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Abstract— A coupled system of volume integral and hydrody-
namic equations is solved to analyze electromagnetic scattering
from nanostructures consisting of metallic and dielectric parts.
In the metallic part, the hydrodynamic equation relates the free
electron polarization current to the electric flux and effectively
‘“updates” the constitutive relationship to enable the modeling
of nonlocality. In the metallic and dielectric parts, the volume
integral equation relates the electric flux and the free electron
polarization current to the scattered electric field. Unknown elec-
tric flux and free electron polarization current are expanded using
Schaubert-Wilton—Glisson (SWG) basis functions. Inserting these
expansions into the coupled system of the volume integral and
hydrodynamic equations and using Galerkin testing yield a
matrix system in unknown expansion coefficients. An efficient
two-level iterative solver is proposed to solve this matrix system.
This approach “inverts” the discretized hydrodynamic equation
for the coefficients of the free electron polarization current and
substitutes the result in the discretized volume integral equation.
Outer iterations solve this reduced matrix system while the
inner iterations invert the discretized hydrodynamic equation at
every iteration of the outer iterations. Numerical experiments are
carried out to demonstrate the accuracy, the efficiency, and the
applicability of the proposed method.
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equation, nonlocal effects, plasmonic nanostructures, volume
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I. INTRODUCTION

N RECENT years, with the dramatic advances in fabrica-

tion technologies, the use of plasmonic nanostructures to
manipulate high-frequency electromagnetic fields has become
more prevalent than ever [1], [2]. Often, metals are used
as the building blocks of these nanostructures since they
support surface plasmon modes at optical frequencies. These
modes localize the electromagnetic fields in the proximity of
the nanostructure and significantly enhance those scattered
from it in the far-field region. This has enabled the use of
metallic nanostructures as nanoantennas [3], resonators [4],
waveguides [5], couplers [6], and sensors [7].

Depending on the frequency, interaction of electromagnetic
fields with metals can be accounted for using various models
and equations under certain assumptions and approximations.
At microwave frequencies, free electrons in a metal have high
mobility, which leads to large conductivity and small skin
depth (compared with the size of the structure) [8]. Therefore,
an electric current, which is confined to the surface of the
metal, is used to represent the electromagnetic field interac-
tions on the metal. At optical frequencies, the free electron
mobility decreases. As a result, there is a time delay in the
response of the electrons to the electromagnetic excitation [9].
To account for this frequency dispersion effect, the classical
Drude model [10] is used to represent the permittivity of the
metal. Furthermore, at the optical frequencies, the skin depth
is usually comparable to the size of a typical nanostructure and
the metals are modeled as “penetrable” materials and volume
electric currents are used to represent the electromagnetic field
interactions on or inside them.

When the frequency is further increased into the ultraviolet
part of the spectrum, spatial dispersion appears in the response
of the free electrons to the electromagnetic excitation. Effec-
tively, the permittivity becomes nonlocal, i.e., it depends not
only on the observation point but also on the source point in
space [11]. This spatial dispersion effect is due to the fact
that at this frequency regime, a free electron exhibits quantum
behavior [12], and the interactions of the electromagnetic
fields with the electrons should ideally be modeled using
full quantum mechanics simulation methods (e.g., density
functional theory [13]). However, the computational cost of
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these methods is very high, and, therefore, they can only
be used when the structure is very small, i.e., only a few
nanometers in size [14]. This makes them unsuitable for
full-scale simulations of plasmonic nanostructures in real-life
scenarios.

This bottleneck can be addressed using a hydrodynamic
equation to model the mechanical motion of the free elec-
trons [11]. This equation assumes that the electrons can
collectively be accounted for as a moving fluid of charges
driven by the electromagnetic fields in the medium. Naturally,
these moving charges (termed as the free electron polariza-
tion current in the rest of the text) generate electromagnetic
fields. This interaction between the free electrons and the
electromagnetic fields can be described by a coupled system
of the Maxwell and hydrodynamic equations [15], [16], [17],
[18], [19]. This system of coupled equations can account for
the nonlocality/spatial dispersion and its numerical solution is
not as costly as that of the full quantum mechanics simulation
methods.

Several methods have been developed to numerically solve
the coupled system of the Maxwell and hydrodynamic equa-
tions [15], [16], [17], [18], [19]. A majority of these meth-
ods are differential equation solvers, e.g., finite element
method [16], finite-difference time-domain method [17], and
discontinuous Galerkin method [18], [19]. These solvers, just
like their traditional versions, which are developed to solve
only the Maxwell equations, suffer from several well-known
shortcomings that might limit their accuracy and efficiency
(see, for example, [20] for details).

Surface integral equation solvers do not suffer from these
shortcomings (see, for example, again [20] for details), and
indeed, they have been extended to analyze scattering from
metallic objects in which the motion of electrons is described
by the hydrodynamic equation [15]. However, this method
requires the derivation of a new Green function for every
type of boundary condition and their combination enforced by
the hydrodynamic equation (for example, boundary conditions
for the free electron polarization current on metal-metal
or metal-dielectric interfaces are different). In addition, this
solver is applicable only when the scatterer has homogeneous
or piecewise homogeneous material properties.

In this work, these shortcomings are avoided by switching
to a volume integral equation formulation. The proposed
scheme represents the scattered electromagnetic field in the
form of a (volumetric) convolution between the background
medium’s Green function and the electric flux (induced in
the metallic and dielectric parts of the scatterer) and the
free electron polarization current (induced in the metallic
part). In both the metallic and dielectric parts, the volume
integral equation, which relates the electric flux and the free
electron polarization current to the scattered electric field,
is enforced. In the metallic part, the hydrodynamic equation,
which relates the free electron polarization current to the
electric flux, is enforced. To numerically solve this coupled
system of equations, first the scatterer is discretized into a
mesh of tetrahedrons. The electric flux and the free elec-
tron polarization current are expanded using a combination
of “full” and “half” Schaubert—Wilton—Glisson (SWG) basis
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Description of the scattering problem.

Fig. 1.

functions [21] defined on these tetrahedrons. Inserting these
expansions into the coupled system of the volume integral
and the hydrodynamic equations and applying Galerkin test-
ing yield a matrix system in unknown expansion coeffi-
cients. The boundary condition for the normal component
of the free electron polarization current (which should be
set to zero on a metal-dielectric interface) is enforced by
excluding the half SWG functions, which are defined on
the tetrahedrons that have a face on the metal-dielectric
interface, from the expansion of the free electron polarization
current.

An efficient two-level iterative solver is developed to solve
the matrix system resulting from this discretization. This
solver “inverts” the discretized hydrodynamic equation for the
coefficients of the free electron polarization current and sub-
stitutes the result in the discretized volume integral equation.
Outer iterations solve this reduced matrix system, while the
inner iterations invert the discretized hydrodynamic equation
at every iteration of the outer iterations. Note that a prelim-
inary version of the method proposed in this work has been
described in [22] as a conference contribution.

The remainder of this article is organized as follows.
Sections II-A-II-C describe the formulation of the coupled
system of the volume integral and the hydrodynamic equa-
tions, its discretization, and the two-level iterative solution,
respectively. Section II-D explains how the mesh element size
is selected and provides several comments on possible exten-
sions of the proposed method and its applications. Section III
presents the numerical results that demonstrate the accuracy,
the efficiency, and the applicability of the proposed scheme.
Finally, Section IV summarizes this work and outlines future
research directions.

II. FORMULATION

A. Coupled System of the Volume Integral and the
Hydrodynamic Equations

Let Vp represent a composite scatterer that consists of
dielectric and metallic parts (Fig. 1). Vg and Vg represent
these parts, respectively. Both Vg and Vi are non-magnetic
but their relative permittivity (for bound electron polarization)
as denoted by &p(r) can be inhomogeneous. The boundary
surface of Vy is represented by Sy. The scatterer resides in an
unbounded homogeneous background medium with permittiv-
ity &g and permeability z(. The electric field of the excitation
is denoted by E"™(r) and its frequency is denoted by cw.



3420

Upon this excitation, equivalent volumetric electric current
J(r) is induced in Vp and this current generates the scattered
electric field E*(r). The incident electric field E(r), the
scattered electric field E**(r), and the total electric field E(r)
satisfy the fundamental field relationship.

E(r) = E™(r) + E*(r). (1)

Using the volume equivalence principle [20], J(r) is expressed
in terms of E(r) and the electric flux D(r) as follows:

J(r) = joD(r) — joeE(r), reVp 2
and E*“*(r) is expressed as follows:
E*(r) = Ly, [J1(r). 3)

Here, Ly[X](r) is the volume integral operator given by the
following equation:

Ly[X](r) = —ja),uo/ X(r')G(r,x")dv’

1%

+ / VYV IX(F) G (r ') Jdv’
Vv

J W&o
where G(r,r’) = exp(—jkoR)/(47 R) is the Green function,
ko = w./1o€p is the wavenumber in the background medium,
and R = |r — r’| denotes the distance between the observation
point r and the source point r’.

The motion of the free electrons in Vg is accounted for
using a nonlocal hydrodynamic equation. Let Jy(r) represent
the polarization current associated with these free electrons.
Then, Ju(r) is expressed in terms of E(r) and D(r) as [15]

Ju(r) = joD(r) — joesoep(r)E(r), re Vy. 4)

In addition, Ju(r) is “driven” by E(r). This relationship
is described by the nonlocal hydrodynamic Drude equation
as [11]

BEVIV - Ju()] + o(w — jy)Iu(r)
= —jowlsEr), reVa (5)

Here, w, is the plasma frequency, ﬁz = 0.61)%, vf is the Fermi
velocity, and y is a damping constant. The hydrodynamic
(5) has to be complemented by a boundary condition on the
boundary surface of Vy [as denoted by Sy (Fig. 1)] [11]

Ar) - Ju@r) =0, re Sy (6)

Here, fi(r) is the outward pointing unit normal vector on Sy.
This boundary condition ensures that the normal component
of Jy(r) vanishes on Sy (i.e., free electrons do not flow from
the metallic part into the dielectric part or the background
medium). Note that the hydrodynamic (5) together with the
boundary condition (6) introduces an electromagnetic wave
solution with a longitudinal electric field in Vy in addition to
the one with a transverse electric field [11].

The proposed scheme defines D(r) and Jy(r) as unknowns.
To eliminate E(r), E(r) from (4) is inserted into (2). This
yields an expression for J(r) in terms of D(r) and Ju(r) as
follows:

Ju(r)

H
&p(r) ’

J(r) = jor(r)D(r) + € Vu )
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where x(r) = 1 — 1/g,(r). Substituting (7) into (3) and
inserting the resulting equation and E(r) from (4) into (1) yield
the volume integral equation in unknowns D(r) and Jy(r) as
follows:

D(r)

E™ @) = £0€p (1)

— joLy,[xD](r)
B Ju(r) _
Jweoep(r)

Similarly, the hydrodynamic (5) should be expressed in only
D(r) and Jy(r). Inserting E(r) from (4) into (5) yields

£VH|:J—Hi|(I'), r e Vp. (8)
&b

2

2 ; “p
BVIV - Ju(r)] + [cu(w —Jjy)— gb(r)i|JH(r)

wg%, reVu. (9
Equations (8) and (9) are the final form of the coupled system
of the volume integral and the hydrodynamic equations in
unknowns D(r) and Jy(r). This system is discretized using the
scheme described in Section II-B. Note that this discretization
scheme ensures that the boundary condition (6) is enforced
correctly.

B. Discretization

To numerically solve the coupled system of (8) and (9),
first, Vp is discretized into a mesh of tetrahedrons. Then, the
unknowns D(r) and Jy(r) are expanded as follows:

Np
D(r) = > {Ip},f7 (), reWp

n=1

Nu
Ju@) =D (Iuh,f (), re Vi (10)

n=1

Here, {Ip}, and {Iy}, are the unknown coeffcients, and f}? (r)
and fH(r) are the basis functions constructed using the SWG
functions defined on the triangles of the tetrahedral mesh [21].
The SWG basis function associated with triangle n is defined
as follows:

[Sn |
f,f(r)—3‘vn+’(r—rj), reVvr
f,(r) = fn()——3|’f/"|‘(r—rn), rev, an
0, elsewhere.

Here, V& and V. are the tetrahedrons “touching” triangle n
on its two sides, ri are the corners of V= that are not on
S, (i.e., free nodes), |S,| is the area of S,, and |Vf| are the
volumes of V*.

The basis set £2(r) includes “full” SWG basis functions
as defined by (11) on every pair of tetrahedrons in Vp and
“half” SWG basis functions defined by £ (r) of (11) in single
tetrahedrons that have their S,, on the surface of the scatterer.
The use of full SWG functions enforces the continuity of the
normal component of D(r) across any pair of tetrahedrons
in Vp (even when &,(r) in V," and V,  are different). The
inclusion of half SWG functions ensures that the normal
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component of D(r) on the surface of the scatterer is accounted
for. Np in (10) is the total number of full and half SWG basis
functions used in the expansion of D(r) in Vp.

The basis set £i1(r) consists of only the full basis functions
as defined by (11) on every pair of tetrahedrons in Vy and
does not include the half SWG basis functions defined in
single tetrahedrons that have their S, on Sy (metal-dielectric
interface). Note that Jy(r) does not flow from the metallic
part into the dielectric part or the background medium and its
normal component on Sy is zero as described by the boundary
condition in (6). Exclusion of the half SWG basis functions
from f!(r) ensures that this boundary condition is correctly
enforced. Ny in (10) is the total number of full SWG basis
functions used in the expansion of Jy(r) in Vy.

Inserting the expansions (10) into (8) and (9) and Galerkin

testing the resulting equations using f2(r), m = 1,2,..., Np
and ff(r), m = 1,2,..., Ny yield a coupled matrix system
of dimension (Np + Ny) X (Np + Ny) as follows:
Zpop  Zpu | |Ip e
i | S T R
— ~——
z 1 v

In (12), the entries of the block matrices Zpp of dimension
Np X Np, Zpy of dimension Np X Ny, Zyp of dimension
Nu X Np, Zyy of dimension Ny x Ny, and the tested incident
field vector V" of dimension Np are given by the following
equations:

fD
{Zop)mn = l<f,‘,3(r), L (r)> — jolt)(r), Ly, [xEP1(r))
&0 ep(r)
(13)
H H
Zothm = —— <f,‘3<r>, Ly (r)> - <f2(r>,ﬁvﬁ[fi}(r)>
Jeo ep(r) €b
(14)
D
{Zyp}mn = jww§<f}:(r), Ly (r)> (15)
€b(l‘)
{ZHH}mn = ﬁz(f}:(r)’ V[V : fill{(r)]) + CU(CO - Jy)
fH(r)
<o) - oo, 2 5) s
(viney, = <f,‘3(r),Ei“°(r)> (17)

respectively. Here, the inner product between vector functions
a(r) and b(r) is defined as follows:

<a(r), b(r)> = / a(r) - b(r)do (18)

Va

where V, is the support of a(r). Since Ly, (X)[r] and
Ly, (X)[r] are “global” operators, one can see from (13)
and (14) that Zpp and Zpy are dense matrix blocks. On the
other hand, since fP(r) and f!!(r) have “local” supports (two
tetrahedrons for a full SWG function and one tetrahedron for
a half SWG function), one can see from (15) and (16) that
Zyp and Zyy are sparse matrix blocks (the maximum number
of nonzero entries in one row of these blocks is seven). Note
that the detailed expressions for the matrix entries in (13)—(16)
and the vector entries in (17) are provided in the Appendix.
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C. Solution of the Matrix equation

To take advantage of the sparsity of Zyp and Zyy directly,
the coupled matrix system (12) is solved iteratively for the
unknown coefficient vectors Ip and Iy. Two approaches can
be used for this purpose.

1) Single-Level Iterative Solver: The coupled system (12)
is iteratively solved as a whole using a transpose-free quasi-
minimal residual (TFQMR) scheme [23]. The computational
cost of matrix—vector multiplication ZI required at every
iteration of TFQMR scales as O(N3) +O(NpNyg) + O(Ny) +
O(Ng). The four terms in this expression represent the com-
putational cost of multiplying matrix blocks Zpp, Zpy, Zup,
and Zyy with the relevant part of I, respectively. Then, the
overall computational cost of this single-level iterative solver
scales as follows:

O(NuN3) + O(NuNpNy) + O(Ni Nu) + O(NyNu) ~ (19)

where Ny is the number of iterations required for the relative
residual error to converge to a user-defined value.

2) Two-Level Iterative Solver: In this approach, before an
iterative solver is used, the coupled system (12) is first reduced
into a smaller matrix system. This is done by inverting the
second row of (12) for Iy, ie., Iy = —ZQII_IZHDID, and
inserting this expression into the first row. This yields a smaller
matrix system of dimension Np x Np in unknown Ip as
follows:

(Zop — ZonZy Zup)Ip = V™. (20)

Then, TFQMR is used to solve (20) for Ip. Matrix—vector mul-
tiplication (Zpp — ZDHZﬁ]{[ZHD)ID required at every iteration
of TFQMR is carried out as described below.

Step 1: Compute the first term Zpplp.
Step 2: Compute the second term ZDHZ;HI_IZHDTD in three
steps as
Step 2.1: Compute y = Zuplp.
Step 2.2: Compute X = Zﬁ}lly by solving y = Zyyx for
x. This is done iteratively using TFQMR.
Step 2.3: Compute ZpgpX.
Step 3: Substract the result of Step 2.3 from that of Step I.

Computational costs of Step 1, Step 2.1, Step 2.2, and Step 2.3
scale as O(N3), O(Nn), O(Ni"Ny), and O(NpNy), respec-
tively. Here, Niit“ is the number of iterations required for the
relative residual error to converge to a user defined value
during the solution of the matrix equation y = Zpgpx at
Step 2.2 (i.e., inner iterations). Then, the overall computational
cost of this two-level iterative solver scales as follows:

O(NJ"NB) + O(N" Nu) + O(N{" Ny Ny )

+ O(N"NpNy) (1)

where N{" is the number of iterations required for the relative
residual error to converge to a user defined value during the
solution of the matrix (20) (i.e., outer iterations).

Comparing (21) to (19), one can see that the single-level
iterative solver would certainly be faster than the two-level
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iterative solver for N; < Ni‘t’“‘. However, numerical results
presented in Section ITI-A show that Ng"* is much smaller than
Ni; and Niiln is small, and therefore the two-level iterative solver
is significantly faster than the single-level iterative solver. The
difference between Nj and N3" can be explained by the fact
that the dimension of (20) is almost half of that of (12)
and inserting Iy = _Zﬁll{ZHDID into the first row of (12)
[to obtain (20)] effectively takes care of the scaling difference
between the volume integral and the hydrodynamic equations.

Note that for both the approaches, the computational cost
of matrix—vector multiplications Zpplp and Zpyly can be
reduced using the fast multipole method [24], [25], [26], [27]
and its multilevel versions [28], [29], [30], [31] as well as other
matrix compression schemes like those described and referred
to in [32], [33], [34], and [35]. But this does not change the
conclusions of the above comparison since the difference in
the computational cost of the two iterative solvers is mainly
due to the difference in the number of iterations.

D. Comments

A metallic medium that is described by the hydrodynamic
(5) supports the propagation of electromagnetic waves with
electric fields along the transverse and longitudinal direc-
tions [11]. Let the (complex) wavenumbers associated with
these electromagnetic waves be denoted by kr(r) and kg (r),
respectively. The expressions of krp(r) and kp(r) are given
by [11]

a)Z
kr(r) = ko, | ep(r) — ———
w* — joy
kp (r) 1\/2 ' % (22)
r)=—.lo*— joy — .
YT JOT T )

For example, for gold, &,(r) = 1, wp = 1.20 x 1016 =1,
p =107 x 10® m/s, and y = 1.36 x 10" s! [36], [37].
Fig. 2 shows the plots of the values of kt(r) and kp(r)
computed for gold in the frequency range w € [0.5w,, 1.5w,].
Note that during the computation of square roots in (22), the
positive imaginary part of the result is selected to avoid a
nonphysical growing wave. The figure clearly shows that in
this frequency range, both the real and imaginary parts of
ky (r) are significantly larger than those of kt(r), respectively.
This means that to accurately capture the behavior of the
electromagnetic fields in Vi (inside the metallic part), the
mesh of tetrahedrons must resolve the wavelength associated
with ki (r). Note that within the frequency range considered
here, since ko is significantly smaller than both & (r) and
kr(r), the mesh in Vg = Vp — Vg (inside the dielectric part)
can ideally be coarser than the one in Vy. But since these
two volumes share a surface and a conformal discretization is
used, the mesh in Vg is denser than what it would ideally be.
This unnecessary computational overhead can be alleviated by
switching to a nonconformal discretization scheme, such as the
one described in [38] and [39]. Development of such a scheme
is underway.

Several comments about the possible extensions of the
proposed method are in order.
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Fig. 2. Wavenumbers of the electromagnetic waves with the transverse and
longitudinal electric fields, kr(r) and ki (r), versus /cwp.

1) The formulation in Section II-A assumes that the scat-
terer includes only one type of homogeneous metalic
structure (described by a set of hydrodynamic equation
parameters y, S, and w,). The formulation can easily
account for additional metal types described by assign-
ing different values to y, £, and w, in relevant matrix
entries as long as the structures made of different metals
do not touch each other. This limitation stems from
the fact that the boundary condition (6) is not valid on
metal-metal interfaces and therefore the discretization
scheme described in Section II-B is not applicable
anymore. Development of a formulation that removes
this limitation and allows for modeling of metal-metal
interfaces is currently underway.

2) In [40], the nonlocal hydrodynamic Drude model [as
described mathematically in (5)] has been extended to
account for the classical kinetic effects of the charge
carrier diffusion in the nonlocal response. This so-called
generalized nonlocal optical response (GNOR) model
expresses the relationship between Jy(r) and E(r) as
follows:

[+ D(y + jo)|VIV - Ju@®)] + o(@ — jy)Iu(r)
= —jowlsEr), reVy (23)

Here, 8, y, and w, are the same as those in (5) and the
additional parameter D is the charge carrier diffusion
constant. Comparing (5) and (23), one can easily see
that the only difference between the two equations is the
additional term D(y 4 jw) in (23). Furthermore, both the
nonlocal models use the same boundary condition given
in (6). Therefore, the implementation of the GNOR
model within the numerical scheme proposed here is
rather trivial and can simply be done by replacing % by
B>+ D(y + jo).

3) In [41] and [42], an analytical method that relies on
the Mie series expansion of the fields has been used
to study the nonlocal response of nanospheres in three
different scenarios: electromagnetic scattering, electron
energy-loss spectroscopy, and atomic spontaneous emis-
sion. Even though examples presented in Section III
involve only electromagnetic scattering problems under
plane-wave excitation, the proposed numerical scheme
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is applicable to other problems with different types of
excitation, including electron energy-loss and atomic
spontaneous emission.

III. NUMERICAL RESULTS

In this Section, several numerical examples are presented to
demonstrate the accuracy, the efficiency, and the applicability
of the proposed solver. All the scatterers considered in these
examples reside in free space with permittivity ¢y and perme-
ability u(. For all the examples, the excitation is a plane wave
with electric field

E™(r) = pEge kK™, (24)
Here, the unit vector p represents the direction of the polar-
ization, Ej is the electric field amplitude, and the unit vector
k"™ represents the direction of propagation. Unless otherwise
stated, p = %, Eg = 1 V/m, and k™ = 2 for all the examples
considered here. All the TFQMR iterations (outer and inner
iterations for the two-level iterative solver and the iterations
for the single-level iterative solver) are terminated when the
relative residual error (RRE) reaches a desired level, i.e., when
the condition ||b — AL,||/||b|| < yxrre is satisfied. Here, I, is
the solution at iteration step n, A is the matrix, b is the right-
hand side vector, and yggg is the convergence threshold.

A. Metallic Sphere

In this example, electromagnetic scattering from a gold
nanosphere [Fig. 3(a)] is analyzed using the proposed method.
The radius of the sphere is 1 nm. The hydrodynamic equation
parameters for gold are w, = 1.20 x 10" s7!, y = 1.36 x
10™ 57!, vp = 1.39 x 10° m/s, and &,(r) = 1 [36]. Note that
for this problem, Vp = Vi and Ve = 0.

Two sets of simulations are carried out. For the first set of
simulations, frequency is set to @ = 0.5 w, and three levels of
mesh are used. These meshes use Np = {5494, 9216, 17 546}
and Ny = {5030, 8612, 16694} basis functions to discretize
D(r) and Jy(r) induced inside the sphere, respectively. The
single-level and two-level iterative schemes are used to solve
the matrix system (12), which is preconditioned from left
using a diagonal preconditioner, and the matrix system (20),
respectively. For the iterations of the single-level scheme and
the outer iterations of the two-level scheme, yrrp = 1074
For the inner iterations of the two-level scheme, yrrg = 1078,
Note that the accuracy of the inner iterations has to be high to
ensure that the outer iterations converge. This does not increase
the computational cost significantly because the converge rate
of the inner iterations is already very fast.

Fig. 3(b) shows plots of the radar cross section (RCS)
computed on the xy-plane from the solutions obtained by
the single-level and two-level iterative schemes for the mesh
with Np = 17546 and Ny = 16694 and the analytical
Mie series with nonlocal response material model [43], [44].
The results agree very well. Table I shows comparison of the
performance of the single-level and two-level iterative solvers.
The two-level iterative solver is significantly faster due to fact
that No* is much smaller than Ni and Ni" is small (see the
computational complexity comparison in Section II-C). Note
that the numbers for N presented in Table I are the range of
the inner iterations.
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Fig. 3. (a) Description of the scattering problem involving a gold nanosphere.
(b) RCS computed on the xy-plane at @ = 0.5 w, from the solutions obtained
using the single-level and two-level iterative schemes and the Mie series with
nonlocal response material. (¢) ECS computed from the solutions obtained
using the two-level iterative scheme and the Mie series with nonlocal and
local response material models versus w/mp.

TABLE I

PERFORMANCE OF THE SINGLE-LEVEL AND TWO-LEVEL ITERATIVE
SOLVERS IN ANALYZING SCATTERING FROM A GOLD NANOSPHERE

Mesh Single-level Two-level
levels iterative solver iterative solver
Np | Nu |Time(s)| Ny | Time(s) | Ngut | Nin
5494 | 5030 29 84 10 29 |30—-35
9216 | 8612 105 108 32 26 |35—40
17546 | 16 694 530 126 106 24 |45 —-50

For the second set of simulations, a total of 60 simulations
are carried out using the two-level iterative solver at equally
spaced points in the frequency range w € [0.5w,, 1.5w,].
In these simulations, D(r) and Jy(r) induced inside the sphere
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are discretized using Np = 143254 and Ny = 140022 basis
functions, respectively. For the outer and inner iterations of the
two-level iterative scheme, yrrg = 10~* and XRRE = 1078,
respectively.

Fig. 3(c) shows plots of the extinction cross section (ECS)
computed from the solutions obtained using the two-level
iterative scheme and the analytical Mie series with nonlocal
and local response material models versus w/w, [43], [44].
The figure clearly shows that the result obtained using the
proposed method matches well with the result obtained using
the Mie series with the nonlocal response material model. The
figure also shows that the error in the result obtained by the
proposed method increases with . This error can be reduced
using a denser mesh that can capture the behavior of the fields
with large k; (r) more accurately (see Section II-D and Fig. 2).

The first peak observed in all three ECS curves is caused by
the transverse field resonance. Also, a “blue shift” phenom-
enon is shown in this figure, i.e., the transverse field resonance
peak shifts toward higher frequencies when the nonlocal mate-
rial response is taken into account [40]. Furthermore, three
other peaks are identified at o = 1.13 wp, @ = 1.29 w,, and
® = 1.50 w, in ECS computed by the proposed solver and the
Mie series with the nonlocal response material model. These
are caused by the longitudinal field resonance. It also can be
concluded from Fig. 3(c) that the transverse field response is
more dominant at ® < o, while the longitudinal field response
is more dominant at @ > wp.

B. Metallic Dimer

In this example, electromagnetic scattering from a nan-
odimer [Fig. 4(a)] is analyzed using the proposed solver. The
radius of the spheres is 1 nm, and the shortest distance between
them is 0.2 nm. The hydrodynamic equation parameters for
the material making up the spheres are w, = 1.20 x 100 s,
y = 1.36 x 10" 57!, v = 1.39 x 10° m/s, and &p(r) = 1.
Note that for this problem, Vp = Vy and Vg = 0.

A total of 60 simulations are carried out using the two-
level iterative scheme at equally spaced points in the frequency
range @ € [0.5wp, 1.5w,]. Both the spheres use the same
mesh of tetrahedrons and two levels of mesh are used. For
simulations at @ < wp, Np = 104194 and Ny = 100706,
while for simulations at @ > wp, Np = 286958 and Nup =
280494. For the outer and inner iterations of the two-level
iterative scheme, yrrg = 107* and yrre = 1073, respectively.

Fig. 4(b) shows plots of the scattering cross section (SCS)
computed from the solutions obtained using the two-level
iterative scheme versus w/w, [45]. The transverse field res-
onance peaks are observed at @ = 0.6 w, and @ = 0.75 wp,
while the longitudinal field resonance peaks are observed at
o =113 w,, ® =1.29 w,, and @ = 1.50 w,. Furthermore, the
figure shows that the nanodimer supports bonding and anti-
bonding modes (generated by the transverse field resonances)
at = 0.72wp and w = 0.75 wp, respectively [15].

C. Composite Sphere

In this example, electromagnetic scattering from a silica-
coated gold nanosphere [Fig. 5(a)] is analyzed using the
proposed solver. The radius of the gold sphere is 1 nm, and
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Fig. 4. (a) Description of the scattering problem involving a nanodimer.

(b) SCS computed from the solutions obtained using the two-level iterative
scheme versus w/w.

the thickness of the silica coating is 1 nm. The hydrody-
namic equation parameters for gold are the same as those
in Section III-A, and the relative permittivity of silica is
ep(r) = 2.25. Note that for this problem, Vp = Vgie U Vq.

A total of 60 simulations are carried out using the two-level
iterative scheme at equally spaced points in the frequency
range o € [0.4wp, 1.4wp]. In these simulations, D(r) induced
inside the coating and the sphere and Jy(r) induced inside
the sphere are discretized using Np = 97642 and Ny =
80486 basis functions, respectively. For the outer and inner
iterations of the two-level iterative scheme, ygre = 10~* and
rre = 1078, respectively.

Fig. 5(b) shows plots of ECS computed from the solutions
obtained by the two-level iterative scheme and the Mie series
with nonlocal response material model for the sphere and
local response material model for the coating versus w/w,.
The results agree well; however, as expected, the error in the
result obtained by the proposed method increases with w. This
error can be reduced using a denser mesh that can capture the
behavior of the fields with large ki (r) more accurately (see
Section II-D and Fig. 2).

The transverse field resonance peak is observed at w =
0.55w, and the longitudinal field resonance peaks are
observed at @ = 1.13wp, and @ = 1.31w,. Comparing
Figs. 3(c) and 5(b), one can see that the transverse field
resonance peak shifts toward lower frequencies due to the
presence of silica coating.

D. Metallic Cylinder

In this example,
gold nanocylinder

electromagnetic
[Fig. 6(a)] is

scattering from a
analyzed using the
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Fig. 5. (a) Description of the scattering problem involving a silica-coated
gold nanosphere. (b) ECS computed from the solutions obtained using the

two-level iterative scheme and the Mie series with nonlocal reponse material
for the sphere and local response material for the coating versus w/w.

proposed method. Note that the ends of the cylinder
are rounded here since sharp edges cannot be often
fabricated at nanoscales. Four nanocylinders with length
H € {2.5 nm, 3 nm, 4 nm, and5 nm} are considered. All the
four cylinders have a radius of 1 nm. The hydrodynamic equa-
tion parameters for gold are the same as those in Section III-A.
Note that for this problem, Vp = Vi and Vi) = 0.

A total of 60 simulations are carried out using the two-level
iterative scheme at equally spaced points in the frequency
range @ € [0.5w,, 1.25w,]. Four levels of mesh are used for
the four nanocylinders and these meshes use Np = {58312,
60948, 61010, 62186} and Ny = {56384, 58900, 58962,
60006} basis functions to discretize D(r) and Jy(r) induced
inside the cylinder, respectively. For the outer and inner
iterations of the two-level iterative scheme, yrre = 10™* and
yrre = 1078, respectively.

Fig. 6(b) show compares of ECS computed from the solu-
tions obtained using the two-level iterative scheme for all the
four nanocylinders versus w/m,. As seen from the figure, the
transverse field resonance peak shifts from o = 0.67 w, to
o = 0.69w, when the length of the cylinder is increased
from 2.5 to 5 nm. The longitudinal field resonance peaks
are observed at @ = 1.1wp and v = 1.25w,. In addition,
this figure shows an extra resonance peak that shifts from
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Fig. 6. (a) Description of the scattering problem involving a gold nanocylin-
der. (b) ECS computed from the solutions obtained using the two-level
iterative scheme for all the four nanocylinders versus @/cwp.

o = 0.81w, to o = 0.73 w, with increasing length. Note that
this resonance (associated with the length of the cylinder along
the y-direction) is induced even though the incident electric
field E(r) is polarized in the %-direction.

E. Metallic Cylinder on Top of a Dielectric Slab

For the last example, electromagnetic scattering from a gold
nanocylinder located on top of a silica substrate [Fig. 7(a)]
is analyzed using the proposed method. The length and the
radius of the cylinder are 4 and 1 nm, respectively. The width,
the length, and the height of the slab are 6, 6, and 1 nm,
respectively. The shortest distance between the cylinder and
the slab is 2 nm. The hydrodynamic equation parameters for
gold are the same as those in Section III-A, and the relative
electric permittivity of silica is ey (r) = 2.25.

Three scattering scenarios are considered: 1) the scatterer is
only the nanocylinder (Vp = Vi, Vgiel = @, Np = 61010, and
Ny = 58962); 2) the scatterer consists of the nanocylinder
and the substrate (Vp = Vgiet U Vg, Np = 61294, and Ny =
58962); and 3) the scatterer is only the substrate (Vp = Ve,
Vu = 0, Np = 284, and Ny = 0). The simulations of these
three scenarios are carried out using the two-level iterative
scheme [reduces to a “traditional” volume integral equation
solver [46], [47] with single-level iterations for scenario (iii)]
at 60 equally spaced points in the frequency range w €
[0.5wp, 1.25w,]. Note that for scenarios (ii) and (iii), only
284 basis functions are used to discretize D(r) induced inside
the slab (see the discussion in Section II-D). For the outer and
inner iterations of the two-level iterative scheme, yrrg = 10~
and yrrg = 1078, respectively.
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Fig. 7. (a) Description of the scattering problem involving a gold nanocylin-

der on top of a silica cylinder. (b) ECS computed from the solutions obtained
in all three scenarios (the scatterer consists of only the cylinder, the cylinder
and the substrate, and only the substrate) versus /cwp.

Fig. 7(b) shows plots of ECS computed in the three sce-
narios described above versus w/wp. As expected, ECS of the
silica slab [scenario (iii)] does not involve any resonance peaks
since silica does not have any plasmonic properties. Second,
the slab is located far away from the gold nanocylinder, so the
coupling between them is not expected to be strong, and ECS
in scenario (i) and ECS in scenario (ii) are close to each
other especially at the lower end of the frequency range.
The difference increases at the higher end, which might be
explained by the fact that ECS of the silica slab is larger
at higher frequencies [scenario (iii)] and therefore contributes
more to the total ECS in scenario (ii).

IV. CONCLUSION

Electromagnetic scattering from nanostructures consisting
of the metallic and dielectric parts is analyzed by solving
a coupled system of the volume integral and hydrodynamic
equations. The hydrodynamic equation, which is enforced
only in the metallic part, relates the free electron polarization
current to the electric flux. This equation effectively updates
the constitutive relationship and permits modeling of the
nonlocality. The volume integral equation, which is enforced
in both the metallic and dielectric parts, relates the electric flux
to the scattered electric field. Unknown electric flux and free
electron polarization current are expanded using a combination
of full and half SWG basis functions. The boundary condition
associated with the free electron polarization current on the
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metal—dielectric interface is enforced by excluding the half
SWG basis functions, which are located on this interface,
from the expansion of the free electron polarization current.
Inserting these expansions into the coupled system of the vol-
ume integral and hydrodynamic equations and using Galerkin
testing yield a matrix system.

An efficient two-level iterative solver is developed to solve
this matrix system. This approach inverts the discretized
hydrodynamic equation (bottom rows of the matrix system)
for the coefficients of the free electron polarization current
and substitutes the result in the discretized volume integral
equation (top rows of the matrix system). Outer iterations solve
this reduced matrix system, while the inner iterations invert
the discretized hydrodynamic equation at every iteration of
the outer iterations.

Numerical experiments, which involve the computation of
RCS, ECS, and SCS for metallic and composite nanostruc-
tures, are carried out to demonstrate the accuracy, the effi-
ciency, and the applicability of the proposed method.

Future research directions include incorporation of dif-
ferent nonlocal hydrodynamic equations, implementation of
boundary conditions on metal-metal interfaces, acceleration
of the matrix solution using matrix compression schemes, and
application of the proposed solver to different problems with
different types of excitations.

APPENDIX
ENTRIES OF THE MATRIX AND THE RIGHT-HAND
SIDE VECTOR IN (12)

While computing the entries of Zpp, Zpn, Zup, and Zyy,
it is assumed that &,(r) and x(r) are constant in a given
tetrahedron, and the values of these constants are obtained
by sampling &,(r) and x(r) at the center of that tetrahedron.
Therefore, one can define local functions as follows:

eo, =eo(ry), rev,’
o =6b(ry), TEV,

Eb,n (I‘) = [

) = [ =x(f), reV,

kK, =x(r;), revV,

where r are the centers of V*.

A. Entries of Zpp
If both f2(r) and f°(r) are full SWG functions, then

{ZDD }mn
1 fo(r) - £2(r)
=— [ =l g
€0 Jv,  €bn(r)

—wzﬂo/
v,

m

1
+— [ V -f,E(r)I / K, ()Y - EP ()G (x, ¥)dv’
€o Jv, Vi

—(x, _Kn_)/s G(r, r’)ds/]dv.

n

2(r) - / 1, (X )2 ()G (r, ¥')dv'dv
Va
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If f2(r) is a half SWG function and fP(r) is a full SWG

m
function, then

{ZDD}mn
1o
& &b.n (1)

—aﬂﬂo / 2 (r) - / 1, XEP ()G (v, ') dv ' dv
o V,

1
+— m (I') [/ Kn (r/)V/ : f’?(l'/)G(r, r/)dl)/
Vm* v,

€0

— (xF - xn’)/s G(r, r')ds/]dv

n

——/ i, (r) - f, (r)[/ Kn(r’)V/-f,',)(r/)G(r,r/)dv’

— (i — Kn_)/ G(r, r’)ds/]ds

n

Here, fi,,(r) is the unit normal vector on S, pointing from
V,— to V,+ and i, (r) - f,],?(r) =1.1If fB(r) is a full SWG

function and fP(r) is a half SWG function, then

1
(Zooh = —— / £2(r) - £2(r)do
En€

0Sp,n o Vi
— o, / 2 (r) - / PG (r, r')dv'dv
Vo Vi
JF

&0 -

If both f2(r) and fP(r) are half SWG functions, then

m

{ZDD}mn = ;Jr/ f,E(r) . f,]l)(l’)dl)

0€p,n J Vi
— ot / 2(r) - / t2(r)G(r, r')dv'dv
Vit Vit
+

€o

- / G(r, r’)ds’]dv
Sn

- / fi,, (1) - fD(r)I / V' P ()G (r, r')dv’

- / G(r, r’)ds/]ds
Sy

B. Entries of Zpy

ti(r) is always a full SWG function. If £2(r) is a full SWG

function, then

{ZDH}mn

[ Bote
B jw‘CJO/Vm gbn(r)

fH
+J'wﬂ0/v £ (r) - (x)

~G(r, r)dv'dv
Vy gbn( )

+ v.f}g(r)i/ V2 G(r, v)dy’
v, Vit

- / G(r,r)ds' ]dv
Sn
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Vi v,

+
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1 1
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E"b,n gb,n Sn

x dv.

If fnlf (r) is a half SWG function, then
{ZDH}mn

1 / t2(r) - fH(r)
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C. Entries of Zup
H(r) is always a full SWG function. If fP(r) is a full SWG
function, then

{Zp)n = joo, /
Vin

G(r, r’)ds/}dv

fii(r) - £2(r)
gb,n (r)
If £P(r) is a half SWG function, then
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{ZHD}mn =

D. Entries of Zyn
H(r) and fH(r) are always full SWG functions

{Zunbmn = —,32/ [V

Vin

’11

m (r) . f}f(r)]dv
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R O @®
.
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m

E. Entries of Vi
If f}z is a full SWG function, then

(v, = / £2(r) - E™ (r)do.
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{Vinc}m = / m (I') EmC (r)dv
|78

m



3428

[1]

[2]

[3]

[4]

[5]

[6]

[7

—

[8]
[9]
[10]
(1]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 71, NO. 4, APRIL 2023

REFERENCES

J. C. Ndukaife, A. Mishra, U. Guler, A. G. A. Nnanna, S. T. Wereley,
and A. Boltasseva, “Photothermal heating enabled by plasmonic nanos-
tructures for electrokinetic manipulation and sorting of particles,” ACS
Nano, vol. 8, no. 9, pp. 9035-9043, Sep. 2014.

A. Agrawal et al., “Resonant coupling between molecular vibrations and
localized surface plasmon resonance of faceted metal oxide nanocrys-
tals,” Nano Lett., vol. 17, no. 4, pp. 2611-2620, 2017.

B. M. Ross, L. Y. Wu, and L. P. Lee, “Omnidirectional 3D nanoplas-
monic optical antenna array via soft-matter transformation,” Nano Lett.,
vol. 11, no. 7, pp. 2590-2595, Jul. 2011.

G. Kewes, F. Binkowski, S. Burger, L. Zschiedrich, and O. Benson,
“Heuristic modeling of strong coupling in plasmonic resonators,” ACS
Photon., vol. 5, no. 10, pp. 4089-4097, Oct. 2018.

N. L. Kazanskiy, S. N. Khonina, and M. A. Butt, “Plasmonic sensors
based on metal-insulator-metal waveguides for refractive index sensing
applications: A brief review,” Phys. E, Low-Dimensional Syst. Nanos-
truct., vol. 117, Mar. 2020, Art. no. 113798.

D. A. Uulu, T. Ashirov, N. Polat, O. Yakar, S. Balci, and
C. Kocabas, “Fourier transform plasmon resonance spectrometer using
nanoslit-nanowire pair,” Appl. Phys. Lett., vol. 114, no. 25, Jun. 2019,
Art. no. 251101.

J. Homola, S. S. Yee, and G. Gauglitz, “Surface plasmon resonance
sensors,” Sens. Actuators, B Chem., vol. 54, pp. 3—15, Jan. 1999.

C. A. Balanis, Antenna Theory: Analysis and Design. Hoboken, NIJ,
USA: Wiley, 2015.

S. A. Maier, Plasmonics: Fundamentals and Applications. New York,
NY, USA: Springer, 2007.

M. Dressel and M. Scheffler, “Verifying the Drude response,” Annalen
der Physik, vol. 15, nos. 7-8, pp. 535-544, Jul. 2006.

F. Forstmann and R. R. Gerhardts, Metal Optics Near the Plasma
Frequency. Berlin, Germany: Springer-Verlag, 1986.

N. A. Mortensen, ‘“Nonlocal formalism for nanoplasmonics: Phenom-
enological and semi-classical considerations,” Photon. Nanostruct.-
Fundam. Appl., vol. 11, no. 4, pp. 303-309, Nov. 2013.

M. Marques, A. Rubio, E. K. Gross, K. Burke, F. Nogueira, and
C. A. Ullrich, Time-Dependent Density Functional Theory. Amsterdam,
The Netherlands: Springer-Verlag, 2006.

T. V. Teperik, P. Nordlander, J. Aizpurua, and A. G. Borisov, “Robust
subnanometric plasmon ruler by rescaling of the nonlocal optical
response,” Phys. Rev. Lett., vol. 110, no. 26, Jun. 2013, Art. no. 263901.
X. Zheng, M. Kupresak, R. Mittra, and G. A. E. Vandenbosch, “A bound-
ary integral equation scheme for simulating the nonlocal hydrodynamic
response of metallic antennas at deep-nanometer scales,” IEEE Trans.
Antennas Propag., vol. 66, no. 9, pp. 47594771, Sep. 2018.

K. R. Hiremath, L. Zschiedrich, and F. Schmidt, “Numerical solution
of nonlocal hydrodynamic Drude model for arbitrary shaped nano-
plasmonic structures using Nédélec finite elements,” J. Comput. Phys.,
vol. 231, no. 17, pp. 5890-5896, 2012.

S. Bhardwaj, F. L. Teixeira, and J. L. Volakis, “Fast modeling of terahertz
plasma-wave devices using unconditionally stable FDTD methods,”
IEEE J. Multiscale Multiphys. Comput. Techn., vol. 3, pp. 29-36, 2018.
N. Schmitt, C. Scheid, J. Viquerat, and S. Lanteri, “Simulation of
three-dimensional nanoscale light interaction with spatially dispersive
metals using a high order curvilinear DGTD method,” J. Comput. Phys.,
vol. 373, pp. 210-229, Nov. 2018.

L. Li, S. Lanteri, N. A. Mortensen, and M. Wubs, “A hybridizable
discontinuous Galerkin method for solving nonlocal optical response
models,” Comput. Phys. Commun., vol. 219, pp. 99-107, Oct. 2017.
J.-M. Jin, Theory and Computation of Electromagnetic Fields. Hoboken,
NJ, USA: Wiley, 2015.

D. H. Schaubert, D. R. Wilton, and A. W. Glisson, “A tetrahedral model-
ing method for electromagnetic scattering by arbitrarily shaped inhomo-
geneous dielectric bodies,” IEEE Trans. Antennas Propag., vol. AP-32,
no. 1, pp. 77-85, Jan. 1984.

D. A. Uulu, P. Li, and H. Bagci, “Solution of coupled hydrodynamic
and volume integral equations for analyzing electromagnetic interactions
on nanostructures,” in Proc. IEEE Int. Symp. Antennas Propag. North
Amer. Radio Sci. Meeting, Jul. 2020, pp. 1069-1070.

R. W. Freund, “A transpose-free quasi-minimal residual algorithm for
non-Hermitian linear systems,” SIAM J. Sci. Stat. Comput., vol. 14,
pp. 470482, Mar. 1993.

R. Coifman, V. Rokhlin, and S. Wandzura, “The fast multipole method
for the wave equation: A pedestrian prescription,” IEEE Antennas
Propag. Mag., vol. 35, no. 3, pp. 7-12, Jun. 1993.

[25]

[26]

[27]

(28]

[29]

[30]

[31]

(32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]
[44]

[45]

[40]

[47]

L. Greengard, J. Huang, V. Rokhlin, and S. Wandzura, “Accelerating
fast multipole methods for the Helmholtz equation at low frequencies,”
IEEE Comput. Sci. Eng., vol. 5, no. 3, pp. 32-38, Jul./Sep. 1998.

N. Engheta, W. D. Murphy, V. Rokhlin, and M. S. Vassiliou, “The
fast multipole method (FMM) for electromagnetic scattering problems,”
IEEE Trans. Antennas Propag., vol. 40, no. 6, pp. 634-641, Jun. 1992.
M. Abduljabbar et al., “Extreme scale FMM-accelerated boundary
integral equation solver for wave scattering,” SIAM J. Sci. Comput.,
vol. 41, no. 3, pp. C245-C268, 2019.

J. M. Song, C.-C. Lu, and W. C. Chew, “Multilevel fast multipole
algorithm for electromagnetic scattering by large complex objects,” IEEE
Trans. Antennas Propag., vol. 45, no. 10, pp. 1488-1493, Oct. 1997.
X. Q. Sheng, J.-M. Jin, J. Song, W. C. Chew, and C.-C. Lu, “Solution
of combined-field integral equation using multilevel fast multipole
algorithm for scattering by homogeneous bodies,” IEEE Trans. Antennas
Propag., vol. 46, no. 11, pp. 1718-1726, Nov. 1998.

S. Jarvenpaa, J. Markkanen, and P. Yla-Oijala, “Broadband multilevel
fast multipole algorithm for electric-magnetic current volume integral
equation,” IEEE Trans. Antennas Propag., vol. 61, no. 8, pp. 4393-4397,
Aug. 2013.

M. Takrimi, O. Ergul, and V. B. Erturk, “Incomplete-leaf multilevel
fast multipole algorithm for multiscale penetrable objects formulated
with volume integral equations,” IEEE Trans. Antennas Propag., vol. 65,
no. 9, pp. 4914-4918, Sep. 2017.

H. Guo, Y. Liu, J. Hu, and E. Michielssen, “A butterfly-based direct
integral-equation solver using hierarchical LU factorization for analyzing
scattering from electrically large conducting objects,” [EEE Trans.
Antennas Propag., vol. 65, no. 9, pp. 4742-4750, Sep. 2017.

S. B. Sayed, Y. Liu, L. J. Gomez, and A. C. Yucel, “A butterfly-
accelerated volume integral equation solver for broad permittivity and
large-scale electromagnetic analysis,” IEEE Trans. Antennas Propag.,
vol. 70, no. 5, pp. 3549-3559, May 2022.

M. Kaplan and Y. Brick, “Fast iterative integral equation solver for
acoustic scattering by inhomogeneous objects using the butterfly approx-
imation,” IEEE Trans. Ultrason., Ferroelectr., Freq. Control, vol. 69,
no. 5, pp. 1794-1803, May 2022.

Y. Brick, “Increasing the butterfly-compressibility of moment matrix
blocks: A quantitative study,” IEEE Trans. Antennas Propag., vol. 69,
no. 1, pp. 588-593, Jan. 2021.

A. D. Rakic, A. B. DjuriSic, J. M. Elazar, and M. L. Majewski, “Optical
properties of metallic films for vertical-cavity optoelectronic devices,”
Appl. Opt., vol. 37, no. 22, pp. 5271-5283, Aug. 1998.

M. Kreiter, S. Mittler, W. Knoll, and J. R. Sambles, “Surface plasmon-
related resonances on deep and asymmetric gold gratings,” Phys. Rev.
B, Condens. Matter, vol. 65, no. 12, Mar. 2002, Art. no. 125415.
L.-M. Zhang and X.-Q. Sheng, “Discontinuous Galerkin volume integral
equation solution of scattering from inhomogeneous dielectric objects by
using the SWG basis function,” IEEE Trans. Antennas Propag., vol. 65,
no. 3, pp. 1500-1504, Mar. 2017.

B.-B. Kong and X.-Q. Sheng, “A discontinuous Galerkin surface
integral equation method for scattering from multiscale homogeneous
objects,” IEEE Trans. Antennas Propag., vol. 66, no. 4, pp. 1937-1946,
Apr. 2018.

N. A. Mortensen, S. Raza, M. Wubs, T. Sgndergaard, and S. I. Bozhevol-
nyi, “A generalized non-local optical response theory for plasmonic
nanostructures,” Nature Commun., vol. 5, no. 1, pp. 1-7, May 2014.
T. Christensen, W. Yan, S. Raza, A.-P. Jauho, N. A. Mortensen, and
M. Wubs, “Nonlocal response of metallic nanospheres probed by
light, electrons, and atoms,” ACS Nano, vol. 8, no. 2, pp. 1745-1758,
Feb. 2014.

G. P. Zouros, G. D. Kolezas, N. A. Mortensen, and C. Tserkezis,
“Monitoring strong coupling in nonlocal plasmonics with electron spec-
troscopies,” Phys. Rev. B, Condens. Matter, vol. 101, no. 8, Feb. 2020,
Art. no. 085416.

J. D. Jackson, Classical Electrodynamics. Hoboken, NJ, USA: Wiley,
1999.

R. Ruppin, “Optical properties of a plasma sphere,” Phys. Rev. Lett.,
vol. 31, no. 24, p. 1434, 1973.

Y. S. Cao, L. J. Jiang, and A. E. Ruehli, “An equivalent circuit model
for graphene-based terahertz antenna using the PEEC method,” IEEE
Trans. Antennas Propag., vol. 64, no. 4, pp. 1385-1393, Apr. 2016.
M. M. Botha, “Solving the volume integral equations of electromagnetic
scattering,” J. Comput. Phys., vol. 218, no. 1, pp. 141-158, 2006.

J. Markkanen, C.-C. Lu, X. Cao, and P. YI4-Oijala, “Analysis of volume
integral equation formulations for scattering by high-contrast penetrable
objects,” IEEE Trans. Antennas Propag., vol. 60, no. 5, pp. 2367-2374,
May 2012.



AIBEK UULU et al.:

Doolos Aibek Uulu (Student Member, IEEE) received the B.S. degree in
physics from Middle East Technical University (METU), Ankara, Turkey,
in 2015, and the M.S. degree in material science and nanotechnology from
Bilkent University, Ankara, in 2017. He is currently pursuing the Ph.D. degree
in electrical and computer engineering program from the King Abdullah Uni-
versity of Science and Technology (KAUST), Thuwal, Saudi Arabia. During
the Ph.D. degree, his research focuses on computational electromagnetics
to model plasmonic structures by combining volume integral equation and
hydrodynamic equation.

Rui Chen (Member, IEEE) received the B.Eng.
degree in communication engineering and the
M.Eng. degree in electromagnetic field and
microwave technology from the Nanjing University
of Science and Technology, Nanjing, China, in
2010 and 2015, respectively, and the Ph.D. degree
in Electrical and Computer Engineering from
the King Abdullah University of Science and
Technology (KAUST), Thuwal, Saudi Arabia,
in 2021.

From June 2021 to April 2022, he was a
Post-Doctoral Fellow with the Computational Electromagnetics Group,
KAUST. Since May 2022, he has been a Post-Doctoral Fellow with the
Computational Electromagnetics Research Laboratory, Politecnico di Turin,
Turin, Italy. His research interests include various aspects of theoretical and
applied computational electromagnetics with emphasis on well-conditioned
frequency and time-domain integral equation formulations and their higher
order discretization, and accurate, stable, and efficient marching-on-in-time
schemes for time-domain integral equation solvers.

Dr. Chen received two Honorable Mention Awards at the Student Paper
Competition of the IEEE Antennas and Propagation Society International
Symposiums, in 2018 and 2020, respectively. He was one of the finalists
at the Student Paper Competition of the 2019 Applied Computational
Electromagnetics Society Conference. He was one of the recipients of the
Gauss Centre for Supercomputing Award presented at the 2020 International
Supercomputing Conference High Performance. He was the recipient of
the 2021 International Union of Radio Science (URSI) Young Scientist
Award presented at the XXXIVth URSI General Assembly.

Liang Chen (Senior Member, IEEE) received the
B.S. degree in applied physics from Southeast Uni-
versity, Nanjing, China, in 2007, and the M.S.
and Ph.D. degrees in microelectronic and solid-state
electronics from the Shanghai Institute of Microsys-
tem and Information Technology, Chinese Academy
of Sciences, Shanghai, China, in 2009 and 2012,
respectively.

From 2012 to 2013, he was a High-Performance
Computing (HPC) Engineer with the HPC Solution
Center of Dawning Information Industry Company
Ltd. From 2013 to 2017, he was the Technical Solution Department Manager
with DongJun Technology Company Ltd., and a Principal Developer with
the Electromagnetic Simulation Software East Wave, Shanghai. In 2017,
he joined the King Abdullah University of Science and Technology (KAUST),
Thuwal, Saudi Arabia, as a Post-Doctoral Research Fellow. Since 2020,
he has been a Research Scientist at KAUST. His research interests include
computational physics (electromagnetics, semiconductor devices, quantum
transport, and multiphysics simulation), computer-aided engineering software,
high-performance computing, and various topics in photonics and condensed
matter physics.

Ping Li (Senior Member, IEEE) received the
B.S. degree in physical electronics engineering and
the master’s degree from the University of Elec-
tronic Science and Technology of China (UESTC),
Chengdu, China, in 2008 and 2010, respectively,
and the Ph.D. degree in electrical and electronic
engineering from The University of Hong Kong
(HKU), Hong Kong, in 2014.

From October 2014 to December 2015, he was a
Post-Doctoral Fellow at the Computational Electro-
magnetics Laboratory, King Abdullah University of
Science and Technology (KAUST), Thuwal, Saudi Arabia. From December
2015 to December 2016, he was a Post-Doctoral Fellow at the On-Chip
Electromagnetics Laboratory, Purdue University, West Lafayette, IN, USA.

COUPLED SOLUTION OF VOLUME INTEGRAL AND HYDRODYNAMIC EQUATIONS

3429

From January 2017 to August 2018, he joined with the Department of
Electrical and Electronic Engineering, HKU as a Research Assistant Professor.
From September 2018 to August 2019, he was a Research Scientist with the
KAUST as well as a Honorary Assistant Professor at the HKU. Since August
2019, he has been with Shanghai Jiao Tong University, Shanghai, China, as an
Associate Professor.

Dr. Li was a recipient of the 2018 Joint IEEE EMC and APEMC
Outstanding Young Scientist Award, the 2018 ACES-China Young Scientist
Award, the 40th PIERS Young Scientist Award in Japan, the Okawa Research
Foundation Grant of Japan, the 2018 Best Annual Paper Prize on Chinese
Journal of Radio Science, and the Second Prize Award for Natural Sciences
of Chinese Institute of Electronics, in 2019. Besides, his paper was selected
as the Finalist paper in 29th International Review of Progress in Applied
Computational Electromagnetics and the 2014 International Symposium on
Electromagnetic Compatibility, and he won the Best Student Paper Award in
12th International Workshop on Finite Elements for Microwave Engineering.

Hakan Bagci (Senior Member, IEEE) received the
B.S. degree in electrical and electronics engineering
from Bilkent University, Ankara, Turkey, in 2001,
and the M.S. and Ph.D. degrees in electrical and
computer engineering from the University of Illinois
at Urbana-Champaign (UIUC), Urbana, IL, USA, in
2003 and 2007, respectively.

From June 1999 to July 2001, he worked as an
Undergraduate Researcher with the Computational
Electromagnetics Group, Bilkent University. From
August 2001 to December 2006, he was a Research
Assistant with the Center for Computational Electromagnetics and Electro-
magnetics Laboratory, UIUC. From January 2007 to August 2009, he was
a Research Fellow with the Radiation Laboratory, University of Michigan,
Ann Arbor, MI, USA. Since August 2009, he has been with the King Abdullah
University of Science and Technology (KAUST), Thuwal, Saudi Arabia,
where he is currently an Associate Professor of electrical and computer
engineering. He has authored or coauthored around 120 journal articles and
250 contributions in conference proceedings. His research interests include
various aspects of theoretical and applied computational electromagnetics with
emphasis on well-conditioned frequency and time-domain integral equation
formulations and their discretization, hybrid time-domain integral and differ-
ential equation solvers, accurate, stable, and efficient marching schemes for
time-domain solvers, stochastic characterization of electromagnetic field and
wave interactions on complex geometries, and solution of 2-D and 3-D elec-
tromagnetic inverse scattering problem using signal processing techniques.

Dr. Bagci is a Senior Member of the URSI Commission B and a fellow
of the Applied Computational Electromagnetics Society (ACES). He was
a recipient of the 2008 International Union of Radio Scientists (URSI)
Young Scientist Award presented at the XXIXth URSI General Assembly
and the 2004-2005 Interdisciplinary Graduate Fellowship from the Compu-
tational Science and Engineering Department, UIUC. His paper titled “Fast
and Rigorous Analysis of EMC/EMI Phenomena on Electrically Large and
Complex Structures Loaded With Coaxial Cables” was one of the three
finalists (with honorable mention) for the 2008 Richard B. Schulz Best
Transactions Paper Award given by the IEEE Electromagnetic Compatibility
Society. He has authored (as student) or coauthored (as student and advisor)
18 finalist/honorable mention papers in the student paper competitions at the
2005, 2008, 2010, 2014-2018, and 2020 IEEE Antennas and Propagation
Society International Symposiums and 2013-2019 Applied Computational
Electromagnetics Society Conferences. In 2020, he was one of the recipients
of the Gauss Center for Supercomputing (GSC) Award for the paper titled
“Solving Acoustic Boundary Integral Equations Using High Performance Tile
Low-Rank LU Factorization” and presented at the International Supercomput-
ing Conference (ISC) High Performance. In 2021, he received the KAUST
Distinguished Teaching Award. He has organized and chaired many sessions
at IEEE Antennas and Propagation Society International Symposiums and
Applied Computational Electromagnetics Society Conferences. More recently,
he served as a Vice Chair (responsible for computational electromagnetics
track) of the technical program committee for the IEEE Antennas and Propa-
gation Society International Symposium that was held in Atlanta, GA, USA,
in July 2019. He is currently an Associate Editor of IEEE TRANSACTIONS
ON ANTENNAS AND PROPAGATION, IEEE JOURNAL ON MULTISCALE AND
MULTIPHYSICS COMPUTATIONAL TECHNIQUES, and [EEE Antennas and
Propagation Magazine.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Black & White)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /AdobeArabic-Bold
    /AdobeArabic-BoldItalic
    /AdobeArabic-Italic
    /AdobeArabic-Regular
    /AdobeHebrew-Bold
    /AdobeHebrew-BoldItalic
    /AdobeHebrew-Italic
    /AdobeHebrew-Regular
    /AdobeHeitiStd-Regular
    /AdobeMingStd-Light
    /AdobeMyungjoStd-Medium
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /AdobeSongStd-Light
    /AdobeThai-Bold
    /AdobeThai-BoldItalic
    /AdobeThai-Italic
    /AdobeThai-Regular
    /ArborText
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /BellGothicStd-Black
    /BellGothicStd-Bold
    /BellGothicStd-Light
    /ComicSansMS
    /ComicSansMS-Bold
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Courier-Oblique
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /EstrangeloEdessa
    /EuroSig
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Impact
    /KozGoPr6N-Medium
    /KozGoProVI-Medium
    /KozMinPr6N-Regular
    /KozMinProVI-Regular
    /Latha
    /LetterGothicStd
    /LetterGothicStd-Bold
    /LetterGothicStd-BoldSlanted
    /LetterGothicStd-Slanted
    /LucidaConsole
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MinionPro-Bold
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Regular
    /MinionPro-Semibold
    /MinionPro-SemiboldIt
    /MVBoli
    /MyriadPro-Black
    /MyriadPro-BlackIt
    /MyriadPro-Bold
    /MyriadPro-BoldIt
    /MyriadPro-It
    /MyriadPro-Light
    /MyriadPro-LightIt
    /MyriadPro-Regular
    /MyriadPro-Semibold
    /MyriadPro-SemiboldIt
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /Symbol
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Webdings
    /Wingdings-Regular
    /ZapfDingbats
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 300
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 900
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.33333
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /Unknown

  /CreateJDFFile false
  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


