission problems, which is useful for
understanding the underlined physics and optimizing them
through proper mode control. TD-CMA is general and it
is applicable for transformers, which is out of the scope of
TDR [26]–[28]. However, TD-CMA requires a mode decom-
position, which adds somewhat computational complexity
and error. Hence, TDR has a better time resolution than that
of TD-CMA.

III. TD-CMA OF DUAL-WIRE TRANSMISSION LINES
CMA is suitable to expand electromagnetic fields outside
a metallic structure but it is seldom used for transmission
lines. However, open transmission lines such as dual-
wire, microstrip line, and slot line can produce somewhat
radiated emission (RE) in the high frequency range [29].
Therefore, it is interesting to compare characteristic modes
and guided modes. Dual-wire is a type of transverse elec-
tromagnetic (TEM) transmission line operating from DC
to microwave bands, and its characteristics have been well
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FIGURE 2. Structural configuration of the dual-wire transmission line with a split.
A voltage source is placed at port 1 and a short-circuit plate terminates port 2.

investigated and understood [29]. Therefore, it is ideal for
benchmarking the presented TD-CMA algorithm.
Previously, a dual-wire transmission line was ana-

lyzed using the TD-CMA approach [15]. In this paper,
a split is added to the structure for enhancing common
mode (CM) currents, which is a common fault for producing
extra RE [29]. The split alternates the frequency response
significantly, and one may observe the modes contributing
differently to the transmission and emission. Structural con-
figuration of the dual-wire is illustrated in Fig. 2. In the MoM
model, the dual-wire is narrow rectangular plates with zero
thickness. Its length is 1 meter and width of the two wires
is 4.4 mm. The gap of the dual-wires is 1.5 mm and it
achieves a characteristic impedance of 50 �. The averaged
mesh length is 5 mm in MoM, which results in 840 and
839 unknowns for the complete and splitted lines, respec-
tively. A voltage source is placed at port 1 and port 2 is
terminated by a short-circuit plate. Y21 of the complete and
splitted transmission lines are calculated using MoM and the
results with a step of 5 MHz are shown in Fig. 3. Value
of Y21 at DC frequency is equivalent to the inverse of wire
resistance, which is calculated from conductivity of cop-
per wires. For the ideal symmetric dual-wire structure, it is
unnecessary to take more efforts on widening the frequency
band. A deduction is that MMA of differential mode (DM)
concentrates only at one frequency with small out-of-band
response and MMA of CM is close to zero in the frequency
range of interest.
For the complete dual-wire, transmission peaks of Y21

have a period of 150 MHz as expected. There are six trans-
mission peaks in the frequency up to 1000 MHz, which are
significant modes [15] and their eigencurrent distributions at
150 MHz are illustrated in Fig. 4. It is seen that they have
the same amplitude but reversed phase, which are DM for
signal transmission. CM with the same amplitude and phase
is also observed. Although the dual-wire is terminated at
the two ends like a loop, eigencurrents look alike the case
without any termination. The reason is that the gap between
the dual-wire is only 1.5 mm, and the long wire (1000 mm)

FIGURE 3. Y21 parameters of the complete and splitted dual-wire transmission
lines. The value at DC is calculated analytically and it equals to zero for the split one.

FIGURE 4. Eigencurrent distributions of the differential modes (signal transmission)
and common modes (radiated emission) for the complete dual wire structure.

determines the lower order modes. Eigencurrents of DM
abide the cosine-type function, whose electrical lengths are
exactly multiple integers of one half length of the transmis-
sion line. However, eigencurrents of CM have nulls at the
terminals of transmission line.
Based on the presented analysis, full-band MMA data of

DM and CM are obtained by conjugation and extrapolation
towards negative frequency. By using IFFT, Yn21(t) of the
dual-wire are obtained, which are cosine-type functions and
the time period corresponds to the reverse of the transmis-
sion peak frequencies. Besides, DC components ought to
be compensated on MMA and a constant C represents the
residue in time domain. Finally, a closed-form expression of
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FIGURE 5. MMA of the dual-wire transmission line with a split.

DMs is given as

Yn21(t) = An cos
[
(f0 + kfs1)(t − t0) + φn

] + Cn, (7)

where k = 1, 2, 3, 4 · · · . belongs to positive integers. Both
f0 and fs1 are 150 MHz. An is magnitude of the transmission
peaks in the frequency domain and Cn is the residue DC
component. φn denotes the initial phase and t0 is the time
delay of the dual-wire. CM current is very close to zero for
ideal dual-wire structure.
TD-CMA is also applied to the spitted dual-wire structure

in Fig. 2, which can help understanding its transmis-
sion properties. The split is placed at the center of the
line with a gap of 2 mm. Y21 and MMA of the split-
ted model are shown in Figs. 3 and 5, respectively.
Transmission peaks of Y21 and MMA has a period of
300 MHz in the frequency domain. It is seen that three
DMs (modes 2, 4 and 6) are unable to transmit to the
other terminal, because their eigencurrents have peak value
at the split as shown in Fig. 4 and hence they are somewhat
suppressed.
Eigencurrents of modes 1, 3 and 5 have nulls at the split

and they are hardly affected. Therefore, the modal impulse
response of the dual-wire line with a split is similar to (7)
and read

Yn21(t) = An cos
[
(f0 + kfs2)(t − t0) + φn

]
. (8)

where fs2 is 300MHz and Cn is removed as the transmission
at DC frequency is blocked by the split. Also, it can be found
that several small pulses appear in Fig. 5 as the split damages
the symmetry of dual-wire, introduce CMs and produce RE.
Based on the presented method, time-domain response of

the dual-wire with a split is shown in Fig. 6. TDR curve,
which is obtained by IFT of Y21, is also provided for com-
parison. Several transmission delays are clearly seen from
the TDR curve, for instance, ct = 1 m, ct = 2 m, etc. The
dominate mode J1 predicts those transmission delays but the
time resolution is not as good as that of the TDR. Especially,
delays of 3 m and 4 m are hardly seen. J2, J3, and J5 yield
lossless transmission behaviors, which belong to DMs and
can be described by (9). J4 and J6 are CMs, in which
the radiation loss is significant and hence they yield lossy

FIGURE 6. Time-domain response of the dual-wire with a split: (a) TDR obtained by
IFT of Y21, (b) TD-CMA obtained by IFT of MMA, and (c) comparison of the TDR and
summation of TD-CMA (with 6 modes).

transmission behaviors. Fig. 6(c) compares the TDR and
TD-CMA results (with 6 modes) and the two curves show
the same trend and time delays. Magnitude of TDR is
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FIGURE 7. Structural configuration of two dipole antennas placed close to each
other. The geometry is modeled as rectangle plates with zero thickness.

FIGURE 8. Magnitude of MMA for the two dipole antennas. Unlike the dual-wire
transmission line, the MMA spans the whole frequency range of interest.

sharper at the reflection points owing to its better time
resolution.

IV. MUTUAL COUPLING BETWEEN TWO WIRE
ANTENNAS
A. TD-CMA OF NEAR-FIELD MUTUAL COUPLING
Unlike the dual-wire discussed in Section III, more efforts
are made to perform the TD-CMA of two dipoles shown
in Fig. 7. Especially, if the distance between the two
dipoles is short, the frequency domain response is rather
complicated and all the components attribute to the TD-
CMA. The proposed procedure shown in Fig. 1 is followed
for TD-CMA of near-field mutual coupling between two
dipoles. The average mesh length is 5 mm and results in
2078 unknowns in MoM. DC values of the Y-parameters
and MMA are obtained similarly as dual-wire with a split.
The response in the entire frequency spectrum is desir-
able for computation but it is not possible in practice. The
MMA curves are disorganized in a rather wide frequency
band as shown in Fig. 8. In addition, the original data of
MMA are only available up to 1 GHz, which is insufficient
to get good time solution and may results in large ripples
and distortions. Therefore, enlarging the frequency band is
helpful by a curve fitting algorithm. In order to obtain causal
data for IFFT, the real part is selected as the original data for

FIGURE 9. The original and curve fitted real parts of S21. The real parts, simulated
from 50 MHz to 1 GHz with a step of 1 MHz are regarded as the original data to obtain
the analytic expression of sine or cosine types’ functions.

curve fitting using (5). Based on our trials, 16 orders of sine
or cosine functions are required for this problem. Real parts
of S21 (10 MHz–1 GHz with a step of 1 MHz) are used
for verification. The residual square sum of the curve fitted
result is ∼0.002 and the root mean square error is ∼0.001,
which are sufficient for computation.
Fig. 9 shows the original and curve-fitting values of the

real parts of S21 in the frequency range of 0–6 GHz. The
data in the frequency range of 0–2 GHz are provided in detail
to prove that the fitted data agree with the original ones.
Besides, a Kaiser window in (7) is introduced to prevent
the effects of spectrum truncation as shown in Fig. 10. The
DHT is applied to calculate the imaginary part from the real
part of S21. Based on the improved S21 data, the impulse
response in the time domain is solved using the IFFT. The
results using original data within 0–6 GHz (MoM), original
data within 0–1 GHz (MoM), and the interpolated data within
0–6 GHz using the original data within 0–1 GHz (MoM)
are illustrated in Fig. 10 for comparison.
The measured impulse response of a similar configura-

tion with two monopoles was provided in [16]. The result
computed by the original data within 0–6 GHz (MoM) and
the one by the interpolation coincide with the measured
results [16]. It proves that curve fitting using the cosine and
sine series can improve the accuracy of the IFFT using the
band-limited S parameters. Similar curve fitting procedure
is applied to MMA data. Modal impulse responses of the
first six modes are shown in Fig. 11. Magnitudes of the
impulse responses for modes 2, 4 and 6 are much smaller
than the others, which are regarded as the “weak coupling
modes”. These modes cannot be excited as the surface cur-
rent densities have nulls at the feeding points [2]. Modes 1,
3 and 5 make large contributions to mutual coupling and
denoted as “strong coupling modes”. Time delay of these
modes is ∼3.3 ns, which corresponds to 1 meter distance
that electromagnetic wave can propagate in this time delay.
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FIGURE 10. A modified IFFT algorithm with the Kaiser window. The ripples and
overshoots in the time domain are suppressed by the Kaiser window.

The surface current can be reflected by the end of antenna 1
and introduce a second time radiation. The reflected wave
reaches the feeding point and will be reflected again and
behave like a second pulse excitation. The reflections at the
tips and feeding points behave like pulse oscillations and the
energy is coupled to antenna 2 during the oscillations. These
phenomena were carefully examined by Sato et al., in which
different scenarios were provided to describe possible cou-
pling paths as exemplified in Fig. 12 [16]. In general, those
scenarios coincide with the simulated results in Fig. 10 and
the measured ones in [16]. Specifically, the scenarios with
ct = 1.0 m, ct = 1.62 m, ct = 2.62 m, ct = 4.24 m, and
ct = 5.24 m have large impulse magnitude and are easily
discernable from Fig. 10.
Other scenarios like ct = 2.0 m and 5.0 m have

smaller magnitude, which are more difficult to observe from
Fig. 10 or the measured results in [16].
The TD-CMA results shown in Fig. 11 give different

physical insights. Modes 1 and 3 have similar curves and
the results indicate that they belong to quasi degenerated
functional modes [2]. Mode 5 should be the non-functional

FIGURE 11. The modal impulse responses of the first six modes.

modes, in which the eigencurrent of antenna 1 has three
peaks and two nulls. The time period of oscillations is
about 0.5 m, which corresponds to the pulse oscillations
on antenna 2. Modes 1 and 3 have a smaller period of oscil-
lations, showing that the coupling is weak owing to wave
propagation. In addition J1 contains the information about
scenarios of ct = 1.0 m, ct = 1.62 m, and ct = 2.0 m. J3 is
the quasi degenerated modes of J1, and hence it has similar
path delays but show inversed pulse polarization in the early
time. Moreover, J3 depicts the scenario of ct = 2.62 m
too, which is not so clear depicted by J1. J5 depicts the
mechanisms of ct = 4.24 m and ct = 5.24 m. J2, J4, and
J6 are very weak in magnitude and look alike tuned sinuous
signals. Based on the presented discussions, it seems that
TD-CMA decomposes the coupling mechanisms into modes
at the cost of time resolution.

B. TD-CMA OF INTERMEDIATE-FIELD MUTUAL
COUPLING
As illustrated in Fig. 13, the distance between the two
dipoles increases to 10 m and we regard this as intermediate-
field case as the distance is between the inductive and
radiative fields. The average mesh length is 5 mm and
results in 1038 unknowns in MoM. It is easier to handle
the intermediate-field mutual coupling as the curves of Y21
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FIGURE 12. Possible coupling mechanisms of the two dipoles.

FIGURE 13. Structure of two dipole antennas placed in the intermediate field region.

have fewer variations than the corresponding ones in the
near-field. The modal admittance can be computed in the
frequency range of 10–3000 MHz with a frequency step
of 2.5 MHz as shown in Fig. 14. The frequency response
needs to be extrapolated in the low frequency range to DC
frequency, but no effort is required to extend the data in
the high frequency range. The full-wave data shown in
Fig. 14 are processed by the IFFT algorithm to get the
time-domain responses. The results of the first six modes
are provided in Fig. 15. Similar as the case in the near-field,
the modes are divided into the strong and weak coupling
ones. Modes 3, 4, 5 and 6 are weak coupling ones due to
their small magnitudes. Modes 1 and 2 are strong coupling
modes with larger magnitudes. Those modes have several
sense pulse trains with a delay about 33 ns (about ct = 10 m),

FIGURE 14. MMA of the first six modes of two dipoles placed at the intermediate
field. Different from the near-field case, MMA has many discrete pulses.

FIGURE 15. The intermediate-field modal impulse responses of the first 6 modes.

which are mainly caused by the reflection and radiation of
the reflected waves at the feeding and tips of the dipole, or
say the oscillations. The coupling mechanisms illustrated in
Fig. 12 are difficult to observe as path delays of different
mechanisms are smaller than the distance of the two dipoles.
This finding explains different mechanisms for the studied
cases: mutual coupling in the intermediate-field is owing
to electromagnetic radiation whereas the near-field one is
mainly caused by the inductive coupling.
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TABLE 1. Correlation factors of the modal impulse responses.

It is interesting to analyze orthogonality of the modal
impulse responses shown in Fig. 15. In the time domain, we
can use the correlation factor for this purpose as

ρij = max
τ

⎧
⎪⎪⎨

⎪⎪⎩

∣∣∣
∫
Yi21(t)Y

j
21(t − τ)dt

∣∣∣
√∫ [

Yi21(t)
]2
dt

√
∫ [
Yj21(t)

]2
dt

⎫
⎪⎪⎬

⎪⎪⎭
(9)

As the modal impulse responses in Fig. 15 are a group of
time series, the correlation factor can be obtained by simple
vector multiplications as shown in Table 1. It is seen that
the strong coupling modes, i.e., modes 1, 2 have a large cor-
relation factor and hence they are quasi degenerated modes.
Similarly, the weak coupling modes 3 and 4 have a cor-
relation factor close to 1, which indicate that they are the
degenerated modes. Moreover, the weak coupling modes 5
and 6 have a correlation factor close to 0.5, and hence they
belong to quasi degenerated modes. The correlation factors
between the three groups of degenerated modes are very
small correlation factors, and hence they are almost inde-
pendent. From those results, the modal impulse responses
seem to be orthogonal to each other except for the quasi
degenerated modes. It is slightly different from the charac-
teristic modes in the frequency domain as the degenerated
modes are orthogonal as well.

V. POTENTIAL APPLICATIONS OF TD-CMA
This paper introduces the concept and computation of a new
CMA tool in the time domain. TD-CMA is potentially useful
for understanding the transient behaviors of PEC radiators in
broadband communication systems and pulse-based systems.
It is also applicable to transmission problems, such as the
ones involving transformers those may be difficult for TDR
method. Recently, TD-CMA is adopted to analyze a mid-
range wireless power transfer (WPT) system as exemplified
in Fig. 16. The WPT system consists of two identical helix
coils. Each coil is loaded by a shunt capacitor for tuning the
resonant frequency [30]. The average mesh size is 7 mm and
results in 702 unknowns in MoM. Modal impulse responses
of this system are calculated by the proposed method and the
results are shown in Fig. 17. For comparison, the impulse
response of the WPT system is also calculated and shown
in Fig. 17(c). It is seen that it equals to the summation of
the modal impulse responses, which verifies the statement
in (3).
The impulse response of the WPT system, as shown in

Fig. 17, looks like a tuned sinuous signal. On the other hand,

FIGURE 16. Structural parameters of the WPT system.

FIGURE 17. Time-domain response of the WPT system: (a) modal impulse response
(J1), (b) modal impulse response (J2), and (c) impulse response calculated by the IFT
of Y21.

the modal impulse responses are clear to be damped sinuous
waves and conform to

Jn(t) = Ane
−αnt cos(2π fnt + ϕn) (10)
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where αn is the time constant and fn is the resonant frequency
of the nth order modal impulse response. An and ϕn are
the initial amplitude and phase of the nth order mode.
TD-CMA shows that the WPT system contains two types
of transmission modes when the transmission distance is
smaller than diameter of the coil and the two modes tend to
be degenerated if the distance is increased [30]. This con-
clusion coincides with the theory of WPT system, which
can be useful for designing active loads for robust power
transmission [31].

VI. CONCLUSION
In this paper, a new TD-CMA is proposed for transmission
problems. TD-CMA is based on MSA and MMA of a two-
port system in frequency domain. A set of algorithms are
developed for accurate computation of TD-CMA, includ-
ing IFFT, DHT, and extrapolation. TD-CMA represents the
modal impulse response on specified ports, and the impulse
response is linear superposition of the modal ones. As the
method is based on full-wave solutions, it is applicable to
different structures.
Although TD-CMA is based on the IFFT of CMA results

(in frequency domain), it can depict the whole picture instead
of discrete resonances. Therefore, TD-CMA contains some
useful information about the structure, which may be implicit
from chaos-like CMA data in a large bandwidth. In addition,
TD-CMA can reveal the propagation mechanisms and indi-
cate possible optimization through mode control. It is also
noted that time resolution of TD-CMA deteriorates somehow
due to numerical errors of mode decomposition.
For a pair of dipole antennas, TD-CMA can be divided

into strong and weak coupling modes according to their
magnitudes. The strong coupling modes are due to direct
pulse radiation and the reflections and oscillations of the
pulse at the dipole tips and feedings. The time delay phe-
nomenon of weak coupling modes is clearly observed in the
intermediate-field region only. This shows different coupling
mechanisms for the two cases.
TD-CMA is also applied to magnetic resonance based

WPT system. It is seen that the modal impulse responses
reveal the transmission mechanisms clearly, which may be
very difficult for depicting the impulse response like the
TDR method.
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