This article has been accepted for publication in IEEE Transactions on Antennas and Propagation. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAP.2022.3226341

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. X, NO. X, DEEMBER 2022 1

Pulsed Electromagnetic Excitation of a Narrow Slot
Between Two Dielectric Halfspaces
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Abstract—The transient electromagnetic (EM) excitation of a analysis/design. As a first step, this paper sets itselfdbk t
narrow slot in a perfectly electrically conducting (PEC) screen to go beyond the existing FD models by analyzing the slot
that separates two homogeneous dielectric halfspaces, as'mpl'f'edfeeding under the pulsed-field excitation in the TD. Withtsuc

model of a typical feeding structure of leaky lens antennas, is . . . . .
analyzed numerically in the time domain (TD). The problem & goal in mind, we introduce here a novel, integral-equation

is formulated using the TD reciprocity theorem of the time- (IE) computational model enabling an efficient TD analydis o
convolution type and subsequently solved with the aid of the the space-time distribution of magnetic-current surfaaesity
Cagniard-DeHoop method of moments (CdH-MoM). Numerical induced over a narrow finite slot in a perfectly electricain-
results are validated using a general-purpose EM-field solver. ducting (PEC) screen that separates two dielectric haléspa
Index Terms—transient electromagnetic (EM) field, slot anten-  The presented (full-wave) 3-D computational model is based
nas, Cagniard-DeHoop method of moments (CdH-MoM), time- on the Cagniard-DeHoop method of moments (CdH-MoM), a
domain (TD) analysis. TD-IE technique that has recently been applied to analyzing
metasurfaces [14], [15], and other basic EM radiation amatt sc
I. INTRODUCTION tering problems [16]-[21]. All such numerical solutiondyre
HE need for evaluating the electromagnetic (EM) fiel@ssentially on two basic ingredients: (a) the TD EM recijiyoc
radiation from slot antennas or undesired penetratidheorem of the time-convolution type [22, Sec. 28.2]; (b) a
through a crack in a shielded enclosure has prompted réseafersion of the CdH joint-transform technique [23]. To that
into the wave diffraction by an aperture in a conducting plarextent, the current work bears some similarities to theiptev
(e.g. [1]-[4]). An important contribution to these effottes studies on the subject. In the computational model as peapos
been presented by Galejs [5], who thoroughly analyzed tie this paper, however, we put forward several conceptual
frequency-domain (FD) response of an electric-currenitestc innovations. Indeed, papers [14], [18], [19] are limited to
infinite slot on a lossy dielectric half-space. This modeB-D problem configurations only. Furthermore, the trartsien
originally intended to provide an approximate means for tranalysis of wire antennas [20], as well as its transmission-
performance analysis of island antennas (e.g. [6]), has bdi@e approximation incorporating the effect of finite graun
later examined with regard to leaky-wave (LW) phenomergonductivity [17], are based on the thin-wire approximatio
[7], thereby providing theoretical grounds for designirgts Therefore, the pertaining computational models do incaigo
feeding structures of ultrawideband (UWB) LW lens antenndBe (1-D) spatial variation of the filamentary current only,
[8]-[11]. which implies a TD impedance array that is not directly ap-
LW antennas have a demonstrated technological effectiy@icable to the modeling of (surface) currents distribubeer
ness [12], [13]. At this moment, their operating principteda planar (2-D) domains. Moreover, an initial study presented
as a direct consequence, their design are intrinsicalptedl in [21] is concerned with the EM plane-wave transmission
to sinusoidally in time varying EM fields, i.e. in FD. But, thethrough a relatively small hole in a perfectly conductinget
increasingly sophisticated modulations currently emetbfor Which makes it impossible to apply the pertaining (simple)
boosting the data-rate in digital transfer inherently sqee model to a lumped-source excited, finite-length slot lotate
the interval over which steady-state can be assumed. Thighe plane of separation between two dielectric media — the
trend justifies the attempt to understand the underlying-tim(relatively complex) 3-D EM problem analyzed in the present
domain (TD) propagation mechanism of LW antennas, witpaper.
an eye on (possibly) inferring bounds for the time harmonic First, the TD problem under consideration is formulated
using the TD Lorentz reciprocity theorem [22, Sec. 28.2]
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Yo € (—L/2, L/2) denotes the position of the lumped electric-
current source. In order to reduce the computational domain
to the surface of slot, the scattered EM field (denoted)kg
defined here as the difference between the total fields in the
presence and in the absence of the slot. Hence, associating
the latter scenario with the excitation field (denoted*pythe
scattered electric- and magnetic-field strengths,and H*,
respectively, can be defined as

{E°, H"}(r,t) ={E,H}(r,t) —{E°, H}(r,t). (2)

This definition implies that, x E° = 0 over the slotted PEC

screen. In fact, the space-time distribution&f(x, y,0,t) =

Fig. 1. A narrow slot in a PEC screen at the interface of twdedieic Em(x v, 0 t) over the slotS, to be associated with (thg-

half . 19 . ' ) :

alispaces component of) the equivalent magnetic-current surfacsitien
0K (z,y,t) = —E5(x,y,0,t), is the unknown quantity we

linear space-time basis, expressed in closed form via tbeek.

“Cartesian version” of the CdH technique [15, Sec. 2.1.2].

Numerical examples demonstrating the validity and efficyen

of the proposed computational model are presented in Sec. V.  |ll. TRANSFORM-DOMAIN REPRESENTATION

Finally, conclusions are drawn in Sec. VI. The presented solution strategy is based on the CdH joint-

transform technigque [23] that combines a one-sided time

) o . Laplace transformation with the Fourier-type slowness rep
The slot antenna under consideration is shown in Fig. 1. lasentation in the plane parallel to the interface. To show

this problem configuration, the position is specified by thg . notation, thes-domain expressions are given for the

coordinates{z,y, z} with respect to a Cartesian reference_.omnonent of the electric-field strength. Accordinglye th
frame with the originO and the standard bas@.,,,%.}. Laplace transform is defined via

Consequently, the position vector can be expressed as

iy +yiy,+21,. The time coordinate is denoted hyThe time- . o

convolution operator is denoted By. The Heaviside unit-step Eo(,y,2,5) = /t

function isH(¢) and the impulsive Dirac-delta distribution is

represented byi(t). for {s € R; s > 0}, and the corresponding slowness represen-
The slot in the infinite PEC screen occupies a boundéation reads

domainS = {-w/2 <z <w/2,—-L/2 <y < L/2,z=0},

Il. PROBLEM DEFINITION

GXp(—St)Ez(l',y,Z,t)dt (3)
=0

ico

wherew > 0 and L > 0 denote its width and length, Ey(z,y,2,8) = (3/2771)2/ dk

respectively. The former dimension is supposed to be velti K=—ioc0

small with respect to the spatial width of the excitation oo ~

pulse, i.e. (EM wavespeed excitation pulse time width). % /0:7100 expl—s(kz + 0y)]Eo(k, 0, 2,5)do,  (4)

The conducting screen separates two homogeneous, isotropi

and lossless half-space®;, and D, that occupyz > 0 Wwherex and o are slowness parameters in the and y-
and z < 0, respectively. Their EM properties are describeglirection, respectively. Through the use of (3) and (4) ie th
by (scalar, real-valued and positive) electric permityivand TD reciprocity relation (21) (see Appendix A), we may find its
magnetic permeabilitye;, 110} and{es, 10}, respectively. The equivalent expressed in terms of complex-slowness inegra
corresponding EM wave speeds and admittances are given by

ico ico
cip = (poe12)""/? > 0 andniz = 1/pocr2 > 0, respec- (S/me/ dn/ OKS(—k, —a, 5)
tively. The incorporation of losses is, in principle, fdasivia k=—1i00 o=—ico
the so-called Schouten-Van der Pol theorem [22, p. 1056], fo x [ﬁf(ﬁ;7g" 0F,s) — ﬁ5(1§7a’ 07,s)|do

instance, but at the expense of an additional integral [24]. ico oo
Adopting the model introduced in Ref. [5], the excitation is= —(s/27ri)2/ dn/ dJ (K, 0, 5)

incorporated via a localized discontinuity of (thecomponent r=—ioo o:

of) the total magnetic-field strength across the surface of x 0K} (=K, —0, s)do. (5)

slot. Assuming the uniform spatial distribution of the étae

current source in the transversedirection, the pertaining To determine the relation between the testing source amﬁel

electric-current surface density can be described by we may employ the (transform-domain) source-type EM-field

representations [22, Egs. (26.4-7) and (26.4-8)] suppliid

0,y t) = i()I(2)d(y — yo) (1) the pertaining excitation conditions

wherei(t) represents the exciting electric-current pulseAjn . _

(z) = 1if 2 € [~w/2,w/2] andII(z) = 0 elsewhere, and By (r,0,0%, 5) = —0K}(r, 0, 5), (6)

=—ioco
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as approaching the slot fro®, », respectively. The differ- which can be transformed to the TD analytically with the aid
ence of the thus excited magnetic testing fields can then diethe CdH technique. Pursuing this approach, we end up with
expressed in the transform domain as the following system of equations of the time-convolutigpe
HE k,0,0", s — HP Kk,0,07,8) = e
Y ( 202 ) Y ( 202 ) Z (mek%i*l - 2mek} +mek71) : Vk = Im’ (13)

12 (o) c385(0) B k=1
1 T (KJ ) 7720 T (KJ ) 8Ky (K/a g, 5)7 (7)

111, 0 212\, 0 where the total TD admittance array,, consists of two
where admittance arrays, s ;) andY 1, pertaining to halfspaces

_ D, andDs, tively, vi
Tia(k,0) = (1/c2, — 52 — 02)Y/2 with Re(ly ) >0 (8) ' o0 2 [CSPECIVEN: Viz
Y=Y, +Yyy (14)

and Q2 ,(0) = 1/c2, — o2, respectively. Since the left-
hand side of (7) can be associated with the testing electrin- our notation,Y , represents a 2-DN x N] admittance
current surface density, the expression in the bracketdeanarray att = ¢, the elements of which are expressed in closed
interpreted as the (transform-domain) aperture admitafice form in Appendix B. FurthermoreV/, is a 1-D[N x 1] array
reciprocity relation (5) with (7) is the point of departurerf of unknown voltage coeﬁicients,&”] (see Eqg. (9)). Finally,
the numerical solution presented in the following section. the elements of the 1-V x 1] excitation array,I,,, for the
electric-current source (1) can be expressed as

. . . o o L = =i(tm) [H(yo — yg + A,/2)

The first step in the numerical solution, is the discretorati — H(yo — yg — Ay/2)] (15)
of the space-time solution domain. First, the spatial @isza- Yo~ Ya Y
tion points along the narrow slot are chosen to be uniformfgr all ¢ = {1,--- , N}. Once both admittance and excitation
distributed alongAS = {z = 0,y, = —L/2+nA,,z = 0} arrays are fully specified, the system of equations (13) @n b
for n = {1,--- , N}, where N denotes the number of innersolved for the voltage coefficients. This can be done via the
nodes and\, = L/(N + 1) is the spatial step. Second, in &ollowing marching-on-in-time (MOT) scheme
similar fashion, the time axis is discretized ias= kA, for
k={1,---, M}, with A, > 0 being the time step. Itis noted Vm =Y71' - [Im

IV. NUMERICAL SOLUTION

that the uniform discretization is not mandatory and is enos m—1
here for the sake of simplicity. - (Xm—k+1 —2Y, . +Xm_k_1) . Vk} (16)
Once the solution domain is discretized, the unknown k=1

magnetic-current surface density can be expanded in terggs ) ,,, — {1,---,M}. Once the iterative procedure (16)
basis functions. To that end, we use the piecewise-lin@esp s executed, the resulting voltage coefficients can be used

time expansion in Eq. (9) to determine the desired magnetic-current space-
N M time distribution overS and in the chosen time window of
Z Zv,&”]ﬂ(x)A["] (y)Ax(t), (9) observation. Since the elements of the admittance array are
n=1k=1 derived analytically, its filling is fast and the MOT procedu

where v,[C”] represents the (unknown) voltage coefficient pe'r§ stable.

taining to point(y,, tx), and

. 1
8K1‘/(Jc,y,t) ~ "

V. ILLUSTRATIVE NUMERICAL RESULTS

Al(y) = {1 + (Y —yn)/Ay !f Y € [yn — Ay, yn] 10 In this section, we shall employ the iterative solution (16)
L—(y—uyn)/Ay ify€yn,yn+ A, to calculate the TD voltage induced across a narrow slot
In a similar manner, the temporal triangle function can b%f dimensionsw = 1'0r.nm an.d L - SUmm. The TD
expressed via ' responses are observed in the time window< cot < 10L}.
Throughout the examples, the lower halfspdeg,is supposed
{1 +(t—tp)/Ay iftE [tp1,th] to be vacuum, so that, = ¢y, while the upper halfspace,
Ay(t) = - (1) D, is filled by a dielectric medium with; = e.co, where
1—(t—ty) /Ay if t € [ty try]. L Yy \ diun 1 = &€,
e; > 1 denotes its relative permittivity. Consequently, the EM
Furthermore, the testing source-distribution is chosehaee wavespeeds irD, and D; are c; = ¢o ande; = co/ /e,
the following form respectively.
B In the first example, the narrow slot on a dielectric half-
O, (w,y,1) = 5@ ()5 (8), (12) space of relative permittivity, = 8.0 is excited at the central
where the rectangular functiofi[?! (y), is defined for ally = point, yo = 0, by an electric-current pulse of the bipolar-
{1,--- ,N} asTild(y) = 1 for y € [Yg — Ay /2,94 + Ay /2], triangle shape, i.e.
while T1l%/ (y) = 0 elsewhere. ‘ ‘
Upon éug)stituting the transform-domain counterparts of i(t) = (2im /) [FH(E) = 2(t — tu/2)H(t ~ t/2)
Egs. (9)—(12) with (1) in the reciprocity relation (5) we end + 2(t = 3tw/2)H(t — 3tw/2) — (t — 2tw) H(t — 2ty,)]
up with a system of equations in tkedomain, constituents of (17)

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Antennas and Propagation. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAP.2022.3226341

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. X, NO. X, DEEMBER 2022

r 50F i
1 1 —— CdH-MoM
," FIT
0.5/
S = 01 v /
0 = O
\ N \ \ ’r’
-0.5/ \ [\
\\,' [Fl/fll:8] [Fg/m:l]
-1} | | ‘ s0, S OPESVEn |
0 2 10 0 2 4 10
<a) (?()t/L (a) Cot/L
30r f —— CdH-MoM
20k FIT
E 107 /! \\ Il \\\ ///,/'<
i:/ - 0 \\\ / \\ /
= 810 / \
;/ S/ \\ "} >4
~ = \ ,' [51/6(118] [fz/fozll ]
02 B0
-0.4F -401 \
b 0 2 4 6 10 0 2 10
< ) cot/L <b> C(]t/L
Fig. 2. Excitation electric-current pulse shapes. (a) Biptiangle pulse; (b) ' '
Time-differentiated power-exponential pulse. 20k \ — CdH-MoM
| \ " FIT
10} /" t f \\ /’/ \
Z /L U N Y ~\
. . j ) [ f \ . /
where we take the unit amplitudg, = 1.0 A andcyt, = L -~ o— | \ -/ /’\/ N
. . . . -~ \ | \
(see Fig. 2a). Consequently,/coty, = 1/50, which implies w | Vv /
that the slot is relatively narrow. The resulting TD voltage X -10¢ U ‘ ]
responses as induced along the sloyat 0, y = L/5 and = |- f [/e0=38] [&fe=1]
y = 2L/5 are shown in Figs. 3a, 3b and 3c, respectively. 2 \ ] 1
The space-time solution domain of the CdH-MoM model was a0l \/ |
discretized inN = 49 spatial inner nodes, while the time : 2 4 6 8 10
step was chosen to be a tenth of slot’s width, which leads C) cot/ L

to M = 5001 temporal points. The total computational time

of a non-optimized MATLAE® code was abouR00s, out

Fig. 3. Induced voltage pulse shapes due to the trianguéatréd-current

of which approximately25 % being spent for filling the TD pulse (see Fig. 2a) applied g4 = 0. Observation points are at (g)= 0;
admittance array and5% for the MOT scheme (16). For (®) vy = L/5; (¢) y = 2L/5.
the sake of comparison, the corresponding feeding streictur

has also been analyzed using the finite-integration tecleni
(FIT) as implemented in CST Studio Sufite As can be
seen in Fig. 3, the pulse shapes do correlate very well. But,
owing to its volumetric mesh, the FIT model consists of

about 2 millions of meshcells and the corresponding total

computational time, while using 4 CPU threads, was abolut
30 minutes. All simulations were conducted on a standafd
laptop with Intel(R) Core(TM) i7-10510U CP@ 1.80 GHz

and16 GB RAM.

In the second example, the narrow slot is activateghat

qbower-exponential (PE) shape [25]
i(t) = im N (V/tox) (1 — t/tox) (t/tox)" "
x expl—v(t/tox — DJH(t)  (18)

which N = (toy /v'/?)[v'/2 /("% — 1)]" L exp(—v1/?)
IS a normalization factory > 1 denotes the rising power
and to, represents the zero-crossing time. As the latter can

be associated with the pulse rise time of the corresponding

unipolar PE pulset,,, we havet,, = toI'(v+1) exp(v) /v 1,

2L/5 by an electric-current pulse of the time-differentiateshereI'(x) is the Euler gamma function. In our examples,
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we takei, = 1.0A and c¢yt, = L, again, withv = 3.
Consequentlygoto, =~ 0.672L (see Fig. 2b).

40F ‘

The resulting voltage signals as calculated through both 7§|"TH’M°M
CdH-MoM and FIT models aty = {0,L/5,2L/5} are o0l A
given in Figs. 4a—c, respectively. The agreement between th [\
results is satisfactory, again. The computational requirets Z L\ A
to calculate the results presented in Fig. 4 are similar € th = 0F— ,«’\\ / / \/ \\ A
ones indicated in the previous example, i.e. the use of CdH- < / / -
MoM model reduces (a) the computational time about ten - ’
times (using the non-optimized MATLAB code), and (b) 200 /2 =1/50] 1
the solution space (with accompanying memory requirements [a/c0=14] [ea/co=1]
by several orders of magnitude with respect to the general- -40¢ ‘

2 4 6 8 10

purpose 3-D EM solver. On the other hand, standard 3-D EM <a) 0 cot/ L
solvers based on the finite-difference/element TD techesqu
are generally more versatile, thus enabling numericatisois
of EM problems of higher complexity. N 7Cd‘H7M0M
The presented computational model can be easily general- 40 \ FIT
ized to incorporate multiple slots and their mutual cougplin \
This can be briefly demonstrated by calculating the tramsien > 207 | ™ ]
voltage as induced in the second identical slot that extends A~ \ \
alongR = {~w/2 <z -2 <w/2,—-L/2<y<L/2,z= e R R NS\~
0}, where|zo| > 0 has the meaning of the spatial offset in g [\ \/ -
the z-direction with respect to the excited slSt Assuming 20l ? ]
the triangular-pulse excited slot from the first example, TiD
voltage responses at the centre7ofare shown in Fig. 5 for il [e1/co=4] [e2/e0=1] 7
xo = L/10. To illustrate the effect of the relative permittivity, 5 5 2 . 5 10
e = €1/€g, the pulse shape is evaluated far = 8 and cot/L
e, = 16. It is observed that the pulse shapes do correlate
well again with the ones achieved using the FIT model. While
the computational efficiency of the CdH-MoM approach is GOlf‘ SRy
virtually independent of the halfspace permittivity, thember ! FIT
of meshcells of the FIT model may be exceedingly high fora 40’(‘1
high-dielectric medium. Z Lol A
— o ~ \
5 ol | RN 2 I i A N
3 o \/ \/ /
< o0l |
VI. CONCLUSION -~ ||
a0l | /=175 |
- . . . \‘v{ [e1/c0 =4] [eafe0=1]
An efficient TD computational model for analyzing a typical -60 ‘ ‘ ‘ ‘ ]
feeding structure of UWB leaky lens antennas was proposed. (C) 0 2 4 6 8 10
The problem of calculating the space-time distribution of cot/L

the equivalent magnetic-current surface density due to an

impulsive electric-current source in the slot was appredchFig- 4. Induced voltage pulse shapes due to the time-diffiated power-
via the CdH-MoM — a TD-IE technique based on Lorentz’ ;('[(’g)n;n:"ig;p(ﬁl)sz (:S‘f/';';g(‘ci? ipgﬁg’_at: 2L/5. Observation points are
reciprocity theorem and the CdH technique. It was shown
that this approach leads to a time-convolution type system
of equations that can be solved using a step-by-step MOT
procedure. Since the elements of the pertaining TD admit-
tance array were derived analytically in terms of elemegntar
functions, their evaluation is computationally effordesd the = The problem under consideration is formulated via the
MOT procedure is stable. Finally, it was demonstrated thaD EM reciprocity theorem of the time-convolution type
the use of a general 3-D EM numerical tool leads to virtualll22, Sec. 28.2]. To that end, the theorem is applied to the
equivalent results, but at the expense of significantly éiighscattered field and to the testing field (denoted®)ythat is
computational requirements compared to our dedicated Cdtdusally related to the testing magnetic-current surfacesitly,
MoM computational model. Since, in addition, the proposeﬁle(x,y,t), distributed alongS. Accounting for the explicit-

TD model is easy-to-implement, it can be readily incorpedat type boundary condition on the slotted screen as well as the
in antenna design and optimization procedures. causality condition at infinity [22, Sec. 28.4], the diffece

APPENDIXA
RECIPROCITY RELATIONS
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—— CdH-MoM

an electric-current source. Accounting for the latter &tmn
mechanism only, we tak&JS = 0 and end up with

30
A FIT . B n B B
20 {\ {/\\\ //‘y SaKy(w7y7t) *t [Hy ($7y,0 7t) - Hy (xay70 7t)]dA
z 10 o A ] = - / O Jo(x,y,t) %, OK) (, y, t)dA. (21)
— Vo [ ,‘ S
e 0 \ | \ H .
§ \ / \ \ / Recall thato K (z,y,t) represents the (unknown) magnetic-
-10p ¥ \ -\t AN S current surface density induced in the slot and,(z,y,t)
20 \ | \ \ o/ x is the excitation electric-current surface density that tfee
- VARV, {7 ] lumped electric-current source takes the form of Eq. (1).
—E P \/ , .
gl = feo/Z = /10 The relation between the testing sourd€(z,y,t), and
(a) g e 4 eot/L © & A the limiting values of the testing fielddI?(z,y,0%,t) is
determined in the transform domain in Sec. lll. In this respe
it is next demonstrated that the TD reciprocity relation)(21
30‘ can be cast into the form of complex slowness integrals
—— CdH-MoM (see Eq. (5)). Considering its right-hand side, for example
20 il ] application of the Laplace transform (3) allows to write
< 10 // \ / / /&Jm(x,y,S) OK ) (x,y,5)dA, (22)
5 ol AN \ R | s
§ \/ \ ;" where we used the standard convolution (faltung) theorem [2
-10; \/ 1 29.2.8]. In the following step, the Fourier representaiinis
20 used to express the electric-current surface density as
i ioo
-30 : : ‘ OJ:(x,y,s) = (8/27Ti)2/ drk
K=—ioco

0 2 4 6 8 10
(b) CQ[/L

exp[—s(kz + 0y)]0J,(k, 0, s)do. (23)

</
Substituting next Eq. (23) in (22) and changing the ordehef t
integrations, we finally end up with an equivalent exprassio
for the interaction surface integral, viz

2 ico ico
)
27 K=—ioco o=—ioco

Z/ [Hy(2,y,07,t) — H}(2,y,07,t)] %, 0K, (z,y,t)dA.  Equation (24) is used in the main text to express the right-
S (19) hand side of the reciprocity relation (5). Its left-handesihn
be rewritten by following the same lines of reasoning.
In line with Eqg. (2), the scattered magnetic field on the rHght
hand side of Eq. (19) is further written d¢; = H, — Hy,
which yields

/SaKZ(xay>t) *, [Hf(xay70+at) - HE(CU,%O_J)]dA

Fig. 5. Voltage pulse shapes induced in the secondildtie to the triangular
electric-current pulse (see Fig. 2a) applieg@t= 0 of the excited slosS. The
relative permittivity of the upper halfspace is @)/eo = 8; (b) €1/e0 = 16.

of reciprocity relations pertaining t®, and D, leads to
dJ, (K, 0, 3)8K§(—H, —o, s)do.

/ OK (2,y,1) #, [HP(2,9,0% 1) — HP(2,,07,1)]dA
S (24)

APPENDIXB
TIME-DOMAIN ADMITTANCE ARRAY

The elements of the TD admittance arrays as defined via
Eq. (14) can be expressed as

:/ aJ;(Z‘,y,t) *, 8Kf(m,y,t)dA o] 2771 ,

5 anlp  2ma B
Y[1,2] (t) = NP [(I)I,Q(yq Yn +34,/2,1)

—3®12(yg — Yn + Ay /2,) + 301 2(Yg — yn — Ay/2,t)

(25)

- [ 0ute.0)x, 0P oy 00 (20)
S
where we expressed the jump discontinuities of the magnetic — @1 2(y, — yn — 34,/2, t)],

field strength using the pertaining electric-current stefa )
densities. As a matter of fachJ¢ can be associated with thefSpOeCt“r’]ely' for allg = {1,---,N}, n = {1,---,N} and
> 0, where

“total surface current induced on the short-circuited apef
q>1,2(y7 t) = T1,2(y7 w/27 t) - Tl,Q(ya —’LU/2, t)

[26, Sec. 9.6] that is useful, in particular, for the evailomatof

EM field penetration through apertures. The second interct

integral on the right-hand side of Eq. (20) then represemsspectively, where the TD function§, »(y, z, ) are closely
the action ofdJ, (z,y,t) through which one may incorporaterelated to the generic integral function analyzed in [16,

(26)
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Sec. G.1]. Indeed, it is noted that their slowness integral  Im(x)
representations have the following form

2
; 12 exp(soy)
Thatn = 53 [ St Hato

y / exp(skxr) dk 27)
k€K

sk T19(k,0)

for {s € R;s > 0}, {x € R;z # 0}, {y € R;y # 0} and

the integration contours in the complex and x-planes,Sg (a)

andK,, respectively, follow the imaginary axes except for the

origins, where they are indented to the right by circularsarc

of vanishingly small radii (see Fig. 6). The transformatiufn

Eq. (27) back to the TD can be performed with the help of

the “Cartesian version” of the CdH technique [15, Sec. 2.1.2 ’
Starting with the inner integral in the complexplane,

the integration pathJK,, is by virtue of Jordan’'s lemma

and Cauchy's theorem [22, p. 1054] replaced ®&yJ C*

with C = {k(u) = —uy 2(0)sgn(x) +1i0;1 < u < oo},

thus representing a loop around the horizontal branch cut

{|1,2(0)] < Re(k) < oo,IM(k) = 0} (see Fig. 6a). Owing

to the chosen indentation, the contribution of simple pdle a

x = 0 must be incorporated far > 0. The thus transformed

inner integral is subsequently substituted back in Eq.,(27)9. 6. Complex planes with their integration pathstajane with the CdH

where we interchange the order of the integrations withaesp P2M¢ € for @ < 0; (b) o-plane with the CdH paty U G* for y < 0.

to o andu. In the subsequent step, we proceed in a similar

fashion in the complex-plane. Accordingly, the integration respectively, where = (22 + 42)"/2 > 0, and

contour, Sy, is first deformed into the hyperbolic CdH path,

Im(o) G

sayG UG*, along which—oy + u|z|Q; »(0) = 7 is satisfied, a = c10t(cF 517 /6 — y°) (29)
where{r(u)/c12 < T < oo} with r(u) = (u2z?+y?)/2 > 0 o a0 1/2 B
represents the real-valued and positive (time) paramets ( Be = (CLQt /"= 1) for ¢ = {z.y}- (30)

Fig. 6b). In addition, the contribution of the pole @at= 0 is Furthermore, we used
for y > 0 accounted for. Once we then change the variable of
integration fromo to 7, we arrive at a double integral with ¢ (y,z,&) = (1/& + 1/&,)/2¢
respect ta; andr. In this result, we further change the order of 4 3 6 /s 2

. : . . . 1 2* 1. ¢ & (y
the integrations and end up with the integral expressionseho — — —— — 13> +6-; | =5 — 1
form resembles the one of Laplace-transform integral (3). 16¥°¢ & | @ AT

Since the Laplace-transform parametgrjs kept real-valued IS 15y4 10y2 5 4§2 y? ) 5y2
and positive throughout the analysis, Lerch’s uniquenkss t 24 4 T2 Ll 2222\ T2
orem [28, Appendix] ensures the existence of the unique TD 4 142 1 3¢ 1 [ ¢t €2 (42
original function. The latter can be finally expressed aloves +8=| - 7&3* - — =35 +2 <y2 - 3)
[16, cf. Egs. (G.24), (G.25) and (G.30)] ] 2888, 16yR& | @ z
2 2 2 2
: y° (LY 3¢ 1 (5 y >
c1,2t +5 (35 -2 +3|+ 555+ 5 -1 31
Yoy, = EHW) [ gy e (5 -2) o+ ipeg (1) @
m =r
i sgn(z)H(y) 2| (0%72752 Y- x) cosh—1 (Cl,Qt) s
Am 3 ! & = (&2/2 = 1) for ¢ = {z,y}. (32)
—atan™! (8,) — Terota?B, /6 pH(cr ot — |z]) As the closed-form expression (28) can be easily implentente
’ ’ in any computing platform such as MATLAB, the evaluation
H 2 ¢ of the TD admittance arrays through (25) and (26) is compu-
+ sgn(i)(x){w (cigtz — yG) cosh™ (CLQ ) tationally (almost) effortless. The most expensive taskhia
T ly respect could be the time-convolution integral in Eq. (28).
. ) its integrand does not exhibit any nonintegrable singtikes; it
—atan™! (By) — 5ei oty By /3 pH(cr2t — [yl) can be readily carried out via a standard Gaussian quadratur
or using the recursive convolution technique [15, Appendix
+ aH(z)H(y)H(t) /4, (28)

L]. Yet more efficient approach is to handle the integration
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analytically via a multiple application of integration bynts.

[12] N. Llombart, G. Chattopadhyay, A. Skalare, and |. Mehthovel

Following this strategy, we may write

ct
/ (ct — €% (y, 2, )€ = —(ct — 10 YW(y,,r) 13
- 3(Ct - r)zag_Qw(ya x, T) -6 (Ct - r)ag_gw(Zh x, 7") [14]
— 69, " (y,x,r) + 60, Py, x, ct), (33)
[15]

whered, ™ denotes theuth integration with respect t. Since

¥(y,x,€) is available in closed form via (31), the integral$16]
on the right-hand side of Eq. (33) are attainable analyyical (17
Consequently, the elements of the TD admittance array can
be expressed solely in terms of elementary functions, which
enables its fast evaluation. (18]
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