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A hs t ruct : Th e performan ce o f turbo codes ha s been shown III he ncar the theoretical limitinth e
additi ve white G au ssian no ise c hannel. ll y using orthog onal sig naling . whi ch allows fo r bandwidth
e xpansion . the perfor mance o f the turbo codin g sc heme can he imp ro ved e ven further. Since thi s is a
lo w-rat e code. the code is main lys uitable for spr ead -s pectrum modu lation applica tions, In c las s ica l
turbo codes the Ir.nnc leng th is sci equa l to the intc rleavcr size . how e ve r. the co deword di stance
s pec tru m o f turbo codes impro ves with an increasin g intc rlcavc r s ize . It has been repo rted that hy
lIsi ng repetition and puucuuing the performance o f turbo codes ca n he improved. Repeat -P unc tured
Turbo Code s has s how n a signif ica nt increase in perfo rmance at moderate 10 high signa l-to -noise
ra tios . In thi s paper. we stud y the lise o f or tho go nal sign a ling and parallel co ncatenation to gether
with repetition and puu cturing to impro ve the performance o f supcrorthogoua l co nvo lut ional Imho
co de s for re liab le and effecti ve co mm un ications, S im ulation re su lts for till: addi tive whit e Gaussian
noi se chann el arc presented to gclher wi th ana lytica l lIpper hounds . w hic h ha ve bee n derived us ing
trans fer Iunc tio n hllllnd ing tec hnique s .

Key wo rd s: or thogonal. re petition. puncturing, turbo co de s. parallel co ncatenat ion ,
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M ult i path ladi ng, i nter ference and noise arc al l
deleter ious inputs to signal fide li ty ar the receiver. In a
di gil al com munic auou system thi s signal degradati on
tran slates 10 abundance in hil errors . I I' these hil errors
arc nol co ntro l led then the errors wo uld rend er the sys tem
useless, !"<U'IIIJIaIl:ly. the in to ruuuion hitx tran smit ted
over a di git al wire less l ink can be pr otected hy channel
coding. /\ turbo code can be visual ized as a " two­
dimcnxional" or a " mul ti -dimensional" forward error­
correcting co nvo lutio ual code.

Th e performance of turb o codes have been reponed 10 he
ncar the Shannon li mi t 11-5. 7. 121 . T ypicall y for largl:
traru c Il:ngths (N= I 03X4) and wit h itcrati vc decod ing.

/,'" I N" values o f -0.1:1 dB al a hit -err or rail: level 0 1'

10-1
have hccn rep ort ed 111 1. /\t thee xpense o f

bandwidth expansio n, the per formance can be improved
even further. For a fram e length of N= 4000.

/,'" I N" values of ·O,:'i d B has been reported .u a bit -err or

rail: W ER ) of 10-1 wi th supcron hogonal co nvoluuo nal
turb o codes (SCTC ). which, is a low-rail: code thai
achieves good di stance properti es IX. II I, I)Ul: to the
rl:SUlla lll low-rail: cmk . 1!ll:Sl: cmks arl: main ly sui ll:d for
sprl:ad-spl:C!rum applica li ons. In t!l l: convl: lll ional lurho
cmks lhl: framl: Il:ngl!l is Sl:l l:q ual to t!l l: i nlerkavl: r sizl:
I I -h. 121. howl:vl: r. if Ihe informali on framl: knglh is
i"crl:asl:d Ihl:" Ihl: resulta"! pcrl'ormancl: incrl:asl:s dUl: 10

a largcr inl l:r ll:awr sizl:. T his lIlakl:s i l dill icul l !o usc
lu rho cmks for . l: .g. voicl: Iransmission. si l\l'l: lilt:
inllt:rent dd ay would hl: 10 0 grl:al. Rl:pl:al-pUnCIUrl:d

turbo codes (R PTCs) proposed i n 11 31 make USl: o f
imc rlca vcrs of sizes larger than tilt: i nfor matio n ira mc
length and show a sig ni fi cant increa se in performance at
moderate 10 hi g!l SN Rs. l-or N= 1024. simulatio n results
have shown thai the RPTC hasa pproximately J.:1 dB
codi ng gain over the co nventio nal turbo codes at a hi t-

error rail: 0 1' 10-1 1131. Motivated hy Kim 1'1 at 1131. we
pro pose rc pca i -puncrurcd superort hogonaI convo lut i onal
turb oco des,

In this paper. we studythe USl: o f orthogonal sig nali ng
and paral lel co ncatenatio n together with repe titi on and
puncturi ng 10 i mprove ihc performance of
supcrort liogonul convn lutio nal turbo codes for relia ble
and ctlcciivc communicarions. Sim ulati on resul ts for the
/\WCiN channel arc presented together with analytical
upper hound s. which have been derived usi ng transfer
functi on hounding techniques presented/used i n l l-l -I ri] .

T he paper is struc tured such thar, i n Sectio n 2. we di scuss
lilt: pr i ncipals 0 1' Repeat-Punctured Supcrori hogonal
Convo lutional Turho Codes (RPSCTCs), Sl:C! io n:\
describes the advantages ami di sal!vanlagl:s o r l ill: M ax­
log-1'vI /\P algo ri l il m. Sl:cti oll 4 prl: sl:nls lilt: pl:rrorm ancl:
analvsis alld lill: si mulatio ll rl:slllts Oil lill: /\WCiN
cha';lld . Fi Ilall y. cOllcl usio lls arc drawn i n Sl:ct ion :1 .

2. REPE/\T-Ill JNCT lJRED SlJ PERORT I IO(iON /\1,
CONVO U JT ION /\ 1. Tl JlWO CODES

2. / I,'/lcotl ('/'
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Figure I : serc encoder structure.

I:igure 2: RPSCTC encoder struc ture .
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Supcro rthogmml co nvo hnional turb o codes have been
introdu ced hy K omu lain cu and Pch koncn IX. III . Th ese
codes uti li zc Ihe paral lel co ncatenated struc turc o I' Ihe
conventio nal turb o codex. hUI in stead make use or
ort hogo nal signals. and are low-rate codes that achie ve
good distance properties hy explu i l i ll g ba ndwidth
expansion. II' we enlarge all ort hogonal sig ll al set to
incorp orate their co mplementary sequences we then have
a hi -orthogonal sig llal sel IX, II. 171 wi th tw ice the
number o f memb ers hUI lo r the same sequence Iellgth.
For s e r c s. wi th HPSK sig lla ll i llg. al l encoder output
sequences that leave the same suuc or merge the same
slate are untipodal . III other words, only one sequence
and i Is complement are needed Ior every Iwo states of the
trell is. Thi s rc sul tx in a hcu cr performance hu t .u the
expense or all in crease in co mplex ity. Th ere ex ist vario us
methods Ior obtaining the ort hogn ual sig llal sets. On e uf
the posxih lc opti ons is the W alsh tuncti onx obtai ned trom
IIadamard malri ces II I I.

III the co nve ntional turh c codes the iutormauou tr.unc
Iell gth is sci equal to the inrcrl cavcr size 11 -0. 7. 121. T he
Ii tcraiurc xhowx I I. 2. 4. 5. I ()I thut Ihe pcrtormancc oI'
the co nve ntio nal turbo co de improves with all in crease ill
irumc leng th or co nsequently in tcrl cavcr size . l l owcvcr,
certa i n appl ica tio nx, c.g. real-lime cu nuuunlc ario ns wou ld
not tolerate very large Ir.unc lengths, since larger fram e
lengths correspond to larger processi ng delays. Repeat­
pu nctu red turb o codes presented hy Kim 1'1 (fl l 131l1ses a
repeat -puncture mechan ism Ihat al lows for the li se u f
larger in tcrl cavcrs and constant tramc lell gl hs in the same
system.M otiva ted hy RPT Cs. we investigatere pent-
punctured supcro rt hogo nal co nvo luuo nal turb o codes UII
the /\ WC iN channel.

FiIS[ paril)
Sl·qlk.·lll' ...•

Fi gure 3: RPSCTC co nsti tuent encoder struc ture.
memo ry , m=4. rare, R= IIX

in tcrlcavcr and the consti tucnr encoder 2. This result s ill

a sequence of length 2111
-

1 LN at the output of SRCC 2.
Th is sequence needs to he pun ctured 10 contro l the
overal l code rate of the encoder. /\ sim ple puncturing
pattern was considered, w here. the first n hits (second hit)
out of every L hils i ll the second parit y sequence , were
transmiucd . 1\ value o f L= 2 was used ill this paper. L
call he increased to lower thera te o f the code or 10 create
a series of rurc-comp.uiblc codes, ho wever . as L in cr eases
excessi ve puncturing would need 10 be applied and as a
resul t. the HER performance wi ll decrease .

, - ( , / ) [ ,1 ) [ ,1'1 ) I III I t I' tl I
.'1 - ." [ ' .' " . .... .' " '" ' N alll e uu pu ro m Ie secuul

cUlls l i lueul ell cuder prior tu puuctur i ug is

"
,_ -- ( " 1/'" ' " ~ ,_I ' ] /,1 , '1'/ I, • •.... " " .•~ '/.N ) . Ie puuct urel sequeuce is

Iheu (li vell hy " = (v /)" "I'" ,,t)" ') Th" tl" 'llt' s 1'1)1'
l:' " . 2 . 1 ' . 2 " "' . 2m-I,\, ' '-' '-' •

memory. 1//= 2 is depic ted iu Figure 4. iu wh ich. the
recursive lIalure u r Ihe cude is clear ly ev ideut. lu
additi ull it C UI he scell Illal al l ellcuder output selj uellc es
tll at eit ll er le:lve til e same stale or merge til e same state
are allt ip odal.

IIlt lJc case ur RPSCTC alld sere tll ere is IlU cu mmUIl

Th e structure o f the repeat -punc tured supc ro rthogo nal
co nvo lutio nal turbo code (RPSCT C ) encoder is shown in
l-'igu re 2 wi th the supcro n hogo nal co nvo huio nal turb o
code (SC TC) encoder structure depic ted in Fi gur e I. The
for m is that u r a parall el concatcuarcd code (PO ' ) where.
Iwo co usti rucn t enco ders, supcrorthuguual rcc urs i vc
co nvo lutio nal code (SRCC ) I ami SRCC 2 are li nked
rogcrhcr hy au inic r lcavcr 11.

Let the number ur in torm.uinn bit s/trnmc he N. T he

encoder for the lirsl cUll sti tueul cude is Ihe sallle as iu
superortl]()gu llal cUllvo lUIiuual tur hu cudes si li d ied hy

ulhers IX. III. Th e slruc lure uf auy ulle COl lsl i l lle lJl code

for Ineulor y. 1//=4. is presell ted iu l-'igll re 3. empll)yi llg

ked hack pul y llullli al g (l ) ) = I + f) ' + /)''' . Siudies show

IX. 1IIIhat if the memor y of Ihe code is I// Ihen the lenglh

of Ihe output seq llence fro m SR( :C I is 2111
-

1 N. T he code

rate !( 1I' such a cousti tuell l code is 1/2111
-

1
• SRCC 2

difkrs a lill ie ill RPSCT C from Ihe Ilormal serc

scheme.

T his is hecause pr ior to ill terl eavin g. 10 allow for a larger
ill terl eaver si / e. each illput i uformati ou hil is repeated L
li mes thu s reuderiug a larger frame. i .e.. LN. 10 Ihe

Co rrespo lld i llg to

d = dl .d ] .d , ..... d N

all

Ihe

illput

UUlpUI
illformatioll stream.

rrum SRCC is
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is the encoder state at hit ti me k and .fO. I') i s the next

state also for d = I. Th e decod in g. struc ture as shown i n
li gurc 5 make s usc or an iterative technique. An outer
decoder and an inner decoder both i n co-ope rati on
produce so li deci sions w hic h arc mut ual ly exchanged,
thus in crea sin g. the reliabilit y o f the deci sions i n the next
i terati on . I\ t the output o f Decoder 2 LN sort deci sions
arc co mputed hut only N deci sions arc needed . T o make
thi s 0 I' good use. each pai r o f deci sions is averaged 10
produce N soli deci sions.

OJII C5- - - - --ttt- - b

0 1

10

l -igurc 4: Trelli s 11)1' RPSCTC, m= 2.

00

S tate

channel output stream as in co nve ntio nal turb o codes
because the systematic i ntorma tio n hit is no t expli c i t ly
sent v ia the channel. hut wi th appropriate mappin g. o r the
W alsh Iunctionx the out puts can he made systematic.
K omul aincn and Pehkoncu IX. III ex plai n how the
recursi veness or a COlle can lead to i t hein g. systematic .
Wa lsh functi ons obtained from Iladanu ard matri ces were
used to generate the set or orthogo nul sequences 1'01' each
co nsti tuent code .

2.2 1)ecoder

In the first step or the decoding. the COlTUI)(ed first par it y
sequence tro m the channel is sent to Decoder I to
produ ce N I.I.R (sort) esti mates o f the sequence usin g no
a-priori informati on (T his is because the prohahili ty o f
recei vin g a ' 1' or a '0 ' is equal at thi s stage) . Usin g
Equati on 4 the extrinsic va lues arc co mputed then
repeated I, times and permut ed hy the samcmtcrlcavcr
mappin g at the encoder and then sent to Decoder 2 as 11­

priori i nformatio n. T hi s sharing o r information to
improve the dec isions is somewhat l i ke co -operat io n.
Decoder 2 then prod uces /,N extri nsic decisions as

described hy Equ ation 5.

( I)

Unl ike the Vitcrhi algoru lun ( VI\ ). which ri nds the most
li kel y sequence to have been tra nsmitted. the maximum
a-posteriori (M I\ I') algori thm determines the most li kel y
in torn uuion hit to have hccn tr anxmiucd at each hit time k
IlJl . I Isi ng. a-posterior) probabil i ties (1\1'1'). Ior small

pr obabi lit y o r hit -er ror ( P,, ) the pcrtonnaucc di lkrence

betw een MI\ I' and so li -output V itcrhi algo ri tlun (SO V 1\ )

is very small . l lowcvcr, at low si g.nal energy to noi se

rati os ( I,'" / N o) and high I)" values MI\P outpcrtonns

SO V 1\ 1121. The MI\P alg.ori tlu ll proceeds somewhat
li ke the V 1\. hut in two directions. forwa rd and backwa rd,
over a block o r code hit s. A ssum ing an 1\W( iN channel

we slart wi th the log-l i kel ihood rati o ( I. I. R) U(/k ) '

utik! = IO{ ~Ai' ] -IOg[~A ~ " ' ]

T hese {,N extrinsic deci sions arc de-interleaved and

averaged and N son ex tri nsic decisions arc sent to
Decoder I as a-priori in formati on. Th is process is
it erated several times after which I,N I.I.Rs are taken
from Decoder 2.de -interleaved. then averaged (I :quation
(1) to produce N 1.I .Rs and co mpared to a zero - thresho ld
to y ield hard deci sio ns. Th e sig.n 0 I' the I.I.R represe nts
the hard deci sion and the ampl i tude o r the l .l .R repre sent s
the degree o f reliabili ty. li ard deci sions arc never used as
in pu t 10 a decoder si nce this wi ll degrade performa nce

drastica ll y 11 21 .

where.

[
, AJ.I' ] = ' a I'SI.I '{JI (J. I' ) .
L- k L- kk k +1

I' I'

L,..2i + L,..2i+l

L
. i =() , I ...N - / (C1 )

(2) represent s the co nd i tio nal pr obabi li ty l'td = I I .n and

(3) represents the co nd i tio nal prnb abi lit y /)((/ = () lr) ,

\ .~ ' I.\
when: .r is the hi t recei ved at time k. ak • O k and

{J/.' /'"I are the torward-srarc metr ic . reverse-state metr ic

.uul bra nch metri c respect i vel y ror l' («! = 11 .1' ) . wher e I'

and

[
, i )'I'] =' a l 'S()·I'{JI W.I' )
L- k L- kkk +1 .

I ' I '

(:\)

( ·n Jn II ·lc...I I/ I I\·I ~ · . I \'( ...1

P,ll' Y
S t'lj l ll' lI l'" ~

( ·flllIIl"·...1
I l II I )' ,--_ _ -,

_ 111<"11\.,.. 1

,:,.1. I

l -igurc 5: RPSCTC dec oder structure.
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3. MAX -LOCi MAP A LGORITIIM

A l though the MAP algor i thm yields the best overal l
per for mance i n the decodin g or turb o codes 17. 121 . the
imp lementation or RPSCTC in hardware would lead
many prob lems because or the increase in complex i ty .
When we usc the maxi mization approxima tio n in stead.

1'01' the forw ard and backward recursio ns. i .c.. C(k

and flk • thi s leads to an approxim ation erro r in the

computatio n or these varia bles 11.)1 . For high SNRs thi s
erro r is co mparable to noise. thus degradin g perform ance,
and io r low SN Rs i t is much less than the noi se power.
Thu s hy using the M ax-Log-M AP algor i thm we arc
sett l i ng 1'0 1' a degraded performance hut a sig ni fic amly
lower co mplex i ty lo r a hardware implementati on.

4 . PERFORMAN CE AN A L YS IS

3.1 /vutlvticat tut« Bounds

p(d , I i) = /('"(" '"y')- LN
Li

Th e hound can he obtained Iru m I ~ q u a li o n 13:

( I I )

( 12)

T he transfer functi on tor each consti tuent encoder can he
expressed in the io rm or Equation 10.

Truu srcr Iu nct i on houndin g techniques stud ied hy
Di vsalar et (/11141were used to dcri vc the BE R hound Ior
RPSCTC Startin g wi th the state transiti on matri x shown
in Equatio n 7. 114. 161

Denote the probab i lit y or prod ucin g a codeword Iragmcn:
or weight d gi ven a randoml y selec ted input sequence or
weight ; hy Equation 1I io r consti tuent encoder I and
Equatio n 12 for consti tuent encoder 2.

In order to evaluate the performance or repeat-punctured
supcrorthogonal convo lutio nal turb o codes si mulatio ns
were run in the C++ env iro nment and the results plotted.

Figure () shows the plot or BER versus I ~ ' " / N o Io r

memor y. 1//=4 , Ior scrc ami RPSCTC, which

I
cor responds to the code rate 1<.= - . T his code rate is due

IS
to the fi rst hi t o r the Wa lsh sequences hcin g punctured i n
the second pari ty sequence from the encoder. Th e union
hound is also shown i n Figure (i . A simi lar p lot Ior scrc
versus RPSCTC with memor y depth 1//= 2 wi th
cor respondi ng rate 1<. = 1/3 is depicted in Figure 7.

3.2 Simu lat ion 0 1/ the A WGN chunn cl

A uni Inrm intcr lcavcr was chosen and a straight forwa rd
puncturing paucrn was used al though other ex travagant
patterns could he i nvestigated to yield better
performances. A frame length or N=20() was chosen and

the stopping cri tcri on was set at 30 Iramc errors . 1X
it erati ons were chosen lor the decoders al though this
could he decreased at higher SNRs wit hout a co mpro mise
in the si mulatio n accuracy . Th e RPSCTC scheme
exhi bi ted a higher co mputatio nal co mplexi ty than scrc
i n the si mulation: this is mostly due to the second decoder
handl ing an i nput sequence tw ice tile size than that o r the
input sequences to the decoders i n supcror thogonal
convo lutio nal turbo codes. II C II I he seen Irom Figure ()
and Figure 7 that appro xi mately O.Sd B or coding gai n is
obtained 1'01' RPSCTC compared to scrc at a BE R level

or I () 3 and an npproxi rnaic ly I .SdB codi ng gai n is

achieved at a BI] ~ level or I () (>. It can also he seen that

the si mulatio n resul ts converge to the analy tica l hounds.

( I.))

(X )

( 10 )

[

L1r ir '« ;
A( L, /, f) = :

L' I i f) " , .Ir

T (L I ,D) =LLLL' l iD" f (l ,i ,d )
I ~ () i ~ (J d ~ {)

. . i'i ' » : I ' I .where. In a monomi al J • IS a ways equal to I l or
a single i nput hit . ami ; and d arc ei ther zero or one
depending on the inpu t and output wci glus respecti vely
Ior the z" to the /" state o r the state di agram. For an
encoder wi th 2'" states wi th the last 1// edges as
termin ati on edges. the generati ng tuncnou is gi ven hy
I ~ qu a t i o n X.

T (L I , 0 ) =1(1 - A( L I, 0 » -1111"'. 11 '"

Since I + A + A 2 + A' + ... = (I- Arl
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Figure 0: Simu l.ui on lo r SCTC and RPS('TC in the

1\W( iN channel. N=200 . 111=4. R= I I 15. i ncluding the

analytica l hounds.
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