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Characteristic Mode Formulation for Dielectric
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Abstract— In this paper, characteristic mode (CM) formula-
tions are developed from surface integral equation (SIE) for the
modal analysis of dielectric coated conducting bodies. The electric
field integral equation-Poggio, Miller, Chang, Harrington, Wu,
and Tsai SIE is used for modeling the dielectric coated conducting
bodies. By ensuring the field continuity on the interface boundary,
two types of generalized eigenvalues equations are formulated
to determine the resonant behavior of the dielectric coated
conducting bodies. Following Poynting’s theorem, the resultant
eigenvalues indicate the ratio of the imaginary and real part
of the complex power for each CM. Zero eigenvalues indicate
the resonance in dielectric coated conducting bodies. The corre-
sponding modal fields provide with clear physical insights into the
radiation/scattering mechanisms. Numerical results are presented
to demonstrate the accuracy of the proposed CM formulations.

Index Terms— Characteristic modes (CMs), dielectric coated
conducting bodies, electric field integral equation (EFIE)-Poggio,
Miller, Chang, Harrington, Wu, and Tsai (PMCHWT), surface
integral equation (SIE).

I. INTRODUCTION

ELECTROMAGNETIC (EM) radiation/scattering from
dielectric coated conducting bodies has been extensively

studied [5]–[10]. For canonical dielectric coated conducting
bodies, the scattering response can be readily obtained from
Mie series [5], [6]. Modal analysis for such canonical problems
is also available with the using of analytical methods [7]. For
more general dielectric coated conducting bodies, EM numer-
ical techniques, including integral equation methods and dif-
ferential equation methods, are usually required [8]–[10].
It is observed that the scattering responses and radiation
performance of dielectric coated conducting bodies heavily
depend on external excitations or EM sources. However, the
conventional EM numerical techniques, such as the method
of moments (MoM) and the finite-element method, provide
with little physical insight into the scattering or radiation
mechanisms.

Garbacz [1] proposed the theory of characteristic
modes (CMs) to determine the modal currents and modal fields
for perfectly electrically conducting (PEC) bodies. It offers
deep physical insights into various antenna designs [27]
as well as scattering analysis and synthesis [11]–[14].
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Harrington and Mautz [2] reformulated the CM theory
by implementing the MoM in the electric field integral
equation (EFIE). This CM formulation for PEC bodies
has found wide applications in a variety of antenna
designs, including platform integrated antenna system
designs [18]–[21], multiple-input multiple-output antenna
designs [22]–[24], and antenna array designs [25], [26].
Harrington et al. [3] has also extended the CM theory for
the modal analysis of material bodies by using the volume
integral equation [3] and surface integral equation (SIE) [4],
respectively. Very recently, CM formulations for the modal
analysis of material bodies have been further addressed
in [15]–[17]. In [15], a novel CM formulation using the
Poggio, Miller, Chang, Harrington, Wu, and Tsai (PMCHWT)
equations was proposed. It allowed accurate prediction of
the resonant frequencies and provided with accurate modal
fields for arbitrarily shaped dielectric bodies. CM theory for
material bodies was also formulated using the finite-element
boundary-integral method [16]. In [17], a postprocessing
method was proposed to remove the internal resonances.
It was demonstrated to be capable of providing unique and
real characteristic for material bodies.

The goal of this paper is to extend the theory of CMs from
simple PEC bodies or material bodies to dielectric coated con-
ducting bodies. This is also a natural extension as the merits of
CM theories have been well recognized in our EM community
and modal analysis for antennas with composite structures is
becoming more necessary for performing systematic designs.
Starting from the EFIE-PMCHWT SIE, the CM formulations
are rigorously derived in Section II. In Section III, numerical
results are then provided to demonstrate the accuracy of the
proposed CM formulations. Final conclusions are presented
in Section IV.

II. CM THEORY FOR DIELECTRIC COATED

CONDUCTING BODIES

A. EFIE-PMCHWT Formulation

Fig. 1 shows the configuration of a dielectric coated con-
ducting body immersed in a background medium with medium
parameters (ε1, μ1). The conducting body is fully coated by
a material with medium parameters (ε2, μ2). The surfaces of
the conducting body and the dielectric coatings are denoted
by Sc and Sd , respectively. The region of the homogeneous
background is denoted by V1 and the volume of the dielectric
coatings is denoted by V2. n̂ is the outward normal unit
vector. We assume the dielectric coated conducting body is
illuminated by an incident plane wave (Ei , Hi ).

By applying the equivalence principle, the original prob-
lem can be described by considering its two equivalent
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Fig. 1. Configuration of a dielectric coated conducting body.

problems [8]. It can be formulated in terms of the equivalent
surface electric current Jc on the conducting surface Sc,
the electric current Jd , and magnetic current Md on the
dielectric surface Sd . The equivalent surface currents satisfy
the following EFIE-PMCHWT formulations [8]:

[
η2LLL

c
2(Jc) − η2LLL

d
2 (Jd) − KKKd

2 (Md)
]

tan = 0 on Sc (1)

⎡

⎢
⎣

η2LLL
c
2(Jc) − η1LLL

d
1(Jd ) − η2LLL

d
2(Jd)

−KKKd
1(Md) − KKKd

2 (Md)

⎤

⎥
⎦

tan

= Ei
tan on Sd (2)

⎡

⎢
⎣

−KKKc
2(Jc) + KKKd

1(Jd) + KKKd
2(Jd)

− 1
η1

LLLd
1 (Md ) − 1

η2
LLLd

2(Md )

⎤

⎥
⎦

tan

= Hi
tan on Sd (3)

where the subscript “tan” refers to the tangential component
of the fields, and ηi = (μi/εi )

1/2 is the intrinsic wave
impedance in region Vi . The operators LLLv

i and K ν
i are given

by [29]

LLLν
i (X) = jki

∮

Sv

[

X(r′)Gi (r, r′)+ 1

k2
i

∇′· X(r′)∇Gi (r, r′)
]

d S′
v

(4)

KKKν
i (X) = P.V .

∮

Sν

X(r′) × ∇Gi (r, r′)d S′
v (5)

where ki is the wavenumber in region Vi , Gi (r, r′) is the
Green’s function in an unbounded homogeneous medium with
the constitutive parameters (εi , μi ), and v denotes the surface
that the source point r′ resides on. P.V. represents the Cauchy
principal value of the integration.

Applying Rao-Wilton-Glisson (RWG) basis functions f l

to expand the equivalent currents and testing the integral
equations (1)–(3) using the same set of bases fk , it gives the
following matrix equations:

ZEJc
c Jc + ZEJd

c Jd + ZEMd
c Md = 0 (6)

ZEJc
d Jc + ZEJd

d Jd + ZEMd
d Md = V E (7)

ZHJc
d Jc + ZHJd

d Jd + ZHMd
d Md = V H (8)

where the elements in the submatrices and vectors are given
by

[
ZEJc

c

]
kl = η2

∮

Sc

fk · LLLc
2(f l)d Sc (9)

[
ZEJd

c

]
kl = −η2

∮

Sc

fk · LLLd
2(f l)d Sc (10)

[
ZEMd

c

]
kl = −

∮

Sc

fk · KKKd
2(f l)d Sc (11)

[
ZEJc

d

]
kl = η2

∮

Sd

fk · LLLc
2(f l)d Sd (12)

[
ZEJd

d

]
kl = −η1

∮

Sd

fk · LLLd
1 (f l)d Sd − η2

∮

Sd

fk · LLLd
2 (f l)d Sd

(13)

[
ZEMd

d

]
kl = −

∮

Sd

fk · KKKd
1 (f l)d Sd −

∮

Sd

fk · KKKd
2(f l)d Sd (14)

[
ZHJc

d

]
kl = −

∮

Sd

fk · KKKc
2(f l)d Sd (15)

[
ZHJd

d

]
kl =

∮

Sd

fk · KKKd
1(f l)d Sd +

∮

Sd

fk · KKKd
2 (f l)d Sd (16)

[
ZHMd

d

]
kl = − 1

η1

∮

Sd

fk · LLLd
1 (f l)d Sd − 1

η2

∮

Sd

fk · LLLd
2(f l)d Sd

(17)

[V E ]k =
∮

Sd

fk · Ei d Sd (18)

[V H ]k =
∮

Sd

fk · Hi d Sd . (19)

B. Definitions of Characteristic Currents
and Characteristic Fields

Before proceeding to the theory of CMs for dielectric coated
conducting bodies, we first clarify two points.

1) In the CM theory for dielectric coated conducting bod-
ies, we intend to solve the equivalent surface electric cur-
rents on the conducting surface Sc, which will illustrate
the modal behavior of the dielectric coated conducting
bodies. Therefore, although the CM formulations are
developed in terms of single current, i.e., the equivalent
surface electric currents or the equivalent surface mag-
netic currents on the dielectric coating surface Sd , the
equivalent surface electric currents on the conducting
surface Sc will be eventually solved in both of the
two CM formulations.

2) Similar to the CM theory for PEC bodies [2], the
impressed field (Ei , Hi ) is only defined in scattering
problems for further CM theory derivations. No actual
external source is considered in CM analysis problems.
It indicates that the characteristic fields and character-
istic currents in the CM theory for dielectric coated
conducting bodies exist in a source-free problem.

Based on the above-mentioned important descriptions,
we define Jdn and Mdn as the characteristic equivalent surface
currents on the surface of the dielectric coatings, and define
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Jcn as the characteristic electric currents on the conducting
surface (shown in Fig. 1). The subscript n denotes the order
of the CMs and is numerically sorted by the absolute value
of the eigenvalues. Moreover, E(i)

n and H(i)
n are defined as the

characteristic electric fields and characteristic magnetic fields
in region Vi generated by the characteristic currents. They
are also shown in Fig. 1. Following the boundary conditions
on Sc and Sd , it is easy to obtain the matrix equations
that relate the characteristic currents and the characteristic
fields:

ZEJc
c Jcn + ZEJd

c Jdn + ZEMd
c Mdn = V E

pec = 0 on Sc (20)

ZEJc
d Jcn + ZEJd

d Jdn + ZEMd
d Mdn = V E

die on Sd (21)

ZHJc
d Jcn + ZHJd

d Jdn + ZHMd
d Mdn = V H

die on Sd (22)

where Jcn, Jdn, and Mdn are the expansion coefficients of the
RWG basis function for the characteristic surface currents Jcn,
Jdn, and Mdn, respectively. V E

pec, V E
die, and V H

die are vectors
obtained by testing the characteristic fields using the RWG
testing function fk , and the kth element of these vectors is
given by

[
V E

pec

]
k = −

∮

Sc

fk · (E(2)
n

)
tan d Sc (k = 1, 2 . . . Nc) (23)

[
V E

die

]
k = −

∮

Sd

fk · (
E(1)

n − E(2)
n

)
tan d Sd (k = 1, 2 . . . Nd )

(24)
[
V H

die

]
k = −

∮

Sd

fk · (
H(1)

n − H(2)
n

)
tan d Sd (k = 1, 2 . . . Nd )

(25)

where Nc and Nd are the numbers of basis functions on Sc

and Sd , respectively.
Because the tangential component of the electric field over

the conducting surface keeps zero, (20) is naturally satisfied
and possesses clear physical meanings. In (21) and (22), it is
necessary to properly enforce additional constrains to ensure
the characteristic currents over the dielectric coating surfaces
have physical meanings. When the tangential continuity of
both E-field and H -field is imposed, i.e., the right-hand sides
of (21) and (22) both equal to zero, the resultant resonance
frequencies are complex numbers, and the modes solved are
equivalent to the modes as defined in [30] and [31]. As com-
pared with the methods in [30] and [31], one of the most attrac-
tive merits of the CM theory (including that for PEC bodies)
is that it allows obtaining real resonant frequencies through
sweeping along the real frequency axis. It greatly improves
the computational efficiency in modal analysis over a wide
frequency band. Therefore, to keep this natural merit in our
proposed CM formulations for dielectric coated conducting
bodies, two generalized eigenvalue equations are defined by
enforcing different field continuity conditions.

C. Electric Field Continuity

Let the right-hand side of (21) equals to zero, it ensures
the electric fields tangential continuity across the interface
between regions V1 and V2. For convenience, let us first define

two matrices

Z A
mul = [

ZEJc
c − ZEJd

c

(
ZEJd

d

)−1
ZEJc

d

]−1
(26)

Z B
mul = ZEMd

c − ZEJd
c

(
ZEJd

d

)−1
ZEMd

d . (27)

By considering (20) and (21), we have

Jcn = −Z A
mul Z

B
mulMdn (28)

Jdn = [−(
ZEJd

d

)−1
ZEMd

d + (
ZEJd

d

)−1
ZEJc

d Z A
mul Z

B
mul

]
Mdn. (29)

Substituting (28) and (29) into (22), we have

ZHJc
d Jcn + ZHJd

d Jdn + ZHMd
d Mdn

=
[

ZHMd
d − ZHJd

d

(
ZEJd

d

)−1
ZEMd

d

−ZHJc
d Z A

mul Z
B
mul + ZHJd

d

(
ZEJd

d

)−1
ZEJc

d Z A
mul Z

B
mul

]

Mdn

= Z M Mdn. (30)

The submatrices ZEJc
c , ZEJd

d , ZEMd
d , ZHJd

d , and ZHMd
d are

symmetric. Because ZEMd
d = −ZHJd

d , ZEJc
d = (ZEJd

c )T , and
ZHJc

d = (ZEMd
c )T , one can get Z M = (Z M )T , where the

superscript “T ” denotes the transpose of the matrix in the
brackets. Therefore, Z M is also a symmetric matrix. It can be
expressed in terms of its Hermitian parts as Z M = RM + j X M

where

RM = Z M + (Z M )∗

2
(31)

X M = Z M − (Z M )∗

2 j
(32)

where the asterisk denotes the complex conjugation.
As there is no actual impressed source inside region V1, the

net complex power is zero. Following Poynting’s theorem in
source-free region, we have:

P(1) =
∮

Sd+S∞
E(1)

n × (
H(1)

n

)∗dS

+ jω
∫

V1

(
μ1

∣
∣H(1)

n

∣
∣2 − ε1

∣
∣E(1)

n

∣
∣2)

dV = 0 (33)

where S∞ denotes the infinite radiation sphere, as shown in
Fig. 1. The surface integration gives the complex power exiting
out of the region, and the volume integration multiplied by jω
gives the imaginary power stored in region V1. Considering
the definition of the outward normal unit vector on surfaces
Sd and S∞ (as shown in Fig. 1), (33) reduces to

P(1) = −
∮

Sd

E(1)
n × (

H(1)
n

)∗ · n̂d S+
∮

S∞
E(1)

n × (
H(1)

n

)∗ · n̂d S

+ jω
∫

V1

(
μ1

∣∣H(1)
n

∣∣2 − ε1
∣∣E(1)

n

∣∣2)
dV = 0. (34)

Therefore
∮

Sd

E(1)
n × (

H(1)
n

)∗ · n̂d S

=
∮

S∞
E(1)

n × (
H(1)

n

)∗ · n̂d S

+ jω
∫

V1

(
μ1

∣
∣H(1)

n

∣
∣2 − ε1

∣
∣E(1)

n

∣
∣2)

dV . (35)
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Similarly, there is also no actual impressed source inside
region V2. Following Poynting’s theorem in region V2,
we have:

P(2) =
∮

Sd+Sc

E(2)
n × (

H(2)
n

)∗dS

+ jω
∫

V2

(
μ2

∣
∣H(2)

n

∣
∣2 − ε2

∣
∣E(2)

n

∣
∣2)

dV = 0. (36)

Again, when the definition of the outward normal unit vector
is considered, we have

∮

Sc

E(2)
n × (

H(2)
n

)∗ · n̂d S −
∮

Sd

E(2)
n × (

H(2)
n

)∗ · n̂d S

= jω
∫

V2

(
μ2

∣
∣H(2)

n

∣
∣2 − ε2

∣
∣E(2)

n

∣
∣2)

dV . (37)

Based on (37), and considering E(2)
n × H(2)

n · n̂ =
n̂ × E(2)

n · H(2)
n = 0 on Sc, we obtain

−
∮

Sd

E(2)
n × (

H(2)
n

)∗ · n̂d S

= jω
∫

V2

(
μ2

∣∣H(2)
n

∣∣2 − ε2
∣∣E(2)

n

∣∣2)
dV . (38)

Adding (35) and (38) yields
∮

Sd

E(1)
n × (

H(1)
n

)∗ · n̂d S −
∮

Sd

E(2)
n × (

H(2)
n

)∗ · n̂d S

=
∮

S∞
E(1)

n × (
H(1)

n

)∗ · n̂d S

+ jω
∫

V1

(
μ1

∣
∣H(1)

n

∣
∣2 − ε1

∣
∣E(1)

n

∣
∣2)

dV

+ jω
∫

V2

(
μ2

∣
∣H(2)

n

∣
∣2 − ε2

∣
∣E(2)

n

∣
∣2)

dV . (39)

Using (22), (25), and (30), the field tangential continuity
in (21), and invoking vector identity (a × b) · c = (c × a) · b,
we obtain
∮

Sd

E(1)
n × (

H(1)
n

)∗ · n̂d S −
∮

Sd

E(2)
n × (

H(2)
n

)∗ · n̂d S

=
∮

Sd

(
H(1)

n

)∗ · (
n̂ × E(1)

n

)
d S −

∮

Sd

(
H(2)

n

)∗ · (n̂ × E(2)
n

)
d S

=
∮

Sd

[(
H(1)

n

)∗ − (
H(2)

n

)∗] · (n̂ × E(1)
n

)
d S

= −
∮

Sd

[(
H(1)

n

)∗ − (
H(2)

n

)∗]
tan · Mdnd S

= −
∮

Sd

[(
H(1)

n

)∗ − (
H(2)

n

)∗]
tan ·

Nd∑

k=1

Mdn,kfkd S

=
Nd∑

k=1

Mdn,k

(
−

∮

Sd

fk · [(H(1)
n

)∗ − (
H(2)

n

)∗]
tand S

)

= 〈(Z M Mdn)
∗, Mdn〉 (40)

where Mdn,k is the kth element in the vector of magnetic
current coefficient, and the inner product is defined for the
Hilbert space on the equivalent surface Sd . Applying (39) and

Z M = RM + j X M to (40), we have

P total = 〈(Mdn)
∗, Z M Mdn〉

= 〈(Mdn)
∗, (RM + j X M )Mdn〉

= 〈(Mdn)
∗, RM Mdn〉 + j〈(Mdn)

∗, X M Mdn〉
= 〈(Z M Mdn)

∗, Mdn〉∗

=
[∮

S∞
E(1)

n × (
H(1)

n

)∗ · n̂d S

]∗

+

⎡

⎢
⎢
⎣

jω
∫

V1

(
μ1

∣∣H(1)
n

∣∣2 − ε1
∣∣E(1)

n

∣∣2)
dV

+ jω
∫

V2

(
μ2

∣
∣H(2)

n

∣
∣2 − ε2

∣
∣E(2)

n

∣
∣2)

dV

⎤

⎥
⎥
⎦

∗

. (41)

And we further obtain

〈(Mdn)
∗, RM Mdn〉 + j〈(Mdn)

∗, X M Mdn〉
=

∮

S∞
E(1)

n × (
H(1)

n

)∗ · n̂d S

+

⎡

⎢
⎢
⎣

jω
∫

V1

(
ε1

∣∣E(1)
n

∣∣2 − μ1
∣∣H(1)

n

∣∣2)
dV

+ jω
∫

V2

(
ε2

∣
∣E(2)

n

∣
∣2 − μ2

∣
∣H(2)

n

∣
∣2)

dV

⎤

⎥
⎥
⎦. (42)

In (42), the first surface integration over the infinite sphere
represents the real power radiated into the free space. The
two volume integrations represent the imaginary power stored
in region V1 and V2, respectively. Moreover, we also observe
from (42) that 〈(Mdn)

∗, RM Mdn〉 and 〈(Mdn)
∗, X M Mdn〉 rep-

resent the radiation power and stored energy, respectively.
Therefore, 〈(Mdn)

∗, RM Mdn〉 must be nonnegative as the
radiated power must be greater or equal to zero. It indicates
RM is a semipositive definite matrix.

In radiation system designs, we aim to improve the radiation
efficiency by enhancing the radiation power and reducing
the stored energy for a given external feeding power. It can
be mathematically represented as the minimization of the
following function:

f (Mdn) = Pstore

Pradiation
= 〈(Mdn)

∗, X M Mdn〉
〈(Mdn)∗, RM Mdn〉 . (43)

A variational expression in terms of Mdn results in the
following generalized eigenvalue equation:

X M Mdn = λn RM Mdn. (44)

As both RM and X M are symmetric matrices, the eigenvalues
and characteristic currents are real. Therefore

〈(Mdn)
∗, (RM + j X M)Mdn〉 = 〈Mdn, (RM + j X M )Mdn〉

= (1 + jλn)〈Mdn, RM Mdn〉.
(45)

Each characteristic current Mdn can be normalized, such that
it radiates unit power

〈Mdn, RM Mdn〉 = 1. (46)

After normalization, the orthogonality relationship among
characteristic currents Mdn is given by

〈Mdm, Z M Mdn〉 = (1 + jλn)δmn (47)
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where δmn is the Kronecker delta function (δmn = 1 for m = n
and δmn = 0 for m �= n).

In addition, considering the normalized characteristic cur-
rents Mdn, we can obtain (48) from (42) and (47)

∮

S∞
E(1)

m × (
H(1)

n

)∗ · n̂d S

+ jω
∫

V1

[
μ1H(1)

m · (
H(1)

n

)∗ − ε1E(1)
m · (E(1)

n

)∗]
dV

+ jω
∫

V2

[
μ2H(2)

m · (
H(2)

n

)∗ − ε2E(2)
m · (E(2)

n

)∗]
dV

= (1 − jλn)δmn. (48)

As the characteristic fields are outward traveling waves on the
infinite radiation sphere S∞, they satisfy

E(1)
n = η1H(1)

n × n̂. (49)

Considering the relationship between electric and magnetic
fields in (49), by interchanging m and n, and taking the
complex conjugate of (48), and adding it to (48) itself
yields

1

η1

∮

S∞
E(1)

m · (
E(1)

n

)∗
d S = δmn. (50)

It is evident that characteristic fields form an orthogonal set
in the far-field region.

It is important to point out that the physical interpretations
of the eigenvalues solved from (44) are different from those
defined in CM theory for PEC bodies [2]. As can be observed
from (42)–(45), the eigenvalues solved from (44) possess the
following physical meanings.

1) λn = 0 indicates the mode is in resonance.
2) λn < 0 indicates the system stores more magnetic

energy than electric energy.
3) λn > 0 indicates the system stores more electric energy

than magnetic energy.

Evidently, signs of the eigenvalues solved from (44) have
contrary meanings as those in CM theory of PEC bodies [2].
In the case the radiation power is normalized, the eigenvalues
represent the amount of reactive energy in the system.

D. Magnetic Field Continuity

Let the right-hand side of (22) equals to zero, and it ensures
the magnetic fields tangential continuity across the interface
between regions V1 and V2. Again, let us first define two new
matrices

Z A
mul = [

ZEJc
c − ZEMd

c

(
ZHMd

d

)−1
ZHJc

d

]−1 (51)

Z B
mul = ZEJd

c − ZEMd
c

(
ZHMd

d

)−1
ZHJd

d . (52)

Considering (20) and (22), we have

ZEJc
d Jcn + ZEJd

d Jdn + ZEMd
d Mdn

=
[

ZEJd
d − ZEMd

d

(
ZHMd

d

)−1
ZHJd

d

−ZEJc
d Z A

mul Z
B
mul + ZEMd

d

(
ZHMd

d

)−1
ZHJc

d Z A
mul Z

B
mul

]

Jdn

= Z E Jdn. (53)

It is easy to observe that Z E = (Z E )T . Therefore, Z E is
a symmetric matrix and can be expressed in terms of its
Hermitian parts as Z E = RE + j X E , where

RE = Z E + (Z E )∗

2
(54)

X E = Z E − (Z E )∗

2 j
. (55)

Following the similar procedure in Section II-C, we can obtain:
P total = 〈(Jdn)

∗, Z E Jdn〉
= 〈(Jdn)

∗, (RE + j X E )Jdn〉
= 〈(Jdn)

∗, RE Jdn〉 + j〈(Jdn)
∗, X E Jdn〉

=
∮

S∞
E(1)

n × (
H(1)

n

)∗ · n̂d S

+ jω
∫

V1

(
μ1

∣
∣H(1)

n

∣
∣2 − ε1

∣
∣E(1)

n

∣
∣2)

dV

+ jω
∫

V2

(
μ2

∣∣H(2)
n

∣∣2 − ε2
∣∣E(2)

n

∣∣2)
dV . (56)

Similar to the discussions in Section II-C, the first surface
integration on the infinite sphere represents the radiation
power into the free space. The last two volume integrations
represent the stored energy in region V1 and V2, respectively.
Furthermore, it can be further found that 〈(Jdn)

∗, RE Jdn〉
and 〈(Jdn)

∗, X E Jdn〉 represent the radiation power and stored
energy, respectively. We can also find that RE is a semipositive
definite matrix.

Similarly, a variational expression in terms of Jdn gives the
following generalized eigenvalue equation:

X E Jdn = λn RE Jdn. (57)

Obviously, the resultant eigenvalues and characteristic currents
solved from (57) are real. The eigenvalues have exactly the
same physical interpretations as those in CM theory of PEC
bodies. Moreover, the characteristic currents can be normal-
ized to offer unit radiation power and we can also get the
orthogonality of the characteristic fields in far-field region.

In summary, the two types of generalized eigenvalue equa-
tions both give the same resonant frequencies and character-
istic fields for the same dielectric coated conducting bodies.
Numerical results are presented in Section III to illustrate the
effectiveness of the proposed CM formulations.

III. NUMERICAL RESULTS AND DISCUSSION

To confirm the validity of the proposed CM theory, exam-
ples, including dielectric coated conducting cuboid and dielec-
tric coated conducting warhead, are first considered. Because
there are little available modal analysis results in the liter-
ature for validations, comparison studies between fictitious
air coated conducting bodies and isolated conducting bodies
are carried out first. Conducting bodies with true dielectric
coatings are followed. Then, a more practical example is
presented to illustrate the effectiveness in the modal analysis
of a hemispherical dielectric-resonator antenna (DRA) with a
concentric conductor. Good agreement is observed in the com-
parison between the CM analysis results and those obtained
in other approaches and experiments.
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Fig. 2. Eigenvalues of the isolated conducting cuboid.

Fig. 3. Characteristic currents (left) and characteristic fields (right) of
resonant modes of the isolated conducting cuboid at their own resonant
frequencies. (a) Mode 1 resonates at 0.208 GHz. (b) Mode 2 resonates
at 0.484 GHz.

A. Dielectric Coated Conducting Cuboid

A fictitious air coated conducting cuboid with the sizes
of h × l × w = 0.05 × 0.6 × 0.2 m3 is first studied.
We assume the thickness of the air coatings is 0.2 h. Example
with true dielectric coatings (εr = 6.0) is then studied and
discussed to show the effect of the dielectric coatings on
resonant frequencies. Owing to the well-developed CM theory
for PEC bodies, we directly apply the CM formulation based
on the EFIE [2] throughout this paper without additional
explanations.

In Fig. 2, the absolute values of the eigenvalues in log
scale are presented. The valleys of the curves clearly show
the resonant frequencies over the interested frequency band.
As can be seen, there are two dominant modes within
the frequency band of 0.1–0.7 GHz. The two modes res-
onate at 0.208 and 0.484 GHz, respectively. Fig. 3 shows

Fig. 4. Eigenvalues of the fictitious air coated conducting cuboid with a
coatings thickness of 0.2 h.

Fig. 5. Comparison of eigenvalues solved from X M Mdn = λn RM Mdn for
the fictitious air coated conducting cuboid and PEC CM theory for the isolated
conducting cuboid.

the characteristic currents and characteristic fields of the
two modes at their own resonant frequencies. It helps us to
better understand the modal behavior of the two modes.

Modal analysis for the same conducting cuboid with fic-
titious air coatings is then performed with the proposed
generalized eigenvalue equations. Fig. 4 shows eigenvalues
of the conducting cuboid with the fictitious air coatings of
thickness 0.2 h. As can be seen, the two types of generalized
eigenvalue equations show reasonable agreement and charac-
terize the same resonant characteristics. In addition, in the
air coating case, the eigenvalues also agree well with those
in Fig. 2. This example well illustrates that the proposed
CM formulation is able to predict the resonant frequencies
accurately.

Fig. 5 compares the pure eigenvalues obtained from the
proposed CM formulation and the CM formulation for PEC
bodies, respectively. As can be observed, the eigenvalues
solved from the two approaches have the same magnitude
but opposite signs. It is easy to understand this difference
from (42) and the physical meanings of the eigenvalues in (44).
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Fig. 6. Characteristic fields of the resonant modes of the fictitious air coated
conducting cuboid at their own resonant frequencies. The coatings thickness is
0.2 h. The fields are computed from X E Jdn = λn RE Jdn (left) and X M Mdn =
λn RM Mdn (right), respectively. (a) Mode 1. (b) Mode 2.

Fig. 7. Characteristic currents (left) and characteristic fields (right) of the
resonant modes of the fictitious air coated conducting cuboid at their own
resonant frequencies. The coatings thickness is 0.2 h. The fields are computed
from X M Mdn = λn RM Mdn. (a) Mode 1 resonates at 0.208 GHz. (b) Mode 2
resonates at 0.481 GHz.

The characteristic fields solved from X E Jdn = λn RE Jdn
and X M Mdn = λn RM Mdn are compared in Fig. 6. As can be
seen, good agreement is observed. The characteristic currents
and characteristic fields of the dominant modes solved from
X M Mdn = λn RM Mdn at their own resonant frequencies are
shown in Fig. 7. As compared with the isolated case, as shown
in Fig. 3, the agreement is pretty good. In summary, the
comparison study for the characteristic fields well illustrates

Fig. 8. Eigenvalues of dielectric coated conducting cuboid computed
from X M Mdn = λn RM Mdn. The dielectric coating material is of εr = 6.0
and the dielectric coating thickness is 0.2 h.

Fig. 9. Characteristic currents (left) and characteristic fields (right) of
the resonant modes of the dielectric coated conducting cuboid at their own
resonant frequencies. The coatings thickness is 0.2 h. The fields are computed
from X M Mdn = λn RM Mdn. (a) Mode 1 resonates at 0.084 GHz. (b) Mode 2
resonates at 0.19 GHz.

the effectiveness of the proposed CM formulation in solving
the modal fields in both near and far fields regions.

Then modal analysis for dielectric coated conducting cuboid
is then performed. The dielectric coatings thickness is 0.2 h
and the relative dielectric permittivity is εr = 6.0. The
eigenvalues for the dielectric coated conducting cuboid are
presented in Fig. 8. As compared with the isolated or air-
coated cases, mode 1 and mode 2 resonate at lower frequen-
cies. The classic EM theory states that dielectric coatings will
increase the electrical sizes. In the other word, it will lower the
resonant frequencies. Thus, the observation from Fig. 8 well
shows the true physics happened when dielectric material is
loaded.

To further show the impact of the dielectric coatings, Fig. 9
shows the characteristic currents and characteristic fields of the
two resonant modes at their resonant frequencies. As compared
with the isolated or air-coated cases, the modal fields suffer
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Fig. 10. Geometry of the dielectric coated conducting warhead: Rl = 10 mm,
Rh = 5 mm, h = 65 mm, and δ = 1 mm (the light gray represents the
dielectric coatings and the dark gray denotes the conducting warhead).

Fig. 11. Eigenvalues of the isolated conducting warhead.

little variations in mode 1 and a little bit large variations in
mode 2. However, the modal field property roughly follows
those of the noncoated case.

B. Simplified Dielectric Coated Conducting Warhead
As the second example, the CM analysis of a simplified

dielectric coated conducting warhead is presented. The geom-
etry and dimensions are given in Fig. 10. Following the same
procedure, the fictitious air coated and true dielectric coated
conducting warheads are studied, respectively.

In Fig. 11, the absolute values of the eigenvalues in log scale
for the isolated conducting warhead solved from the EFIE-
based CM theory are presented. The resultant curves clearly
show the resonant frequencies of the dominant modes. It can
be observed that the first two modes of the isolated conducting
warhead resonate at 2.0 and 4.76 GHz in the frequency range
of 1.0–5.0 GHz. The characteristic currents and characteristic
fields of the resonant modes at their own resonant frequencies
are shown in Fig. 12.

Then, the CM analysis for the fictitious air coated conduct-
ing warhead is carried out by using X M Mdn = λn RM Mdn.
As can be observed from the eigenvalues shown in Fig. 13,
mode 1 and mode 2 resonate at 1.99 and 4.81 GHz,

Fig. 12. Characteristic currents (left) and characteristic fields (right) of the
resonant modes of the isolated conducting warhead at their own resonant fre-
quencies. (a) Mode 1 resonates at 2.0 GHz. (b) Mode 2 resonates at 4.76 GHz.

Fig. 13. Eigenvalues of the fictitious air coated conducting warhead computed
from X M Mdn = λn RM Mdn.

respectively. As compared with the isolated case in Fig. 11, the
relative error is less than 1%. It again well demonstrates the
accuracy of the proposed CM formulations in the prediction
of resonant frequencies.

The characteristic currents and characteristic fields of the
resonant modes at their own resonant frequencies are shown
in Fig. 14. As compared with those in Fig. 12, the resultant
characteristic currents and characteristic fields achieve good
agreement. It again validates the accuracy of the proposed CM
formulations in solving of modal fields.

Finally, a conducting warhead coated by dielectric mate-
rial with a relative permittivity of 6 and a thickness of
1 mm is investigated. The calculated eigenvalues from the
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Fig. 14. Characteristic currents (left) and characteristic fields (right) of the
fictitious air coated conducting warhead at resonant frequencies. The fields
are solved from X M Mdn = λn RM Mdn. (a) Mode 1 resonates at 2.0 GHz.
(b) Mode 2 resonates at 4.81 GHz.

Fig. 15. Eigenvalues of the dielectric coated conducting warhead computed
from X M Mdn = λn RM Mdn.

generalized eigenvalue equation X M Mdn = λn RM Mdn are
given in Fig. 15. As can be seen, the resonant frequencies of
the first two modes also shift toward lower frequencies. Mode
1 and mode 2 resonate at 0.8 and 1.76 GHz, respectively. The
characteristic currents and characteristic fields of the dielectric
coated warhead are presented in Fig. 16. As compared with
modal fields for the isolated and air-coated cases, they also
suffer from little variations due to the dielectric loadings.

The coatings for the conducting cuboid and warhead have
the same property. It indicates the dielectric coatings intro-
duce the same amount of resonant frequency shifting in the
two examples. Table I compares the resonant frequency shift-
ing in the two examples. This phenomenon provides valuable
information on how to adjust the resonant characteristics of
conducting bodies through using dielectric coatings.

Fig. 16. Characteristic currents (left) and characteristic fields (right) of the
resonant modes of the dielectric coated conducting warhead at their own
resonant frequencies. The fields are solved from X M Mdn = λn RM Mdn.
(a) Mode 1 resonates at 0.8 GHz. (b) Mode 2 resonates at 1.76 GHz.

Fig. 17. Configuration of the hemispherical DRA with a concentric
conductor: a = 12.5 mm and c = 8 mm.

TABLE I

COMPARISON OF RESONANT FREQUENCY SHIFTING IN TWO CASES

C. CM Analysis for Practical Antennas

To further demonstrate the accuracy of the proposed CM
theory, the resonant frequencies of a hemispherical DRA with
a concentric conductor are investigated [28]. The antenna
geometry and dimensions are shown in Fig. 17. It can be
regarded as a dielectric coated conducting sphere when the
image theory is applied for removing the ground plane. The
proposed CM theory is thus suitable to solve its resonant
frequencies.

In [28], the resonant frequency for the TE111 mode of a
DRA is determined by analytical formulations obtained using
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TABLE II

COMPARISON OF RESONANT FREQUENCIES FROM THE TWO METHODS

the curve fitting technique. For convenience purpose, they are
quoted as follows:

fr = A1(
√

εr + A2)
−A3 (58)

A1 = 30

a
(4.9848 + 1.7841t − 7.319t2 + 17.4513t3) (59)

A2 = 0.20261 + 0.1819t − 0.3234t2 − 0.1792t3 (60)

A3 = 0.9968 + 0.005t + 0.0069t2 − 0.1376t3 (61)

where t = c/a, the units of fr and a are in GHz and mm,
respectively, and the constraint conditions 4 ≤ εr ≤ 80 and
0 ≤ t ≤ 0.6 are imposed in (58). Here, we will consider the
resonant frequency varying with the dielectric constant for the
TE111 mode. The outer radius and inner radius of the DRA are
fixed. The resultant resonant frequencies solved from (58) and
the proposed CM theory are compared in Table II. We can see
that the resonant frequencies for different dielectric constants
agree well with each other. It again validates the accuracy of
the proposed methods in predicting the resonant frequency of
dielectric coated conducting bodies.

In summary, the proposed CM theory for dielectric coated
conducting bodies is implemented in three typical examples.
Numerical results are compared with those obtained from the
widely used PEC CM theory and results in the published
literature. It demonstrates that the resonant frequencies, char-
acteristic fields of the dielectric coated conducting bodies,
can be solved accurately by our proposed CM formulations.
Moreover, the influence of the dielectric coatings on resonant
frequencies is studied. Besides, we suggest that the mesh
density should be within the range of λ/15–λ/20 (λ is the
free space wavelength) to allow accurate descriptions of the
modal behaviors of high order modes.

IV. CONCLUSION

Based on the EFIE-PMCHWT SIE, this paper develops the
CM theory for dielectric coated conducting bodies. Through
using Poynting’s theorem, the eigenvalues are proved to
have the same physical meaning as that in the conventional
PEC CM theory. Numerical results are also presented to show
the accuracy of the proposed CM formulation. It is expected
that the proposed CM theory will be useful in the analysis
and design of antenna involving dielectric coated conducting
bodies.

It is necessary to emphasize that the CM theory in this paper
is only suitable to coatings with real permittivity. Actually,
development of CM formulation for lossy problem is still
a challenging task. Even for lossy conducting bodies, the
CM theory in [2] cannot clearly give meaningful CM analysis

results as in PEC bodies (lossless). The main reason behind
this difficulty is that it is difficult to separate the ohm loss from
the stored and radiated power. It thus results in the difficulty in
solving the true CMs through a simple generalized eigenvalue
equation. Very recently, some practical postprocessing meth-
ods are proposed to remove nonphysical modes/internal modes
appearing in lossy material problems [17]. We can employ
these methods to carry out CM analysis of lossy EM problems.

In addition, the EFIE-PMCHWT SIE in this paper is
obtained by invoking the equivalence principle in the interior
and exterior region. It gives two SIEs and each SIE is
only valid for their own region. The EFIE-PMCHWT is a
combination of these SIEs. Therefore, the EFIE-PMCHWT is
only suitable to fully dielectric coated PEC problems.
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