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Abstract—The researches on the heat generation and dissipa-

tion of the permanent magnet synchronous machines (PMSMs) 
are integrated problems involving multidisciplinary studies of 
electromagnetism, thermomechanics, and computational fluid 
dynamics. The governing equations of the multi-physical prob-
lems are coupled and hard to be solved and illustrated. The high 
accuracy mathematical model in the algebraically integral con-
servative forms of the coupled fields is established and computed 
in this paper. And the equation coupling with the fluid flow and 
the temperature variation is modified to improve the positive 
definiteness and the symmetry of the global stiffness matrix. The 
computational burden is thus reduced by the model modification. 
A 20kW 4500rpm permanent magnet synchronous machine 
(PMSM) is taken as the prototype, and the calculation results are 
validated by experimental ones. 
 

Index Terms—Cell method (CM), model modification, mul-
ti-physics coupled problems, permanent magnet synchronous 
machine (PMSM). 

I. INTRODUCTION 
ERMANENT magnet synchronous machines (PMSMs) 
manifest superior advantages of high efficiency, high 

torque density and fast dynamics, and thus been widely applied 
to modern civil and industrial equipment. Since the PMSMs are 
mostly supplied from pulse-width modulation (PWM) con-
trolled inverters [1], there exists large amounts of time har-
monics inside the motor components which will generate ed-
dy-current and hysteresis losses. Once overloaded, the elevated 
temperature rises introduced by the losses may cause acceler-
ated aging of the winding insulation [2], diminish the magnetic 
properties of the PMs [3], and limit the torque output. 

In order to maintain the temperature rise and maximize the 
output power, it is necessary to accurately predict the temper-
ature distribution of the motor in the design process. The 
thermal analyses of the PMSMs evolved from the lumped pa-
rameter thermal networks (LPTNs) [4] to the field analysis  
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methods [5]. Nowadays, the precise calculations of the mul-
ti-physical problems coupling electromagnetic-thermal-fluidic 
fields are gaining more and more research attentions since the 
electromagnetic losses are the main parts of the heat sources 
and the heat dissipation capacity is directly affected by the fluid 
flow distribution.  

The cell method (CM) proposed by Enzo Tonti [6] is the 
computational method based on the previous works of the 
direct algebraic formulations of physical laws [7]. In CM based 
analyses, the computing regions are tessellated into dualized 
space-time structures forming the cell-complexes [8]. Com-
pared with other methods, the CM demonstrates the conserva-
tion equations on the dual cell-complexes through the re-
placement of physical relations with the dimensional and dual 
relations of the cells. And the formulas declaring physical laws 
are translated into the conversions of global variables defined 
on nodes, edges, faces, and volumes. 

In this paper, the algebraic-formed governing equations of 
the multi-physics problems is illustrated. The 2-D transient 
electromagnetic field is weakly coupled to the 3-D steady-state 
temperature field, while the thermal-fluidic problem is solved 
as a directly coupled system. The mathematical model repre-
senting the relations between the heat transferred by convection 
and the flow distribution is modified to improve the definite-
ness and the symmetry of the global stiffness matrix by the 
introduction of a first order error. And the calculation results 
are validated by experiments. 

II. MULTI-PHYSICS MODELS 
In the CM based problems, the common dual forms are 

demonstrated as shown Fig. 1. And in Fig. 2, Po and Ph are the 
points of the primal space corresponded to the volumes and hV  
of the dual one. Similarly, the primal lines L, faces S, and 
volumes V are related to the dual S , L , and P , respectively 
[8]-[9]. The transformation of the physical quantities in the 
same set of grids is named as the topological transformation 
while mathematically exhibited as the topological matrix G, C, 
and D in primal grids and G , C , and D in dual grids. Due to 
the duality, the topological matrices should obey the correlation 
equations [10] 

                                            

T= −D G  (1) 

                                            

T=C C  (2) 
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               (a) circumcenter dual                        (b) barycentric dual  

Fig. 1.  Dual forms. 
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(b) dual relations of time   

Fig. 2.  Dual relations. 

                                            

T=G D  (3) 

Where G, C, D records the point-line, line-face, face-volume 
characters of the primal grids, and G , C , D of the dual ones. 
Moreover, the transformation between quantities defined on 
different sets of grids is named as the constitutive transfor-
mation which could mathematically expressed as the constitu-
tive matrix M [11]-[12]. 

A.  2-D Electromagnetic Model 
While dealing with the numerical problems, the CM based 

variables could be defined on points, lines, faces, and volumes, 
and thus enhancing the flexibility for the variables of multiple 
fields could be set on different dimensions of the 
cell-complexes. Since the working frequencies of most elec-
tromagnetic devices are well below 1010HZ, the governing 
equations of quasi-stable electromagnetism are well developed 
with the neglect of the displacement currents as [13-14] 
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where a is the line integral for magnetic vector potential, Js the 
source current density, χ the electric scalar potential defined on 
points. For 2-D electromagnetic cases, χ satisfy the Laplace's 
equation and can be eliminated from the expression of the eddy 
currents, the transient governing equation is simplified as 
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Where, i and i-1 are the serial numbers of time, Δt is the time 
step. The global stiffness matrix Ke is positive defined and 
symmetric. 

B. 3-D Thermal Model 
Through the transformation of the temperature defined on 

the primal points to the heat generated set in the dual volumes, 
the mathematical model of the CM based thermal problems can 
be formulated as [15] 

                                    

T
t λ =K T = G M GT q  (6) 

where T stands for the discrete vector of temperature, Mλ the 
constitutive matrix connecting primal lines and dual faces 
containing the information of grid dimensions and thermal 
conductivity coefficients, and q the heat vector. For the bearing 
regions of the machine, the elements of qf are the frictional 
losses as 
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where kf is the constant, V(m) the volume of the grid m, gr the 
quality of the rotor, dsh the shaft diameter, n the rotate speed. 
The I2R losses including the copper loss and the eddy-current 
loss can be expressed as 
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The iron loss in the cores could be obtained by the Bertotti’s 
equations [16] 
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where qh, qc, and qe are the hysteresis loss, the eddy-current loss 
of the iron cores, and kh, kc, and ke are the constants, f the fre-
quency. 

C. 3-D Fluidic Model 
The equations modeling the fluid flow consist of the conti-

nuity equation and the momentum conservation equations. The 
former one emphasizes the continuity of the fluid as 

=0x y z+ +K u K v K w                           (10) 

where Kx, Ky, and Kz are the coefficient matrices stating the 
scale factors and the interface areas, and u, v, and w the veloc-
ities of the x, y, and z direction, respectively. The momentum 
conservation equations are in the following forms: 

T T = xφ γ+H M Gu G M Gu K p  (11) 
T T = yφ γ+H M Gv G M Gv K p  (12) 

 
Fig. 3.  Model of the fluid-solid interface. 
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Fig. 4.  1-D structure grid. 

T T = zφ γ+H M Gw G M Gw K p  (13) 

where H is equal to G . 

D. Coupled Model 
The models of the electromagnetic-thermal-fluidic problems 

are not the simple assembling of the individual fields. For the 
coupling of the 2-D electromagnetic field and the 3-D temper-
ature field, due to the differences in the dimensions, the 2-D 
grids should be extended to the 3-D forms by the axial stretch of 
the model. Furthermore, the residual flux density and the co-
ercive force are temperature-related properties [17] 

( ) ( ) 201 20 1
rr PM B rB T IL Bκ = + − −    (14) 

( ) ( ) 201 20 1
cc PM H cH T IL Hκ = + − −    (15) 

Where TPM is the temperature of the PMs, κBr and κHc are the 
reversible temperature coefficients of the residual flux density 
and the coercive force, respectively, IL is the irreversible loss 
rate, Br20 and Hc20 are the residual flux density and the coercive 
force at 20℃, respectively. 

For the coupling of the fluid flow field and the thermal field, 
the heat transferred by convection should be mathematically 
modeled through the thermal equation of the fluid: 

T T =k f f V bfφ λ+H M G G M G q + qΤ Τ  (16) 

where qbf is the heat absorbed by the fluid from the fluid-solid 
interfaces. Since the solution domain of the fluid is complex, 
the meshes on the interfaces are not well-matched as shown in 
Fig. 3. The heat exchange through the interfaces covers:  
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E. Model Modification 
Equation (11)-(13) and (16) are obtained through the central 

difference scheme. Take a 1-D structured grid as an example, as 
shown in Fig. 4, the x-directional accelerated velocity is 
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Where qw and qe are the flow rate passing through the w and e 
faces, respectively. Once the grids are uniformly distributed, 
the diagonal elements of the acceleration matrix are close to 
zero, thus making the equations hard to be solved. The variable 

ordered upwind schemes could be used to surmount the nega-
tive definition, but the matrices are still asymmetric. To con-
quer the problems, a first-ordered error is introduced 
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The velocities of w and e faces are added with 1st order error. 
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The matrix formed (11)-(13) and (16) can be modified as 
T T = xφ γ+G M Gu G M Gu K p  (23) 
T T = yφ γ+G M Gv G M Gv K p  (24) 

     
Fig. 5.  Model of the fluid-solid interface. 

TABLE I 
MAIN DIMENSIONS AND DESIGN PARAMETERS 

Parameters and Dimensions Value 
Rated power (kW) 20 
Rated speed (rpm) 4500 
Number of poles 4 
Number of stator slots 48 
Stator outer diameter (mm) 194.0 
Rotor outer diameter (mm) 125.6 
Air gap length (mm) 0.7 
Axial length (mm) 75.0 

  

 
Fig. 6.  Equivalent structure of a coil during calculation, which are (a) insula-
tion sheet, (b) copper, (c) wire insulation, (d) air, (e) equivalent insulation. 
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T T = zφ γ+G M Gw G M Gw K p                    (25)  

T T =k f f V bfφ λ+G M G G M G q + qΤ Τ                   (26) 

Equation (23)-(26) are positive defined and symmetric. Due 
to the implantation of a ( )/u x h∂ ∂  shaped error into the 
mathematical model as shown in (21) and (22), the modified 
model is capable to the problems with small speed differences. 

III. COUPLED ANALYSIS AND VALIDATION 
To predict the temperature distribution of PMSMs, an inte-

rior PMSM is taken as a prototype during numerical and ex-
perimental analyses. The basic structure of the machine is 
shown in Fig. 5, and the basic parameters are shown in Table I. 

A. Fundamental Assumptions 
To obtain fine accuracy, the assumptions are as follows: 
1) Considering the symmetry, a 1/8 model is employed.  
2) In Fig. 6, conductors are modeled as uniform copper bars. 

The insulation, vanish and air in small cracks are gathered 
together and filled up the slots evenly [18].  

3) The end windings are regarded as straight conductors with 
insulation wrapped outside to simplify the meshing process. In 
the real model, the end windings are overlapped by the flanks, 
and the major heat generated in the end windings is dissipated 
through the top and bottom faces. During calculation, the side 
faces of the end windings are regarded as adiabatic surfaces 
while the top and bottom faces are convective. By this simpli-
fication, the heat of the end windings transferred through the air 
enclosed in the end-caps to the profiles of the stator core is 
decreased due to the increased distances. However, the mod-
eling error caused by the assumption is small since the air 
temperature is rather low with the well established wa-
ter-cooling system. 

4) The heat transferred by radiation is ignored. 

B. Numerical Results 
Equation (5)-(6), (10), and (23)-(26) based models are em-

ployed to analyze the coupled electromagnetic-thermal-fluidic 
fields of the PMSM. The electromagnetic field as the weakly 
coupled part is firstly computed, and the electromagnetic losses 
calculated and tested are compared in Fig. 7. 

The losses are used as the heat sources during the directly 
coupled thermal-fluidic analyses. Since the fluid flow distribu-
tion is hard to be tested, the temperature rise of the machine is 
taken as the criterion. The temperature rise distribution of the 
whole machine is shown in Fig. 8 (a). Fig. 8(b) and (c) 
demonstrate the temperature rise distributions of the windings 
and the PMs calculated, respectively. And the temperature rise 
of the rotor part is higher than that of the stator part, because the 
stator core is directly connected to the water-cooled machine 
enclosure while the heat generated in the rotor core and the PMs 
is hard to be dissipated. In Fig. 8(b), the maximum temperature 
rise of the windings occurred in the end-regions since the 
conductive cooling performance of the stator core is better than 
the heat transferred through convection by the air enclosed in 
the end-caps. 

 
Fig. 7.  Losses calculated and tested. 

 
(a) the whole machine 

 
(b) the windings 

 
(c) the PMs 

Fig. 8.  Temperature rise distribution. 

C. Experimental Validation 
TABLE II 

TEMPERATURE RISE CALCULATED AND TESTED 
Position End-Winding PM 

Temperature rise tested 111.4K 149.5K 
Temperature rise calculated 101.8K 137.9K 

Error 8.64% 7.75% 
  

TABLE III 
OUTPUT TORQUE DESIGNED AND TESTED UNDER RATED SPEED 

Condition Torque 
Designed 42.48N·m 

Thermal-state tested 40.70N·m 
Difference 4.19% 

  

 
(a) temperature test platform 
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(b) performance test platform 

Fig. 9.  Experimental setup. 

Experiments were carried out to measure the motor temper-
ature distribution at the rated output power by the experimental 
platform shown in Fig. 9. Wireless thermal sensitive resistors 
were buried underneath the end-windings and beneath the PMs, 
and the temperatures were measured to verify the numerical 
simulations. Table II tabulates the temperature rises of the 
computed results and the experimental ones. The calculation 
errors caused by the model modification and the assumption are 
less than 9%. 

IV. CONCLUSION 
The multi-physical analysis techniques based on the CM are 

presented including the coupled relations between electro-
magnetic, thermal, and fluidic fields. In order to improve the 
positive definiteness and the symmetry of the global stiffness 
matrix to reduce the computational burden, the equations cou-
pling the fluid flow and the temperature are modified in this 
paper with a 1st order error added to the acceleration equations. 
The numerical results can show good accuracy compared with 
the experimental ones. 
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