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Abstract: The influence of bread-loaf shaped magnet poles under parallel magnetization on the cogging torque of 
surface-mounted permanent magnet (SPM) motors is studied. For the SPM motors having magnetic poles with eccentricity and sine 
harmonic compensation, the electromagnetic performances of integer and fractional slot motors are compared. It is found that the 
cogging torque and torque ripple of the integer and fractional slot motors can be reduced with the same eccentric magnet pole. The 
cogging torque and torque ripple of a fractional slot motor can be decreased by sine harmonic compensation, however, the same sine 
harmonic compensation has a small influence in integer slot motors. By varying the magnetic poles, the contribution of the field 
harmonics (k = (2n + 1) p), which are a direct result of magnet magnetization, to the cogging torque also changes. The 
electromagnetic performance of a 3 kW prototype is tested, and it is found that the experimental results validate the theoretical 
investigation. 
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1  Introduction  

The surface-mounted permanent magnet (SPM) 
motor has many advantages, such as a small size, light 
weight, simple structure, reliable operation, and high 
torque density. It is widely used in ship construction, 
aviation, public life, and other fields[1-5]. However, the 
interaction between the permanent magnet (PM) and 
stator slot can lead to a cogging torque, which has a 
great influence on the torque ripple and affects the 
entire performance of the motor. To minimize the 
cogging torque, many methods have been studied. In 
particular, skewing of the stator slots has been widely 
used to reduce cogging torque[6-7]. However, the 
skewing of stator slots is difficult and can therefore 
increase production costs. Additionally, the eccentric 
structure of the teeth was proposed to replace the 
skewing technique[8]. Moreover, unequal teeth widths 
were designed to reduce low-order cogging torque 
harmonics[9-10]. Furthermore, changing the slot 
openings and position or rotor shape were also 
proposed to reduce the cogging torque[11-13]. 
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In particular, the cogging torque can be 
effectively weakened by changing the shape of the 
magnet poles[14-16]. The cogging torque can be 
directly calculated by the finite-element (FE) method. 
In Ref. [17], the cogging torque was calculated based 
on the FE method, which is highly flexible. It has an 
outstanding ability to analyze complex systems and to 
consider saturation effects. In Ref. [18], the FE method 
is widely used to evaluate the effect of optimizing the 
magnetic pole shape on the cogging torque, but it does 
not sufficiently reveal the source of the cogging torque. 
Although the energy method and the accurate 
subdomain model can accurately predict the cogging 
torque[19-21], none of these analytical models consider 
the effect of different magnet pole shapes. Although 
the cogging torque due to eccentric magnet poles can 
be predicted[19-23], the prediction process is very 
complicated. In Ref. [24], a tangent harmonic 
compensation (THC) method for optimizing the 
magnet shape of a 6-pole/9-slot motor was presented. 
It adapts to cases in which low torque ripples are 
obtained. It investigated the influence of magnet shape 
on the cogging torque of motors. Furthermore, the 
sensitivity of the cogging torque to the magnet shape 
between the integer slot and fractional slot motors was 
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compared. 
In this paper, the FE and analytical methods will 

be presented based on the Maxwell stress tensor. The 
analytical method is based on Zhu [21]. The goal of the 
hybrid FE and analytical method is to reflect the effect 
of the shape of the magnet poles on the cogging torque 
qualitatively. After the shape of the magnet poles was 
changed, to better analyze the variation in each field 
harmonic, the FE and analytical method is adopted. In 
Section 2, the analysis method is briefly introduced. 
Subsequently, the different magnet pole shapes are 
presented in Section 3. In Section 4, simulation results 
are given to explain the source of the cogging torque, 
and the torque performance of the integer and 
fractional slot motors are compared. Moreover, a 
12-pole/36-slot prototype with eccentric magnet poles 
is assessed experimentally to validate the theoretical 
analysis. Finally, conclusions are drawn in Section 5. 

2  Analysis method 

Fig. 1 shows that the subdomain model. As can 
be seen, the inner and outer radii of PM are expressed 
by Rr and Rm, respectively. Rs is the inner radius of the 
stator, and Rsb is the radius of the slot bottom. 
Furthermore, Rm varies with position. 

 

Fig. 1 Subdomain model 

The radial and tangential components of the 
air-gap flux density can be obtained as [21] 
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where Brck, Brsk, Bαck, and Bαsk are the k-th 
harmonic amplitudes corresponding to Brg and Bαg. 
The details of their calculation are given in Ref. [21]. 

The harmonic amplitudes Brck can be expressed 
as [21] 
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where ωr is the rotor rotational speed, α0 is the rotor 
initial position, k and m are harmonic orders, the A4k, , 
, fBr, gBr, Cei, , Mrk, and Mαk are as given in Ref. [21]. 

According to formula (3), the value of Brck is 
related to Mrk and Mαk, variables related to the 
magnetization of magnets. For parallel magnetization, 
Mrk and Mαk can be expressed as 
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where μ0 is the relative permeability of air, Br is 
residual flux density of a magnet, and αp is the 
pole-arc to pole-pitch ratio, p is the number of pole 
pairs, the A1k and A2k are as given in Ref. [21]. 
According to formulas (4)-(5) when k ≠ (2n + 1)p (n= 
0, 1, 2, …), the value of Brck is zero. Similarly, the 
value of Brsk, Bαck, Brck, and Bαsk are zero. 

Based on Maxwell tensor method, the expression 
of the cogging torque can be obtained by the air-gap 
flux density [22]. 
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where la is the active axial length, and Tck is the 
cogging torque component resulting from the k-th 
order air-gap flux density harmonic. 

According to this method, the harmonic content 
of the radial and tangential air-gap flux density and the 
cogging torque are related to the (2n + 1)p-th order.  

A method that combines the FE and analytical 
methods can be used to precisely reflect the effect of 
each harmonic on the cogging torque. The radial and 
tangential air-gap flux density components are 
obtained by the FE model, and then the change in the 
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cogging torque is analyzed by the Maxwell stress 
tensor. The contribution of each order flux density 
harmonic to the cogging torque can be calculated by 
the FE method at any time in the electric period. 

3  SPM motors with various magnetic pole 
shapes 

To verify the theoretical analysis, integer slot and 
fractional slot motors were established. In this paper, 
the 12-pole/36-slot motor and 12-pole/18-slot motor 
are employed for illustration. Although the stator slots 
of these two models are different, the other parameters 
are not. The main parameters of the motor are listed in 
Tab. 1. 

Tab. 1 Main parameters of the prototype machines 

Parameter Value 

Active length/mm 88 

Stator outer diameter/mm 125 

Stator inner diameter/mm 80 

Rotor inner diameter/mm 67 

Magnet thickness/mm 5 

Air-gap length/mm 1.5 

Pole-arc to pole-pitch ratio 0.83 

Magnetization Parallel 

Rated speed/(r/min) 1 000 

3.1  Eccentric magnetic poles 

The bread-loaf eccentric magnetic pole structure 
is shown in Fig. 2b. Compared with arc magnets, 
bread-loaf magnets have a flat bottom, and the 
thickness of the magnet pole is unevenly distributed. 
The center of the circle is O. However, when the 
eccentric design is adopted, the center of the external 
diameter of the eccentric bread-loaf magnet arc is O1. 
The distance between O and O1, which represents the 
eccentricity, is h. 

 

Fig. 2 Bread-loaf eccentric magnetic pole structure 

From the geometrical relationship in Fig. 2, the 
outer arc radius OA1 of PM can be expressed as 

 

( ) ( )22
1 1cos sinmOA R h R hθ θ θ= = + − =  

 ( ) ( )2 2cos sinsh R g h hθ θ+ − − −  (7) 

where g is the length of air gap, h is the eccentricity, 
and  is the angle between OA1 and the center of 
permanent magnet; the range of  is [ − παp/2p, 
παp/2p]. p is the number of pole pairs and αp is the 
ratio of the pole-arc to the pole-pitch of the magnets. 

According to formula (7), the distribution of the 
outer radius of the magnet poles with the eccentricity 
is shown in Fig. 3. It can be seen that the maximum 
outer radius does not change. 

 

Fig. 3 External radius of magnet poles variation with h 

3.2  Sine harmonic compensation 

Fig. 4 shows the bread-loaf magnetic poles with 
sine harmonic compensation. The position of the 
maximum outer arc radius OA2 is determined by the 
value of the third harmonic injected into the magnetic 
poles shape. Although the outer arc radius for all 
motors varies, its maximum value, and the PM 
maximum thickness hm are maintained. The maximum 
values of the outer arc radius and PM thickness are 
38.5 mm and 5 mm, respectively. 

 

Fig. 4 Bread-loaf magnetic poles with sine  

harmonic compensation 

With the addition of the third harmonic, the PM 
thickness Δhm( ) can be expressed as [15] 
 

0( ) [sin sin(3 )]m ah m aθ θ θ∆ = +  (8) 

where ma and a0 are the parameters to be determined, 
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a0 is the amplitude of injecting third harmonic, and ma 
varies with the value of the injected third harmonic to 
maintain the same maximum magnet thickness. 

The position of the maximum magnet thickness 
should be first ascertained by determining the 
relationship between Δhm( ) and θ and equating it to 
zero 

 0
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Therefore, the maximum PM thickness occurs at 
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To have the same maximum magnet thickness as 
the original magnet shape, Δhm( ) should be equal to 
Δm. 
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where Δm is the arc magnet thickness. 
The constant + sine + 3rd shaped PM is primarily 

employed 
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where a and b are constants, whose values can be 
calculated by formula (11). In this study, the maximum 
thickness Δm of the arc magnet is 3 mm, the value of a 
and b are 3.41 and 0.414, respectively. 

4  Simulation 

Magnetic poles with eccentricity and third 
harmonic compensation were applied in the 
12-pole/36-slot and 12-pole/18-slot motors. The 
electromagnetic performance of the motor with 
different magnetic poles shape was analyzed by the FE 
method. The influence of different magnet pole shapes 
on motor performance was compared. The rotors of 
different PM shapes are shown in Fig. 5. 

 

Fig. 5 Rotor with different magnetic pole shapes 

4.1  Eccentric PM poles of the 36-slot and 18-slot motors 

We analyzed the eccentricity, open-circuit flux 
density distribution, and torque. 

Fig. 6 shows that the FE predicted fundamental 
harmonic and total harmonic distortion (THD) of the 
air-gap flux density for different h of the 
12-pole/36-slot motor and the 12-pole/ 18-slot motor 
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where Bn is the amplitude of the air-gap flux density 
harmonic. B1 is the fundamental air-gap flux density. 

It can be seen that the concentric magnet pole has 
the highest fundamental, and h = 24 mm has the 
lowest THD of all the investigated eccentricities. The 
fundamental value always decreases with an increase 
in h, while the THD first decreases and then increases. 
Hence, the optimal h of 24 mm exists for the minimum 
THD. 

 
Fig. 6 Variation in the fundamental harmonic and THD of 

air-gap flux density with different eccentricity 

In Fig. 7, the peak cogging torque value and the 
torque ripple of the 36-slot motor reduce with an 
increase in h. However, the torque ripple of the 18-slot 
motor first reduces and then increases, that is, the 
same magnet shape has different influences on the 
36-slot and 18-slot motors. 
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Fig. 7 Influence of eccentricity on torque performance 

Fig. 8 shows the cogging torque with/without 
eccentricity. Compared with the concentric magnet 
pole, the eccentric magnet pole can significantly 
reduce the cogging torque in the 36-slot and 18-slot 
motors. At the same eccentricity, the cogging torque 
reduction trend of the 18-slot motor is significantly 
lower than that of the 36-slot motor. 

 
Fig. 8 Cogging torque with/without eccentricity 

To determine why the eccentric magnet pole 
resulted in a smaller cogging torque, the air-gap flux 
density and torque contribution of the magnetic flux 
harmonics to the cogging torque were analyzed. 

The rotor positions of 45 electrical degrees and 

22 electrical degrees were analyzed because the 
respective peaks of the cogging torque waveforms of 
the 36-slot and 18-slot motors appear at these rotor 
positions. For the 12-pole/36-slot motor, the influence 
of the eccentric magnet pole on the air-gap flux density 
is shown in Fig. 9. According to formulas (1)-(6), the 
harmonic amplitude is determined by the 6-th, 18-th, 
30-th, … harmonic orders, and the harmonics of other 
orders do not exist. As shown, the FE method results are 
consistent with those of the analytical method. In Fig. 9a, 
the air-gap flux density becomes more regular after 
eccentricity. A component of air-gap flux density 
harmonic with different eccentricity is shown in Fig. 9b. 
Compared with those of the concentric magnetic poles, 
the amplitudes of the air-gap flux density harmonics 
of the eccentric magnetic poles are lower. Moreover, 
the additional field harmonics cannot be produced 
by the eccentric magnet pole. 

 

Fig. 9 Air-gap flux density of the 12-pole/36-slot motor 

with/without eccentricity 

For the 12-pole/18-slot motor, the influence of the 
eccentric magnet pole on the air-gap flux density is 
shown in Fig. 10. In Fig. 10b, compared with that of 
the 12-pole/36-slot motor, the air-gap flux density of 
the 12-pole/18-slot motor contains more field 
harmonics, e.g., the 6-th, 12-th, 18-th, 24-th, and the 
30-th field harmonics. In theory, the air-gap magnetic 
density is related to the (2n + 1) p = 6-th, 18-th, …
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These harmonics are determined by the magnetization 
of magnets. The 24-th harmonic is due to the stator 
slotting effect. Compared with other harmonics, the 
12-th and 24-th field harmonics are insignificant. 

 

Fig. 10 Air-gap flux density of the 12-pole/18-slot motor 
with/without eccentricity 

The contribution of each flux density harmonic to 
the cogging torque is shown in Fig. 11. From Fig. 11a,  

 

Fig. 11 Torque contribution of each air-gap flux density 
harmonic to the cogging torque 

it can be seen that the cogging torque can be produced 
with a concentric magnet pole by the 6-th, 18-th, 30-th 
and 42-th field harmonics. Furthermore, the 30-th 
harmonic makes the greatest contribution to the 
cogging torque. When the magnetic pole is eccentric, 
the amplitudes of the cogging torques produced by the 
6-th, 18-th, 30-th and 42-th field harmonics decrease. 
The 6-th and 30-th harmonics have a negative effect 
on the production of the cogging torque. The same 
analysis can be applied to the 18-slot motor. It can be 
seen that the additional harmonics cannot be produced 
by the eccentric magnetic pole. The FE method 
analysis shows that the cogging torque is produced by 
the (2n+1)p-th harmonic, and the cogging torque can 
be reduced by the eccentric magnet pole. 

Figs. 12 and 13 show the instant cogging torque 
contribution of individual field harmonics in the 36- 
and 18-slot motors. The cogging torque produced by 
the k-th magnetic field harmonic can be calculated by 
formula (6) in the entire electric period. For the 
12-pole/36-slot motor, with the concentric magnet pole, 
the total cogging torque is mainly determined by the 
6-th, 18-th, 30-th, and 42-th order field harmonics as 
shown in Fig. 12a. It can be seen that the component 
of the cogging torque produced by the 30-th harmonic 
is more than that produced by other orders. Again, for  

 

Fig. 12 Instant cogging torque contribution of individual field 

harmonics of the 12-pole/36-slot motor 
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the same motor, the magnet pole eccentricity results in 
a significant reduction in the cogging torque amplitude 
produced by individual field harmonics. The 42-th 
harmonic produces the largest cogging torque 
components, while the 6-th and the 30-th cogging 
torque harmonics have a negative effect on the total 
cogging torque. In other words, the cogging torque due 
to the eccentric magnet pole originates from the 42-th 
harmonic in the 12-pole/36-slot motor. 

For the 12-pole/18-slot motor, the 6-th harmonic 
is the main source of the cogging torque in Fig. 13a. 
Compared with the concentric magnet pole, the 
eccentric magnet pole results in a reduction in the 
amplitude of the cogging torque produced by 
individual field harmonics. 

The eccentric magnet pole reduces the cogging 
torque in both motors. However, the cogging torque 
reduction of the integer slot motor has a greater effect 
at the same eccentricity. The magnetic pole 
eccentricities in the 12-pole/36-slot and the 
12-pole/18-slot motors hardly affect the harmonic 
contents of the cogging torque; however, they slightly 
change the harmonic magnitude. Under the same 
degree of eccentricity, the reduction in the cogging 
torque in the 36-slot motor is greater than that in the 
18-slot motor. This is because the eccentricity of 
magnetic poles can lead to cogging torque harmonics 
in the 36-slot motor that produce negative effects. 

 
Fig. 13 Instant cogging torque contribution of individual field 

harmonic of the 12-pole/18-slot motor 

Fig. 14 shows the variation in the torque with 
eccentricity of the magnet pole. The cogging torque, 
the average torque, the torque ripple, and the torque 
loss of the 36-slot and 18-slot motors with various 
magnet shapes are compared in Tab. 2. Compared with 
those of the concentric magnet pole, the cogging 
torque and the average torque of the 36-slot and 
18-slot motors with eccentric magnetic poles decrease. 
The torque ripple of the 18-slot motor reduced from 
28.0 % to 13.0% and the torque ripple of the 36-slot 
motor decreased from 22.2% to 2.5%. The reduction 
extent of the torque ripple in the 18-slot motor is larger 
than that of the 36-slot motor when they have the same 
magnetic pole shape. The torque losses of the 36- and 
18-slot motors are 7.8% and 5.8%, respectively. 

 
Fig. 14 Torque with/without eccentricity 

Tab. 2 Torque analysis 

Parameter Concentric Eccentric 

2p/Q 12/36 12/18 12/36 12/18 

Peak cogging torque/nm 1.21 1.27 0.11 0.54 

Torque/nm 11.5 11.5 10.6 10.83 

Torque ripple(%) 22.2 28.0 2.5 13.0 

Torque loss(%) — — 7.8 5.8 

4.2  PM shape with third harmonic of the 36-slot 
and 18-slot motors 

The influence of eccentric magnetic poles on the 
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cogging torque has been analyzed. It was found that 
magnetic pole eccentricity improves the torque 
performance of the 36-slot motor. In this section, the 
electromagnetic performance of the third harmonic 
injected into the magnetic pole shape is analyzed by 
the same analysis method. 

The variation in the cogging torque with rotor 
position is shown in Fig. 15. For the 12-pole/36-slot 
motor, the maximum value of the cogging torque with 
sine harmonic compensation is 1 nm. Compared with 
the original cogging torque, the maximum cogging 
torque value is decreased by 0.21 nm in Fig. 15a. 
However, for the 12-pole/18-slot motor, the maximum 
value of the cogging torque with sine harmonic 
compensation is 0.28 nm. These findings indicate that 
the sine harmonic compensation reduces the cogging 
torque of the fractional slot motor.  

 
Fig. 15 Variation in the cogging torque with rotor position 

Fig. 16 shows the contribution of each air-gap 
flux density harmonic to the cogging torque, while the 
instant cogging torque contribution of individual field 
harmonics is shown in Fig.17. Figs. 16 and 17 are 
studied to analyze the source of the cogging torque. 

The sources of the cogging torque with sine 
harmonic compensation are the 6-th, 18-th, 30-th, and 
42-th field harmonics. For the 12-pole/36-slot motor, the 
cogging torque amplitudes produced by the 6th, 18-th, 
and 42-th field harmonics are reduced. The cogging 

torque amplitude caused by the 30-th field harmonic 
increases, however. The instant cogging torque 
contribution of individual field harmonics is shown in Fig. 
17a. Thus, it can be concluded that the 30-th harmonic is 
the main source of the cogging torque. 

 
Fig. 16 Torque contribution of each air-gap flux density 

harmonic to the cogging torque 

For the 12-pole/18-slot motor, the main source of 
the original cogging torque is the 6-th field harmonic, 
with other field harmonics making little contribution 
to the cogging torque, as shown in Fig. 16b. Because 
of the sine harmonic compensation in the magnetic 
poles, the amplitude of the cogging torque produced 
by the 6-th, 18-th, and 42-th field harmonics decrease. 
The cogging torque amplitude caused by the 30-th 
harmonic increases, as shown in Fig. 17b. The total 
cogging torque value reduces because the amplitude of 
the cogging torque produced by the 6-th field 
harmonic decreases, and the 42-th field harmonic has a 
negative effect on cogging torque production. 
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Fig. 17 Instant cogging torque contribution of  

individual field harmonics  

The variation in the torque with rotor position is 
shown in Fig. 18. The peak cogging torque, torque, 
and torque ripple of different motors with the same 
rotor structure are compared in Tab. 3. For the 
12-pole/36-slot motor, when the third harmonic is 
injected into the magnetic pole, the peak value of the 
cogging torque and the torque ripple decrease. For the 
12-pole/18-slot motor, the peak cogging torque and the 
torque ripple also decrease. The average torques in the 
36- and 18-slot motors decrease because the PM 
volumes reduce. According to Tabs. 2 and 3, the 
eccentric magnetic pole has a significant effect on the 
reduction in the cogging torques and torque ripples of 
both motors; thus, the magnetic pole with sine 
harmonic compensation is suitable for use in the 
fractional slot motor. 

 
Fig. 18 Variation in torque with rotor position 

Tab. 3 Torque analysis 

Parameter Concentric Sine+3rd 

2p/Q 12/36 12/18 12/36 12/18 

Peak cogging torque/nm 1.21 1.27 1.00 0.28 

Torque/nm 11.5 11.5 10.66 10.85 

Torque ripple(%) 22.2 28.0 21.4 6.5 

Torque loss(%) — — 7.3 5.7 

5  Experimental verification 

The designed 12-pole/36-slot motor was built and 
tested to verify the theoretical analysis. The prototype 
is shown in Fig. 19, and the experimental platform is 
shown in Fig. 20. Fig. 21 shows the measured and FE 
predicted three-phase no-load back electromotive 
forces (EMFs). Comparing Figs. 21a and 21b, it can be 
seen that the measured back-EMF is consistent with 
the FE predicted back-EMF. The design of the 
eccentric magnet pole makes the no-load back-EMF 
more sinusoidal. 

 

Fig. 19 Prototype 

 

Fig. 20 Experimental platform 
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Fig. 21 Three-phase no-load back-EMFs 

6  Conclusions 

In this study, we investigated the influence of a 
bread-loaf shaped magnet pole on the cogging torque 
of PM motors. The analysis revealed that the 
weakening of the (2n + 1) p-th harmonic amplitude of 
the air-gap flux density is the main reason for the 
reduction in the cogging torque. The design of the 
eccentric magnetic pole leads some field harmonics 
have negative effects to produce the cogging torque. 
With an increase in h, the cogging torque decreases. 
Compared with those of the fractional slot motor, the 
cogging torque and torque ripple of the integer slot 
motor can be more effectively reduced with the same 
eccentric magnet pole. The PM shape with sine 
harmonic compensation can reduce the cogging torque 
and torque ripple in the fractional slot motor, however, 
it has a small effect on reducing the cogging torque 
and torque ripple in the integer slot motor under the 
same sine harmonic compensation. The FE simulation 
and experiment results reveal that the design of an 
eccentric magnetic pole makes the no-load back-EMF 
more sinusoidal and can effectively weaken the 
cogging torque and reduce the torque ripple. 
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