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Communication
A Multitrace Surface Integral Equation Solver to Simulate

Graphene-Based Devices
Ran Zhao , Liang Chen , Ping Li , Jun Hu , and Hakan Bagci

Abstract— A multitrace surface integral equation (MT-SIE) solver1

is proposed to analyze electromagnetic field interactions on composite2

devices involving magnetized and nonmagnetized graphene sheets. The3

computation domain is decomposed into two subdomains: an exterior4

subdomain that represents the unbounded background medium where5

the device resides in an interior subdomain that represents the dielectric6

substrate. Resistive Robin transmission conditions (RRTCs) are formu-7

lated to describe the infinitesimally thin graphene sheet that partially8

covers the surface between the two subdomains. On the rest of this9

surface, traditional Robin transmission conditions (RTCs) are enforced.10

The electric and magnetic field equations are used as the governing11

equations in each subdomain. The governing equations of a subdomain12

are locally coupled to the governing equations of its neighbor using13

RRTCs and RTCs. The accuracy and the applicability of the proposed14

MT-SIE solver are demonstrated by various numerical examples.15

Index Terms— Graphene-based device, multitrace (MT), resistive16

boundary condition (RBC), surface integral equation (SIE).17

I. INTRODUCTION18

Graphene is a 2-D material with remarkable electrical, mechanical,19

and thermal properties [1]. Its surface conductivity depends on20

temperature T , chemical potential (Fermi level) μc, and particle21

scattering rate �, and therefore it can be dynamically tuned to22

manipulate electromagnetic fields. This has led to the development of23

various graphene-based devices such as thin-film transistors [2], gas24

sensors [3], solar cells [4], and photonic modulators [5]. In addition,25

a graphene sheet can be biased using a static magnetic field (which26

makes its conductivity a tensor), increasing its tunability even more.27

Magnetized graphene has been used in the design of various tunable28

electromagnetic devices operating in the different bands changing29

from microwave to terahertz (THz) frequencies. Some examples of30

these devices are tunable filters [6], phase shifters [7], reconfigurable31

THz antennas [8], [9], and frequency-selective surfaces [10].32

For almost all of the devices listed above, a graphene sheet is33

located on a dielectric substrate and its thickness is several orders34
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smaller than any other device dimension. To simulate such a device, 35

one can directly discretize the graphene sheet using volumetric 36

elements but this yields a multiscale mesh with a large number 37

of elements [11]. Furthermore, the resulting matrix system is often 38

ill-conditioned [12], [13]. These bottlenecks can be circumvented 39

by replacing the graphene sheet with an infinitesimally thin surface 40

and enforcing resistive boundary conditions (RBCs) on it [14]–[17]. 41

This approach has been incorporated within finite-difference time- 42

domain method [14], [15] and discontinuous Galerkin time-domain 43

scheme [16], [17], and the resulting solvers have been used to 44

simulate various graphene-based devices. Although these differential 45

equation solvers are versatile in handling geometrically complicated 46

devices, they use a volumetric mesh in the whole computation domain 47

and have to use domain truncation techniques (such as absorbing 48

boundary conditions or perfectly matched layers) and consequently 49

become computationally demanding especially when they are used 50

to simulate large-scale problems. 51

These bottlenecks can be addressed by switching to an integral 52

equation-based formulation. In [18] and [19], electromagnetic field 53

interactions on a graphene sheet are first formulated in the form 54

of a volume integral equation. Then, this equation is “reduced” 55

into surface integral equations (SIEs) under the thin dielectric sheet 56

approximation [20]. In [21] and [22], an equivalent circuit model 57

is obtained for the graphene sheet using an electric field integral 58

equation, then this model is incorporated into the partial element 59

equivalent circuit method [23]. In [24] and [25], a magnetic field 60

integral equation is solved to analyze electromagnetic scattering from 61

graphene disks and strips that reside in an unbounded medium. None 62

of these integral equation-based approaches deal with the case when 63

a graphene sheet is located on a dielectric substrate. 64

To address this shortcoming, in [26] and [27], RBCs representing 65

the graphene sheet are solved together with the Poggio–Miller– 66

Chang–Harrington–Wu–Tsai integral equation [28] enforced on the 67

surfaces of the dielectric substrate. These two schemes completely 68

avoid volumetric meshes. However, for geometrically complicated 69

devices, the matrix system obtained by discretizing this coupled 70

system of SIEs with the Rao–Wilton–Glisson (RWG) functions [29] 71

becomes ill-conditioned. This degrades the accuracy and the effi- 72

ciency of the solvers, especially for electrically-large devices. 73

In recent years, integral-equation domain-decomposition methods 74

that make use of multitrace SIEs (MT-SIEs) and Robin transmission 75

conditions (RTCs) have found widespread use in the electromagnetic 76

simulation of a wide range of structures changing from penetrable 77

objects to large cavities, composite objects, and so on [30]–[34]. 78

These methods decompose the computation domain into subdomains 79

and enforce SIEs on their (internal) surfaces. Then, SIEs of a given 80

subdomain are “coupled” to SIEs of its neighbors via RTCs. This 81

local-coupling approach improves the scalability and robustness of 82

the traditional “single-domain” SIE solvers and is more suitable for 83

solving large-scale problems. 84

In this work, an MT-SIE solver is proposed to simulate electro- 85

magnetic field interactions on graphene-based devices. The graphene 86

sheet that is located on the surface between the unbounded 87
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background medium and the dielectric substrate is described by88

RBCs. Resistive RTCs (RRTCs) are formulated to incorporate these89

RBCs within the MT-SIE formulation. The computation domain is90

decomposed into two subdomains: an exterior subdomain that repre-91

sents the unbounded background medium where the device resides in92

an interior domain that represents the dielectric substrate. The electric93

and magnetic field equations are used as the governing equations in94

each subdomain. These subdomain SIEs are coupled to each other95

using RRTCs (that represent the graphene) and “traditional” RTCs96

(that represent the tangential electric and magnetic field continuity).97

Note that RBCs and corresponding RRTCs can account for both98

nonmagnetized graphene (with a scalar conductivity) and magnetized99

graphene (with a tensor anisotropic conductivity). Compared to the100

differential equation solvers [12]–[17], the proposed MT-SIE solver101

avoids volumetric meshes and does not require absorbing boundary102

conditions. Compared to the SIE solvers developed to simulate103

only graphene sheets [18], [19], [21], [22], [24], [25], the proposed104

MT-SIE solver accounts for the dielectric substrate. Furthermore,105

it inherits all advantages of the MT-SIE solvers developed to simulate106

composite objects [32]–[34]. It yields a matrix system that can be107

efficiently solved using an iterative solver even for electrically large108

devices and allows for higher flexibility in mesh generation for109

multilayered substrates. Also, note that the formulation proposed in110

this work can easily be extended for simulation of various devices111

making use of other 2-D materials and to account for generalized112

sheet transmission conditions (GSTCs) formulated using (anisotropic)113

polarization susceptibilities [35], [36].114

The rest of this communication is organized as follows.115

In Section II, first, the surface conductivity of the nonmagnetized116

and magnetized graphene sheets is provided. This is followed by117

the derivation of RRTCs for the graphene sheet. Then, MT-SIEs118

underlying the proposed solver are derived, and the matrix system119

resulting from their RWG-based discretization is provided. Section III120

provides numerical examples to demonstrate the accuracy and the121

applicability of the proposed solver. Conclusions are summarized in122

Section IV.123

II. FORMULATION124

In this section, first, RBCs representing magnetized and nonmagne-125

tized graphene sheets are provided. Then, RRTCs pertinent to these126

RBCs are derived. This is followed by the detailed mathematical127

description of the MT-SIE solver developed to simulate graphene-128

based devices. Note that for the sake of brevity in notation, the129

dependence on space (i.e., location vector r) is omitted for all130

variables used in this section.131

A. RBCs and RRTCs for Graphene Sheets132

The graphene sheet is modeled as a zero-thickness surface with133

conductivity σg. RBCs on this surface are expressed as [24]134

n̂1 × (E1 − E2) = 0 (1)135

n̂1 × (H1 − H2) = −1

2
σg · [n̂1 × n̂1 × (E1 + E2)] (2)136

where {E1, H1} and {E2, H2} are the electromagnetic fields on the137

two sides of the graphene surface and n̂1 is this surface’s unit normal138

vector pointing into side 1.139

Assume the graphene sheet is located on the xy-plane and a static140

magnetic field with flux B = ẑB0 “biases” the graphene sheet. In this141

case, the surface conductivity σg is given by Hanson [37]142

σ g =
⎡
⎣ σxx −σyx 0

σyx σxx 0
0 0 0

⎤
⎦ (3)143

where σxx and σyx are approximated by a Drude-like models as 144

σxx = σ0
1 + jωτ

(ωcτ)2 + (1 + jωτ)2 (4) 145

σyx = σ0
ωcτ

(ωcτ)2 + (1 + jωτ)2 . (5) 146

Here, ω is the frequency, τ is the scattering time, ωc ≈ eB0v2
F /μc 147

is the cyclotron frequency, vF ≈ 106m · s−1 is the Fermi velocity, 148

e is the electron charge, μc is the chemical potential 149

σ0 = e2τkBT

π h̄2

[
μc

kBT
+ 2ln

(
e−μc/kBT + 1

)]
(6) 150

kB is the Boltzmann’s constant, T = 300 K is the temperature, and 151

h̄ is the reduced Planck’s constant. 152

If the graphene sheet is not biased by a magnetic field, the surface 153

conductivity σ g reduces to a scalar and is expressed using the Kubo 154

formula [38]: σg = σintra + σinter. Here, the intraband and interband 155

contributions σintra and σinter are given by 156

σintra = 2e2

π h̄

kBT

h̄
ln

[
2 cosh

[
μc

2kB T

]] −j

ω−jτ−1 (7) 157

σinter = e2

4h̄

(
H

(ω

2

)
−j

4ω

π

∫ ∞
0

H(ε) − H(ω/2)

ω2 − 4ε2 dε

)
(8) 158

where function H(ε) is defined as 159

H(ε) = sinh(h̄ε/kBT )

cosh(μc/kBT ) + cosh(h̄ε/kBT )
. (9) 160

Note that in the rest of this section, the general case of a tensor-valued 161

surface conductivity is assumed. 162

For traditional domain-decomposition formulations, RTCs are used 163

to ensure the continuity of the electromagnetic fields on two sides of a 164

surface that divides a domain into subdomains [39]. These traditional 165

RTCs are given by Peng et al. [30] 166

J1 − n̂1 × M1 + J2 + n̂2 × M2 = 0 167

n̂1 × J1 + M1 − n̂2 × J2 + M2 = 0. (10) 168

Here, J1 = n̂1×H1, J2 = n̂2×H2, M1 = −n̂1×E1, M2 = −n̂2×E2, 169

and n̂2 is the unit normal vector pointing into side 2. 170

Assume that the graphene sheet is located on a surface between 171

two subdomains. Then, RTCs in (10) have to be modified to account 172

for RBCs in (1) and (2). To derive these RRTCs, first, RBCs (1) 173

and (2) are rewritten as 174

M1 + M2 = 0 (11) 175

J1 + J2 − σg · (n̂1 × M1
) = 0 (12) 176

J1 + J2 − σ g · (n̂2 × M2
) = 0. (13) 177

Then, linearly combining (11) and (12) as (12) − n̂1 × (11) and 178

n̂1 × (12) + (11) and using n̂1 = −n̂2 for J2 and M2 yield 179

J1 − n̂1 × M1 − σ g · (n̂1 × M1
) + J2 + n̂2 × M2 = 0 180

n̂1 × J1 + M1 + σ g · M1 − n̂2 × J2 + M2 = 0. (14) 181

This set of RRTCs is used when r approaches the surface from 182

side 1. Linearly combining (11) and (13) as (13) − n̂2 × (11) and 183

n̂2 × (13) + (11) and using n̂2 = −n̂1 for J1 and M1 yield 184

J2 − n̂2 × M2 − σg · (n̂2 × M2
) + J1 + n̂1 × M1 = 0 185

n̂2 × J2 + M2 + σ g · M2 − n̂1 × J1 + M1 = 0. (15) 186

This set of RRTCs is used when r approaches the surface from side 2. 187

As expected, (14) and (15) are the same except that variables with 188

subscripts 1 and 2 are interchanged. Also, note that (11)–(13) can be 189

recovered by adding (14) to (15) and subtracting (14) from (15), 190
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Fig. 1. Electromagnetic scattering from a graphene-based device.

Fig. 2. Subdomains of the graphene-based device.

which also demonstrates that (14) and (15) are equivalent to (1)191

and (2) and they can be used to enforce these RBCs in the MT-SIE192

solver that is described in Section II-B.193

B. MT-SIE Solver194

The electromagnetic scattering scenario involving a graphene-195

based device is illustrated in Fig. 1. In this figure, �1 and �2 repre-196

sent the dielectric substrate and the background medium, respectively.197

The graphene sheet is represented by �g and is assumed to be198

located on the surface of the dielectric substrate. The part of the199

substrate surface, which is directly in touch with �1 is represented200

by �d. The permittivity, the permeability, the intrinsic impedance,201

and the wavenumber in �m , m ∈ {1, 2} are εm , μm , ηm , and km ,202

respectively. The incident electromagnetic field, which originates203

in �1, is represented by {Einc
1 , Hinc

1 }.204

The computation domain is naturally decomposed into two205

nonoverlapping subdomains as shown in Fig. 2: the exterior sub-206

domain �1 with boundary ∂�1 and the inward-pointing unit normal207

vector n̂1, and the interior dielectric subdomain �2 with boundary208

∂�2 and the inward-pointing unit outward normal vector n̂2. The209

surfaces that represent the graphene sheet and the dielectric substrate210

�g and �d have two sides/faces, each of which “touches” �1 and211

�2, that is, ∂�m = �
g
m ∪ �d

m , m ∈ {1, 2}.212

In each subdomain �m , a boundary value problem (BVP) with213

Maxwell equations can be setup. This BVP is same as the one in214

[30], [32], and [33], but differently, RBCs have to be enforced on215

the graphene surface. The full set of boundary conditions enforced216

on ∂�m are expressed as217

π×
m (Hm ) − σ g · πτ

m (Em) = −π×
n (Hn) on �

g
m (16)218

πτ
m (Em) = πτ

n (En) on ∂�m = �
g
m ∪ �d

m (17)219

π×
m

(
1

μm
∇ × Em

)
= π×

n

(
1

μn
∇ × En

)
on n �d

m220

(18)221

where m, n ∈ {1, 2}, m �= n, {Em , Hm } are the electromagnetic 222

fields in �m , and the trace operators πτ
m (u) = n̂m × (u × n̂m)|∂�m 223

and π×
m (u) = n̂m × u|∂�m represent tangential and twisted tangential 224

components of u on ∂�m , respectively. Electromagnetic fields in 225

�m satisfy the fundamental field relations Em = Esca
m + Einc

m and 226

Hm = Hsca
m +Hinc

m . Note that Einc
2 and Hinc

2 are zero for the scattering 227

problem considered here. Using Stratton-Chu representation, the 228

scattered fields Esca
m and Hsca

m , m ∈ {1, 2}, are expressed as [40] 229

Esca
m = ηmLm

{
Jd

m
} − η0Km

{
Md

m
} + ηmLm

{
Jg

m
}

230

− η0Km
{
Mg

m
}

231

ηmHsca
m = ηmKm

{
Jd

m
} + η0Lm

{
Md

m
} + ηmKm

{
Jg

m
}

232

+ η0Lm
{
Mg

m
}

(19) 233

where η0 is the intrinsic impedance in free space, Jd
m = n̂m × H�d

m
234

and Md
m = −n̂m × E�d

m
and Jg

m = n̂m × H�
g
m

and Mg
m = −n̂m × 235

E�
g
m

are the (unknown) equivalent electric and magnetic currents 236

introduced on �d
m and �

g
m , respectively. In (19), operators Lm and 237

Km are given by Zhao et al. [32], [33] 238

Lm
{
Xe

m
}
(r) = − j km

∫
�e

m

[
I + 1

k2
m

∇∇·
]

Xe
m(r′)Gm(r, r′) ds′

239

Km
{
Xe

m
}
(r) =

∫
�e

m

∇Gm (r, r′) × Xe
m(r′) ds′

240

where e ∈ {d, g} and Gm is the Green function of the unbounded 241

medium with wavenumber km . Note that Km {Xe
m} = n̂m × Xe

m/2 + 242

Km{Xe
m}, where Km is the principal value of Km . Inserting (19) into 243

the tangential components of the fundamental field relations on �d
m 244

and �
g
m yield E- and H-field equations in �m as [28] 245

η0

2
π×

m
(
Md

m
) + η0πτ

m
(Km

{
Md

m
} + Km

{
Mg

m
})

246

− ηmπτ
m

(Lm
{
Jd

m
} + Lm

{
Jg

m
}) = πτ

m(Einc) on �d
m 247

−η0

2
π×

m
(
Jd

m
) − η0πτ

m
(Km

{
Jd

m
} + Km

{
Jg

m
})

248

− η0

ηm
πτ

m
(Lm

{
Md

m
} + Lm

{
Mg

m
}) = η0πτ

m(Hinc) on �d
m (20) 249

η0

2
π×

m
(
Mg

m
) + η0πτ

m
(Km

{
Md

m
} + Km

{
Mg

m
})

250

− ηmπτ
m

(Lm
{
Jd

m
} + Lm

{
Jg

m
}) = πτ

m(Einc) on �
g
m 251

−η0

2
π×

m
(
Jg

m
) − η0πτ

m
(Km

{
Jd

m
} + Km

{
Jg

m
})

252

− η0

ηm
πτ

m
(Lm

{
Md

m
} + Lm

{
Mg

m
}) = η0πτ

m(Hinc) on �
g
m . (21) 253

To enforce the boundary conditions (16)–(18), (20) and (10) are 254

combined on �d
m and (21) and (14) are combined on �

g
m , leading to 255

η0

2
Jd

m − η0ηmπτ
m

(Lm
{
Jd

m
} + Lm

{
Jg

m
})

256

− η0πτ
m

(Km
{
Md

m
} + Km

{
Mg

m
})

257

+ η0

2
Jd

n + η0

2
π×

n
(
Md

n
) = πτ

m(Einc) on �d
m 258

η0

2
Md

m − η0

ηm
πτ

m
(Lm

{
Md

m
} + Lm

{
Mg

m
})

259

− η0πτ
m

(Km
{
Jd

m
} + Km

{
Jg

m
})

260

+ η0

2
Md

n − η0

2
π×

n
(
Jd

n
) = η0πτ

m(Hinc) on �d
m (22) 261

η0

2
Jg

m − η0

2
σg · π×

m
(
Mg

m
) − η0ηmπτ

m
(Lm

{
Jd

m
} + Lm

{
Jg

m
})

262

+ η0πτ
m

(Km
{
Md

m
} + Km

{
Mg

m
})

263

+ η0

2
Jg

n + η0

2
π×

n
(
Mg

n
) = πτ

m(Einc) on �
g
m 264

η0

2
Mg

m + η0

2
σg · Mg

m − η0

ηm
πτ

m
(Lm

{
Md

m
}

265
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+Lm
{
Mg

m
}) − η0π

τ
m

(Km
{
Jd

m
} + Km

{
Jg

m
})

266

+ η0

2
Mg

n − η0

2
π×

n
(
Jg

n
) = η0πτ

m(Hinc) on �
g
m . (23)267

To numerically solve (22) and (23), first �d and �g are discretized268

into a mesh of triangular patches. Then, the unknown electric and269

magnetic currents on �d
m and �

g
m , m ∈ {1, 2}, are expanded using270

RWG basis function sets jm and mm , respectively [29]. Inserting271

these expansions into (22) and (23) and applying the Galerkin testing272

to the resulting equations yield a linear matrix system273 [
A1 M12

M21 A2

] [
I1
I2

]
=

[
V0
0

]
(24)274

where matrices Am and Mmn , m, n ∈ {1, 2}, n �= m, represent the275

“self” and “coupled” electromagnetic interactions in �m and between276

�m and �n , respectively. Vectors Im store the unknown coefficients277

of basis function sets jm and mm and V0 stores the tested incident278

fields. Am are dense matrices and expressed as279

Am =
[

AJJ
m AJM

m

AMJ
m AMM

m

]
(25)280

where the each matrix block is given by281

AJJ
m =

〈
jm ,

η0

2
jm − ηnπτ

m
(Lm{jm})〉

∂�m
282

AJM
m = 〈

jm , η0πτ
m

(Km{mm})〉∂�m
283

−
〈
jm ,

η0

2
σ g · π×

m (mm)
〉
�

g
m

284

AMJ
m = 〈

mm ,−η0πτ
m

(Km {jm})〉∂�m
285

AMM
m =

〈
mm ,

η0

2
mm − 1

ηm
πτ

m
(Lm{mm})〉

∂�m

286

+
〈
mm ,

η0

2
σg · mm

〉
�

g
m

. (26)287

Here, 〉u, v〈 denotes the inner product of two complex vector func-288

tions u and v289

〈u, v〉� =
∫
�
(u · v) d�. (27)290

Since the coupling between electromagnetic fields in two subdomains291

is accounted for using RTCs and RRTCs, matrices Mmn are sparse.292

They are expressed as293

Mmn =
⎡
⎣ ηm

2
〈jm , jn〉∂�m

η0

2

〈
jm , π×

n (mn)
〉
∂�m

η0

2

〈
mm , π×

n (jn)
〉
∂�m

−ηm

2
〈mm , mn〉∂�m

⎤
⎦ . (28)294

In (25), the right-hand side vector V0 = [VJ
0 VM

0 ]T , where295

VJ
0 =

〈
j0, πτ

m(Einc)
〉
∂�0

296

VM
m =

〈
m0, η0π

τ
m (Hinc)

〉
∂�0

. (29)297

The matrix system (24) is solved iteratively using the generalized298

minimal residual method scheme (GMRES) [41]. The computational299

cost of multiplying A1 and A2 by vectors scales as O(N2). While300

using the multilevel fast multipole algorithm (MLFMA), the cost301

is reduced to O(N logN) [42], [43]. The computational cost of302

multiplying sparse matrices M12 and M21 by vectors is O(N).303

III. NUMERICAL RESULTS304

In this section, several numerical examples, which demonstrate the305

accuracy and the applicability of the proposed MT-SIE solver, are306

presented. In all examples, it is assumed that the background medium307

�1 is free space with permittivity ε0 and permeability μ0, and the308

Fig. 3. Normalized ECS of the spherical graphene surface.

excitation is a plane wave with electric field Einc(r) = E0p̂e− j k0k̂·r. 309

Here, E0 = 1 V/m is the amplitude, p̂ is the polarization vector, 310

k̂ is the direction of propagation, and k0 = 2π/λ0 and λ0 are 311

the wavenumber and the wavelength in free space, respectively. The 312

substrates are nonmagnetic with permeability μ0. For all examples 313

considered in this section, the GMRES iterations are terminated when 314

the relative residual reaches 0.001. 315

A. Nonmagnetized Spherical Graphene Surface 316

In the first example, scattering from a spherical graphene surface 317

is investigated. The surface is centered at the origin, its radius is 318

200 nm, and the permittivity and the permeability inside the surface 319

are ε0 and μ0, respectively. The parameters of the graphene are μc = 320

0.3 eV and τ = 0.02 ps. The excitation parameters are p̂ = x̂ and 321

k̂ = −ẑ, and the frequency is swept from 0.5 to 50 THz. The spherical 322

surface is discretized using 532 triangular patches, which corresponds 323

to an average edge length of 45 nm (λ0/133 at 50 THz). 324

First, the equivalent electric and magnetic currents on the inner 325

and outer surfaces of the sphere are computed by solving (24). 326

Then, the currents on the outer surface are used to compute the 327

extinction cross section (ECS) [44], [45]. Fig. 3 compares this ECS 328

(which is normalized by the sphere’s geometrical cross section) to 329

ECS computed using the analytical solution [46]. The results agree 330

very well, which demonstrates the accuracy of the proposed MT-SIE 331

solver. 332

B. Magnetized Graphene Patch 333

In this example, scattering from a magnetized graphene patch of 334

dimensions 10 μm×2 μm (along x- and y-directions, respectively) is 335

investigated. It is assumed that the patch is centered on the top surface 336

of a substrate with dimensions 10 μm×2 μm×0.15 μm (along x-, y-, 337

and z-directions, respectively). The permittivity of the substrate is ε0. 338

This ensures that the structure simulated by the MT-SIE solver is 339

equivalent to a magnetized graphene patch that resides in free space. 340

The parameters of the graphene are τ = 0.33 ps, B0 = 0.25 T, 341

and μc ∈ {0.5, 1.0, 1.5} eV. The excitation parameters are p̂ = x̂ 342

and k̂ = −ẑ, and the frequency is swept from 0.1 to 10 THz. The 343

surfaces of the patch and the substrate are discretized into 474 and 344

632 triangular patches, respectively, which corresponds to an average 345

edge length of 0.3 μm (λ0/100 at 10 THz). 346

Fig. 4 plots the absorption cross section (ACS) [44], [45] obtained 347

using the equivalent currents computed by the MT-SIE solver for 348

three different values of μc and compares it to ACS provided in [19] 349

and [21]. Results agree well. 350

C. Magnetized Graphene Patch on a Dielectric Substrate 351

Next, scattering from a magnetized graphene patch of dimensions 352

150 μm × 150 μm (along x- and y-directions, respectively), which 353
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Fig. 4. ACS of the magnetized graphene sheet for μc ∈ {0.5, 1.0, 1.5} eV.

Fig. 5. Bistatic RCS of the magnetized graphene sheet on a dielectric
substrate for μc ∈ {0.5, 1.0, 1.5} eV.

is centered on the top surface of a dielectric substrate of dimensions354

150 μm × 150 μm × 30 μm (along x-, y-, and z-directions,355

respectively) is investigated. The permittivity of the substrate is 4.0ε0.356

The parameters of the graphene and the excitation are the same357

as those in the previous example. The frequency is 1 THz. The358

surfaces of the patch and the substrate are discretized into 208 and359

584 triangular patches, respectively, which corresponds to an average360

edge length of 15 μm (λ0/20 at 1 THz).361

Fig. 5 plots the copolarized bistatic radar cross section (RCS) (on362

the φ = 0 plane) obtained using the equivalent currents computed by363

the MT-SIE solver for μc ∈ {0.5, 1.0, 1.5} eV and compares it to RCS364

obtained using the finite-element method-based commercial software365

HFSS. Results agree well and also show that RCS decreases with366

increasing μc. For this example, GMRES (without a preconditioner)367

requires 153, 175, and 189 iterations for simulations with μc = 0.5,368

1.0, and 1.5 eV, respectively.369

D. THz Polarization Converter370

In this example, scattering from a tunable THz reflective linear371

polarization converter is analyzed [47]. The geometry and the dimen-372

sions of the structure are shown in Fig. 6. The permittivity of the373

substrate is 2.2ε0. The parameters of the graphene are μc = 0.5 eV374

and τ = 1.0 ps and the excitation parameters are p̂ = x̂ and k̂ = −ẑ.375

The frequency is 1 THz. The surfaces of the 49 oval-shaped patches376

and the substrate are discretized using 3871 and 3709 triangular377

patches, respectively, which corresponds to an average edge length378

of 13 μm (λ0/25 at 1 THz).379

Fig. 7 plots the copolarized and cross-polarized bistatic RCS (on380

φ = 0 plane) obtained using the equivalent currents computed by the381

MT-SIE solver and compares it to RCS obtained using HFSS. Results382

agree well. The figure also shows that the cross-polarized reflection is383

enhanced by the polarization converter. Table I compares the compu-384

tational requirements of the MT-SIE solver (without a preconditioner385

Fig. 6. Geometry and the dimensions of the THz polarization converter.

Fig. 7. Copolarized and cross-polarized RCS of the THz polarization
converter.

TABLE I

COMPUTATIONAL REQUIREMENTS FOR SIMULATIONS

OF THE THz POLARIZATION CONVERTER

and with the sparse-approximate-inverse (SAI) preconditioner [48]) 386

to those of HFSS and clearly shows that the MT-SIE solver is faster 387

and uses significantly less memory. 388

IV. CONCLUSION 389

An MT-SIE solver is formulated and implemented to analyze 390

electromagnetic field interactions on composite devices involving 391

graphene sheets. This solver decomposes the computation domain 392

into exterior and interior subdomains, which represent the unbounded 393

background medium and the dielectric substrate, respectively. The 394

electric and magnetic field equations are used as the governing 395

equations in each subdomain. RRTCs are derived for the first time to 396

account for the infinitesimally thin graphene sheet that is located 397

on the interface between these two subdomains. The governing 398

equations of a subdomain are locally coupled to the governing 399

equations of its neighbor using RRTCs and RTCs. The accuracy and 400

the applicability of the MT-SIE solver are demonstrated by various 401

numerical examples. 402
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