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Discriminatively Constrained Semi-Supervised Multi-View
Nonnegative Matrix Factorization with Graph Regularization

Guosheng Cui, Ye Li*, Jianzhong Li, and Jianping Fan

Abstract: Nonnegative Matrix Factorization (NMF) is one of the most popular feature learning technologies in
the field of machine learning and pattern recognition. It has been widely used and studied in the multi-view
clustering tasks because of its effectiveness. This study proposes a general semi-supervised multi-view
nonnegative matrix factorization algorithm. This algorithm incorporates discriminative and geometric
information on data to learn a better-fused representation, and adopts a feature normalizing strategy to align
the different views. Two specific implementations of this algorithm are developed to validate the effectiveness
of the proposed framework: Graph regularization based Discriminatively Constrained Multi-View Nonnegative
Matrix Factorization (GDCMVNMF) and Extended Multi-View Constrained Nonnegative Matrix Factorization
(ExXMVCNMF). The intrinsic connection between these two specific implementations is discussed, and the
optimization based on multiply update rules is presented. Experiments on six datasets show that the
effectiveness of GDCMVNMF and ExMVCNMF outperforms several representative unsupervised and semi-

supervised multi-view NMF approaches.
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machine learning!!! and pattern recognition?! because
of its ability to capture the latent structure of the data.
Generally, the data mostly used nowadays are not only
of high dimensionl but also derived from multiple
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categories: (1) k-means-based methods!19l; (2) spectral
graph based methods!!!l; and (3) Nonnegative Matrix
Factorization (NMF) based methodsl!2l. Multi-view
clustering methods based on k-means clustering are
usually implemented in the feature space, and do not
use the geometric
information presented in the multi-view datall3.
Spectral graph based multi-view clustering methods
have single-view  spectral
clustering to multi-view configuration; however, such
methods necessitate building a similarity matrix for
each class, resulting in high computational costsH4l.
NMFI51 a powerful feature extracting technique, has
been widely used in multi-view clustering tasks. In a
Multi-View  Nonnegative = Matrix ~ Factorization
(MVNMF) framework, each point can be represented
with an efficient low-dimensional feature vector.

The common objective function of traditional
MVNMEF can be expressed as follows:

DX -8"GM I (1)

structure and discriminative

been extended from

where X', §¥, and G" are the data matrix, the basis
matrix, and the coefficient matrix of the v-th view,
respectively, and ||~||]2: is the Frobenius norm. “T”
denotes the transposition. The key problem is to design
an efficient fusing strategy to integrate multiple view
information into one compact representation.
MultiNMFI16l is the first to attempt to learn a
consensus representation by minimizing the objective
function of MVNMF with a centroid co-regularization
term, which is defined as: ||G'P' - G.||. Here, G, is a
common consensus matrix and P is a diagonal matrix.
By introducing P’, the feature scale of different views
is normalized to be similar; thus, multiple views can be
aligned effectively. In conjunction with centroid co-
regularization, many variants methods are developed
consequentlyl!7-191. Wang et al.2 developed a multi-
view clustering method based on NMF and pairwise
measurements (namely MPMNMF). In this model, a
pair-wise co-regularization is introduced, which can be

defined using Euclidean distance or kernel as

v w2
Diierwev e lG'=G"IE (MPMNMF_1)  or
v T AT 12
ten et vy 10 (G =G" (G™)'ll (MPMNMF 2).
The features from different views are pushed close to
each other using pairwise co-regularization, and

alignment is acquired. In Ref. [21], a method named
Uniform Distribution NMF (UDNMF) based on
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nonnegative matrix tri-factorization?2! was proposed.
This method factorizes each view into three matrices,
i.e., basis matrix, shared embedding matrix, and
coefficient matrix, and the column summation of the
product of basis matrix and shared embedding matrix is
to be 1. Centroid co-regularization
IG'-G.|| is used to align the multiple views. The

constrained

above mentioned methods all attempt to align the
multiple views to fuse information. However, Wang
et al.[23] attempted a different approach and presented a
NMF (LP-DiNMF)
method. In this study, they introduced a diverse term

Locality-Preserved  Diverse

ZV ., IG"©G"ll1. By minimizing it, the heterogeneity
of the different views is encouraged, and more
comprehensive information is expected. In Ref. [24], a
multi-view  clustering method named robust
Neighboring constraint NMF (rNNMF) was proposed.
This method handles the noise and outliers among the
views by defining a reconstruction term and a
neighbor-structure-preserving term using the ¢z -
norm. Recently, some “deep” models have also been
proposed to tackle the
problem!2!, Inspired by deep semi-nonnegative matrix
factorization26], Zhao et al.[?7] proposed a multi-view
deep
method uses adaptive weights for different views. In

multi-view  clustering

semi-nonnegative matrix factorization. This

Ref. [28], an auto-weighted deep matrix factorization
was presented to tackle multi-view clustering task. A
shared coefficient matrix was introduced in their study
to fuse the information of the multiple views, and an
auto-weighted strategy was adopted to balance
different views. Also, in terms of diversity[23], Luong
et al.[?1 developed a method named Orthogonal

Diverse Deep NMF (ODD-NMF). In this method, a
diverse term Zv 0 (G (G)") (m denotes the m-th

layer) was designed to boost the diverse information of
data.

Recently, semi-supervised
clustering methods have been proposed. In Ref. [30],
Jiang et al. presented a unified latent factor learning
method, in which a regression term is introduced to fit
the partially labeled data points. However, Liu et al.[31]
developed a partially shared NMF, which can
separately model common and private information of
data. In Refs. [32], Liang et al. expanded the work in
Ref. [31] by incorporating a graph regularization term.
In Refs. [31] and [32], the authors tried to use both

some multi-view
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distinct and shared information to improve the
clustering performance. However, deciding the
dimensions of the distinct and shared parts of the
coefficient matrix for these two methods is difficult.
Many approaches based on constrained NMF, which is
a semi-supervised NMF model designed for single-
view data, have also been developed. Wang et al.[33]
proposed an Adaptive Multi-View semi-supervised
NMF (AMVNMF) based on Constrained NMF
(CNMF), a semi-supervised NMF method designed for
single-view data. This method adopts ¢ ;-norm to
measure the reconstruction loss to make it more robust
to the outliers. A centroid co-regularization is used to
align the multiple views. Cai et al.l34 developed a
semi-supervised MVNMF approach based on CNMF
with sparseness constraint (namely MVCNMEF), which
factorizes each view in the CNMF framework and
aligns multiple views using Euclidean distance based
pairwise co-regularization, similar to the approach
presented in Ref. [20]. The ¢, ;-norm regularization is
imposed on the auxiliary matrix in each view to select
features. In Ref. [35], a similar method named Multi-
View Orthonormality-CNMF (namely MVOCNMEF)
was proposed. MVOCNMF differs from MVCNMEF in
that it replaces the {» j-norm regularization with an
orthonormality constraint, which is imposed on the
auxiliary matrix in each view to normalize the feature
scale. Wang et al.[30] developed a semi-supervised
multi-view clustering model based on anchor graph, in
which the anchors are constructed using label
information. In Ref. [37], Nie et al. presented an auto-
weighted multi-view learning method, that can
adaptively model the intrinsic structure of data. Based
on the work of Nie et al.B7], Liang et al.l38 proposed a
label propagation based NMF. In this model an
intrinsic structure of data was constructed as in Ref.
[37], which helps the label propagation use the limited
labeled data points. Additionally, this method adopts
the £, ;-norm to measure the reconstruction loss. In
Ref. [39], Zhao et al. developed a deep semi-supervised
NMEF model. In this model, two graphs are constructed
to discover the discriminant information of data, where
the affinity graph ensures intra-class compactness and
the penalty graph ensures inter-class distinctness.
Recently, Chen et al.[*0l presented a deep semi-
supervised multi-view clustering method based on the
autoencoder framework with pairwise constraint. The
pairwise constraint was used to encode the partial label
information, and a clustering layer was constructed to

produce clustering results.

From the above review, it can be said that for semi-
supervised multi-view clustering methods, the key
point is to discover the discriminant information of
data. To guarantee the learned feature more
discriminative, the essential idea is to ensure the intra-
class compactness and inter-class distinctiveness.
Many semi-supervised MVNMFs have adopted CNMF
to use the partial label information of data. However,
they can only guarantee the intra-class compactness of
data because of the intrinsic property of CNMF. From
the above references, many methods have also adopted
{2, 1-norm to measure the reconstruction loss, claiming
that it is more robust to outliers. However, the ¢ |-
norm and Frobenius-norm (i.e., ¢ 2-norm) have not
been compared under the same model configuration. In
addressing the above issues, this study presents a novel
discriminatively constrained semi-supervised MVNMF
with a feature alignment strategy. Two specific
implementations of this model are introduced, i.e.,
Graph  regularization  based  Discriminatively
Constrained ~ Multi-View  Nonnegative = Matrix
Factorization (GDCMVNMF) and Extended Multi-
View CNMF (ExMVCNMF). In GDCMVNMF, a
more general ¢, ,-norm is used to measure the
reconstruction loss of data, which helps us compare the
influence of £, ,-norm when p is set to different
values, such as 0.5, 1, and 2. Additionally, the innner
connection of GDCMVNMF and ExMVCNMF is
revealed. EXMVCNMEF retains the CNMF property of
mapping the data points within the same class into the
same feature vector to ensure the intra-class
compactness of data. The influence of intra-class
compactness on the model can also be revealed by
comparing  GDCMVNMF and ExMVCNMEF. The
contributions of this study are summarized as follows:

® A general discriminatively constrained semi-
supervised MVNMF with a feature alignment strategy
is proposed in this study. Two specific
implementations of this model, i.e., GDCMVNMEF and
ExMVCNMF, are introduced, and their corresponding
optimizing strategies are also presented.

e The inner connection of GDCMVNMF and
ExMVCNMF is revealed, so the influence of the
intrinsic property of CNMF, i.e., the intra-class
compactness of data, on the mining of the
discriminative information of data, can be discussed.

e A more general {,-norm is used in
GDCMVNMF to measure data reconstruction loss.
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This can help to explore the effect of p value on the
model under the same configuration.

e The effectiveness of the proposed methods is
verified by comparing with several recently proposed
representative  unsupervised and
methods on six datasets.

The rest of the paper is organized as follows: Section
2 briefly reviews some related works to the proposed
methods. Section 3 presents the proposed Semi-
Supervised Multi-View Nonnegative Matrix Factoriza-
tion (SIMVNMF) along with its first implementation
and detailed optimization algorithm. Section 4
describes another implementation of SZMVNMF along
with its corresponding optimization procedure and
computation complex analysis. Section 5 presents
extensive experiments conducted to verify the
effectiveness of the proposed methods. Finally, Section
6 concludes the study.

In Table 1, some relative notations used in the study
are summarized for clarity.

semi-supervised

Table1 Important notations in the paper.

Notation Description
n Number of samples
C Number of classes
l Number of labeled samples
174 Number of views
m’ Dimension of features for original view v
dv Dimension of low-dimensional feature for view v
e All-one column vector
x € R’fv Sample of original view v
gl € R i-th column vector of G”
1 Identity matrix
X Data matrix for view v
SV Basis matrix for view v
G Coefficient matrix for view v
G. Consistent coefficient matrix to align the coefficient
matrices learned from different views
LY Graph laplacian matrix for view v
wY Similarity matrix for view v
DY Degree matrix for view v
Al Label constraint matrix defined in Ref. [41]
VA Auxiliary matrix defined in Ref. [41]
VAL Auxiliary matrix for view v
Z. Consistent auxiliary matrix to align the auxiliary
matrices of different views
- lE Frobenius norm of a matrix
[1+112,1 >, 1 norm of a matrix
tr () Trace operator of a matrix

o) Element-wise product operator

Big Data Mining and Analytics, March 2024, 7(1): 55-74

2 Related Work

2.1 CNMF

CNMF*1l is a semi-supervised NMF method that uses
label information as additional constraints to improve
the discriminating power of the resulting matrix
decomposition. The specific formulation of CNMF is
as follows:

Ocnmr = I1X - S(A1.Z)" I )
where X =[xy, x2, ..., Xi, ..., X,] 1S a data matrix, S is
a basis matrix, Z is an auxiliary matrix, and A is a
label constraint matrix, which is as follows:

([ Hixc O
AlC - ( 0 Infl ) (3)

where H is label matrix of the labeled data points and
I, is an identity matrix of dimension n—1[. Here, [ is
the number of labeled data points, n is the number of
total data points, and C is the number of classes. When
I=5, x; and x; belong to Class I, x3 and x4 belong to
Class II, and x5 belongs to Class III. Matrix Ajc can be
represented as follows:

1 00 0
1 00 0
010 0
0 0 1 0
0 0 0 I,

The coefficient matrix G in the original NMF is
represented as AjcZ in CNMF. Considering the
definition of the label constraint matrix Ay, if x; and
x; are in the same class, then g; = g;, where g; and g;
are low dimensional representations of the i-th and j-th
data points, respectively. In sum, for the labeled data
points, the data points with the same label are mapped
to the same low-dimensional vector.

2.2 Robust structured
factorization

nonnegative  matrix

Robust Structured Nonnegative Matrix Factorization
(RSNMF)#2! is another semi-supervised NMF method
that attempts to learn representation using a block-
diagonal structure. The objective function of RSNMF
is as follows:

Orsnur = [IX =SG 1]+ illlbiock O G,

d
st., S,G >0, ZGM =1,Yh )

i=1
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where 4 is a balancing parameter, d is the dimension of
latent feature, and © is an element-wise product
operator. Here, ||-|l,, denotes the ¢, ,-norm of a

pi2\1/p
matrix, for a matrix A, ||All, , = (ZJ (ZIA?,) )

When 0<p<1, the & ,-norm can produce more
robust solutions compared to the ¢, j-norm; when
p =1, the £, ,-norm reduces to £, ;-norm; when p =2,
the ¢ ,-norm is equivalent to the Frobenius norm.
Lok = [I; 01 R™™ is an indicator matrix, and
0 e R"D%d i5 the zero matrix corresponding to the
unlabeled samples. Here, J ¢ R/x¢ is defined as labeled
samples and is expressed as follows:

00 1 ... 1

I I T R |

= . . ) (6)
1 1 ... 0c

where 0, € R**™"s(¢ = 1,2,...,C) is a zero matrix for the
c-th class. Here, n. is the number of labeled samples in
the c-th class, and mg; is the dimension of each
subspace. By minimizing the second term in Eq. (5),
the coefficient matrix learned by this method,
especially for the labeled samples, is restricted to block
diagonal structure, and intra-class distinction is
enlarged.

2.3 Representative MVNMF

based on CNMF

23.1 AMVNMF

AMVNMEF33] extends CNMF to handle multi-view
clustering task for the first time. The objective function
of AMVNMF is as follows:

|4

semi-supervised

Oamynmr = ) (IX" =S (A1 Z") a1 +
v=1

@) NZ'P - Z%),
1%

s.t., Za/vz 1,a" >0 7
v=1

where [|-|l2,1 denotes ¢, 1-norm of a matrix. For matrix

A, Al = Zi 1/ZiAizj. Here, (¢") is a weighting

parameter, with x as a hyper-parameter, which can be
adaptively changed during optimization. The diagonal
matrix P” is introduced to normalize S” using S(P)L.
In this manner, the scale of Z¥ is constrained to be
within the same rangell®l. Here, Z. is a consistent
auxiliary matrix shared across multiple views, and

’ . m’ m’ m’
P¥ = Diag Zi:lsi’l, i:lSi’Z, cees Zi:lsi"” .

The reconstruction term of AMVNMF is measured
using the ¢ 1-norm to enhance the robustness of this
method against noises and outliers.

2.3.2 MVCNMF
MVCNMFB4 is a recently proposed semi-supervised
NMEF method whose objective function is as follows:

\4
Onmvenmr = ) | {ev I1X" — 8" (A1 Z") If +

v=1

Vv
PN AETA T AT 1},
s=1

st, §%,2">0 ®)

where 6,, 6,, and A are the balancing parameters for
the corresponding terms. Although the subscripts of 6,
and 6,; vary with different views, they are shared
across multiple views according to Ref. [34], i.e.,
6i=6=...=0y, and 6,1 =012 =...=0yy. In contrast
to AMVNMEF, which introduces a consistent auxiliary
matrix Z. to align different views, MVCNMEF attempts
to align different views by enforcing them to be similar
to each other, as can be seen from the second term in
Eq (8). The ¢, ;-norm is also imposed on Z" to select
efficient and robust features.

2.3.3 MVOCNMF

MVOCNME!®] is another recently proposed semi-
supervised NMF method. The objective function of
MVOCNMF is as follows:

%
OMVOCNMF = Z {9v X"~ S" (A1 Z") |13+

v=1

Vv
1
D50 1220+ ||Bo(ZV(Z”)T)—1||%},
s=1

st., $%,Z" >0 )

where I is an identity matrix and B is a selected
constraint matrix which is defined as

1’
B,‘j= 0

The last term in Eq (9) is applied to impose the
normalization constraint on z; (the i-th row of z), i.e.,

i=jorl<i,j<C;
J J (10)

others

2 (@)'=1, 1<i<n-I+C. This constraint aims to
restrict the features of different views to the same

scale.
The abovementioned recently proposed semi-
supervised multi-view NMF methods have the

following drawbacks. First, they all focus on how to
scale the features of different views and combine them.
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However, no attempt is made to extract the intrinsic
geometric the data,
including labeled samples and unlabeled samples.
Second, because they are all based on the original
CNMF method due to the definition of label constraint
matrix Aj., the samples from the same class are
mapped into the same vector (see Fig. 1). However, the
distinction between these different class vectors is not
ensured, which harms the identifiability of the features
learned by the model. To address these issues, the
following sections propose that the geometric structure
and discriminative information on the data should be
simultaneously considered to improve the quality of the
features. Additionally, a feature normalizing strategy
different from the abovementioned methods is
introduced in this study to effectively align the features
of multiple views.

3 Proposed SSMVNMF

structure information from

3.1 GDCMVNMF

For a semi-supervised algorithm, it is important to
simultaneously consider the label information and
geometrical structure information on the data. This
way, information from labeled and unlabeled samples
is explored to enhance the learning algorithm’s
performance. Based on this idea, a unified framework
for S2MVNMEF can be expressed as follows:

|4
Osnvane = ) {D (X" IS" (GM)+€1 (G))+

v=1
9, (G")+2,(GM),
s.t., 8V,.G" >0 (11)

where D (X" |IS¥ (G")T) is the measurement to quantify

Y 97
Class | Y ¢
Class Il c —
Class Ill —
n-1 +n-/
X zZv G'=A.Z"

Fig. 1 Correspondence of X*, Z¥ and A)cZ" for the labeled
samples in Refs. [33-35]. Samples with the same labels, such
as x‘{ and x;, are mapped into the same vectors, i.e.,
g) = g, = 2. Similarly, for x} and x}, g} = g} = z;; for xi,
g% = z3. Additionally, the distinction of these vectors is not
ensured in the learning procedure (take the example in
Section 2.1).
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the distance between X" and S¥(G")'. @;(G)) is the
term defined to explore the label information provided
by the data, G} is the feature corresponding to the
labeled samples, €, (-) is the regularizer to use the
geometric information on the data, and £, (-) is a term
to align the features from multiple views.

In the above framework, the ¢ ,-norm based
reconstruction cost is adopted for each view to
enhancing the robustness of the model to noises or
outliers. Thus, the first term in Eq. (1) is as follows:

D (X"IS" (GM") = IX" =S" G")'II; , (12)

The block-diagonal structure constraint is imposed
on the coefficient matrix, such as RSNMF, to use the
discriminative information provided by the labeled
samples. Specific definition of ©; (G)) is as follows:

Q1 (G)) = biock O G (13)

For the third term Q,(G"), a graph regularizer is
constructed for convenience to encode the geometric
information on the entire data, including labeled and
unlabeled samples, and is defined as follows:

n n
QG =3 gl — g B Wy =tr (GY'L'G)  (14)
i=1 j=1
where L'=D"~W", Djj= " Wy, (or D= ) W}).
WY is defined as follows:

_loV—_oVI2 2
e 1T gl e (g)) or ghe Nu(g)):

v _
ij

0, otherwise

(15)
where ¢ is a predefined parameter. In this study, ¢ is
fixed as 1 for simplicity, and N (g;) consists of k
Nearest Neighbors (k-NN) of g!. For the final term
Q,(G"), a shared common consensus matrix G, is
introduced to align the multiple views. Then, 2, (G") is
given as follows:

Q. (G") = IG" -Gl (16)

Thus, summarizing the terms mentioned above, the
final objective function of the proposed method can be
described as follows:

|4
)T 2
Ococmvane = (X =S'G I, +a ok 0 G +

v=1
B tr (G")'L'G)+yG" - ché},
s.t., $,G",G. >0 (17)
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where a, f, and p are the balancing parameters for
corresponding terms.

In contrast to the recently proposed semi-supervised
multi-view NMF methods mentioned above, inter-class
discriminative information among labeled samples and
geometric structure information are simultaneously
considered. Therefore, the proposed algorithm in this
study is termed GDCMVNMF.

One critical challenge in handling multi-view tasks is
to align multiple features to effectively fuse
information on different views. Therefore, to make this
possible,

restricted to be comparable. Based on this, the column

the scales of multiple features must be

vectors of SV are constrained as IIST’].IIQ =1; however,
directly optimizing the above objective function
extremely

complicates the optimization problem

significantly. An alternative scheme to the direct
strategy is to compensate the norms of the basis matrix
into the coefficient matrix. The objective function of
GDCMVNMF in Eq. (17) can then be rewritten as
follows:

1%
Ocpemvane = ). {IX*=8"GTIE +a ok 0GP+
v=1
B tr (P"Y(G"'L'G'P")+y|G" P - Gcné}
s.t., $.,G".G. >0
(18)

where P is defined as

m” m” m’

v v v
Z Sl 1) > Sl 2) 20 Sl dV
i=1 i=1 i=1

19

In the following sections, the optimization algorithms
of GDCMVNMF are introduced in detail.
specific view v, the objective function defined in Eq.
(18) is non-convex for both $* and G"; however, it is

P’ = Diag

For a

convex for ¥ or G' when either is fixed. Section 3.2
presents an iterative multiplicative updating procedure
to solve the above problem.

3.2 Optimization algorithm of GDCMVNMF

To minimize Eq. (18), the minimizing problem is
divided into several manageable subproblems.

For the v-th view, the other views are not involved in
the optimization of $* and GY. Letting
Q' = X" -S8"(G")", the minimizing problem in Eq. (18)
can be written as follows:
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. ) 2
min {IQ"ll; , +a I Tbiock © G" Pl +

§7,G", G0
B r (PHY(G)'L'G'P)+yIIG'P' -G,z (20)
3.2.1 Fixing G, and G", updating S”
When G, and G’ are fixed, Eq. (20) can be rewritten as
follows:

. VP
min [|Q°1; ,+
@ tr (P") (Tiock © G*) (Tplock © GY)P")+
Bt (PHYG"TL'G'P")+

y- tr (P)(GHTG P -2GTG"P") 1)
Let
= [(Iblock ©G") (Tlock © GV)] ol,
Uy =[G")'L'G’ |l =Us - Uy,
Uy =[G"'G' oI (22)
where UJ* = [(G")'D'G"loTand Uy~ = [(G*)TW'G*1o1.

Then, Formula (21) with PV defined in Eq. (19) can
be deformed as follows:

min Q11 , +a- r (S"UJ(S")) +B- tr (S'U(S"))+
y- t (S'ULS")' -2G.G'P)
(23)
For the constraint S' = [Sl.Vh] >0, the Lagrangian
multiplier & = [&] is introduced. Then, the Lagrangian
function £ of Formula (23) is obtained as follows:
L=11Q"5 ,+a- tr(SUISH)+B- tr (ST )+
yotr (SVUV(SV)T 2GIG'P)+tr (SN  (24)
Then, the partial derivative of Eq. (24) with respect
to S¥ can be expressed as follows:

0L
0SY

=—20"E"G" +2aS"U’ +2BS"U}+

2yS"U; - 2yS"(P') ' UY+E (25)
where E” is a diagonal matrix with E}; = p/[2 Q"
and U} = [G!G"]ol.

Setting the above expression to zero and using the
Karush-Kuhn-Tucker (KKT) conditionl*3! of &S}, =0,
then the following update rule is obtained:

VIV v VyTv— vepvy—l

G g (X'E'G" +pS"Uy +yS"(P")" Uy,

i TSV (G)TEYGY +aS Uy +BS"USt +yS'U}). b

12771

3.2.2 Fixing G, and S", updating G”

After updating S”, P (defined in Eq. (19)) is used to
normalize the columns of S", and the norm is
compensated to G”, that is,
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S’ <SPG =GP 27
When G, and §” are fixed, the minimizing problem
in Formula (20) is reduced to

min [Q"[1) , +a - tr (Tbtock ©G")' Tpiock ©G))+
G'>0 g
B-tr (GNTL'G") +y- tr (G")'G'-2GIG") (28)
For the constraint G"=[G;h] >0, the Lagrangian
multiplier ¥ =[y;,] is introduced. Then, the

Lagrangian function £ of Formula (28) is obtained as
follows:

L= 10"+ & ((Hoiock ©G") (Tpioek © G")+
B-tr (G"L'G") +vy- tr (G")'G"-2GIG") +tr (¥(G"))
(29)
Then, the partial derivative of Eq. (29) with respect
to G” is expressed as follows:

% = —2E"(Q")'S" + 2l ©G’ +28D"G"—

2BW'G’ +2yG’ —2yG, + ¥ (30)

0L
Similarly, letting G 0 and using KKT condition

of wth;hzo, the following update rule can be
obtained:

G, =
v (B (X)'S" +pW'G +7G,)
M ((E)TGY(SM)TS” + albiock ©G* +BDYGY +¥G") ,
@31

3.2.3 Fixing S* and G', updating G,
The partial derivative of Eq. (18) with respect to G, is
as follows (in each iteration, SV is normalized):

\%4
0 ) vIIG" Gl
0O0GDCMVNMF _ v=1
0G, B 0G,
\%4
Z [-29G" +2yG.]=0  (32)

v=1

Then, the exact solution for G. is

ZIG (33)
G.==Z >0
\%4

Algorithm 1 summarizes the optimizing scheme of
GDCMVNMF.

<

3.3 Computational
GDCMVNMF

complexity analysis of

In this section, the computational complexity of
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Algorithm 1 Optimizing scheme for GDCMVNMF

Input: Multi-view data Dx={X"',X?,...,X"} and X" € R?"*",
indicator matrix Ipjock € R™?", Parameters a, B, and y, and
number of k-NNs K
Output: G'and G,
for each ve Vdo
Initialize $Yand G”;
Construct k-NN graph with heat kernel weight;
end

for ecach ve Vdo

S1: Fix G", update S¥ with Eq. (26);

S2: Normalize S* and G¥ with Formula (27);

S3: Fix §”, update G¥ with Eq. (31);
10: S4: Calculate diagonal matrix E” as

E, = p/I211Q457"1;

11: end
12: Fix §¥ and G", update G, with Eq. (33);
13:  Until convergence

1

2

3

4.

5: Repeat
6

7

8

9

GDCMVNMF is analyzed and expressed in big O
notationl?l. For a specific view v in one iteration,
updating S” requires the calculation of $'(G")TE'G",
X'E'G', S'UY, S'US, S'U;, and S'(P")'U;
furthermore, the cost of S'(G")TE'G® and X"E'G" is
O (d)*(n+m")) and O (@n+m'nd"), respectively.
Total cost of S'UY, $"U;, S'Uj, and SV(PV)"U}" is
O (m*d” + Kd'n+(d")*n), where K is the number of k-
NNs in the graph; thus, the cost for updating SV is
O (m"nd"). Normalization of $* and G" in Formula (27)
requires the computation of O (nd” +m"d"). Therefore,
the main cost of updating G' is based on the
calculation of (EV)T(X")'S", (EV)'G"(S")'S", W'G",
and D'G'. The cost of (EV)T(X")TS" and
(E"'G'(S")TSY are O(dn+m'nd’) and O (d'n+
(d")2(m" +n)), respectively. Here, both W'G” and D'G"
require the computation of O (Kd'n) and O (d'n),
respectively. The cost for updating G” is also
O (m'nd"). When compared to the cost of updating S”
and G', the computational cost of updating G. and
calculating E is negligible; thus, the final cost for
GDCMVNMF is O (tVm'nd"), where ¢t is the number
of iterations.

4 ExMVCNMF

As pointed out in the preceding section, the major
problem of the previously proposed semi-supervised
MVNMFs based on CNMF is that they fail to consider
the discriminative information provided by the labeled
samples. Although label information has been used to



Guosheng Cui et al.: Discriminatively Constrained Semi-Supervised Multi-View Nonnegative Matrix Factorization... 63

map samples with the same label to one same feature
vector (see Fig. 1), the distinction of different classes is
not ensured. Additionally, geometric information on
data is not considered. To address these issues,
ExMVCNMF with a semiMVNMEF framework can be
developed. Refer to Fig. 2 for the connection between
ExMVCNMF and GDCMVNMF.

4.1 Objective function of EXMVCNMF

In each view, the following constraint should be
imposed on the auxiliary matrix Z" to guarantee the
discriminative ability of EXMVCNMEF:

1L dise © Z"IIF (34

where Iy = [I; 0] € R4 is a  discriminative
matrix to ensure the distinction of the features from
different classes. Here, 0 € R"D%¢" ig a zero matrix
corresponding to the unlabeled samples. Specifically,
I e R i defined as follows:
0 1
R 1 0 ..
= . . . . (35)
1 1 ... 0
The objective function of ExMVCNMF can be
expressed as follows:

OExMVCNMF =
\%
DX =S (A Z) R+ i O 2"+
v=1
B tr (A1cZ") LY A Z)+y I1Z° = ZI1%),
s.t., SV 2", Z.>0 (36)

AN
AN

Masasausansyy
B s s s s s s
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The same strategy, similar to GDCMVNMF, is
adopted to align the feature scales of multiple views.
Then, Eq. (36) can be further rewritten as follows:

OExMVCNMF =
1%
Z (1x” —SV(Ach”)TIIIZ:HY' 1 gisc GZVPVII%:+
v=1
B-tr (P (A1 Z") LY A ZV PY)+
v 1Z'P" - ZIIp),
st., $.2",Z.>0 (37)

4.2 Optimization algorithm of EXMVCNMF

For the v-th view, the other views are not involved in
the optimization of $” and Z¥. Minimizing Eq. (37) for
the v-th view is as follows:

min  [IX" ~S (A Z) 13 + @ |Hgisc © 2" P |2+
SV, 2V, Z.>0

B-tr (P (ALZ)'L"AZ P +y 2P - Z |2 (38)

4.2.1 Fixing Z. and Z", updating S”
When Z. and ZV are fixed, Formula (38) can be
expressed as follows:

min | X"~8" (41 Z")" lfg+
a tr (P (Laise ©Z")" (Lgise ©Z")P" )+
B-tr (P (AZ") L' A Z"P)+
y- (P22 P -22T 7" P) (39)
Here, Uy, U}, and U} are redefined as follows:
Uy = (s © 2" aisc 0 2% O L,
U =[(AZ) L' A 2" |0 I = US - Uy,
Ui =2z |or (40)

Fig.2 Z’ and A\.Z’ of (a) AMVNMF[33], MVCNMF334, and MVOCNMF35, (b) EXMVCNMF, and (¢c) GDCMVNMEF. In
(a), the distinction of feature vectors from different classes is not guaranteed; in (b), the distinction of different classes is
considered in EXMVCNMF, and the samples with the same label are represented by the same feature vectors; In (c), the
distinction of different classes is also considered in GDCMVNMEF; however, the samples with the same label are represented by
different feature vectors. For (c), the label constraint matrix A). is expanded as an identity matrix, hence G* = A Z" = Z".
When p=2, GDCMVNMTF can be seen as an extended variant of EXMVCNMEF.
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where
Uyt =[(AZ")' D" A Z" |01,
Uy =[(AZ")'WAZ" oL
Then, Formula (39) with P" defined in Eq. (19) can
be deformed as follows:
min |IX* ~SY (A Z") R +a- tr (S'UNS) T+
B tr (S'UYSHH +y- tr (SUSS")T -2ZLZ'P")  (41)
For the constraint S"=[S}]>0, the Lagrangian
multiplier & = [&3] is introduced. Then, the Lagrangian
function £ of Formula (41) is obtained as follows:
L=lIX"-S"(AZ") | +a- tr (S'UNS") )+
B tr (SUSSHD +y- tr (S'UL(S") -
2Z1ZVP") +tr (5(S")D) (42)
Then, the partial derivative of Eq. (42) with respect
to S¥ can be expressed as follows:

% =—2X"A1Z" +28A1(Z") A1 Z" +2aS U} +
2BS'U} +2yS'Us-2yS" (P') ' Uj+5
(43)
where U}, is redefined as U} = [Z] Z"]o1.
Setting the above expression to zero and using KKT
condition of fihSth = 0, then the following update rule is

obtained as follows:
~ (XYA\Z" +BS'Uy +yS"(P)'UY).,

ih — ~ih (SV(AICZV)TAICZV +QSVU11/ +BSVU§+ +75"(](i)26

v v

4.2.2 Fixing Z, and S”, updating Z”
After updating S”, the columns of S$* are normalized
with P" in Eq. (19), and the norm is compensated to
Z"  that is,
S eS(P) !, 2" = 2P (45)
When Z. and §” are fixed, Formula (38) is
equivalent to the following problem:
. T) 2
i I1X" —S"(A1Z") " |lg+
@. tr (Liise © 2" (Laise ©Z")+
Bt (AicZ") L AicZ")+
y- (272" -22"2") (46)
For the constraint ZV=[Z;h]>O, the Lagrangian

V=[] is Then, the
Lagrangian function £ of Formula (46) is obtained as

multiplier introduced.

follows:
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L=]X"-S"(AZ") |+
- tr ((Laise ©Z") (Laise © Z"))+
B-tr (AZ") LY ALZ")+
y- e ((Z)'Z2Y =221 Z2") +tr (P(Z2")) 47)
The partial derivative of Eq. (47) with respect to Z"
is expressed as follows:

0L
o ="
2algisc ©Z' +2BA1 "D A 2" -
2BA1 WY ALZY + 292" —2yZ . + W (48)

241 T(X")TS" +241.TAKZ(S)) TS +

0L
Similarly, letting 0z 0 and using KKT condition of
¥inl', =0, then the following update rule is obtained
as follows:

vo_
Jh—

) (A"(X)TS"+BAITWYALZ +yZ,)
(A1 T A ZY(S")TS el ise © Z'48A1 T DY A ZY +y2Y)
(49)

4.2.3 Fixing S” and Z", updating Z.

Since S" is normalized in each iteration, the partial
derivative of Eq. (37) with respect to Z, is expressed as
follows:

\4
IR AR A
0 OExMVCNMF V=1
0Z. B 0Z.
\%4
Z [-2yZ" +2yZ.]=0  (50)

v=1

Then, the exact solution to Z. is

\%4
le (51)
Z.="—>0
\%

Algorithm 2 summarizes the optimizing scheme of
ExMVCNMF.

4.3 Computational
ExMVCNMF

complexity analysis of

For the v-th view, updating S" requires calculating
X A 2", S"(ALZ")TAZY, s'uy, §'Uy, S'Uj, and
SV(PV)‘lU‘Vt in one iteration. The computational cost of
X"AZ" and SY(AZ")TALZY are O (dn+m'n(n—
I+C)) and O (d")*(m" +n)), respectively. The total cost
of §'UY, $'U;, $'Uj, and SV(PV)‘IU}; is O (m'd"+
Kd'n+(d")*n+(d")?(n—1+C)), thus, the cost for
updating S¥ is O (m'n (n—1+C)). Normalization of S”
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Algorithm 2 Optimizing scheme for EXMVCNMF

Input: Multi-view data Dx={X',X?,...,X"} and X" € R?"*",
indicator matrix I € ROHOxd"

number of k-NNs K
Output: Z" and Z,

, parameters a, (8, and vy, and

: foreachveV do

Initialize $* and Z";

Construct k-NN graph with heat kernel weight;
: end

for ecach ve V do
S1: Fix ZV, update S¥ with Eq. (44);
S2: Normalize S and Z¥ with Formula (45);
S3: Fix §”, update ZV with Eq. (49);
10:  end
11:  Fix §” and Z", update Z. with Eq. (51);

12: Until convergence

1
2
3
4
5: Repeat
6
7
8
9

and ZV in Formula (45) requires the computation of
O((n-1+C)d"+m'd"). Therefore, the main cost of
updating Z" is based on the calculation of A;.T(X")TS",
A TAZ'(S")TSY, Al.TWYA.Z", and A;.TD'AZ". The
cost of Ai.T(X")TSY and A\.TA.ZV(S")TSY is O (m"(n-
[+Cn+m’'(n—1+C)d") and O @n+m'(n—I1+C)n+
m'(n—1+C)d”), respectively. Additionally, both
Al "WYAZ"  and A TD'Ai.Z"  require  the
computation of O (Kd'n) and O (d'n), respectively, and
the cost for updating ZV is also O (m'n(n—1+C)). The
computational cost of updating Z, is trivial; hence, the
final cost for EXMVCNMEF is O (tVm'n(n—1+ C)).

5 Experimental Result

5.1 Datasets

In this section, six real-world multi-view datasets are
used to validate the superiority of the proposed
methods. Table 2 presents the statistics of these
datasets.

Table 2 Database description.

Dataset Number of Number of . FeaFure . Number of
samples views dimensionality  classes

Yale 165 3 2048/256/1024 15
ORL 400 3 2048/256/1024 40
FEIpart1 700 3 2048/256/1024 50
YaleB 765 3 2048/256/1024 12
ECG 294 2 2560/1281 3
WebKB 1051 2 2949/334 2

(1) Yale dataset™ : This dataset includes 165
grayscale images captured from 15 individuals. Each
individual has 11 images with different
expressions or configurations, which are normalized to
a 32 pixel X 32 pixel array.

(2) ORL dataset?: This dataset has 400 gray scale
face images collected from 40 individuals, with 10
images for each individual. These images are captured
under different light conditions, with different facial
expressions, and with/without glasses.

(3) FEI part 1 dataset?: The FEI part 1 dataset is a
subset of the original FEI data base. This dataset has
700 color images collected from 50 individuals. For
each individual, 14 images are captured under different
views. All images are downsampled from the original
resolution of 640 pixel x 480 pixel to 32 pixel X 24
pixel, and the color images are converted into grayscale
images.

(4) YaleB dataset®: This dataset includes 2414 gray
scale face images collected from 38 individuals. Each
one has approximately 64 images which are captured
under different lighting conditions. The experiments
use a subset of this dataset with 12 classes.

(5) ECG dataset!: In this dataset, 162 original ECG
records are collected from three classes: arrhythmia
(namely ARR), Normal Sinus Rhythm (NSR), and
Congestive Heart Failure (CHF), and each of them has
96, 36, and 30 records, respectively. Each record is
sampled at 512 s with a rate of 128 Hz. For the ARR
record, one segmentation had 20 s, while for the NSR
and CHF records, the first 60 s are uniformly
segmented to get three 20 s segmentations. Two views
are used in this study: the time-doman view and
Fourier coefficient view. Finally, a dataset with 294
instances are constructed. Fourier coefficient view and
time-domain feature view are adopted as two feature
views. In total, 294 records are used for evaluation.

(6) WebKB dataset™: This dataset is a subset of
web documents from four universities. It includes 1051
pages with two classes: 230 course pages and 821 non-
course pages. Each page has two views: full-text view
with 2949 features for the textual content of the web
page, and in-link view with 334 features for the anchor
text on the hyperlinks pointing to the pages. This

facial

* http://vision.ucsd.edu/leekc/ExtYaleDatabase/ExtYaleB.html

T http://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html
¥ http://fei.edu.br/cet/facedatabase.html

§ http://vision.ucsd.edu/content/yale-face-database

T https: //github.com/mathworks/physionet_ ECG_data/

* http://www.cs.cmu.edu/webkb/
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dataset is balanced by selecting 241 data points from
the second view.

The three views of Yale, ORL, FEI part 1, and YaleB
datasets are composed of the 2048D image pixel
feature, 256D Gabor feature, and 1024D LBP feature.

5.2 Comparative methods

Various  representative = NMF-based  multi-view
clustering methods are compared with the proposed
methods to validate their superiority. The compared
methods include  LP-DiINMFI23], rNNMFI[24],
MPMNMF 120 MPMNMF 20201, UDNMF2!],
AMVNMEFI31, MVCNMFB34, MVOCNMEFI35], and the
following two methods:

VAGNMF: This method conducts GNMF“# on
each view individually, and the average feature of
multiple views is treated as the final representation.

VCGNMEF: This method conducts GNMF on each
view individually and concatenates the features of
multiple views as the final representation.

In this study, the clustering performances are
evaluated using two metrics: Normalized Mutual
Information (NMD)! and accuracy (abbreviated as
AC)I46], The optimal parameter settings of the above
methods are obtained using grid search. The average
results of 10 runs are also reported for all methods to
improve the influence of randomness.

5.3 Convergence analysis

Figure 3 shows the convergence curves of
ExMVCNMF and GDCMVNMF on six datasets to
verify the convergence of these methods. For
GDCMVNMF, the curves with p=2 are presented.
The proposed methods converge on all datasets in
Fig. 3, where the x-coordinate represents the times of

30

— Yale

— ORL
o FEIl part |
=] — YaleB
g 20 ECG
2 WebKB
k3]
2
S 10} <
()]
ks

—
0 100 200 300
Number of iterations
(a) GDCMVNMF
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iteration and the y-coordinate represents the log value
of the objective function.

5.4 Experimental results and analysis

In this section, the performances of EXMVCNMF and
GDCMVNMF are evaluated and compared with
several representative recently proposed unsupervised
and semi-supervised multi-view NMF approaches on
six datasets. In Tables 3 and 4, GDCMVNMF with 0%
and 10% labeled data points are compared with several
representative unsupervised multi-view NMF methods,
and results of GDCMVNMF with p = 0.5, 1, and 2 are
reported. From Tables 3 and 4, we can see that
GDCMVNMF with 10% labeled data points
significantly outperforms the other unsupervised
methods, regardless of whether p = 0.5, 1, or 2. This
indicates that the discriminative information learned
from the label information helps learn a better compact
representation for multi-view datasets. However, it
cannot be directly inferred whether supervised methods
always behave better than the unsupervised methods.
In Table 5 and 6, EXMVCNMF and GDCMVNMEF are
compared with several recently proposed
supervised multi-view methods. Similarly, the results
of GDCMVNMF with p = 0.5, 1, and 2 are reported.
Comparing the results in Tables 3-6, it is observed
that, on the Yale dataset, the performances of semi-
supervised methods AMVNMF, MVCNMF, and
MVOCNMEF are comparable with the results of several
unsupervised methods, such as LP-DiNMF, rNNMF,
MPMNMF 1, and MPMNMF 2. However, VCGNMF
outperforms these supervised methods. When labeling
ratios are less than 20% on the ORL and ECG datasets,
AMVNMF, MVCNMF, and MVOCNMF have no
advantage over several unsupervised methods in many

semi-

25

— FEl part] — YaleB
— ORL ECG
< 21 Yale WebKB
=}
E
o 15¢
2 |
8
g 10}
=
§ \i
o g
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(b) EXMVCNMF

Fig.3 Convergence curves of GDCMVNMF (p=2) and ExXMVCNMF on six datasets.
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Table 3 AC on four datasets compared with state-of-the-art unsupervised methods. The best results are in bold, while the

second best results are in bold italic. GDCMVNMF_,,, and GDCMVNMF,_,, denote GDCMVNMF with 0% and 10%
labeled samples, respectively, when p is set to 0.5, 1, and 2.

(%)

Method Yale ORL FEI part 1 YaleB ECG WebKB
VAGNMF 48.55+2.95 68.78+3.17 69.41+£2.67 44.29+4.00 55.41+4.58 77.02+1.24
VCGNMF 53.52+3.14 70.28+2.26 71.44+2.25 43.91+4.59 56.43+£2.93 79.57+0.70
LP-DiNMF 51.82+3.03 68.48+3.33 68.24+3.25 44.77+4.16 54.90+5.69 76.49+0.79

rNNMF 51.15+£5.49 64.35+2.74 55.26+2.70 21.07+1.00 57.38+0.45 78.30£1.17

MPMNMF 1 50.00+3.05 70.25+2.87 69.19+3.17 45.48+4.70 57.86+3.60 81.11%1.77
MPMNMF 2 49.52+3.67 69.48+2.89 70.39+2.80 47.87£3.89 58.20£3.71 78.98+2.10
UDNMF 47.76%2.83 61.73+£1.56 70.24+2.10 33.36+9.59 56.84+3.11 79.34+4.80
GDCMVNMF=0%, p=0.5 51.27+3.04 66.70+1.69 72.49+2.10 45.46+2.39 57.04+6.52 75.51+0.70
GDCMVNMF/=10%, p=0.5 61.89+2.46 74.24+1.20 80.00+0.68 85.9842.78 66.88+6.92 93.22+0.32
GDCMVNMF/=0%, p=1 50.61+2.64 67.20+£1.94 72.60+1.31 45.35+£3.27 59.18+6.88 82.57+1.90
GDCMVNMF/=10%, p=1 61.28+1.26 76.12+1.29 80.15+0.87 85.99+2.81 67.00+6.90 93.33+1.33
GDCMVNMF=0%, p=2 51.88+2.87 69.85+2.12 72.40£1.57 45.78+3.46 55.44+4.46 84.13+6.11
GDCMVNMF/=10%, p=2 62.27+2.35 75.67+1.90 81.92+0.66 85.98+2.64 67.16+6.89 91.94+0.64

Table 4 NMI on four datasets compared with state-of-the-art unsupervised methods. The best results are in bold, while the

second best results are in bold italic. GDCMVNM,_,,, and GDCMVNMF_,,, denote GDCMVNMF with 0% and 10% labeled

samples, respectively, when p is set to 0.5, 1, and 2.

(%)

Method Yale ORL FEI part 1 YaleB ECG WebKB
VAGNMF 52.38+2.70 82.88+1.68 84.95+1.07 46.60+3.25 22.82+4.34 26.84+2.28
VCGNMF 56.79+2.27 83.67+1.01 85.99+0.81 48.61+4.62 26.36+4.43 29.42+1.42
LP-DiNMF 53.73+£2.67 82.78+1.80 84.76+1.17 46.93+£3.16 22.52+7.80 26.14+1.56

rNNMF 53.00+4.40 79.79+1.31 74.13£1.23 17.22+1.74 23.80+1.24 24.63+5.85

MPMNMF_1 52.89+2.78 83.65+0.99 85.06+1.64 47.10+3.66 19.72+4.60 34.22+2.46
MPMNMF_2 54.00+2.57 83.64+1.31 85.78+1.02 49.28+3.95 20.41+4.42 30.99+5.15
UDNMF 49.88+2.73 78.54+1.03 86.18+0.74 37.21£7.87 22.28+3.25 29.98+9.00
GDCMVNMEF!=0%, p=0.5 55.03+£2.00 83.34+0.88 87.42+0.92 44.71+£3.23 24.31+7.42 21.06+1.14
GDCMVNMF!=10%, p=0.5 61.94+2.81 86.20+0.37 89.17+0.27 78.36+£1.93 35.15+7.66 64.64+1.24
GDCMVNMF/=0%, p=1 55.13+1.76 82.93+0.73 87.53+0.64 44.32+3.33 22.85+6.40 33.93+4.60
GDCMVNMFi=10%, p=1 63.04+1.48 86.70+0.46 89.24+0.25 78.49+1.88 35.33+7.57 65.60+4.41
GDCMVNMFi=0%, p=2 55.61+1.59 84.15+1.00 87.25+0.83 45.55+3.38 19.42+5.53 44.20+14.89
GDCMVNMF/=10%, p=2 63.32+2.14 86.69+0.64 89.62+0.22 78.44+1.68 35.57+£7.67 62.34+1.93

cases. These cases are even worse on the FEI part 1 and
YaleB datasets. Note that all unsupervised methods
have used geometric information on the data, whereas
AMVNMF, MVCNMF, and MVOCNMF do not. This
indicates that geometric information is crucial when the
labeling ratio is low. Additionally, from Table 3 and 4,
it can be observed that the performance of
GDCMVNMF 9, (with 0% labeled samples) is
comparable to the most of the recently proposed
unsupervised methods. This proves the effectiveness of
the adopted feature normalizing strategy. In Tables 5

and 6, it can be seen that, when compared with other
ExMVCNMF
advantages

semi-supervised methods, and
GDCMVNMF have

different labeling ratios. These cases indicate that the

obvious under
proposed methods effectively use the label information
to obtain more discriminative representations. The
proposed methods perform better than AMVNMEF,
MVCNMF, and MVOCNMEF. This is because the
former methods use both geometric and discriminative
information. Additionally, EXMVCNMEF outperforms
GDCMVNMF (especially when p = 2) in most cases,
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Table 5 AC on six datasets compared with state-of-the-art semi-supervised methods. The best results are in bold, while the
second best results are in bold italic.

(%)

Dataset Ratio AMVNMF MVCNMF MVOCNMF ExMVCNMF GDCMVNMFp=05 GDCMVNMFp=1 GDCMVNMFp=2
10 50.40+0.89 50.99+1.53 51.33+1.62 62.05+3.67 61.89+2.46 61.28+1.26 62.27+2.35
Yale 20 55.38+1.97 57.68+1.12 57.84+1.44  72.07+2.49 70.80+2.31 70.86+2.57 71.03x1.91
30 61.56+1.70 62.63+1.56 63.70+2.63  77.56+1.74 77.53+1.51 76.18+1.71 75.75+1.63
10 63.15+0.65 66.48+0.80 66.77£1.29  76.86+1.46 74.24+1.20 76.12+1.29 75.67+1.94
ORL 20 68.41+0.54 70.18+0.85 70.27+0.55  85.69+3.02 83.37+1.60 85.18+1.96 85.01+2.94
30 71.99+1.20 74.02+1.41 75.27+0.54  89.13+1.47 88.45+1.41 86.87+2.38 89.00+1.17
10 56.55+0.79 59.36+0.89 55.61+1.15  82.45+1.02 80.00+0.68 80.15+0.87 81.92+0.66
FEIpart1 20 60.76+0.74 64.07+0.89 57.86+1.24  86.98+1.29 84.13+0.57 84.18+0.68 86.11+0.61
30 65.91+0.61 69.59+1.36 64.97+0.94  91.76+0.33 88.76+0.58 90.15+0.28 90.27+0.33
10 25.34+0.85 24.12+1.09 23.71+1.02  80.00+2.39 85.98+2.78 85.99+2.81 85.98+2.64
YaleB 20 31.16+£0.92 29.30+£1.49 29.53+0.79  90.30+1.01 91.20£1.07 91.54+0.89 91.61+0.89
30 39.24+1.29 36.64+0.90 34.26+0.51 88.26+4.09 93.23+0.68 93.29+0.41 93.39+0.57
10 50.90+0.96 53.78+0.56 58.69+1.15 70.63+6.19 66.88+6.92 67.00£6.90 67.16+6.89
ECG 20 54.81+2.34 57.50+1.57 63.74+1.84  82.26+3.25 79.39+4.58 78.22+4.21 77.31%£4.50
30 55.67+£3.63 66.22+1.49 70.29+2.65 84.97+1.24 83.86+2.24 84.00+2.43 83.81+2.40
10 82.44+1.54 82.73+2.39 83.29+1.96 92.09+1.46 93.22+0.32 93.33+1.33 91.94+0.64
WebKB 20 85.90+1.94 84.44+2.05 81.87+2.61 92.35+2.58 91.46+4.11 92.21+4.24 90.11+4.49
30 90.17+1.00 91.06+0.73 90.45+0.68  95.03+1.68 95.87+0.71 96.21+1.17 94.55+1.18

Table 6 NMI on six datasets compared with state-of-the-art semi-supervised methods. The best results are in bold, while the

second best results are in bold italic.

(%)

Dataset Ratio AMVNMF MVCNMF MVOCNMF ExMVCNMF GDCMVNMEFp=05 GDCMVNMFp=1 GDCMVNMEFp=2
10 53.51+0.75 54.54+1.59 54.61+1.10  63.74 2.72 61.94+2.81 63.04+1.48 63.32+2.14
Yale 20 59.08+2.04 61.28+1.24 61.34+0.90  70.14 2.33 68.06+2.43 68.82+1.92 68.24+2.08
30 65.45+1.68 67.00£1.02 67.57+1.40  74.952.08 74.47x2.12 72.88+2.47 72.40+2.32
10 79.16+0.51 81.41+x0.40 81.22+0.56  87.09+0.58 86.20+0.37 86.70+0.46 86.69+0.64
ORL 20 82.37+0.29 83.76+0.28 83.81+0.40  91.58+1.38 89.96+0.79 90.91+0.63 91.09+1.15
30 84.51+0.42 85.98+0.50 86.55+0.13  92.68+1.03 92.08+0.64 91.23%£1.38 92.30+0.82
10 75.96+0.40 77.38+0.34 73.93+0.33  89.97+0.68 89.17+0.27 89.24+0.25 89.62+0.22
FEIpart1 20 78.39+0.44 80.37+0.43 75.50+£0.96  92.09+0.59 89.93+0.30 90.05+0.55 91.47+0.31
30 82.29+0.24 84.37+0.58 80.59+0.77  94.66+0.26 92.68+0.52 93.49+0.25 93.65+0.21
10 20.03+1.06 16.73+1.20 16.44+1.26 74.47+2.00 78.36£1.93 78.49+1.88 78.44+1.68
YaleB 20 26.51+2.25 22.05+1.19 22.28+1.04 83.56%1.71 84.40+1.57 84.93+1.42 85.05+1.42
30 36.10+1.25 29.93+1.34 28.40+0.64  84.90+2.86 87.97+1.00 87.98+0.86 88.17+1.05
10 13.90+1.19 26.23+0.87 26.31+1.39  40.52+6.79 35.15+7.66 35.33+7.57 35.57+7.67
ECG 20 18.93+1.51 28.86+0.89 25.51+1.58  56.08+6.23 51.17+6.51 50.23+£7.24 48.91+7.22
30 19.20+3.54 31.46+1.24 36.43+2.16 58.45+2.62 58.20+3.46 58.60+3.68 57.94+4.10
10 33.26+3.55 38.54+4.39 39.80+3.84  63.64+5.18 64.64+1.24 65.60+4.41 62.34+1.93
WebKB 20 41.58+5.12 43.13+3.01 39.35%3.54 62.12+8.44 61.57+8.66 64.75+£9.18 58.75+8.87
30 53.84+3.19 59.09+1.66 57.14+1.58 71.92+7.23 75.48+3.23 77.02+5.47 70.90+4.99

indicating that the intra-class compactness is necessary

for discovering discriminant information. Although,
both EXMVCNMF and GDCMVNMF have attempted

tighter

intra-class

compactness

to use the discriminative information of data, the
property of CNMF adopted in EXMVCNMF requires

than that in
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GDCMVNMEF. From Tables 3—6, it can be observed
that in most cases, GDCMVNMF with p=1 and 2
outperform that with p =0.5.

5.5 Parameter sensitivity analysis

There are several parameters in the proposed
GDCMVNMF and ExXMVCNMF. Here, @, 8, and y
are the parameters to balance the influence of the
discriminative regularizing term £2; (-), the geometric
information regularizing term £, (-), and the multiple
views aligning term Q, (-), respectively (see Eq. (11)).
Furthermore, K is the number of k-NNs in the
Laplacian graph of each view. For GDCMVNMF,
there is an additional parameter, that is p in ¢ ,-norm.
In this section, the performances of ExXMVCNMF and
GDCMVNMF are evaluated against these parameters
on some selected datasets to test the influence of the
abovementioned parameters in the proposed methods.
The  performances of GDCMVNMF  and
ExMVCNMF on ORL, FEI part 1, ECG, and WebKB

AC (%)
AC (%)

(e) EXMVCNMF, ratio=10% (f) EXMVCNMF, ratio=20%
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datasets, with the labeling ratios of 10%, 20%, and
30%, versus parameters «, 8, and y are illustrated in
Figs. 4-7, respectively: a controls the discriminative
abilities of the proposed methods, thus the AC reduces
with the decreasing «; 8 balances the influence of the
geometric information regularizing term. When « is
small, 8 should be neatly selected to retain a relatively
good performance. However, when « is large enough,
the influence of S is relatively minimized. Therefore,
this results in a “ridge” when g is small and a “plateau’
when S is large. This implies that the geometric
information ~ becomes  important  with  rarer
discriminative information; moreover, when the
discriminative information is adequately explored, the
influence of the geometric information becomes
insignificant.

The above facts can also be determined from a
different viewpoint. From Fig. 6, it can be observed
that as the area of the “plateau” enlarges with the
increasing labeling ratioes in GDCMVNMF and

’

100
80 _ 0p I
< X 60 "
8 60 < \\
S g 40 ;
> 40 < 20
20 04521012345
0 logy
—a— Ratio=10%, Max AC=77.00%, Min AC=16.15%
—o— Ratio=20%, Max AC=88.43%, Min AC=20.28%
Ratio=30%, Max AC=91.15%, Min AC=27.68%
(d) GDCMVNMF
80 100
80T
;\? 60 § g(o) ‘4—%;\\
Y 40 ©
2 < 20 :
20 0
o ~4-3-2-10 12 3 45
% 09 logy
9,6’ 4 -2 —a— Ratio=10%, Max AC=77.43%, Min AC=16.52%
_4 \090 —=— Ratio=20%, Max AC=88.65%, Min AC=20.62%

Ratio=30%, Max AC=91.15%, Min AC=28.05%

(9) EXMVCNMF, ratio=30% (h) EXMVCNMF

Fig.4 GDCMVNMF and ExXMVCNMEF vs. parameters a, 3, and ¥ on ORL dataset (for GDCMVNMF, p = 2).
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Fig.5 GDCMVNMF and ExXMVCNMEF vs. parameters «, 8, and ¥ on FEI part 1 dataset (for GDCMVNMF, p = 2).
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Fig. 6 GDCMVNMF and ExXMVCNMEF vs. parameters a, 8, and ¥ on ECG dataset (for GDCMVNMF, p = 2).
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Fig.7 GDCMVNMF and ExXMVCNMF vs. parameters a, 8, and ¥ on WebKB dataset (for GDCMVNMF, p = 2).

ExMVCNMF. This indicates that the influence of the
geometric information (B8) minimizes with the
increasing “power” of the discriminative information
(). Similarly, from Figure 8, it can be observed that
when the labeling ratio is low, the number of k-NNs
should be carefully selected to obtain a better
performance. Figure 8 presents a special case of
GDCMVNMF with no label information, i.e., ratio =
0%. When the labeling ratio increases, the performance
of the proposed methods become relatively stable; that
is, the fluctuation of the curves becomes smaller. From
the last columns of Figs. 4-7, it can be observed that
the performances of these methods degrade when vy is
set very large. This is because if the value of y is set
too high, the effect of this term will overwhelm the
other terms, which may cause the proposed methods
not to effectively use the label information (block-
diagonal structure term) and the geometric information
(graph regularization term) of the data.

The influence of the p-norm on GDCMVNMEF is

tested on ORL and ECG datasets. Here, p varies in the
range of {0.5, 1, 1.5, 2, 2.1, 2.2}. Although, the authors
of RSNMFI*2! claimed that when p = 0.5, RSNMF is
more robust to noises. From Fig. 9, it can be observed
that the performance of GDCMVNMF is relatively
stable in the entire range of p. This maybe because, in
multi-view settings, the different views can provide
complementary information for each other, which
enhances the robustness of the method to some extent.

6 Conclusion

This study proposes a general discriminatively
constrained S2MVNMEF with a novel feature alignment
strategy. In this algorithm, the discriminative
information on the multi-view data is effectively
explored. Two specific implementations of this
algorithm are presented along with their detailed
optimizing procedure, ie., GDCMVNMF and
ExMVCNMF. GDCMVNMF with p = 2 reduces to
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Fig. 8 GDCMVNMF and EXMVCNMEF vs. parameter k on ORL, FEI part 1, ECG, and WebKB datasets.
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Fig. 9 GDCMVNMF vs. parameter p on ORL and ECG datasets with different labeling ratios, i.e., 0%, 10%, 20%, and 30%.

ExMVCNMF by extending the label constraint matrix
in GDCMVNMF identity matrix. The
experimental results show that in most cases,
ExMVCNMF outperforms GDCMVNMEF (especially
when p = 2). This that intra-class
compactness plays a crucial role in discovering the
discriminative information of data. EXMVCNMEF has
retained the CNMF property; hence it imposes tighter
intra-class compactness constraints than
GDCMVNMF. The influence of ¢ ,-norm to the
model in the experiments is also explored under the

as an

indicates

same configuration. In most cases, the performance of

GDCMVNMF is better when p is set to 1 or 2. The
superiority of the presented methods has been validated
by comparing them with several representative works
on six real-world multi-view datasets.
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