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ABSTRACT An asymptotic solution of ray equations is used for numerical simulation of the electro-
magnetic wave propagation in a smoothly non-uniform Earth-ionosphere duct. Being an extension of the
adiabatic invariant approach, our method allows one to easily calculate and visualize all descriptive and
energetic characteristics of global HF radio waves, including transition between multi-hop and ricochet
propagation modes, antipodal focusing, geometric divergence and ohmic absorption. A quasi-parabolic
model of F2 layer with the parameters taken from the international model IRI-2012 is used in numerical
examples. From the mathematical point of view, it is an example of two-scale asymptotic expansion in
a small parameter ν ∼ H/L ∼ L/πR where H is a characteristic height of the ionospheric layer, L is the
scale of its horizontal non-uniformity, R is the Earth radius.

INDEX TERMS Ionosphere, radio wave propagation, ray tracing, asymptotic solution, propagation time,
signal attenuation, antipodal focusing.

I. INTRODUCTION

ALTHOUGH high-frequency (HF) radio waves nowa-
days are gradually losing their importance as a univer-

sal communication medium, we cannot underestimate such
vital applications as broadcasting over sparsely populated
areas, backup emergency messaging, and global ionosphere
probing. In this paper we discuss the most theoretically
interesting and computationally challenging problem of
long-range HF radio wave propagation. Its computational
difficulty is determined by a wide hierarchy of parameters
ranging from the wavelength λof about 15-30 m and the
ionospheric layer height H ∼ 150−300km to the horizontal
nonuniformity scale L ∼ 1500 − 3000 km and propagation
path length up to πR ∼ 20000 km.

A commonly accepted method of ionospheric radio wave
simulation is presented by geometric optics (GO) [1]–[2]
following from the wave equations for λ/H ∼ 10−4 � 1.
For one-hop radio links, the well-proven approximation –
a spherically-layered ionosphere is used, with the electron
density height distribution derived from the data of vertical
HF radio sounding [3]–[4]. Being a high-frequency asymp-
totic approximation to Maxwell’s equations, geometric optics

remains applicable at global distances because the wave-
length of decameter radio waves is by three to four orders
of magnitude less, compared with the characteristic scales
of the ionospheric plasma non-uniformity. Difficulty lies
in the accurate calculation of the ray trajectories coming
to the observation point, and summing up their contribu-
tions, taking into account ray divergence, absorption and EM
field enhancement near caustics [5]. A qualitative analysis
of long-range HF radio wave propagation can be achieved
by applying the adiabatic invariant method [6] based on the
similarity between a ray trajectory in a smoothly non-uniform
ionospheric wave duct and the oscillatory path of a mate-
rial particle moving in a slowly varying potential well [7].
With such an approach, it becomes possible not to draw the
ray path in detail but derive its slowly varying parameters
(reflection heights, angles of arrival, hop lengths, etc.) from
approximate conservation laws.
A formal mathematical foundation and further devel-

opment of the adiabatic invariant concept presents the
smooth perturbation approach to the integration of the
ray equations developed in our works [8]–[11]. This
semi-analytical method, being a kind of the two-scale
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asymptotic expansion [12], reduces ray tracing time by an
order of magnitude and allows one to analyze the global
pattern of propagation paths, ray trajectories and signal
characteristics with minimum computational burden. Most
of the original results, as well as a review paper [13],
have been published in Russian and are not familiar to
the international radio-physicist community. In what fol-
lows, the basic idea of the method is displayed. Omitting the
derivation details [8]–[11] we present here the main formu-
las, illustrated by some examples of asymptotic long-range
ray tracing in a commonly adopted International Reference
Ionosphere-2012 model [14].
An example of applying this theory to the experimental

data obtained at the Ukrainian Antarctic Station Akademik
Vernadskii and the idea of using antipodal radio links for
monitoring the global ionospheric HF wave duct have been
put forward in a joined article [15]. Analytical basis for
antipodal sounding and classification of the “ionospheric lens
aberrations” was given in our works [16]–[17]. Recently,
more papers appeared in the literature, expressing renewed
interest to the long-range HF propagation and its practical
applications [18]–[20].

II. ASYMPTOTIC ANALYSIS
An idealized global ionospheric layer has the maximum
heights varying within the limits H ∼ 150 − 300 km, and
typical horizontal scales L ∼ 1500 − 3000 km. A two-scale
asymptotic expansion in a small parameter ν ∼ H/L allows
one to construct an approximate analytical solution of the
ray equations and to derive explicit formulas for descriptive
and energetic characteristics of the ionospheric HF radio sig-
nals. In order to apply the smooth perturbation method [11]
to the analysis of long-range radio wave propagation, one
has to take into account the effects of the Earth sphericity
and to choose an appropriate model of global electron den-
sity distribution N(�r). Let H ∼ 300km be a characteristic
height of the ionospheric layer, r – distance from the Earth
center, R – its radius, ϑ, ϕ – geographic latitude and lon-
gitude. By neglecting magneto ionic splitting, we write the
averaged global distribution of the plasma dielectric permit-
tivity ε(�r) = 1 − 81 × 10−6N(�r)/f 2 ≡ 1− f 2

0 /f
2 in modified

spherical coordinates (ζ, ϑ, ϕ), where ζ = RH−1log(r/R).
In these variables, all the partial derivatives of the function
ε(ζ, ϑ, ϕ) have the order of magnitude about unity, and the
ray equations [3]–[4] take the following form:

ν2 d
2ζ

dτ 2
= 1

2

∂

∂ζ
ε̃2(ζ, ϑ, ϕ),

d2ϑ

dτ 2
+ 1
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sin 2ϑ ·

(
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2

∂
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ε̃2(ζ, ϑ, ϕ),

d

dτ

(
cos2 ϑ
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= 1

2

∂

∂φ
ε̃2(ζ, ϑ, ϕ). (1)

Here, ν = H/R ∼ 1/20 is a small parameter char-
acterizing smooth horizontal variation of the ionosphere,
ε̃ = (r/R)2ε(ζ, ϑ, ϕ) is the modified dielectric permittiv-
ity, τ = R

∫
ε−1/2r−2ds is a dimensionless parameter along

the ray path. We look for an asymptotic solution of the equa-
tion set (1) in the form of a two-scale expansion [12] in the
small parameter ν:

ζ(τ ) = ζ0(t, τ )+ νζ1(t, τ )+ . . . ,

ϑ(τ ) = �0(τ )+ ν2�2(t, τ )+ . . . ,

ϕ(τ ) = 0(τ )+ ν22(t, τ )+ . . . (2)

where t = 1
ν

∫ τ
0 ω(τ)dτ . The zero-order approximation

ζ0(t, τ ), as a function of t, is governed by an explicitly
integrable ordinary differential equation and can be found
by inversion of its integral

t − t0 = ±ω(τ)
∫

dζ0√
ε̃(ζ0,�0,0)− q(τ )

≈ ±ω(τ)
ν

∫
dr

r
√
ε̃(z,�0,0)− q(τ )

. (3)

Here, r = R + z is the altitude of the ray trajectory,
measured from the Earth center. In accordance with the
idea of smooth perturbation method [11], the slowly vary-
ing “energy” q(τ ) = Q(�0,0, I) (by analogy with classical
mechanics [7]) and the “frequency”

ω(τ) = �(�0,0, I) = −π
2
QI(�0,0, I)

of the vertical ray oscillation in the Earth-ionosphere duct can
be found from the condition of boundedness of the first-order
correction ζ1(t, τ ). It results in the adiabatic invariant conser-
vation law [12] taking, in spherical geometry, the following
form [11]:

I =
∫ ζ+

ζ−

√
ε̃(ζ, ϑ, ϕ)− Q(ϑ, φ, I)dζ

= 1

ν

∫ r+

r−

√
ε̃(r, ϑ, ϕ)− Q(ϑ, ϕ, I)

dr

r
= Const

π

�(ϑ, ϕ, I)
=
∫ ζ+

ζ−
dζ√

ε̃(ζ, ϑ, ϕ)− Q(ϑ, φ, I)

= 1

ν

∫ r+

r−
dr

r
√
ε̃(r, ϑ, ϕ)− Q(ϑ, ϕ, I)

(4)

The notation r± is applied to the solutions of the algebraic
equation ε̃(r) = Q. Formulas (3-4) describe both modes of
the ray propagation: “hops” (successive reflections from the
ionosphere and the Earth’s surface) and “ricochet” (smoothly
oscillating rays creeping beneath the concave ionospheric
layer). In the former case, Q < 1 and the lower integration
limit in Eq. (4) is r− = 0; in the latter case Q > 1, the lower
turning point is given by ε̃ ≡ r2/R2 = Q(ϑ, ϕ) and the ray
passes over the Earth surface at the height z− = R(

√
Q−1).

The averaged horizontal projections of the ray
�o(τ ),0(τ ), functions of “slow” variable τ , are governed
by the following non-linear differential equations:

�′′
0 + 1

2


′2
0 sin 2�0 = 1

2

∂Q

∂ϑ
(�0,0, I),

′′
0 cos2�0 −�′

0
′
0 sin 2�0 = 1

2

∂Q

∂ϕ
(�0,0, I), (5)
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and the initial conditions for a ray launched from the Earth
surface at (ϑ0, ϕ0), with the elevation angle β0 and azimuth
ψ0, are

Q(ϑ0, ϕ0, I) ≈ cos2 β0, �0(O) = ϑ0, 0(O) = ϕ0;
�′

0(O) ≈ cosψ0 cosβ0, 
′
0(O) ≈ sinψ0 cosβ0

cosϑ0
. (6)

A simple example of the electron density profile N(z), allow-
ing analytical inversion of the integral (3), presents the
so-called quasi-parabolic layer [3]–[4]:

N(r, ϑ, ϕ) = Nm

[
1 −

(
rm − r

rm − r1

)2( r1
r

)2
]

(7)

If we rewrite the input parameters as rm = R + Zm, r1 =
rm − Ym, the above equations will express the vertical com-
ponent of the ray trajectory z(τ ) ≈ Z0(t, τ ) in terms of
the forecasted ionosphere characteristics: critical frequency
fc(ϑ, φ) = 9 × 10−3√Nm, maximum height Zm(ϑ, φ) and
half-thickness Ym(ϑ, φ) of the F2 layer. For the modified
dielectric permittivity ε̃(�r), we obtain the following formulas

ε̃ =
⎧⎨
⎩

r2

R2 , r < r1
1
R2

[(
εm + b2

r2
m

)
r2 − 2 b2

rm
r + b2

]
, r > r1

(8)

where εm = 1 − ρ2, b = ρr1rm
rm−r1 , ρ = fc

f .
The function ε̃(r) reaches its minimum, equal to Ql =

εmr2
mb

2R−2(εmr2
m + b2)−1, at a height rl = b2rm(εmr2

m +
b2)−1. The existence condition of the Earth-ionosphere wave
duct or an elevated waveguide, for radio waves of the
frequency f , follows from the requirement rl > r1 and looks
as ρ2 > rm−r1

rm
= Ym

R+Zm .
In the quasi-parabolic model (7), with frozen parameters

rm, r1,fk, one from the two aforementioned kinds of ray tra-
jectories takes place, depending on the value of Q parameter.
For Q < 1, we have ray hops with the turning points inside
the ionospheric layer:

r+ = rm

[
b2 − R

√
(Q− Ql)

(
εmr2

m + b2
)](

εmr
2
m + b2

)−1

and a sharp reflection from the Earth’s surface. The case
Q > 1 corresponds to ricochet-type trajectories oscillating
between r+ and the lowest point r− = RQ1/2 lying beneath
the ionospheric layer. Our asymptotic solution describes both
types of propagation modes and the transition between them
by a smooth variation of the ionospheric parameters [11].
Applying the quasi-parabolic height distribution of the

dielectric permittivity (8) to the equation (4), we obtain an
explicit formula for the adiabatic invariant
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= 1
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R
√
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(
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)
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√
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(
εmr2
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)
⎤
⎦ (9)

Here, r− = R max(1,
√
Q), Q1 = min(1,Q). The

slowly varying parameter Q(ϑ, ϕ, I), being an analog of the
dielectric permittivity in the horizontal ray equations (5), can
be found from the transcendent equation (9). After that, for
the slowly varying rate of the vertical ray oscillation in the
Earth-ionosphere duct ω(τ) = �(�0,0, I) we obtain an
explicit formula

π
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ν
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√
ε̃(r, ϑ, ϕ)− Q(ϑ, ϕ, I)

= 1
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⎤
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(10)

The inversion of the integral (3) leads to the following
expressions for the vertical component of the ray path:

r(t, τ ) = R
√
Q

cos
[
ν

√
Q
�

(
π − |t − t0 − π(2n− 1)| + arccos

√
Q1
)]

for

π − �

ν
√
Q

(
arccos

R
√
Q

r1
− arccos

√
Q1

)

< |t − t0 − π(2n− 1)| < π (11)

i.e., for r < r1, (continued in Eq. (12) shown at the bottom
of the next page).
The hop length or the period of the vertical ray oscillation,

corresponding to the increment of the fast variable t by 2π ,
can be calculated from the equations (9-10): D = 2πH

√
Q
�

.

III. APPLICATION TO LONG-RANGE HF PROPAGATION
An example of a long-range ray trajectory calculated in adi-
abatic approximation via formulas (9-12), with the F2-layer
parameters taken from the international ionosphere model
IRI-2012 [14], is shown in Fig. 1. With such a low initial
elevation angle, the major part of the ray trajectory cor-
responds to the ricochet type, without touching the Earth’
surface in its lowest points. Such a propagation mode, elim-
inating substantial energy loss by each ground reflection
(about 2 dB per hop [15]), assures low signal attenuation at
a long propagation path.
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FIGURE 1. Vertical projection of a round-the-world ray, calculated via (9-12).

In an averaged model of the 3D-nonuniform ionosphere,
parameters Q and � are slowly varying functions of the
geographical coordinates (ϑ, ϕ). In order to find, to the first
approximation, their variation along the ray path: q(τ ) =
Q(�0,0, I) and ω(τ) = �(�0,0, I), one has to solve the
averaged equations of the horizontal ray projections (5). By
neglecting the transversal gradients of the electron density,
the equations (5) can be easily integrated:

�o(τ, I) ≡ 0, τ =
∫ 0(τ,I)

0

dϕ√
Q(ϕ, I)

.

Then, putting x(τ ) ≈ R0(τ, I) and substituting into (10-
11) the obtained expression for the fast variable of the two-
scale asymptotic expansion

t = 1

ν

∫ τ

0
�[0(τ, I), I]dτ,

we get an approximate analytic description of the ray
trajectory, taking into account the smooth change of the
ionospheric parameters along the propagation path. In a gen-
eral case, the calculation scheme looks like this [11], [16].
The initial value Q(ϑ0, ϕ0, I) ≈ cos2 β0 defines the adia-
batic invariant for a fan of ray trajectories launched from
the point (ϑ0, ϕ0) with a definite elevation angle β0 and
different azimuths ψ0:

I = 1

ν

∫ r+

r−

√
ε̃(r, ϑ, ϕ)− cos2 β0

dr

r
(13)

Having found the slowly varying function Q(ϑ, ϕ, I) from
Eq. (9), we can solve the “horizontal” equations (5) for
�0(τ, I, ψ0), 0(τ, I, ψ0) by numerical methods, with
a large calculation step. Moreover, in most cases (except
the lowest frequencies) it turns out that the function
Q(ϑ, ϕ, I) does not differ essentially from its global aver-
age: Q(ϑ, ϕ, I) = Q0(I)+ Q1(ϑ, ϕ, I), |Q1| << Q0, and we
can use the perturbation theory for the lateral ray deviations.
The solution takes the simplest form in a special system of
spherical coordinates (�,) whose equator � = 0 coincides
with the unperturbed trajectory. The first-order corrections
have the following form:

�1(τ ) = 1

2Q0

∫ 

0
sin(− χ)

∂Q1

∂�
(0, χ)dχ ≡ �(, I, ψ0),

1(τ ) = 1

2Q0

∫ 

0
Q1(0, χ)dχ. (14)

Here,  = 0(τ ) = τ
√
Q0 is the angular length of the non-

perturbed trajectory �0(τ ) ≡ 0. With such choice of the
variables, the horizontal ray equations do not have singu-
larities due to the spherical coordinates’ degeneration at the
poles. Coming back to the original coordinates (ϑ, ϕ) by
the formulas of spherical trigonometry we obtain a global
representation of the family of rays spreading out from the
initial point (ϑ0, ϕ0) with different azimuthal angles ψ0.

r(t, τ ) =
(
b2 − QR2

)
rm

R
√
(Q− Ql)

(
εmr2

m + b2
)
cosh

[
ν

√
(b2−QR2)
R� (t − t0 − (2n− 1)π)

]
+ b2

for |t − t0 − π(2n− 1)| < π − �

ν
√
Q

(
arccos

R
√
Q

r1
− arccos

√
Q1

)
, i.e. for r > r1 (12)
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FIGURE 2. A round-the-world trajectory with marked ray minima (circles) and three landing points (stars). Transmitter: 54◦N, 37◦E; initial elevation angle β0 = 6◦ , azimuth
ψ0 = 288◦ .

Notwithstanding the seeming complexity of the above for-
mulas, numerical solution of the transcendental equation (10)
and subsequent calculation of the ray trajectories by the
explicit expressions (11), (12), as shown at the bottom of
the previous page, reduces the computing time by an order
of magnitude, compared with traditional ray tracing codes.
This performance gain is especially obvious in the problems
of long-range HF radio propagation. Even more important
is the fact that the obtained analytic expressions allow one
to easily calculate all geometric and energetic characteris-
tics of the radio signal (angles of arrival, propagation time,
amplitude, etc.).
For example, the condition that a ray returns to the Earth’s

surface has the form

t ≡ 1

ν

∫ τ

0
�[0(τ, I, ψ0), I]dτ = 2πn (15)

where n is the hop number. In order to resolve Eq. (15) one
does not require ray tracing – just to mark several “landing
points” on a round-the world great circle – see Fig. 2.
By resolving equations (16) and (6) for I and ψ0

we obtain a number of initial angles (β0, ψ0) provid-
ing the arrival of the ray at the given point (ϑ1, ϕ1).
The vertical angle of arrival is given by the explicit
formula cosβ1 = √

Q(ϑ1, ϕ1, I). An example of the
horizontal ray projection of a round-the-world ray trajec-
tory, with the intermediate points of arrival, is shown in
Fig. 2.
In order to find the signal amplitude, we have to cal-

culate the geometric divergence of the family of rays
starting from the initial point with different elevation angles
and azimuths. Within geometrical optics approximation, it
holds

A = F(β0, ψ0)

√
r2 cosβ0

RJ
(16)

Here, F(β0, ψ0) is the scaled radiation pattern, and

J(τ, β0, ψ0) =
∣∣∣∣D(x1, x2, x3}
D(τ, β0, ψ0)

∣∣∣∣ (17)

is the Jacobian of the transition from Cartesian x1 =
r cosϑ cosϕ, x2 = r cosϑ sinϕ, x3 = r sinϑ , to the ray
coordinates τ, β0, ψ0.
The approximate separation of horizontal and vertical

variables facilitates the analysis of the ray trajectories.
In particular, the ray divergence factor (17), to the

first-order approximation, splits into two multipliers describ-
ing the wave focusing in the corresponding planes:
J(τ, β0, ψ0) = Jvert · Jhor. For the vertical divergence com-
ponent of the ray fan, spreading from the source (ϑ0, ϕ0)

with the fixed elevation angle β0 and coming to the Earth
surface at (ϑ1, ϕ1) point, the two-scale asymptotic method
yields the following expression

Jvert = 1

νr

∣∣rβ0τ − rτβ0

∣∣
r=R

= ∂I

∂β0

√
Q(ϑ1, ϕ1, I)[1 − Q(ϑ1, ϕ1, I)]

ν�(ϑ1, ϕ1, I)
(18)

In order to study the divergence of the horizontal ray
projections, it is convenient to use the approximate solu-
tion (14). As the ray deviations from the unperturbed
great circle are relatively small, the horizontal divergence
Jhor = cosϑ |rψ0ϕ − rϕψ0 |, as a rule, is close to the
standard factor of spherical focusing sin. An exception
present the vicinities of the launching point and its antipode.
Despite the smallness of the corrections �1,1, expressed
by the formulas (14), they lead to substantial effects in the
vicinity of the transmitter antipode (−ϑ0, ϕ0 + π) and the
initial point (ϑ0, ϕ0) itself, after the round-the-world propa-
gation. If the ionosphere were spherically symmetric, at these
points one would observe a field maximum caused by coher-
ent summation of the signals coming from all directions.
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FIGURE 3. Horizontal projections of rays emitted from transmitter point (star) with
a fixed elevation angle β0 = 25o. Antipode is marked with a dark circle, white circle –
UAS “Akademik Vernadsky”; dashed line indicates solar terminator. Color background
depicts global Q(ϑ ,ϕ,I) distribution.

Horizontal gradients destroy the diffraction focus, leading to
the formation of a more complicated focal spot with charac-
teristic dimensions of the order of 1-2 thousand kilometers.
Its structure can be analyzed by means of formulas (14).
Figure 3 presents an example – horizontal projec-

tions of the rays emitted from the transmitter point with
a fixed elevation angle β0and different azimuths ψ0.
The color background depicts the “horizontal permittiv-
ity” Q(ϑ, ϕ, I)derived from the IRI-2012 ionosphere model,
using the adiabatic invariant (9), for a given value of
the initial elevation angle β0 = 25o(in this example
Q = cos2 β < 1 – all the rays propagate by hops). The
depicted rays span the southern angular sector, calculation
of the northern trajectories would require a modified polar
ionosphere model.
The most pronounced feature of the horizontal ray pattern

in Fig. 3 is an extended antipodal focal spot bounded with
a triangle caustic of about 2000 km in diameter. Our smooth
perturbation method allows one to describe this phenomenon
analytically. The caustic surrounding the antipodal focal spot
is determined by the equation

∂ϑ

∂

∂ϕ

∂ψ0
− ∂ϕ

∂

∂ϑ

∂ψ0
= 0 (19)

which can be easily derived by linearizing formulas of spher-
ical trigonometry with respect to the small difference −π .
As the function �(π,ψ0, I) is, evidently, 2π -periodic with
respect to the initial azimuth ψ0, the caustic (19) is a closed
curve, maybe self-crossing. Due to horizontal non-uniformity
of the ionosphere, the focal spot may have a complicated
structure. A full classification of antipodal and round-the
world ray structures on a non-uniform sphere was given
in [16]–[17]. Whereas outside the focal area the wave field
is determined by the interference of two rays correspond-
ing to the minimal and maximal values of the optical path,
the number of rays increases by two with each crossing the

caustic. With the possible caustic self-crossing, its interior
may be divided into the parts with 4, 6 and more directions
of arrival and different field amplitudes corresponding to
the wave divergence and absorption along each ray. Besides,
at the caustic itself and its sharp points one has to expect
the wave field enhancement determined by the competing
effects of geometric focusing and diffraction blurring [5].
By expanding the function θ(π,ψ0, I) in a Fourier series in
ψ0 parameter, we obtain a useful representation of the antipo-
dal focal pattern as a superposition of elementary aberrations
of the global‘ “ionospheric lens” [11], [16]–[17]. A similar
classification of round-the-world focal structures is obtained
by expanding θ(2π,ψ0, I) in a Fourier series in ψ0. The
complicated ray structure of the EM wave field inside the
antipodal and round-the world focal spot explains multiple
azimuths of the received long-range HF signals and their
diurnal dynamics [21]–[22].

IV. PROPAGATION TIME, SIGNAL ATTENUATION
In the problems of oblique and backward ionosphere sound-
ing [3]–[4], [9], it is necessary to calculate the propagation
time of the radio signal, proportional to the group path
P = ∫ ds√

ε
= 1

R

∫
r2dτ . The two-scale expansion method

opens an easy way to the calculation of this integral, as well
as of similar integral representations for the phase path and
ohmic absorption. By denoting r(τ ) = Rρ(t − t0, τ ), where
ρ(t, τ ) is an even periodic function of the fast variable t, we
derive an explicit formula, [13]:

P(τ ) = R
∞∑
n−0

∫ τ

0
Cn(τ ) cos

[
1

ν

∫ τ

0
ω(τ ′)dτ ′ − t0

]
dτ ≈ R

×
⎧⎨
⎩
∫ τ

0
C0(τ )dτ + ν

∞∑
n−0

×
[∫ τ

0

Cn(τ )

nω(τ)
sin

(
1

ν

∫ τ

0
ω(τ ′)dτ ′ − t0

)

+ Cn(0)

nω(0)
t0

]⎫⎬
⎭ (20)

Here Cn(τ ) are the Fourier coefficients of the function
ρ2(t, τ ). By summing the Fourier series we obtain the final
expression for the group path:

P(τ ) = 1

R

{∫ τ

0
r2(τ )dτ + ν

ω(0)

∫ τ

0

[
r2 − r2(0)

]
dτ

+ ν

ω(τ)

∫ τ

0

[
r2 − r2(τ )

]
dτ

}
(21)

containing a monotonously growing integral of the squared
radius average value

r2(τ ) ≡ R2C0(τ ) = R2

2π

∫ π

−π
ρ2(t, τ )dt

= ω(τ)

πν

∫ r+

r−
rdr√

ε̃(r,�0,0)− Q(�0,0, I)
(22)

and oscillating corrections of the order of O(ν).
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FIGURE 4. Gradual transition from multi-hop propagation to ricochet-type trajectory.

In a similar way, the mean absorption on a long-range
path can be found [13]:

E ∼ A exp[−�(τ)], �(τ) = e2

mcf

∫
νeff N√
ε
ds


 e2

mcfR

∫
νeff Nr2dτ + O(ν) (23)

Here, e and m are the electron charge and mass, N(r, ϑ, ϕ)
and νeff (r, ϑ, ϕ) are the electron density and collision rate
in the ionospheric plasma; the mean value is defined as in
Eq. (23):

νeff Nr2(τ ) = ω(τ)

πν

∫ r+

r−

νeff Nrdr√
ε̃(r,�0,0)− Q(�0,0, I)

(24)

With the parameters Nm, rm, r1 gradually changing along
the propagation path, a radical change of the propagation
mode can take place – the detachment of the ray trajectory
from the Earth surface. The naïve use of the asymptotic
solution (2)-(5) in this situation leads to a noticeable lost
of smoothness, due to a non-analytic behavior of the “hop”
branch (Q < 1)of the solution (9)-(12) at the transition points
Q(ϑ, ϕ, I) = 1 - see Fig. 4. In our works it was shown that
a good accuracy can be achieved by analytic continuation of
the “ricochet” branch to the Earth surface and matching it
with the last ray hop by the law of specular reflection, which
leads to a to a small jump of the phase lag t0 and a minor
correction to the adiabatic invariant value I [10], [23]:

�t0 = �

ν
√
Q

arccos
√
Q ≈ �

√
1 − Q

ν
√
Q

= O
(
ν1/4

)
,

�I = O
(
ν5/4

)
(25)

Furthermore, asymptotic analysis shows that, in order to
preserve the solution accuracy at large distances from the
transmitter, one has to introduce small corrections O(ν) in
the initial conditions [10]. However, in the problems of iono-
spheric HF propagation these purifications do not change the

global pattern of ray trajectories. A more essential effect is
related to the electromagnetic wave refraction in the iono-
spheric E-layer, which requires adding an extra term to the
quasi-parabolic F2 model (7).

V. CONCLUSION
We have presented an analytical approach to the problem
of long-range HF electromagnetic wave propagation, based
on asymptotic solution of the ray equations by smooth
perturbation method (two-scale expansion in a small param-
eter characterizing horizontal gradients of the ionospheric
plasma). The obtained approximate solution, combined with
a standard ionosphere model, facilitates global ray trac-
ing and calculation of radio signal physical parameters. It
quantitatively describes angular and amplitude variations of
long-range HF radio signals propagating in the non-unifofm
and non-stationary ionospheric wave duct. An example
of global ray tracing on the Moscow–UAS Akademik
Vernadsky radio link [22] explains Doppler spectrum of
a harmonic HF signal, observed at the Ukrainian Antarctic
Station [15], by a propagation path splitting in the vicinity
of moving solar terminator.

ACKNOWLEDGMENT
The author is thankful to I. V. Krasheninnikov, Yu.
M. Yampolski and A. V. Zalizovskii for useful discussions.

REFERENCES
[1] M. Born and E. Wolf, Principles of Optics. London, U.K.: Pergamon

Press, 1965.
[2] Y. A. Kravtsov and Y. I. Orlov, Geometrical Optics of Inhomogeneous

Media (Springer Series on Wave Phenomena). Berlin, Germany:
Springer, 1990.

[3] H. Bremmer, Propagation of Electromagnetic Waves (Handbuch der
Physik), vol. 16. Berlin, Germany: Springer-Verlag, 1958.

[4] J. M. Kelso, Radio Ray Propagation in the Ionosphere. New York,
NY, USA: McGraw-Hill, 1964.

[5] Y. A. Kravtsov and Y. I. Orlov, Caustics, Catastrophes and Wave Fields
(Springer Series on Wave Phenomena). Berlin, Germany: Springer,
1993.

[6] A. V. Gurevich and E. E. Tsedilina, “Long distance propagation of HF
radio waves,” in Physics and Chemistry in Space. Berlin, Germany:
Springer, 1985.

[7] L. D. Landau and E. M. Lifshitz, Mechanics, Course of Theoretical
Physics, vol. 1, 3rd ed. Amsterdam, The Netherlands: Elsevier, 2005.

[8] V. A. Baranov and A. V. Popov, “Asymptotic description of long-range
radio wave propagation (in Russian),” in Proc. Radio Wave Propag.
IZMIRAN, 1980, pp. 28–44.

[9] V. A. Baranov, A. L. Karpenko, and A. V. Popov, “Approximate
fast calculation of oblique and backward ionosphere sounding (in
Russian),” in Proc. Radio Wave Propag. IZMIRAN, 1982, pp. 32–43.

[10] A. L. Karpenko and A. V. Popov, “On first-order corrections in adia-
batic geometric optics (in Russian),” in Proc. Diffraction Effects Short
Radio Waves, 1984, pp. 36–43.

[11] A. V. Popov, “Smooth perturbation method in theory of wide
non-uniform waveguides (in Russian),” Ph.D. dissertation, Russian
Academy Sci., IZMIRAN, Moscow, Russia, 1986.

[12] J. D. Cole, Perturbation Methods in Applied Mathematics. New York,
NY, USA: Blaisdell, 1968.

[13] A. V. Popov, E. E. Tsedilina, and Y. N. Cherkashin, “New methods of
HF radio links characterization (in Russian),” in Proc. Electromagn.
Plasma Processes Sun Earth Core, 1986, pp. 146–162.

[14] IRI—International Reference Ionosphere. [Online]. Available:
https://iri.gsfc.nasa.gov/

356 VOLUME 1, 2020



[15] A. V. Zalizovskii et al., “Doppler selection of HF radiosignals on long
paths,” Geomagn. Aeronomy, vol. 47, no. 5, pp. 636–646, 2007.

[16] R. M. Brunet and A. V. Popov, “Focal spot structure of global HF
radio wave propagation (in Russian),” in Proc. Radio Wave Propag.
Ionosphere, 1985, pp. 59–74.

[17] R. M. Brunet and A. V. Popov, “Focal spot structure on a non-uniform
sphere (in Russian),” Doklady Acad. of Sci. USSR, vol. 289, no. 5,
p. 1079–1083, 1986.

[18] M. S. Penzin, N. V. Ilyin, and S. N. Ponomarchuk, “Advanced model
of HF radio waves propagation based on normal wave method,” in
Proc. Progr. EM Res. Symp. (PIERS), St. Petersburg, Russia, 2017.

[19] A. Zalizovski, Y. Yampolski, A. Koloskov, S. Kashcheyev, and
B. Gavrylyik, “Response of parameters of HF signals at the long
radio paths on solar activity,” in Proc. URSI AP-RASC, New Delhi,
India, 2019, p. 6.

[20] L. Liu, T. Lu, M. Gong, and W. Zhang, “Study on the strength loss of
multi-hop HF radio propagation,” in Proc. IFCAE-IOT MATEC Web
Conf., 2018, p. 175.

[21] P. V. Bliokh, V. S. Beley, V. G. Galushko, Y. M. Yampolski,
V. A. Baranov, and A. V. Popov, “Applying sharply directed
antenna for studying HF radio signal structure and ionospheric sound-
ing,” in Proc. 14th USSR Conf. Radio Wave Propag., vol. 1, 1984,
pp. 188–191.

[22] I. V. Krasheninnikov, A. V. Popov, and I. G. Stakhanova “Analysis of
the wave field mode structure on the Moscow–Akademik Vernadskii
Antarctic station super-long path,” Geomagn. Aeronomy, vol. 56,
pp. 626–633, Oct. 2016.

[23] A. V. Popov, Theory of Non-Regular Waveguides in the Problems
of Radio Wave Propagation (in Russian). Wave Propagation
in Stratified Media, Acad. Sci. USSR, Kazan, Russia, 1988,
pp. 77–113.

ALEXEI V. POPOV (Life Member, IEEE) was
born in Krasnoyarsk, Siberia, in 1940. He received
the Candidate of Science degree (Ph.D. equiv-
alent) from the Acoustics Institute, Moscow, in
1968.

In 1958, he entered the leading Russian
Technical University-Moscow Institute of Physics
and Technology, from which he graduated in
1964 as a Scientist specialized in radio physics
and acoustics. He was a member of Prof.
Malyuzhinets’ research group pioneering numeri-

cal implementation of the parabolic wave equation technique in the middle
1960’s. From 1969 to 1973, he worked with the Computing Center,
Latvian State University, Riga. In 1973, entered the Institute of Terrestrial
Magnetism, Ionosphere and Radio Wave Propagation (IZMIRAN), where
he is currently the Head of the Radiowave Propagation Department and
a member of the Directors board. His Doctor of Science thesis, defended
in 1986 at IZMIRAN, was aimed at long-range radio wave propagation
problems. His contribution to the development of EM theory was hon-
ored with the USSR State Prize in Science and Technology in 1990. From
1995 to 2012, he worked on a part-time basis with the Lebedev Physical
Institute, Moscow, developing simulation techniques and design approaches
for X-ray zone plates and IR optical fibers, in collaboration with the Center
for X-ray Optics, Lawrence Berkeley National Laboratory. He participated
in the EU COST Action TU 1208 Civil Engineering Applications of Ground
Penetrating Radar from 2014 to 2017. Since 2004, he coordinates the joint
research project “Asymptotics” with the Space Research Center of the Polish
Academy of Sciences. He is an internationally renowned expert in diffraction
theory, author of ‘transparent boundary conditions’ widely used in computa-
tional electromagnetics. His research group activity includes HF radio wave
propagation, ionospheric radio sounding, and ground penetrating radar.

VOLUME 1, 2020 357



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


