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Abstract: The common analytical models for the no-load iron loss of permanent magnet(PM) 
motors usually neglect the iron loss caused by the rotating magnetic field in the tooth tips and the 
harmonics of the magnetic fields in the teeth and yokes. This paper presents an analytical model for 
no-load iron loss of a fractional-slot surface-mounted permanent magnet motor. According to the 
existing analytical model of the magnetic field distribution in the slotted air gap, the magnetic flux 
densities considering the harmonics of the stator tooth and yoke are both derived based on the 
continuity of magnetic flux. Due to the complexity of the magnetic field in the tooth tip, the tangential 
flux density of the tooth tip is approximated by an equivalent sine wave and the radial component is 
regarded to be the same as that of the corresponding tooth. After obtaining the magnetic fields in stator 
different regions, the analytical iron loss is calculated by using the Bertotti model and the orthogonal 
decomposition model. A 20-pole/24-slot PM synchronous motor is taken as an example. The maximum 
error between the analytical model and finite element model(FEM) is 5.46%, which verifies the validity 
of the proposed method. 
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orthogonal decomposition model. 

1  Introduction 
Iron loss is a main component of the total loss of the 

PM motors. Accurate prediction of the iron loss is the 
premise of optimizing motor efficiency and temperature 
rise. Although the FEM is more effective in the calculation 
of the iron loss[1], it is not convenient to be used in the 
primary design stage. Therefore, an analytical model of 
the iron loss is necessary for the PM motor design.  

Using either the FEM or the analytical model to 
calculate the iron loss, the premise is to obtain the 
magnetic fields in the stator core. For the analytical 
model, there are usually two ways to obtain the magnetic 
fields in the stator core. One way is to calculate     
the magnetic fields of the different stator regions 
according to the continuity of magnetic flux based on 
the existing analytical expression of the air-gap magnetic 
flux density[2-3]. Reference [2] derived the air-gap 
magnetic field of the spoke-type permanent-magnet 
synchronous machines. The average magnetic flux 
densities of the teeth and yokes were then obtained by 
integrating the air-gap magnetic field. The analytical 
model was in good agreement with the FEM. However, 
no specific expressions for the magnetic fields of the 
teeth and yokes were given. Reference [3] derived the 
magnetic flux densities of the tooth, yoke and tooth tip 
for a short-stroke single-phase tubular PM machine. 
However, the analytical model is not compared with the 
FEM. The other way is to build the equivalent magnetic 
circuit of the motor and obtain the magnetic flux density 

of each node in the stator core directly[4-5]. Reference [4] 
built an equivalent magnetic circuit of the interior 
permanent magnet synchronous machine. The magnetic 
flux density of the tooth was directly obtained by 
solving the nonlinear magnetic circuit with an iterative 
method. The load magnetic density of the tooth in 
analytical model coincides well with that in the FEM. 
Because of the irregular shape of the stator yoke, the 
magnetic field of the yoke is not introduced. An 
armature reaction magnetic circuit was built in reference 
[5]. The study showed that the amplitude of the load 
flux density of the stator yoke is different due to the 
winding configuration of the fractional-slot motor. The 
fundamental flux density of the yoke was derived, while 
the harmonics were neglected. 

The magnetic field in the tooth tip of a fractional- 
slot surface-mounted PM motor is the rotating magnetic 
field due to the zigzag leakage flux. Most analytical 
models only consider the iron loss caused by the radial 
magnetic field in the teeth, while the loss caused by the 
tangential magnetic field in the tooth tips is neglected. 
The distribution of the magnetic field in the tooth tip is 
more complicated than those in the teeth and yokes.    
To the author’s knowledge, none of the pre-existing 
analytical methods can predict the magnetic flux density 
of the tooth tip well. Reference [6] built an analytical 
model where the zigzag leakage flux is an approximately 
triangular wave with time. Reference [7] predicted the 
magnetic flux of the tooth tip changing with time 
accurately, but did not discuss the flux density of the 
tooth tip more deeply. In reference [8], a search coil was 
placed on the tooth tip of the prototype. Then the 
magnetic flux was obtained by integrating the back 
electromotive force measured by the search coil. As the 
search coil “saw” only the radial component, thus, the 
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tangential component of the flux density was not 
measured. As well, the study in [8] showed that the 
zigzag flux leakage causes high iron losses in the tooth 
tips that represent around 50% of the stator iron losses 
under field weakening operation. In reference [3], both 
the radial and axial flux density waveforms of the tooth 
tip were approximated as trapezoidal, and the transition 
time of the trapezoidal flux density waveform is given 
by an empirical equation. 

After obtaining the distribution of magnetic field in 
the stator core, the iron loss can be calculated according 
to the iron loss formula. The magnetic field in stator 
core can be divided into two types: alternating magnetic 
field and rotating magnetic field. For alternating 
magnetic field, the iron loss can be accurately calculated 
by the Bertotti model[9]. For rotating magnetic field, the 
common iron loss models include the elliptical rotation 
model[10] and the orthogonal decomposition model[11-12]. 
Before the calculation of the elliptical rotation model, 
the corresponding loss coefficient should be obtained by 
curve-fitting the loss data of ferromagnetic materials 
under rotating magnetization[13]. The loss data obtained 
from manufacturers are usually tested by the Epstein     
test apparatus which only applies the alternating 
magnetization. Thus, the loss data under rotating 
magnetization usually need to be measured by ourselves. 
Although the elliptical rotation model can predict the 
iron loss very well, it is not very suitable for the motor 
design stage. Therefore, some scholars have decomposed 
the rotating magnetic field into two orthogonal 
alternating magnetic fields to calculate the iron loss 
respectively by means of the Berttoti model, and the two 
iron losses are superposed to approximate the iron loss 
under the rotating magnetization. As the alternating 
magnetization and rotating magnetization are two 
different physical processes, there is no physical basis 
for equivalent rotating magnetic field by orthogonal 
alternating magnetic fields. Therefore, the orthogonal 
decomposition model is only a mathematical method. 
However, this model saves a lot of work needed to build 
test apparatus, and is relatively simple to implement.  

In this paper, based on the existing analytical model 
of the magnetic field distribution in the slotted air gap, 
the specific expressions of the magnetic flux densities 
considering the harmonics in the stator teeth and yokes 
are both given according to the continuity of magnetic 
flux. Due to the irregular shape of the tooth tip, the 
tangential flux density of the tooth tip is approximated 
by an equivalent sine wave and the radial component is 
regarded to be the same as that of the corresponding 
tooth. The Bertotti model is used for the iron loss of 
teeth and yokes, and the orthogonal decomposition 
model is applied for the iron loss of tooth tips. An FEM 
of a 20-pole/24-slot PM synchronous motor is simulated 
to verify the validity of the proposed method. 

2  Magnetic field in the slotted air gap 
2.1  Magnetic f ield in the slotless air gap 

The magnetic field in the slotless air gap of a 
surface-mounted permanent magnet motor has been 
presented in [14]. Therefore, the no-load flux density in 

a slotless air gap in the case of radial magnetization are 
directly quoted by (1)-(4) in this paper, where Br is the 
magnet remanence, μr is the relative recoil permeability, 
α is the polar arc coefficient, p is the pole pair, ωrm is the 
mechanical angular velocity, Rs is the stator inner radius, 
Rm is the magnet surface radius, and Rr is the outer 
radius of the rotor core.  
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The radial and tangential components are both 
given in the form of a finite Fourier series to facilitate 
the subsequent calculation of magnetic field in the stator 
core[15]. 

1 11
m m

s s

1 11
m m

s s

np npnp

rn n

np npnp

n n

R RrB A
r R R

R RrB A
r R R

 

 

                       


                    

   (3) 

where 

2
r

4 sin
2 ( ) 1

pr
n

nB npA
n np




 
  

  
 

1 2

m m
2 2 2

r r m

r s r s m

1 2 ( 1)

1 11

np np
r r

np np np
r r

R Rnp np
R R

R R R
R R R

 
 

 
               

 
                     
            
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2.2  Complex relative air-gap permeance 

The notion of complex relative air-gap permeance 
is usually introduced to consider the effect of slotting on 
the air-gap magnetic field. Then the magnetic field in the 
slotted air gap can be calculated as follows. 

*
s s sjk rB B B B                (5) 

where λ is the complex relative air-gap permeance[15].  
To obtain the complex relative air-gap permeance, 

the slotted air gap needs to be transformed into the 
slotless air gap by four conformal transformations. They 
are expressed as (6) and (7), where θs

 is the slot pitch 
angle, θ1

 and θ2
 are the angles on both sides of the slot 

opening[3] which are shown in Fig.1. 
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Fig.1  Dimensions of slot-opening 
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Since the derivations of the conformal transformations 
have already been presented in detail in [15], they will 
not be covered here. According to (6) and (7), the 
complex relative air-gap permeance can be obtained. 
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As the complex relative air gap permeance is a 
complex number, it can also be written as follows. 
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To facilitate the following derivations, the radial 
and tangential components also need be written in the 
form of a finite Fourier series in the entire air gap. 
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where Qs is the slot number, 0 is the constant term, an 
and bn are the harmonic amplitudes of the radial and 
tangential components. (10) can be obtained by discrete 
Fourier transform(DFT). Then the magnetic field in the 
slotted air gap can be expressed according to (5).  
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3  Magnetic field in the stator core 
3.1  Magnetic field in the tooth 

The coordinate origin of Bk is the center line of the 

N pole, and the coordinate origin of  is the center line 
of the tooth which is defined as No.1. As shown in 
Fig.2(a), it is set that the two center lines are aligned 
when the time is 0. At this moment, the tooth flux 
reaches the maximum value. 

Since only the radial component of air gap 
magnetic density is effective in calculating the magnetic 
field in the iron core, the tangential component is not 
discussed here. Then the radial component can be 
expanded as follows. 
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It is assumed that the radial air gap flux under one 
slot pitch all flows into the corresponding tooth. Then 
the flux in the tooth can be obtained by integrating the 
air-gap flux density in one slot pitch.  
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where R is the radius close to the stator surface and γs is 
the slot pitch angle.  
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After integration the expression is obtained.  
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(16) 
It is assumed that the magnetic field in a tooth is 

evenly distributed. Then the average flux density of the 
tooth 1 can be calculated. 
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Then the flux density of the mth tooth is deduced.  
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3.2  Magnetic field in the yoke 

For fractional-slot motors, because the number of 
poles and slots are similar, the flux in the teeth is usually 
shunted to the adjacent yokes. Therefore, compared with 
integral-slot motors, the fractional-slot motors have 
thinner yoke.  

In this paper, it is approximated that the maximum 
yoke flux is half of the maximum tooth flux. As shown 
in Fig.2(b), when the center line between the N pole and 
the S pole is aligned with the slot opening, the flux of 
the yoke which is defined as No.1 reaches the maximum 
value. According to the analysis before, it can be seen 
that there is a fixed phase difference between the tooth 
flux and the yoke flux. 

It is assumed that the magnetic field in a yoke is 
evenly distributed. Then the flux density in the mth yoke 
is deduced. 
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3.3  Magnetic field in the tooth tip 

This paper assumes that the radial component of the 
flux density of the tooth tip Bsttr is the same as that of the 
same tooth Bst and the tangential component Bsttt is 
approximated by an equivalent sine wave. As shown in 
Fig.2(c), when the center line between the N pole and 
the S pole is aligned with the tooth axis, the flux of the 
tooth tip which is defined as No.1 reaches the maximum 
value. Then the tangential flux density of the mth tooth 
tip can be obtained. 

sttt
sttt

s0 s1 st s

2 2( ) sin ( 1)
(2 2 )m r

a
B t t m p

h h b l Q



 

      
 (22) 

where hs0 is the height of the slot opening, hs1 is the 
height of the slot shoulder, and the bst is the tooth width. 
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where γp is the pole pitch angle.  

p p
 

                   (24) 

 

(a) t = 0         (b) 
s

1
2 r

pt
Q 

  
  
 

       (c) 
r

t



  

Fig.2  Peak flux time of tooth 1, yoke 1 and tooth tip 1  

After integration the expression is obtained. 
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As the tangential flux density is approximated by 
an equivalent sinusoidal wave, the iron loss caused    
by the harmonics cannot be considered which will 
introduce some errors to the iron loss of the tooth tips.  

4  No-load iron loss model 
The no-load stator iron loss can be predicted based 

on the magnetic fields in the teeth, yokes and zigzags. 
As discussed before, the flux density waveforms of all 
teeth are the same and there is only a fixed phase shift in 
time between the adjacent teeth. Therefore, in an electric 
period, the iron loss generated in each tooth should be 
the same. Similarly, the iron loss of each yoke or tooth 
tip is also same. 

In this paper, it is assumed that there is only radial 
magnetic field in the tooth and tangential magnetic field 
in the yoke. Therefore, the iron loss of teeth and yokes 
can both be calculated by the Bertotti model. Because 
there is rotating magnetic field in the tooth tip, the iron 
loss of tooth tips should be calculated by the orthogonal 
decomposition model. 

According to the Berttoti model, the iron loss pFe in 
watts per volume is usually divided into three components: 
hysteresis loss ph, classical eddy current loss pc and 
excess loss pe.  
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where Kh is the coefficient of the hysteresis loss, Kexc is 
the coefficient of the excess loss, they can be obtained 
by fitting the loss data of the core material provided by 
manufacturers. The coefficient of the eddy current loss 
can be determined by both the electric conductivity of 
the laminations σ and the lamination thickness d. 

It is assumed that the magnetic flux density B(t) in 
iron core is ideal sinusoidal distribution with time. The 
amplitude of the sine wave is Bm, then in an electric 
period, (26) can be simplified as follows. 
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(27) just takes into account the iron loss caused by 
the fundamental magnetic field. To calculate more 
accurately, the iron loss caused by the harmonics also 
should be considered. The conventional method is to use 
Discrete Fourier Transform to analyze the time-varying 
magnetic flux density waveforms obtained by the FEM 
in frequency domain[11]. In this paper, as expressed in 
(18) and (21), the harmonics of the magnetic field in 
stator core can be obtained analytically. Based on the 
amplitude of each harmonic, the iron loss density (W/kg) 
of the teeth and yokes are derived respectively. 

Pst=    
2 2

2 1.52
h e
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8.67
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(29) 

According to orthogonal decomposition model, the 
iron loss of the tooth tips consists of radial and 
tangential components. The iron loss density of the tooth 
tips can then be calculated. 

stt sttr stttP P P                 (30) 

where Psttr is the same as Pst. The tangential component 
takes into account only the iron loss caused by the 
fundamental magnetic field. 

2 2
2 2 2 1.5 1.5

sttt h sttt sttt sttt8.67
6

dP K fB f B f B
      (31) 

The segmentation of the stator region is shown in 
Fig.3. It is based on the distribution of the magnetic 
lines of force at the two moments shown in Fig.4. 

The dotted line in Fig.4(a) is designed to be the 
boundary between the tooth and the yoke, and the dotted 
line in Fig.4(b) is considered to be the boundary between 
the tooth and the tooth tip. 

The magnetic field at the junction of the tooth and 
yoke is also the rotating magnetic field. As there is no 
effective analytical method to predict it, in this paper, 
the iron loss of this region is replaced by both the iron 
loss of the corresponding tooth and yoke. That will also 
introduce some errors to the calculation of the iron loss.  

 
Fig.3  Stator region segmentation 

 
(a) t = 0                         (b) 

r
t




  

Fig.4  Distribution of magnetic lines of force 

5  FEA verification 
A FEM of a 20-pole/24-slot PM synchronous motor 

is used to verify the validity of the AM of the no-load 
iron loss. As shown in Fig.5, the motor has the 
fractional-slot concentrated windings and the surface- 
mounted poles. The main parameters of the motor are 
shown in Table 1. The distribution of the magnetic flux 
density of FEM is shown in Fig.6.  

5.1  Iron loss measurement 

To improve the power density, the material named 
1J22 is used for the stator core because of the high 
saturated flux density. To the author’s knowledge, there  

 
Fig.5  Diagram of 20-pole/24-slot PM synchronous motor 

 
Fig.6  Distribution of the magnetic flux density of FEM 
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Table 1  Main parameters of the motor 
Parameters Values 

Number of poles 20 
Number of slots 24 
Winding layers 2 
Winding type Concentrated 

Stator outer diameter/mm 232 
Rotor inner diameter/mm 153 

Active length/mm 28 
Magnet thickness/mm 3.8 

Pole arc coefficient 0.88 
Tooth width/mm 12 

Stator yoke thickness/mm 5.75 
Air-gap length 0.8 

PM type 45UH 
Iron core lamination 1J22 

is less pre-existing datum about 1J22 iron loss[16]. To 
obtain more accurate data of 1J22 iron loss, a ring 
specimen shown in Fig.7(a) is made. Primary winding 
and secondary winding are wound around the inner and 
outer layer of the specimen respectively. A sinusoidal 
alternating current is fed into the primary winding, and 
an electromotive force is induced in the secondary 
winding. The iron loss of the specimen can be calculated 
by measuring the current and voltage. 

As shown in Fig.8, the curves of iron loss with 
magnetic flux density under alternating magnetic field 
with different frequencies are measured. The Berttoti 
model is used to fit the curves and the iron loss 
coefficients are obtained as shown in Tab.2. It can be 
observed that the hysteresis loss coefficient and the 
excess loss coefficient both decrease with the increase of 
the frequency.  

The electrical resistivity of 1J22 is 27μΩ·cm and 
the thickness of lamination is 0.35mm. Therefore, the 
eddy current loss coefficient is 0.75 and not changed 
with frequency.  

 
(a) Ring specimen       (b) Windings    (c) Measurement apparatus 

Fig.7  1J22 iron loss measurement  

 
Fig.8  1J22 iron loss curves 

Table 2  1J22 iron loss coefficients 
Frequency/Hz Hysteresis loss coefficient Excess loss coefficient

50 39.17 2.83 
100 36.47 2.04 
150 31.52 1.66 
200 26.36 1.45 
250 21.42 1.27 
300 17.42 1.15 
350 13.67 1.05 
400 11.32 0.93 
450 9.65 0.85 

5.2  Magnetic field verification 

To verify the validity of the analytical magnetic 
fields in different stator regions, the flux densities of A, 
B and C points shown in Fig.6 which represent the 
tooth, yoke and tooth tip respectively are obtained by 
simulating. The comparisons between the analytical 
model(AM) and the FEM are shown in Fig.9. The 
analytical waveform of the tooth is little higher than the 
FEM one, which is due to the disregard of the slot 
leakage in the AM. While the analytical waveform of  

 

 
(b) Flux density of yoke (point B) 

 
Fig.9  Comparations between AM and FEM 
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yoke is in good agreement with the FEM one and not 
higher, because the AM assumes that the maximum yoke 
flux is half of the maximum tooth flux, when in fact, the 
proportion should be larger. Overall, the analytical 
results of the tooth and yoke both have high correlation 
to the FEM. However, because of the irregular shape of 
the tooth tip, the magnetic field in tooth tip is more 
complicated with many harmonics which are not 
predicted well in the AM, there is a certain deviation 
between the AM and FEM. 

A Fourier analysis of the flux densities of the AM 
and the FEM are presented in Table 3. It is observed that 
the harmonic contents of the flux densities of the tooth 
and yoke are relatively small. The highest harmonics 
(3rd) account for only 3.69% of the tooth fundamental 
wave and 5.14% of the yoke fundamental wave in the 
FEM. While the harmonic contents of the tooth tip are 
larger, especially the third and fifth harmonics of the 
tangential flux density account for 17.01% and 3.27% 
respectively. 

5.3  Iron loss verification 

As shown in Fig.10, with the motor speed 
increasing from 300r/min to 2700rpm, the curve of the 
iron loss with frequency is obtained. It is observed that 
the analytical results match well with the FEM one. At 
2700r/min, the error associated with the FEM results is 
5.46%, which is acceptable for the analytical calculation 
of iron loss. 

To further verify the suitability of the proposed 
model for different dimensions of the motor, in the case 
of ensuring that the magnetic fields in the iron core are 
not saturated, the variation of iron loss with the polar arc 
coefficients, tooth widths and yoke thickness is explored 
respectively. 

Fig.11 shows the variation of iron loss with the 
polar arc coefficient. It is observed that the iron loss  

Table 3  Harmonic contents of the FEM flux densities 
Tooth Yoke Zigzag Time 

AM FEM AM FEM FEM(rad) FEM(tan)
1 1.8054 1.7315 1.8829 1.8670 1.6780 0.9304 
3 0.0923 0.0639 0.0955 0.0960 0.0352 0.1583 
5 0.0038 0.0003 0.0046 0.0057 0.0647 0.0304 
7 0.0045 0.0026 0.0051 0.0023 0.0094 0.0063 
9 0.0005 0.0019 0.0009 0.0014 0.0045 0.0047 
11 0.0015 0.0018 0.0019 0.0010 0.0006 0.0005 
13 0.0012 0.0008 0.0018 0.0014 0.0017 0.0005 
15 0.0009 0.0005 0.0015 0.0011 0.0001 0.0001 

 
Fig.10  Iron loss with frequency 

 
Fig.11  Iron loss with pole arc coefficient 

begins to increase linearly with the polar arc coefficient, 
when the polar arc coefficient is larger than 0.75, the 
increase rate gradually decreases. The analytical results 
predict this trend well and are basically consistent with 
the FEM results. 

With the dimensions of the rotor, stator yoke kept 
constant, the curve of the iron loss with the tooth width 
is obtained as shown in Fig.12. Although the stator tooth 
width increases and the volume becomes larger, the flux 
density of the tooth decreases. Therefore, the whole iron 
loss decreases with the increase of the tooth width. The 
analytical results are in agreement with the FEM trend 
and are a little larger than the FEM values.  

With the dimensions of the rotor, stator tooth kept 
constant, the curve of the iron loss with the yoke 
thickness is obtained as shown in Fig.13. Similar to the 
trend of the tooth width, the whole loss decreases with 
the increase of the yoke thickness. The analytical results 
are also in agreement with the FEM trend and are a little 
larger than the FEM values.  

 
Fig.12  Iron loss with tooth width 

 
Fig.13  Iron loss with yoke thickness 
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6  Conclusion 
This paper proposes an analytical method for the 

prediction of no-load iron loss in a fractional-slot surface- 
mounted permanent magnet motor. According to different 
states of the magnetic fields, the stator core is divided 
into three regions, i.e., tooth, yoke, and tooth tip. 

According to the existing analytical model of the 
magnetic field distribution in the slotted air gap, the flux 
densities considering the harmonics in the stator tooth 
and yoke are both derived based on the continuity of 
magnetic flux. Due to the irregular shape of the tooth tip, 
the tangential flux density of the tooth tip is approximated 
by an equivalent sine wave and the radial component is 
regarded to be the same as that of the corresponding 
tooth.  

The Bertotti model is used to calculate the iron loss 
of teeth and yokes, and the orthogonal decomposition 
model is used to calculate the iron loss of tooth tips. To 
obtain the accurate iron loss coefficients, a ring 
specimen made of the material 1J22 is measured to 
obtain the iron loss under alternating magnetic field with 
different frequencies. 

An FEM of a 20-pole/24-slot PM synchronous 
motor is established. The magnetic flux densities of the 
tooth and yoke match well with those of FEM, and there 
is a deviation of the tooth tip flux density because of the 
complicated harmonics. The variation of iron loss with 
frequency and dimensions, i.e., pole arc coefficient, 
tooth width and yoke thickness are also consistent with 
those of FEM, which confirms the validity of the 
proposed model. 
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