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Abstract—This paper systematically evaluates and compares 

three well-engineered and popular multi-objective optimization 
algorithms for the design of switched reluctance machines. The 
multi-physics and multi-objective nature of electric machine 
design problems are discussed, followed by benchmark studies 
comparing generic algorithms (GA), differential evolution (DE) 
algorithms and particle swarm optimizations (PSO) on a 6/4 
switched reluctance machine design with seven independent 
variables and a strong nonlinear multi-objective Pareto front. To 
better quantify the quality of the Pareto fronts, five primary 
quality indicators are employed to serve as the algorithm testing 
metrics. The results show that the three algorithms have similar 
performances when the optimization employs only a small 
number of candidate designs or ultimately, a significant amount 
of candidate designs. However, DE tends to perform better in 
terms of convergence speed and the quality of Pareto front when a 
relatively modest amount of candidates are considered. 
 

Index Terms—Design methodology, differential evolution (DE), 
generic algorithm (GA), multi-objective optimization algorithms, 
particle swarm optimization (PSO), switched reluctance 
machines. 
 

I. INTRODUCTION 
HE optimization of electrical machines is a highly 
nonlinear multi-objective problem [1]. Typical objectives, 

such as high torque density, high efficiency, modest cost, and 
minimum weight of active materials are traditionally designed 
through a multi-physics process in which the electromagnetic 
problem is solved in a heuristic manner with considerations of 
the mechanical, thermal, and material aspects.  

More recently, some fast numerical methods, including the  
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finite element analysis (FEA), have been widely employed to 
evaluate various electric machine performance indices by 
analyzing the electromagnetic field, which eliminate the need 
for the traditional integrative design process or for magnetic 
equivalent circuit based methods [1-2]. In addition, the intrinsic 
highly nonlinear and multi-objective nature of electric machine 
design and optimization processes make them stand out as 
some typical multi-objective optimization problems (MOP) 
that can be approached with various multi-objective 
optimization algorithms (MOOA). Therefore, both researchers 
and scientists in the field of electric machine design and 
optimization have a strong interest in knowing the 
state-of-the-art multi-objective optimization techniques, as this 
knowledge allows them to choose the most appropriate 
algorithms for their application-specific multi-objective 
electric machine optimizations.  

The multi-objective optimization algorithms can be 
generally classified into three categories: enumerative. 
Deterministic, and stochastic (random). Although the 
enumerative schemes are perhaps the simplest multi-objective 
search algorithm, as it only requires some finite, pre-defined 
search space, in which each possible solution is evaluated. 
However, it is easily seen that this technique is very inefficient 
or even infeasible with a huge search space. On the contrary, 
the deterministic algorithms attempt this by incorporating more 
problem domain knowledge, and many of them are considered 
graph/tree search algorithms. However, many electric machine 
multi-objective optimization problems are high-dimensional 
involve multi-physics modeling, which often makes the 
deterministic methods ineffective as they are handicapped by 
their requirement for specific problem domain knowledge to 
direct or limit search in these exceptionally large search spaces.  

Therefore, because of the aforementioned problems with the 
enumerative and deterministic optimization search algorithms, 
a variety of stochastic methods were developed as alternative 
approaches for electric machine design and optimization 
problems.  The various stochastic optimization algorithms, in 
general, require a function assigning fitness values to possible 
solutions.  In addition, they deal simultaneously with a set of 
possible solutions (populations), which allows them to find 
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several members of the Pareto optimal set in a single “run” of 
the algorithm, instead of having to perform a series of separate 
runs as in the case of the traditional enumerate techniques.  

A multi-objective optimization process’ defining 
characteristic is the set of multiple objectives being 
simultaneously optimized. Solutions on the Pareto Optimal 
Front (PF*) represent optimal solutions in the sense that 
improving the value in one dimension of the objective function 
vector leads to a degradation in at least one other dimension of 
the objective function vector. Once the Pareto front of an 
electric machine optimization problem has been found, the 
decision maker is presented the set of Pareto optimal solutions 
generated and then choose certain points from this set based on 
some non-modelled human preferences. Thus, the final 
multi-objective optimization problem solution results from 
both the optimization and the decision process. 

Because of the significance of Pareto fronts, most machine 
design problems require efficient approaches that can at least 
approximate the Pareto Front within a reasonable amount of 
time. However, obtaining the exact Pareto front of an arbitrary 
electric machine optimization problem is usually difficult, and 
some algorithms cannot even guarantee the optimal solutions. 
Nevertheless, reasonably good approximations of PF* are 
generally acceptable within a limited computational time.  

A good algorithm is generally considered to be able to find 
the optimal solutions with a vast diversity and a fast 
convergence speed, and the quality of the algorithms are 
determined by some systematic testing procedures. The quality 
of algorithms usually falls into two performance categories, 
efficiency and effectiveness. The efficiency is a measure of the 
computational effort to obtain solutions, e.g., CPU time, 
number of evaluations/iterations. Effectiveness includes 
robustness (measuring how well the code recovers from 
improper input), convergence, accuracy, scalability and ease of 
use.  

This paper seeks to provide a thorough case study with an 
analytical switched reluctance machine (SRM) design and 
optimization benchmark study problem that is comparatively 
solved using three well-engineered multi-objective 
optimization algorithms specific to the genetic algorithm (GA), 
differential evolution (DE) and particle swarm optimization 
(PSO), which are currently three of the most popular methods 
employed for the optimization of electromagnetic devices, in an 
attempt to determine the most effective and efficient algorithm 
for switched reluctance machine optimization problems that 
can be well extended to other types of electric machines. The 
rest of the paper is organized as follows: Section II illustrates 
the proposed multi-objective analytical design method of 
SRMs. The classification of objectives and some primary 
quality indicators for algorithm performance evaluations are 
introduced in Part III. The SRM optimization problem is solved  
with the aforementioned three algorithms and the comparison 
results are shown in Part VI. 
 

II. PROPOSED MULTI-OBJECTIVE OPTIMIZATION METHOD OF 
SWITCHED RELUCTANCE MACHINES 

Switched reluctance machines (SRM) are promising 
candidates to ultra-high speed [3-5] or automotive applications 
[6-12] thanks to their high reliability, robust construction, fault 
tolerant and efficient variable speed operation.  However, one 
of the major drawbacks of the SRM drive system is the inherent 
large torque ripple caused by its double-salient structure.  
Specifically, the torque ripple is due to the nonlinear coupling 
between the phase current, rotor position, overlapping angle as 
well as the complete machine geometry determined in the 
initial design process [13].  Therefore, the multi-objective 
design of SRMs are important for reducing the torque ripple 
while simultaneously without compromising the torque density 
and efficiency [14]. 

A. Multi-Phase Analytical Inductance Profile 
A key component to construct the SRM analytical design 

model is the function λ (θ, i), relating flux linkage to different 
current profiles and angular displacement. Since λ (θ, i) = L(θ, 
i)•i(t), the first step is to derive the analytical inductance profile 
L(θ, i) under a fixed single-phase current excitation, then this 
proposed analytical model will be extended under multi-phase 
excitations considering the different commutation effects as 
results of different current profiles. Moreover, different 
commutation situations brought by different turn-on and 
turn-off angles will further distort the inductance profile and 
make it asymmetric before and after commutation. Based on 
some of the existing work on deriving the unsaturated 
analytical equations of SRMs based on partial differential 
equations of magnetic potentials in the polar coordinate [15] or 
the Cartesian coordinate [16]. 

For each of the multiple phases involved during the 
commutation stage, only three possibilities exist: (i) early 
action (ii) on time and (iii) delayed action. By implementing the 
commutation matrix calculating the flux density in the 
stator/rotor tooth and yoke regions described in [17], the flux 
density at each part of the stator and rotor can be calculated 
before and after the commutation. Fig. 1 illustrates three 
different commutation scenarios with their corresponding 
current profiles, as well as the comparison of the saturated 
inductance profile obtained with the proposed analytical model 
(solid lines) and FEA (dotted lines), and the close agreement 
between the two verifies the accuracy of the analytical model 
under different commutation scenarios. 

B. Proposed SRM Multi-Objective Design Method 
Fig. 2 demonstrates the flowchart of the proposed two-stage 

SRM analytical design method with active current profile 
optimization. On the first stage, the initial machine geometry is 
designed with five prime design variables, in which D and Lstack 
are the stator bore diameter and the stack length, which are 
limited by the spatial limits; θs and θr are the angles of stator 
and rotor poles, which are constrained by the physical 
properties; and J is the current density in the windings, which is 
limited by the thermal and cooling constraints.  Then the 
unsaturated, single-phase inductance profile can be determined 
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with the ultra-fast and accurate analytical model [15]. On the 
second stage of active current profile optimization, another two 
prime design variables, the turn-on angle θon and turn-off angle 
θoff, are determined by the multi-objective optimization 
algorithms to determine the complete current profile. Then the 
three-phase saturated inductance profile can be adjusted 
according to this specific current profile, as shown in Fig. 1, 
based on the previous single phase unsaturated inductance.  

Only in this way can the torque profile and flux density be 
accurately determined with consideration of the multi-phase 
commutations as well as the saturation effects.  Finally, various 
performing indices will be calculated and evaluated by the 
multi-objective algorithms to generate the future generations 
and the non-dominated points that form the Pareto front. 

 

 

 
Fig. 1.  Multi-phase saturated inductance profile comparison of a 6/4 SRM obtained through the proposed analytical model and FEA. 
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Fig. 2.  The proposed two-stage SRM multi-objective design flowchart with integrated current profile optimization. 



ZHANG et al.: PERFORMANCE EVALUATION AND COMPARISON OF MULTI-OBJECTIVE OPTIMIZATION ALGOTITHMS FOR 61 
THE ANALYTICAL DESIGN OF SWITCHED RELUCTANCE MACHINES  

III. POPULAR STOCHASTIC MULTI-OBJECTIVE OPTIMIZATION 
ALGORITHMS AND TESTING METRICS  

A. Optimization with a Vector Objective  
While defining the cost function for optimizing multi-objective 

problems, one could just aggregate the objective functions to 
form a single scalar value, or to use a target vector approach, 
defining ideal goals to be achieved by each objective and 
aggregating their differences with respect to the values 
obtained as 

 
1

min ( )
k

i i
i

w f x  (1) 

In this way, a set of solutions can be generated by 
parametrically varying the weights wi in the above objective 
function (1).  However, one of the major limitation is that the 
weighing coefficients are manually assigned, and some time 
they do not necessarily reflect proportionally the importance of 
the different objectives (performance indices), making it 
challenging to locate points in the real Pareto optimal set PFtrue.  
Therefore, it is challenging to quantify all the weighing 
coefficients before running each round of machine design 
optimization. 

On the other hand, the vector-based multi-objective 
optimization algorithm, as a superior alternative, is able to find 
an approximation of the whole Pareto-set based on a condition 
for considering several objectives simultaneously. The 
Pareto-optimal solution occurs if the improvement of one 
objective function simultaneously decreases at least one of the 
other objective functions. A parameter vector *x is the 
Pareto-optimal if no other vector exists which simultaneously 
holds both conditions as shown below 

xfxf jj for all m,1,j  xfxf jj  for at 

least one m,1,j                                                              (2) 
All points fulfilling the conditions in (2) are the Pareto points 

with regards to all former evaluated points. Thus all these 
points form an approximation of the Pareto set of the vector 
optimization problem. A steady improvement of the Pareto 
front approximation is expected with the evolution of 
generations in the multi-objective algorithms.  It is anticipated 
that the multi-objective optimization algorithms will generate 
all the nondominated solutions on the Pareto front, which 
provide a tradeoff between the multiple performance indices 
that may mutually conflict. For example, the output torque 
density and weight represent vectors of two objectives, and 
maximizing one objective such as the output torque density 
usually does not optimize another such as weight. 

B. Testing of Multi-Objective Optimization Algorithms and 
Primary Quality Indicators as Testing Metrics  

It is generally difficult to measure how well a set of 
prototype vectors compares to another, for example, comparing 
PFtrue to PFknown. One wishes to determine how far apart the two 
sets are and how well they conform in shape. Thus evaluating 
the effectiveness of well-engineered multi-objective 

optimization algorithms require experimental assessment by 
executing numerous runs and applying statistical analysis on 
the results. Measuring of this nonlinear performance is 
quantified through the use of metrics. Five quality indicators 
listed below are employed in this work for evaluating 
multi-objective optimization algorithms’ effectiveness 
performance on approximating the Pareto front sets. 

(1) Contribution Ratio (CR): The contribution ratio metric 
reports the number of vectors in PFknown that are in a very close 
vicinity to the real pareto front PFtrue. If CR = 1, the PFknown is 
the same as PFtrue, but when CR = 0, this indicates that none of 
the points in PFknown are in PFtrue, and a higher CR is better. 

(2) Generational Distance (GD): this metric reports the 
average minimum Euclidean distance from all the vectors in 
PFknown to any vector in PFtrue. This is a type of convergence 
metric and any algorithm with a smaller GD has a better 
convergence to the real Pareto front PFtrue.  

(3) Normalized Hyperarea/Hypervolume (HA, HR): The 
hyperarea (hypervolume) and hyperarea ratio metric relate to 
the area of the converage of PFknown with respect to the 
objective space for a two-objective MOP. This equates to the 
summation of all the rectangular area formed by the two 
objectives of any vector on the Pareto front PFknown. 

(4) Spacing (S): the spacing numerically describes the 
spread of the vectors in PFknown by measuring the distance 
variance of neighboring vectors. When S = 0, all the vectors are 
evenly apart. The even spacing of vectors during the search in 
process is important for ensuring the quality and diversity of the 
Pareto front vectors, since most experimental MOOAs perform 
certain types of fitness sharing (niching or crowding) in an 
attempt to spread all the population in the current round of 
iteration evenly along the known front. 

 
TABLE I 

LIST OF POPULAR QUALITY METRICS ASSESSING THE PERFORMACNE OF 
MOOA ALGORITHMS 

Primary Quality 
Metrics Mathematical Definitions 

Contribution 
Factor 

known

true

PF

PF
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1/
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( )
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(1) Maximum Pareto Front Error (ME): this metric 
measures the largest minimum distance between each vector in 
PFknown and the corresponding closest vector in PFtrue. A 
resultant of 0 indicates PFknown  PFtrue, any other resultant 
value indicates at least one vector of PFknown is not in PFtrue. 

In summary, all the quality indicators are listed in TABLE I 
with their respective mathematical definitions, where |A| 
denotes the number of vectors x in space A, and xi  ℝm, 
where m is the number of objectives f(x) defined for any 
optimization problems. 

 

IV. PERFORMANCE EVALUATION AND COMPARISON OF 
MULTI-OBJECTIVE OPTIMIZATION ALGORITHMS 

A. Benchmark Study -- Multi-Objective Optimization of 
Switched Reluctance Machines  

The benchmark study case is approached with directly 
combining the optimal search algorithms with the proposed 
analytical design model of SRMs with various performance 
indices as output. While performing the multi-objective 
optimization process, all the algorithmic parameters are 
carefully tuned with the author’s best efforts to ensure the best 
diversity and the fastest convergence speed.  

For the benchmark switched reluctance machine, seven 
independent design variables were selected as specified in Fig. 
2. For reference, the SRM is a small-scaled, high speed motor 
of a 6/4 typology, rated for 100 W at 10,000 r/min. The 
excitation current is 3A and regulated with hysteresis 
controllers. For ultrafast calculations, the machine performance 
was estimated using analytical methods [14-15], which include 
the consideration of stator tooth saturation and various 
commutation effects presented in Fig. 1. Other computational 
methods, such as FEA or simplified FEA, could also be 
employed but with significantly longer computational time. 
The multi-objective consists of maximizing the torque density 
while maximizing the motor efficiency.  

During the design and optimization process, the airgap 
length and the number of turns in the stator windings are fixed. 
Other machine design variables, such as the winding AWG size 
and geometry, were calculated on that basis. To better illustrate 
the progress of the Pareto front with evolving generations, an 
optimal search with NSGA-II algorithm is performed as shown 
in Fig. 3, and the number of function evaluations, i.e., the 
sequence of the candidate designs, is color coded to provide an 
indication of the gradual convergence of the design space to the 
Pareto front vicinity. Fig. 3 also determines the profile for the 
appropriate range of the torque density/efficiency and 
demonstrate the baseline Pareto front is a strongly nonlinear 
function. 

B. Comparison of MOOA Algorithms  

For the purpose of preforming comprehensive comparison, 
multi-objective NSGA-II, DE and PSO optimization were 
applied in the following combinations: (1) 100 populations 
(generations), 50 iterations; (2) 40 populations, 25 iterations; 
and (3) 10 populations, 20 iterations, which lead to a number of 

5000; 1000; and 200 design candidates, respectively.  As shown  

 
Fig. 3.  Collection of the search results with NSGA-II of the SRM design 
candidates. 

in Fig. 4, the union set of all the Pareto fronts generated by the 9 
cases were assumed to be the real Pareto front PFtrue, and it is 
compared with the Pareto front determined by the nine cases 
respectively. It can be observed that with the increase of 
evaluated design candidates, the Pareto fronts of the three 
algorithms tend to converge on the same trajectory, and DE has 
a distinct advantage over the other two algorithms when there 
are only 2000 design candidates evaluated. Significant 
discrepancies can be observed for the cases with 200 design 
candidates for all three methods. 

 
Fig. 4.  Comparison of the Pareto fronts determined by NSGA-II, DE and PSO. 

Fig. 5 comprehensively demonstrates the five quality 
indicators employed in this work to produce a quantitative 
comparison of these Pareto fronts. It can be observed in Fig. 5(a) 
that NSGA-II algorithm has the highest contribution factor to 
the real Pareto front, DE comes next while PSO has the lowest 
contribution. When there are only 1000 or 200 design 
candidates evaluated, all three algorithms failed to contribute to 
constitute the real Pareto front, indicating the algorithms are 
still evolving overtime and keep pushing and updating their 
Pareto fronts.  

Both the generational distance and the maximum Pareto 
front error represents the “distance” from the current Pareto 
front PFknown to the real Pareto front PFtrue, and a smaller 
distance indicates the algorithm is able to better conform to the 
real front. To indicate an equal attention to the power density 
and efficiency, both of the two objectives are normalized to the 
same order of magnitude. Both Fig. 5(b) and Fig. 5(c) 
demonstrate DE has smaller errors or distances compared to the 
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other two algorithms, this is particularly evident for the case 
employing the “medium” number of 1000 candidate designs. It 
should also be noted that, after 1000 designs, DE has converged 
to the close vicinity to the “correct” Pareto front but GA and 
PSO did not. 

For a bi-objective problem, the hyperarea is equal to the area 
from the objective space that is dominated by a certain Pareto 
front, and a larger hyperarea indicates a better Pareto front. The 
hyperarea values reported in Fig. 5(d) are normalized with 
respect to the Pareto front from the union set. The results from 
Fig. 5(d) show that, for this benchmark problem, the 
performances of NSGA-II, PSO and DE are comparable if the 
optimization study is based on a very small number of only 200 
candidate designs. However, at such a low number of samples, 
all the Pareto fronts are substantially different from the real 
Pareto front PFtrue. When more candidate designs are included 
in the study, DE is superior. 

 

 
(a) Contribution factor 

 
(b) Generational distance 

 
(c) Maximum Pareto front error 

 
(d) Normalized hyperarea 

 
(e) Spacing 

Fig. 5.  Comparison of the quality indicators for the NSGA-II, DE, and PSO 
optimal search with 5000, 1000 and 200 design cadidates. (a) Contribution 
factor. (b) Generational distance. (c) Maximum Pareto front error. (d) 
Normalized hyperarea. (e) Spacing. 

Finally, Fig. 5(e) represents spacing, which is how well the 
points on the Pareto front are evenly spaced apart. The results 
indicate NSGA-II has a better spacing metric compared to the 
other two algorithms, as it has the built-in niching comparison 
schemes. If both solutions belong to the same front, then the 
solution which is located in lesser crowded region is preferred, 
thus making the points more evenly distributed along the Pareto 
front. 

 

V. CONCLUSIONS 
In this paper, three popular multi-objective optimization 

algorithms were compared on a proposed bi-objective 
optimization benchmark represented by a high-speed 6/4 
switched reluctance machine with a very strong nonlinearity of 
the Pareto front. The numerical results, correlated with all data 
obtained with different quality indicators, point to the 
superiority of the DE algorithms over NSGA-II and PSO in 
terms of the convergence speed and quality of the final Pareto 
front. 
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