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ABSTRACT The number of degrees of freedom (NDF) of the electromagnetic far-fields generated by
current sheets under certain noise level in the environment is evaluated numerically by directly sampling
on the constellation of the propagation modes in free space. The electric fields in the far region are
efficiently calculated by using the far-field approximation, and the effective numbers of degrees of freedom
(ENDFs) are obtained through singular value decomposition (SVD) incorporating noises. The results show
that ENDF is proportional to the area of the current sheets. Due to the effect of noise, when two current
sheets in parallel are closer within a threshold, the differential mode fields will be submerged by the
noise, so the ENDF is only determined by the common modes. Although the threshold is signal-to-noise
ratio (SNR) dependent, the ENDF provides a clear physical meaning. When two current sheets are located
in the same plane, numerical results suggest that the ENDF is mainly determined by the total area of the
two current sheets, and the spacing between them almost does not affect the ENDF.

INDEX TERMS Effective number of degrees of freedom, electromagnetic far field, singular value
decomposition, signal-to-noise ratio.

I. INTRODUCTION

THE NUMBER of degrees of freedom (NDF) of an
electro- magnetic field is commonly defined as the

minimum number of linear independent parameters required
to describe the state of the field under a given accuracy.
The concept of the NDF holds significant importance across
multiple research domains. It finds applications in various
areas such as applied electromagnetic field problems, includ-
ing antenna array synthesis [1], antenna measurement [2],
and radar cross section evaluation [3]. NDF is essential
in reconstruction problems, encompassing electromagnetic
inverse source problems [4], [5], [6] and electromagnetic
inverse scattering problems [7], [8], [9]. Furthermore, NDF
is crucial in channel evaluation for wireless communi-
cation [10], [11], [12], [13], particularly in identifying
channels that can effectively transmit information, especially
in the multiple-input multiple-output (MIMO) systems. The
study of NDF plays a crucial role in understanding system
behavior, optimizing performance, and designing efficient
algorithms.

The NDF of electromagnetic systems have been
extensively investigated in optical imaging applica-
tions [14], [15]. More recently, there has been significant
research focusing on the NDF of systems with
potential applications in multi-antenna wireless communica-
tions [16], [17]. By understanding the NDF, researchers can
assess the system’s potential for achieving high data rates,
mitigating interference, and enhancing overall performance.
However, most of them mainly consider the NDF of channels
from the perspective of communication, rarely from field
perspectives, and might possibly overlook the nature of
the electromagnetic fields themselves. In fact, the limit
of information transmission is dictated by the amount of
information that an electromagnetic field is capable of
carrying [18]. The study of the NDF from electromagnetic
field perspectives provides a better understanding of the
essence of information transmission.
The NDF, as defined in [19], was utilized by Hanlen

and Fu [20] for assessing communication modes in the
presence of reflecting plane scatterers. An extension by Xu
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and Janaswamy [21] introduced a noise-dependent definition
to determine the NDF based on analyzing multiple scattering
effects. Following Xu et al.’s concept, our study aims to
explore the quantitative and qualitative characteristics of the
ENDF associated with the far-field radiated by current sheets.
In this paper, the ENDF is defined as the count of the modes
excited above the noise level in the far-fields.
Unlike previous works, our study focuses on the ENDF

of the far-fields associated with the sources on the plates in
free space. Two models are mainly involved in this paper: a
single-layer current sheet model and a double-layer current
sheets model. The single-layer model is reasonable for
modeling planar antenna arrays with symmetrical radiation
patterns [22], [23], while the double-layer current sheets
model is applicable for planar arrays with non-symmetrical
radiation patterns [24]. We start directly from the expression
of the radiation far-fields generated by the current sources.
By incorporating the properties of model fields as prior
knowledge, we directly sample on the peak directions of the
propagation modes which referred to as the constellation in
this paper. After obtaining the far-fields, SVD is employed
to analyze and determine the ENDF.
The paper is organized as follows. The mathematical

formulation of the ENDF of far-fields is presented in
Section II. The ENDF of far-fields of current sheets is
discussed in Section III, including three specific cases.
Finally, Section IV, the concluding remarks are summarized.

II. MATHEMATICAL FORMULATION
Planar arrays are commonly employed in 5G/6G systems.
And planar structures are also commonly used in intelligent
meta-surfaces. Therefore, we focus on the ENDF of the far-
field of the current sheets with planar structures.
While the derivation process remains consistent with prior

works [22], [23], [24], we briefly review the derivation
process for the convenience of readers’ understanding. In free
space, the electric field E at position r of a current source
J(r) in source region Vs can be generally expressed as:

E(r) = −jωμ0

(
I − âr̂ar

)
· e

−jkr

4πr

∫

Vs
ejk·r′J

(
r′)dr′ (1)

where k = kx̂ax + kŷay + kẑaz is the wavevector, âris the
radial unit vector, and I is the identity operator.
Consider a current source on a rectangular sheet in the

xoy plane with a size of Dx × Dy, centering at origin, as
shown in Fig. 1(a). By using the far-field approximation, its
far field normalized with (− 4πrejk0r

jωμ0
) can be separated into

two polarizations,

F(θ, ϕ) = sin θxθ̂x

∫ Dy
2

−Dy
2

∫ Dx
2

−Dx
2

ejkxx+jkyyejkzdIx(x, y)dxdy

+ sin θyθ̂y

∫ Dy
2

−Dy
2

∫ Dx
2

−Dx
2

ejkxx+jkyyejkzdIy(x, y)dxdy (2)

where kx = k sin θ cos ϕθx, ky = k sin θ sin ϕ. θx is the angle
between the position vector r and the x-axis, and θy is that

J

(a)

(b)

( )

FIGURE 1. Current sheet. (a) The unit vectors in the coordinate system.
(b) Constellation of the propagation group in the k -space.

with the y-axis. θ̂x and θ̂y are the corresponding unit vectors,
respectively, as shown in Fig. 1(a). We choose Dx = Nxλ,
Dy = Nyλ. λ is the wavelength. Nx and Ny are integers.
Taking the x-polarization as an example, the planar current
is expanded with 2-D Fourier series,

Ix(x, y) =
∞∑

m=−∞

∞∑
n=−∞

Ixmne
j(m�xx+n�yy) (3)

and its far-field can be expressed as

Fx(θ, ϕ) = DxDy sin θx

∞∑
m=−∞

∞∑
n=−∞

Ixmnfxmn(θ, ϕ). (4)

The mode function fxmn(θ, ϕ) is expressed by

fxmn(θ, ϕ) = sinc(mπ + Nxπ sin θ cos ϕ)

× sinc
(
nπ + Nyπ sin θ sin ϕ

)
(5)

which describes a beam in the space with its peak at the
direction of (θmn, ϕmn) and (π − θmn, ϕmn), symmetrically
located in the two sides of the source plane generally. In
particular, two peak directions will coincide if θmn = π

2 for
another kind of modes what we called end-fire modes. The
peak directions satisfy

{
Nxπ sin θmn cos ϕmn + mπ = 0

Nyπ sin θmn sin ϕmn + nπ = 0
(6)
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The wavevector of the mn-th mode at its peak direction
can be found from as⎧⎪⎪⎪⎨

⎪⎪⎪⎩

kxmn = k sin θmn cos ϕmn = −km
Nx

kymn = k sin θmn sin ϕmn = −kn
Ny

kzmn = ±k
√

1 −
(
m
Nx

)2 − (
n/Ny

)2

(7)

For the sake of convenience, we define a set of integer
pairs as:

P =
{
(m, n) ∈ Z

2 : (m/Nx)
2 + (

n/Ny
)2 ≤ 1

}
. (8)

If (m, n) ∈ P, the corresponding mode is a propagation
mode in ±z direction which can propagate away from the
source and contribute significantly to the far-field. Otherwise,
the mode is an evanescent one and generally contributes little
to the far-field. A typical constellation of the propagation
group in k-space is shown in Fig. 1(b), where each circle
denotes a normalized wavevector of a propagation mode. In
general, for a propagation mode, its two wave vectors are
symmetrically mirrored with respect to the kz = 0 plane.
In particular, the two wavevectors coincide if they fall on
the kz = 0 plane, corresponding to the end-fire mode. It is
obvious that the contribution of the propagation modes is
more significant than that of the evanescent modes. Each
propagation mode, as characterized by its mode function
fxmn(θ, ϕ), makes the most significant contribution to the
far-fields at its peak directions. Since the information of far-
fields predominantly concentrates within the main lobe of the
propagation modes, we directly sample at the peak directions.
In other words, we directly sample on the constellation.
Assuming that Nm denotes the total number of the modes
and Na represents the number of the sampling points, we
rearrange the modes and sampling points accordingly and
convert into a matrix equation:

H · I = F (9)

where I = [I1, I2, . . . , INm ]T is the column vector containing
the expansion coefficients of the current source, F =
[Fx(θ1, ϕ1),Fx(θ2, ϕ2), . . . ,Fx(θNa , ϕNa)]

T is the column vec-
tor corresponding to the far-field, the upper script “T” means
transpose. H is the transfer matrix connecting the current
source and it’s far-field with size of Na × Nm. The entries
of H is respectively expressed as:

H(u, v) = DxDy

√
1 − sin2θucos2ϕufv(θu, ϕu) (10)

where u = 1, 2, . . . ,Na, v = 1, 2, . . . ,Nm.
Based on SVD, the transfer matrix is decomposed into a

superposition of individual singular state subspaces,

H = USV
∗
. (11)

where U is of size Na×Na and is composed of orthonormal
left singular vectors, V is of size Nm ×Nm and is composed
of orthonormal right singular vectors, S is of size Na × Nm
with the diagonal terms being singular values that are placed
in non-increasing order. For the sake of brevity, we define a

singular state for a singular value, associating with a singular
state current described by the singular vector, and a singular
state far field generated by the singular state current.
Since we have performed SVD for the whole system and

all the singular values are all available, it is efficient to use
for calculating the reconstructed current coefficient vector
Irec corresponding to the selected part of the singular values.

Irec =
Ns∑
j=1

U∗
j · F
sj

Vj (12)

where Uj, Vjdenote the j-th column of matrix U and V
respectively, and sj denotes the j-th singular value. Ns
represents the number of the selected singular states. For
example, when we reconstruct the common mode current,
Ns corresponds to the number of the common modes.

By comparing the preset current coefficient vector with
the reconstructed current coefficient vector, the relative error
serves as a criterion for evaluating the suitability of ENDF.
The relative error is defined as:

Err = 20 log

⎛
⎝

√∑Np
n=1

∣∣Irecn − In
∣∣2

√∑Np
n=1|In|2

⎞
⎠ (13)

where Np is the number of the propagation modes. In denotes
the preset current coefficient of the n-th mode. Irecn is the
reconstructed current coefficient of the n-th mode.

III. THE ENDF OF FAR-FIELD OF CURRENT SHEETS
It is a very important issue to estimate how many independent
information are included in the far fields generated by
sources within a bounded region under certain noise level in
the environment. As a matter of fact, it is difficult to give
a clear definition for the NDF of the far-fields. However,
the addition of external noise and specific techniques such
as SVD may provide a kind of criterion for evaluating the
ENDF which is a commonly used parameter for this purpose.
We add additive white Gaussian noise (AWGN) to the far-
field to simulate external noises.

A. ENDF OF ONE CURRENT SHEET
Fig. 2(a) shows the preset current distribution of a 4λ × 4λ

current sheet and Fig. 2(b) shows the normalized singular
values of it. According to the constellation, Na=94. Three
cases are calculated, all of which include all propagation
modes, as well as a varying number of evanescent modes.
The effect of the evanescent modes can be taken into account
in the analysis. The singular values initially exhibit a gradual
change and then sharply decrease after reaching a specific
point referred to as the knee. We take the number of the
modes corresponding to the knee as the ENDF. By sampling
on the constellation, the knees of the singular values can be
clearly identified and it is convenient for us to evaluate the
ENDF of the far fields. The same trend in the three cases
indicating that the influence of evanescent modes on the
ENDF is neglected. We have shown that they can be dropped



ZANG AND XIAO: EFFECTIVE NDF OF THE FAR-FIELDS RADIATED BY RECTANGULAR CURRENT SHEETS 440

(a)

0 10 20 30 40 50 60 70 80 90 100

0

88

N
or

m
al

iz
ed

 S
in

gu
la

r 
V

al
ue

 [d
B]

Number Index

m= 81

m= 289

m= 625
Knee

(b)

0 1 2

0.0

0.2

0.4

0.6

0.8

1.0

N
or

m
al

iz
ed

 C
ur

re
nt

 Re( )
 Im( )
 Re( )
 Im( )

(c)

FIGURE 2. One current sheet. (a) Current distribution. (b) The normalized singular
values. (c) Comparison between the normalized reconstructed current and the preset
current on the middle line of the current sheet in the x-direction.

in practical systems because their contributions to the far
fields are much less significant than the propagation modes.
However, at least we have to take into account all the

propagation modes, and the size of the transfer matrix cannot
be further shrunk. Otherwise, part of the information in the
far-fields will be lost, resulting in the current cannot be
accurately reconstructed. As a result, the optimal choice for
Nm is to include only all propagation modes considering
computational costs.
We add external noise with a SNR of 30 dB to the far-

fields. The reconstructed current and the preset current are
depicted in Fig. 2(c), where Jrec represents the reconstructed
current and Jpre represents the preset current. Note that both
the Jpre and the Jrec are normalized with the peak value of the
preset current amplitude. Results show that the reconstructed
current obtained with the singular states in ENDF match
well with the preset current.

J1

J2

FIGURE 3. Two current sheets and the unit vectors in the coordinate system.

The upper limit to the available ENDF is determined by
the cardinality of H. It can be computed by counting the
number of lattice points falling into the constellation shown
in Fig. 1(b). The Lebesgue measure [26] of the set P provides
an estimate for the ENDF with high-accuracy,

|P| ≈ 2π√
4ac

(14)

here, a = 1
N2
x
and c = 1

N2
y
. Substituting them into, we can

get the ENDF for the far-field of one current sheet as

ENDF1 = |P| ≈ π

λ2
DxDy (15)

where subscript “1” indicates that the computed results
correspond to the case of one layer. It implies that the ENDF
is directly proportional to the area of the current sheet, which
is consistent with the [25].

B. ENDF OF TWO PARALLEL CURRENT SHEETS
To provide a useful reference index for synthesis of non-
mirror-symmetrical far-field patterns and reconstruction of
the radiating parts of current sources, the case involving
two parallel current sheets is investigated. Consider the two
parallel current sheets shown in Fig. 3. Both sheets are
rectangularly shaped with the same size. The center of the
upper current sheet locates at (0, 0, d), while that of the
lower current sheet locates at (0, 0,−d). Similar to the case
of one current sheet, the normalized far-field corresponding
to the x-polarization can be expressed as

Fx(θ, ϕ) = DxDy sin θx

∞∑
m=−∞

∞∑
n=−∞

(
I1xmne

jkzd + I2xmne
−jkzd

)

×fxmn(θ, ϕ). (16)

As discussed in [24], an important issue is the impact
of the distance between the two current sheets. We want
to reveal the independent information that can be possibly
carried in the far fields when the sizes of the two sheets and
the distance between them are specified, with arbitrary cur-
rent distributions on the two sheets, we consider all current
distribution in the function space defined on the two sheets.
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FIGURE 4. The normalized singular values of the channel matrix for two current
sheets in parallel with different distance. (a) The distance is larger than one
wavelength. (b) The distance is less than one wavelength.

The scenario involving a relatively large distance between
two current sheets is initially investigated. Considering the
case where the distance dz is larger than one wavelength,
the distribution of singular values for 4λ×4λ current sheets
is illustrated in Fig. 4(a). Since the phase factor term ejkzd

in the z-direction of two layers are the same for the end-fire
modes, the end-fire modes need to be removed from ENDF.
Let Ne denote the number of the end-fire modes. Ne = 4
for the case where the size of the current sheet is 4λ × 4λ.
The total ENDF can be summarized as

ENDF2 = 2|P| − Ne ≈ 2π

λ2
DxDy − Ne. (17)

where subscript “2” indicates that the computed results
correspond to the case of two layers for the larger distance.
Fig. 4(b) shows the normalized singular values when the

distance dz between two current sheets is λ
10 ,

λ
100 , and

λ
1000 , respectively. Evidently, if the two current sheets are
close enough, two prominent knees appear and separate
the singular value curve into three segments in Fig. 4(b).
Assuming that the first knee appears at Knee1 and the second
knee is observed at Knee2. For convenience, we term the
distance between the two sheets as the critical distance at
which the drop at Knee1 clearly appears.
Further investigation categorizes singular values into three

groups, aligned with three singular value segments. The
first group corresponds to the segment before the first
knee, representing the singular states of the common mode
currents of the two current sheets, as illustrated in Fig. 5(a).
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FIGURE 5. The normalized singular values of all mode currents, common mode
currents, and differential mode currents for (a) distances smaller than the critical
distance, and (b) distances larger than the critical distance.

Common mode states, with the largest singular values,
significantly impact the far-field. The second group lies
between the two knees, representing the singular states of
the differential mode currents, as depicted in Fig. 5(a). Their
influence on the far fields depends on the distance of the
two current sheets. The third group, after the second knee,
has significantly smaller singular values than the first two
groups, indicating negligible impact on the far fields. This
group contains the states that are not significant to the
reconstruction process.
If the distance between the two current sheets is larger than

the critical distance, the corresponding normalized singular
values are shown in Fig. 5(b). In this case, the singular values
of the common mode states and that of differential mode
states are mixed together, indicating that their contributions
to the far-field are comparable.
Fig. 6 displays the preset current distribution of the two

current sheets. It can be decomposed into the common mode
component Jcom and the differential mode component Jdif , as
shown in Fig. 7(a) and Fig. 7(b) respectively. If the distance
is smaller than the critical distance, the singular state fields
in the first group can be directly used to reconstruct the
common mode current of the two current sheets, while the
singular state fields in the second group can be utilized to
reconstruct the differential mode current. Assume that dz =
λ

100 which is smaller than the critical distance and there is
no external noise. The first singular group and the second
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(a)                                                     (b)

FIGURE 6. Current distributions. (a) Upper current sheet. (b) Lower current sheet.

(a)                                                     (b)

FIGURE 7. Preset current distributions. (a) common mode component.
(b) differential mode component.

(a)                                                     (b)

FIGURE 8. Reconstructed current distributions with the first singular group for
(a) common mode component and (b) differential mode component.

singular group are used to reconstruct the common mode
current and the differential mode current respectively, the
results are shown in Fig. 8 and Fig. 9. It further confirms our
view that the first singular group can be used to reconstruct
the common mode current and the second singular group
can be used to reconstruct the differential mode current.
To further examine the difference between the recon-

structed current distribution and the preset current
distribution for both common mode component and differen-
tial mode component, we only plotted the current distribution
on the middle line in the x direction. The results for the
upper layer are shown in Fig. 10, and the results for the
lower layer are shown in Fig. 11 where the reconstructed
common current is denoted byJreccom and the reconstructed

(a)                                                     (b)

FIGURE 9. Reconstructed current distributions with the second singular group for
(a) common mode component and (b) differential mode component.
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FIGURE 10. Comparison between normalized preset current and normalized
reconstructed current on the middle line in the x-direction of the upper current sheet.
(a) Common mode component. (b) Differential mode component.

differential current is denoted byJrecdif . The results show that
the accuracy of reconstruction of common mode current is
slightly higher than that of differential mode current.
The relative errors of the reconstructed current with

different SNRs are shown in Fig. 12. Relative errors of
the common mode currents and that of the differential
mode currents remain consistent regardless of the proximity
between the current sheets without noise. With noise present,
the relative errors of the common mode currents remain
relatively stable as the distance decreases, while the relative
errors of the differential mode currents significantly increase.
This phenomenon is due to the smaller singular values of the
differential mode currents as the distance decrease, resulting
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FIGURE 11. Comparison between normalized preset current and normalized
reconstructed current on the middle line in the x-direction of the lower current sheet.
(a) Common modes component. (b) Differential modes component.

in a weaker intensity compared to the noises. As a result,
the differential mode fields are overwhelmed by the noises
and the differential mode currents cannot be accurately
reconstructed. Because the amplitude of the differential mode
signal is equal and the phase is opposite, as the distance
between two current sheets decreases, the superposition far-
fields generated by the differential mode currents of the
two current sheets is extremely small, so it is easy to be
overwhelmed by noises. In close proximity of the two sheets,
the ENDF should contain only the common modes and
exclude the differential modes.
It can be clearly demonstrated with our methods that

the fields from the differential modes can be covered by
noises and the ENDF will be halved, which has not been
clearly revealed in [25] and other published papers. It is
difficult to give an explicit criterion to judge whether the
differential modes should be included in determining the
ENDF of the far fields. In a noise environment with given
SNR, the reconstruction error of the differential mode current
is a reliable indicator for judging the influence of the
differential mode field on the ENDF. However, it may be
more convenient to use the knees of the singular value
curves directly without performing current reconstruction.
We denote the singular value drop at Knee1 corresponding
to a specified reconstruction error under a given SNR as the
threshold. If the singular value drop exceeds the threshold,
it implies that the differential modes are submerged in the
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FIGURE 12. Relative error. (a) Relative error of common mode current at different
noise levels (b) Relative error of differential mode current at different noise levels.

J J
D

FIGURE 13. Two current sheets arranged in the x-axis and the unit vectors in the
coordinate system.

noise. Thus, the ENDF is equal to the number of the common
modes. Otherwise, the ENDF is calculated by, which includes
the contribution from the common modes and the differential
modes.

C. ENDF OF TWO CURRENT SHEETS IN THE SAME
PLANE
The case where two current sheets lie on the same plane is
studied since it is more of a common interest in antenna array
configurations. Two rectangular current sheets are located
in the same plane with a spacing lx between the edges, as
illustrated in Fig. 13. Here Dx = Mλ, Dy = Nλ, lx = M0λ,
and M, N, L are all integers. The total area of the two
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FIGURE 14. The normalized singular values of two current sheets with size
10λ × 10λ in the same plane for different spacings lx .
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FIGURE 15. The normalized singular values of two current sheets with spacing
equal to 2λ in the same plane for different area S0.

current sheets is S0 = (M − M0) × Nλ2. Considering only
x-polarization, its far-field can be represented as

Fx(θ, ϕ) = sin θx

∫ Dx
2

lx
2

∫ Dy
2

−Dy
2

ejkxx+jkyyIx(x, y)dydx

+ sin θx

∫ −lx
2

−Dx
2

∫ Dy
2

−Dy
2

ejkxx+jkyyIx(x, y)dydx (18)

Note that the integration area covers the two sheets. The
influence of the distance between the two current sheets
in the same plane on the ENDF is investigated, and the
results are illustrated in Fig. 14. Obviously, when the sizes
of the two current sheets are fixed, the distance between
them increases, the ENDF remains nearly unchanged. This
indicates that the spacing between the two current sheets has
little impact on the ENDF if two current sheets are in the
same plane. Fig. 15 shows the normalized singular values
of the fixed spacing lx for different area S0, as mentioned in
the results for one single current sheet, the ENDF for two
current sheets in the same plane is directly proportional to
the area of the region containing the current.

IV. CONCLUSION
This paper calculates ENDF of the far-fields generated by
current sheets under certain noise level in free space by
directly sampling on constellation. It is known that the

pattern of a single current sheet is symmetrical to the source
plane. In order to realize a non-mirror symmetrical pattern,
we may have to use two current-sheets. Therefore, this
paper focuses on the ENDF of the far fields generated by
two planar current sheets, as is known the ENDF keeps
almost unchanged if more than two sheets are used. It is
demonstrated with our methods that the fields from the
differential modes can be covered by noises and the ENDF
will be halved when two parallel sheets are very close to
each other, which has not been revealed in other published
papers.
These findings can be applied in antenna synthesis and

reconstructing sources from far fields and may provide us an
effective estimate parameter for synthesis of planar antenna
arrays with non-mirror symmetrical radiation patterns. For
example, the results may be applied for reconstructing
surface current on the two sides of an object from the far
fields. It can provide us a useful criterion for determining
some of the main parameters of the radiation pattern
that can be realized with sources in a certain region;
or for determining to what extent the sources can be
reconstructed from the electromagnetic fields outside the
source region. Meanwhile, it may have potential applications
in computational electromagnetics such as in the analysis of
very thin plates using the method of moment in conjunction
with surface integral equation, as it is clearly indicated that
only common modes are significant in these situations.
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