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Abstract: The modeling approaches of power converters occupy an important position in power electronic systems and have
made considerable progress over the past years. Continuous modeling approaches and linearization techniques are reviewed, including
the state-space average model, generalized average model, averaged small-signal model, and describing function method. A Buck
converter with PWM modulation and voltage-mode control is taken as an example to compare the advantages and disadvantages of
different methods through simulation analysis. Moreover, the corresponding equivalent circuit with an intuitive physical meaning of
state-space average model, generalized average model, and averaged small-signal model is given. The results point out that the
generalized average model can improve the modeling accuracy based on the state-space average model. In the linearization techniques,
the averaged small-signal model reflects accuracy at low frequencies, but introduces phase lag in the high-frequency region. The
describing function method is derived from harmonic linearization, which takes into account the sideband effect and improves the
modeling accuracy at high frequencies.
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1 Introduction

Modeling approaches are the basis to study the
characteristics and control approaches of power
converters. A power converter with PWM modulation
is a switching system with nonlinear and time-varying
characteristics. In view of this characteristics, many
studies have been performed on its modeling
approaches and system analysis in academia and
industry. Generally, there are two ways to deal with the
time-varying dynamics of converters. One way is to
model the converter as a discrete system, and the other
way is to model the converter as a continuous system.
This paper reviews and compares the commonly used
continuous modeling approaches to analyze power
converters |,

The average modeling approaches are widely
used to average out the switching dynamics in power
converters. Some of the utility of the average
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modeling approaches for simulation purposes, using
dedicated software products SPICE®,
SABER®, and MATLAB®, has also been widely
proved M. Wester et al. ™ first proposed a modeling

such as

method based on the concept of the circuit average.
One of the most representative average modeling
approaches is the state-space average model, which
was introduced by Middlebrook et al. ®)'in 1976. The
state-space averaged model has been shown to have
limited utility for stability prediction when the
feedback signals have high switching-frequency ripple,
such as in the case of peak-current control “Tand state
feedback control V¥, Chetty ] proposed the current
injected equivalent circuit approach to model
switching DC-DC converters. Czarkowski et al. [10]
used the energy conservation method to model the
DC-DC converter by considering the power loss. In
order to consider the switching ripple, some extended
methods appear. Krein et al. [1-12]
Krylov-Bogoliubov-Mitropolsky

according to the

developed the
(KBM)  method

method by
[13-14

approximation
discontinuity points. Sanders et al. ] proposed

generalized average modeling method based on
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Fourier analysis. These approaches not only can
improve the modeling accuracy, but also can be applied
to the resonant converter [ However, the achieved
model is usually complicated and cannot be used in
engineering design. These extended methods focus on the
approximation of the original system equation of state and
have a complete mathematical structure.

Linearization technology generally refers to a
nonlinear system near a given steady operating point with
small-signal disturbances, just as in the averaged

small-signal model ri>-16]

The averaged small-signal
model is a good tool for practical controller design for
industrial and engineering application. However, this
model ignores the switching ripple effect and introduces
phase lag in the high-frequency region. Therefore, the
averaged small-signal model has been shown to have
limited utility for stability prediction when the feedback
signals have high switching-frequency ripple [17-18]

In addition, the describing function method is
recently developed. In the early stage, Middlebrook et
al. "2 studied the frequency characteristics of
current-mode controlled switching converters based on
the modeling idea of averaging the inductor current in
a switching cycle, but they failed to accurately predict
the sub-harmonic oscillation of the system. On this
basis, Ridley 21 considered the influence of the
sample hold link in the peak current control to
obtain an improved average model. Ref. [22]
established a multi-frequency model based on the
analysis of the nonlinear characteristics of the pulse
width modulator, considering the voltage outer loop
and ignoring the sideband frequency effect of the
inductor current. Aiming at the problem that the
improved average model cannot accurately model the
frequency conversion control. Yan et al. >**! proposed
a modeling method based on the described function and
obtained the equivalent circuit model with the improved
three-terminal switch model on this basis. The model can
be used to reveal the high-frequency information of the
switching converter with V> control “**”). This is used to
model the LLC converter to obtain the small-signal model
according to the basic circuit equation and harmonic
balance principle [28-30]

The paper is organized as follows. Section 2
discusses the operating state of the power converters

with different switching state by using the switching

function. Section 3 introduces the average modeling
methods and limitations of the state-space average
model, generalized average model. Section 4
demonstrates the average small-signal model and
Section 5 introduces the describing function method.
Finally, the four discussed types of models are
compared with each other and the conclusion of this

paper is given in Section 6.
2 State equation of a switching power converter

In order to describe the modeling methods of

converter system, a closed-loop voltage-mode
controlled continuous conduction mode (CCM) Buck
converter with PWM modulation is selected as an
example. The topology of converter is shown in Fig. 1.
The parameters of the power stage and controller are

summarized in Tab. 1.

Fig. 1 Voltage mode controlled Buck converter

Tab.1 Power stage parameters

Parameter Value
Input voltage v,/V 12
Output voltage v,/V 8

Filter inductance L/mH 1

Filter capacitance C/uF 50
Load resistance R/Q 10
PWM carrier amplitude V,,/V 1

Switching frequency f,/kHz 100

As can be seen from Fig. 1, in a switching period 7'
and duty ratio d of the converter, there are two working
states of the system. The working states are driven by
signal d(7), called the switching function, which is

0 0<gs,,
S() ={ |y <er (1
When the duty ratio d=t,,/ T (T is the switching period)
is constant, the waveform of the switch function is as

shown in Fig. 2.

1
a(1)

0 dT T 4
Fig. 2 The waveform of the switch function
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According to the switch function d(¢), there are
two states when the switch works in on and off states
respectively. Selecting filter inductance current i; and
output voltage v, as state variables, the state equation
of the power stage can be expressed as

4@ _ 5(t)-v, () —v, (1)
dr €

C dvl) (t) — V() (t)
de R

The state Eq. (2) is a time-varying and

2
+i, (1)

discontinuous system. Due to the existence of the
switching function, the system cannot be directly
applied to the closed-loop controller design. Therefore,
some equivalent methods should be applied to obtain
the system’s small-signal model so that the feedback
system controller can be designed.

3 Average modeling approaches

Generally, in order to provide good performance
of the system, the control laws need to be designed,
then the discontinuous system needs to be converted to
a continuous system. Furthermore, it is desired to
obtain a model that is easy to use . For this reason, the
average modeling methods are proposed.

3.1 State-space average model

State-space average model was widely used in
modeling of PWM converters. However, this
modeling method needs to operate under the
conditions of low frequency, small ripple, and

small-signal hypothesis 4

. The moving-average
operator is a useful tool to eliminate the switching
ripple. x is defined as the state valuable. Then the
average value of x in each witching period by using
the average operator can be expressed as

1 t
O =—-[ xdr (3)
A generic power electronic converter is described

as a dynamic system
%x(z) =4, -x(t)+B,-6@) v, 4

where A4, is input state variable coefficient matrix and
B, is output state variable coefficient matrix. Applying
the moving average operator to the dynamic system in
Eq. (4), the state-space average model of the power

converter can be summarized as follows through the
above examples

dx), (1) _
dr

4,=3"d 4, )

B, = leld B

av n—n

A (x) () + Bav"g

where m is the number of topology changes in a
switching period. According to Eq. (5), the state-space
average model of nonlinear switching function J(¢) can
be expressed as the duty ratio d. Applying Eq. (5) to
the Buck converter state equation in Eq. (2), the matrix
parameters can be expressed as

: o gL
x(t)=|:L:| A =4,= B =L
v, 1 1
¢ rel U
| (6)
0 -—— d
0 L -
BZZ|:0:| Aav: 1 1 av_ L
- —— 0
C RC

The model in Eq. (5) is the analytical approach,
which cannot directly express the physical meaning of

the circuit .

Therefore, the equivalent circuit
topological diagram, as shown in the Fig. 3, where the
coupling terms are emphasized and from which a
power converter equivalent model can also be

obtained, is established.

R2<y,>

Fig. 3  Average model equivalent circuit of Buck converter

Therefore, the waveform curve of the average
model can be calculated by the equivalent circuit or
the state-space average equation directly. Fig. 4
presents a comparison between the detailed switching
converter and the averaged behavior of the converter,
and the time evolution of state variables, i.e., the
inductor current iz and output voltage v,, are shown.

Among the advantages of the state-space average
model, in particular is the ease of building and
implementing the model and ability to assess the
dynamic characteristics. Besides, the model is not

useful for resonant converters.
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Fig. 4 The simulation waveform of the output voltage and
inductance current: State-space average model and

detailed switching converter

3.2 Generalized average model

To consider the switching ripple effect, Prof.
George Verghese from Massachusetts Institute of
Technology (MIT) proposed generalized average
3141 The

generalized average model is a more ideal modeling

model based on Fourier analysis
method than the state-space average model. This
model can approximate the time-domain model to the
required accuracy and can accurately analyze the
transient process of power converters.

The core idea of the generalized average model
is to describe the periodic signal in the time domain
by using Fourier series and linearize the nonlinear
part. Therefore, the periodic variable x(f) can be

expressed as
x(7) = Y. () () exp ke ™

where w = 2xf; is the fundamental pulsation and <x>(k)
is the Fourier coefficient of the kth component, which

is given by
(x), ()= %J.;_T(xh(z') exp(—jkwt)dr (8)

Because £ represents a harmonic component, the
modeling result will be more accurate as k increases.
However, this greatly increases the amount of
calculations. Fig. 5 shows the Eq. (8) applied to the
switching function d(r) with different Fourier series.
Modeling results become much more accurate when

more harmonics are involved.

DC and 1%
[ component
A

DC and more
.A P
v v 1) R
v\D(?component /v \

harmonics
a(n) / \ /
F. DADN, AN n ADLALD
NS VY

& dr T t
Fig. 5 Different Fourier-series harmonic component

of the switch function

Applying the Fourier series Eq. (8) to Eq. (2), the
generalized average model of Buck converter can be

expressed as

Yk ® L, (), 0= (), 0) - ket ), ()

dt L ©
dv,), () _1( . v, ,
d—tk:E <ZL>k(t)_Tk(t) _]kw<vo>k(t)
For calculation convenience, most existing

literature chooses the DC component and the
first-order harmonic component [13], that is, the cases
of /=0 and k=1 are considered. Similarly, by applying
discrete convolution and conjugation properties to
Eq. (9), the generalized average model can be got
through the of DC

component and first-order harmonic component.

state equation expressions

Afterwards, an analytical solution can be obtained by
solve the two state equations to obtain 14 which will
not be detailed here.

The equivalent circuit of the first-order harmonic

component Eq. (9) can be obtained, as shown in Fig. 6.

<ig>y jolL

L
n

e

C__ <ipd > | V0>

Fig. 6 Equivalent diagram of first-order harmonic

component of Buck converter

From the first-order harmonic component results,
as shown in Fig. 6, the AC impedances are emphasized.
One need only write Kirchhoff’s equations by using
Fig. 6 to obtain the analytical model equal to Eq. (9)
and finalize the computation by calculating the real
and imaginary parts of the complex variables to obtain
the generalized average model final form of the Buck
converter. The results of applying the generalized
average model to the to the Buck converter topology

are shown in Fig. 7.
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Fig. 7 The simulation waveform of the output voltage and
inductive current: generalized average model and

detailed switching converter

The simulation results show that the generalized
average model is characterized by considering the AC
characteristics of the switching system. Therefore, its
order is higher than that of the average model, and its
accuracy is higher. However, because this method only
considers some harmonic components and fails to
reflect all AC characteristics, its accuracy and

complexity need to be considered comprehensively.

4 Averaged small-signal model

In order to complete the feedback control design of the
converter system using the classical control theory of linear
systems, it is necessary to further adopt the small-signal
perturbation method to linearize the above nonlinear
equation near a given static operating point el

The averaged small-signal model is based on the
small-signal perturbation method to linearize the nonlinear
equation near a static operating point. The converter is
assumed to work at a certain steady-state operating point
with the duty cycle D, inductor current /;, input voltage Vg
and output voltage V,. For the average model of Buck
converter, supposing a low-frequency small disturbance
near the steady-state operating point gives

dy=D+d(t) v, ()=V,+7,(0)
(=1, +;L(t)

The averaged small-signal model of the Buck

(10)
v, (0) =V, +9,(0)

converter can be rewritten as
di (¢ 5 . .
L% =V,-d®)+D-v,(t)—,(t)

c 8,0 _ 3,0
dr R

(11)
+1,(t)

Similarly, a more intuitive small-signal equivalent
circuit model can be established according to the average
small-signal model, which provides convenience for
analyzing the small-signal characteristics of the converter.
Fig. 8 shows a small-signal equivalent circuit of the Buck

converter.

Fig. 8 The small-signal equivalent circuit of

the Buck converter

Fig. 8 intuitively reflects the small-signal treating
processes of the Buck converter. To further analyze the
low frequency dynamic characteristics of the converter,
the input-output transfer function G, the
control-output transfer function G, and the output

impedance Z,, can be derived as follows

G, (s) = =)

V, (s) o

(12)

7,(5) =21

i,(s) deo

In addition, it is known that the input perturbation
of the PWM comparator varies slowly compared with
the switching frequency BJ. So, the transfer function of
the PWM comparator can be expressed as

1 1
. (13)

GPWM
Therefore, the control system block diagram of the
average small-signal model for a voltage mode controlled

Buck converter can be obtained, as shown in Fig. 9.

Vief

+

Fig. 9 The control system block diagram for voltage-mode

controlled Buck converter
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According to Fig. 9, the loop gain of the voltage
mode controlled switching converter can be obtained

T(s) = G.(5)G,y (5)Gpyn H (5) (14

where G.(s) is the compensator with a PI controller
and H(s) is the feedback 71 The closed-loop
feedback control, input-output, output impedance,
and output impedance closed-loop transfer function

are expressed as

o= (15)

The above formula shows that the influence of
the input voltage or load disturbance on the output
voltage can be effectively suppressed by increasing the
loop gain 7(s). Fig. 10 shows the frequency response
of the loop gain of a voltage-mode controlled Buck

converter.
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Fig. 10 Loop gain of a voltage mode

controlled Buck converter

Obviously, the averaged small-signal model
introduces phase lag in the high-frequency region. The
averaged small-signal model eliminated the switching
ripple effect and the modeling results is questionable
at high frequencies because of linearization and
time-invariant assumptions, so it can only extract the

low-frequency of the

small-signal characteristics

system.

5 Describing function method

It is known that the switching devices in the
power converter and the PWM link in the control loop
make the system exhibit nonlinear characteristics 2,
When a small-signal disturbance with frequency f, is
injected into the input voltage v¢(f) and modulation
link v.(?), the switching network output voltage vu(7)
and switching function J(f) not only contain
disturbance frequency components 29 but also are

affected by the sideband effect shown in Fig. 11.
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—fi 20 2 f
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Fig. 11 Sideband effect generated by the

switching frequency domain waveforms

Fig. 12 reveals the multi-frequency characteristics
of the voltage mode controlled Buck converter from
the perspective of the frequency domain. Therefore, it
is necessary to consider the sideband effect in the
system. The diagram becomes the small-signal
averaged model in Fig. 8 if only the perturbation
frequency component (marked by bold blue lines) is

involved in the modeling.

St St
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Fig. 12 Multi-frequency input and multi-frequency output

relationship of closed-loop controlled switching converter

The error of the small-signal average modeling
method at high frequencies is mainly due to the

sideband effect of the switching modulation. In order
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to improve the accuracy of modeling, some
frequency-domain modeling methods considering the
sideband effect are proposed, among which, the
describing function method provides an effective
solution for modeling the sideband effect (231,
The essence of the describing function method is

a harmonic balance method based on Fourier series.
Generally, if the input to a nonlinear system is a
sinusoidal function

u(t)=Usinwt (16)
the output of the system can be expressed as

y(@) = % + iAk sin kot +i B, coskat =
k=1 k=1

%+ S°Y, sin(kar + ) (17)

where
1 2n

4, = —j y(t)-coskwt - dt
T 0
1 pon .

B, = —I y(t)-sinkot - dt
T 0

V=4 B

A
@, = arctan —-
k

(18)

When a disturbance with frequency fi=w/2n
occurs, the describing function expression of the input
and output at the disturbance frequency is as follows

Y A*+B

2
A
G="Lsg =" _"1 /arctan—L (19
U 4 U B (19

1

In voltage mode controlled Buck converters, a
describing function method is proposed to explain the
measured phase delay of the loop gain by considering
the sideband effect of PWM comparator 21 which is

T, (/)
1+ T, (f. = /)

where Ty(f;) is the loop gain of a voltage mode

Ty (f)= (20)

controlled Buck converter. The influence from the

sideband effect is shown in the denominator.
According to the previous analysis, the sideband effect
has a greater impact on the high-frequency range.

Fig. 13 shows a bode diagram of the loop gains of
a closed loop controlled Buck converter obtained by
simulation. Compared with the average small-signal
model, the describing function method considers the
influence of sideband effect from the perspective of

the frequency domain, so it improves the accuracy of

the model. Therefore, for stability analysis at high-
frequency cases, it is necessary to use the describing
function method to replace the average model.

1001
% S50+
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3
= =50 3
1
-100
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= e \
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Gl nnnamdl n nnnnedl 6 nonaeln nnaneellooaonsd)
10° 10! 10 103 10* 10°
Frequency/Hz
Fig. 13 Loop gain of a voltage mode
controlled Buck converter
The describing function method has been
developed recently. Another application of the

describing function method is to analyze the
small-signal model of the resonant converter because
when many inverters are connected to the AC grid, the
describing function method can be used to analyze the
small-signal model of the resonant inverter B9 and

LLC resonant **}

converter system. The nonlinear part
of the resonant converter is approximately linearized
by using the principle of extended describing function.
After that, the small-signal model of the resonant
converter can be obtained according to the basic

circuit equation and harmonic balance principle (28]

6 Conclusions

The modeling methods of power electronic
converters are the theoretical basis of switching power
design. Existing modeling methods are numerous and
lack overall introductions. This paper systematically
classifies and summarizes various modeling methods in
continuous mode, and the comparison results of different
modeling methods are listed in Tab. 2. Moreover, the
corresponding equivalent circuit with an intuitive physical
meaning of the state-space average model, generalized
average model, and averaged small-signal model is given.
Through this paper, researchers and engineers may gain a
comprehensive understanding of the modeling theory.
Thus, effective design guidelines can be selected quickly

for different kinds of converters.
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Tab.2 Comparison of different modeling methods

Model name Model accuracy

Model complexity

Main application areas

State-space average model Low accuracy

Generalized average model Medium accuracy
Averaged small-signal model

Low-frequency accuracy

Describing function method Both low-and high-frequency accuracy

Low

Medium

Low

High

Simulation and large-signal analysis

Simulation and large-signal analysis

Controller design and stability analysis

Loop gain phase delay and subharmonic oscillation

One of the advantages of the state-space average
model is that it is easy to establish and implement, and
it has good approximation accuracy when predicting
low-frequency information. In contrast, when
high-frequency information cannot be ignored, the
accuracy of the model begins to decline. In addition,
the model is not useful for resonant converters.

The generalized average model proves to be a
more accurate model than the state-space average
model because the switching ripple is considered.
However, due to the increase in state variables, the
complexity of the system also increases.

The averaged small-signal model is a good tool
for engineering controller design. However, this model
ignores the switching ripple effect and introduces
phase lag in the high-frequency region.

The describing function method can accurately
predict the sub-harmonic oscillation in the switching
power supply due to the influence of the sideband
the

frequency-domain characteristics of the constant-

frequency, and it can accurately analyze

frequency (PWM and phase shift) or variable-

frequency power converter, but the modeling process

of the describing function method 1is more
complicated.
The above modeling methods have their

respective advantages and disadvantages. In general, a
tradeoff should be made in terms of modeling

accuracy and calculation complexity.
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