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Abstract: Designing high-gain observers (HGOs) for the state estimation of an electric vehicle’s electrohydraulic brake (EHB) 

system is challenging. This type of observer is applicable to model nonlinearities and constant feature gains. However, they are very 

sensitive to measurement noise, which is unavoidable in EHB. The first novelty of this study is that it compensates for the 

measurement noise using a filtered high-gain observer (FHGO) to ensure EHB state estimation. The proposed FHGO provides an 

estimate of the master cylinder pressure, motor current, and rotor speed from measurements of the rotor position. The second novelty 

is the design of an extremum-seeking (ES) optimization loop to adjust the FHGO gains online. The performance of the developed 

FHGO with ES-based online gain optimization was highlighted in the presence of model uncertainties and output measurement noise 

using a Matlab/Simulink simulation. The superiority of the FHGO (even with a fixed gain) over a standard high gain observer 

(SHGO) was also demonstrated. 
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1  Introduction1 

The severity of environmental pollution and the energy 
crisis have prompted greater focus on the research and 
development of electric vehicles (EVs) in many countries. 
Modern EVs are equipped with friction and regenerative 
braking systems to achieve better braking behavior and 
energy regeneration [1-2]. Electrohydraulic brakes (EHB) 
are superior to conventional hydraulic braking systems in 
terms of response time and performance. The EHB 
method described in Refs. [3-4] is the focus of this study. 
It consists of a DC electric motor-driven linear motion 
mechanism that presses the master cylinder directly to 
develop hydraulic pressure (Fig. 1).  

In EHB operation, state variables such as the rotor 
position and master cylinder pressure are key 
information [5]. The EHBs are equipped with sensors to 
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measure these variables. Obviously, the failure of one 
or more sensors leads to the malfunctioning of the 
EHB and possibly vehicle damage. One solution to 
make the EHB more reliable is to duplicate all the 
sensors. However, this approach is expensive and 
cumbersome. Furthermore, sensor measurements are 
very noisy in the present context. To overcome these 
limitations, we seek an alternative solution that 
consists of implementing a state observer instead of 
duplicating sensors. Thus, we reduce the cost of the 
EHB while preserving the reliability of the duplicated 
solution. Moreover, the observer-based solution was 
significantly less sensitive to noise. 

 

Fig. 1  EHB schematic diagram 
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Compared with conventional hydraulic brakes, 
EHBs have been addressed much less in the control 
literature. The control design for these systems has 
been addressed using a proportional-integral- 
derivative (PID) controller [6] and sliding mode 
controller [4, 7]. In Ref. [8], the observer design for 
EHB was considered in the framework of 
output-feedback control. The proposed observer 
incorporates a simple estimator for hydraulic pressure 
in the EHB, neglecting any measurement noise or 
uncertainties in the model. 

This study focuses on the observer design for an 
EHB system using the high-gain observer (HGO) 
design technique. HGOs feature a constant gain, 
making them simpler than varying-gain observers. 
However, its constant-gain nature raises the issue of 
selecting a gain value. Indeed, large gain values ensure 
rapid estimation error convergence in the absence of 
measurement noise. In the presence of noise, high 
gains amplify the effect of measurement noise and 
may deteriorate the stability of the observer. Another 
drawback of using a large gain value is peaking 
phenomenon [9]. Therefore, research on the design of 
filtered high-gain observers has been a long-standing 
issue [10-13]. Therefore, this study proposes a filtered 
high-gain observer (FHGO) for EHB systems. Design 
and stability analysis of FHGO using the Lyapunov 
theory are presented in this study. As will be proved 
later, the stability and convergence rate of the FHGO 
depend on the careful tuning of two parameters. To 
ensure good performance of the proposed observer, 
rather than manually choosing the tuning parameters 
of the FHGO, a real-time optimization of the two 
parameters was performed using the extremum 
seeking (ES) algorithm [14-16]. To address these issues, 
the following contributions were made. 

(1) EHB model accounting for measurement noise. 
The proposed FHGO model considers measurement 
noise and estimates the rotor speed, motor current, and 
master cylinder pressure based solely on the 
measurement of the rotor position. This study 
considers the measurement noise overlaid on the 
measurable state throughout its development. 

(2) Observability analysis. To ensure that the state 
variables of the EHB could be estimated, the 
observability property of the EHB was analyzed. 
Subsequently, a coordinate change by diffeomorphism 
to a uniformly observable form of the EHB model was 
performed to obtain a straightforward design for the 
FHGO. 

(3) Standard high gain observer (SHGO). For 
pedagogical purposes, the SHGO (without a low-pass 
filter) for the EHB model in the presence of 
measurement noise was first designed. This design 
provides interesting insights into the filtered version of 
the design proposed later in this study. 

(4) Filtered high-gain observer. The main 
contributions of this study are the design, stability 
analysis, and performance evaluation of the FHGO for 
EHB. The primary concept of the proposed FHGO is 
that a low-pass filter filters the output injection term 
before it is reinjected into the EHB observer. Thus, the 
asymptotic behavior of the proposed observer is 
preserved even in the presence of measurement noise. 

(5) Online extremum seeking (ES) optimization of 
FHGO parameters. The choice of FHGO tuning 
parameters has proven to be complex. For simplicity 
and optimal tuning of the FHGO, the observer 
parameter selection problem was transformed into a 
real-time optimization problem using the ES. 

The remainder of this paper is organized as follows. 
Section 2 describes the proposed EHB model. A 
problem statement is presented in Section 3. The EHB 
observability analysis, model transformation into a 
uniformly observable form, FHGO design, and 
stability analysis are explored in Section 4. In Section 
5, online ES optimization of the FHGO tuning 
parameter is described. The performance validation of 
the proposed FHGO for the EHB model is highlighted 
through simulations using Matlab/Simulink in 
Section 6. 

2  EHB modeling 

In this section, we develop a mathematical model for 
the EHB [6, 17]. As shown in Fig. 1, the EHB consists 
mainly of an electric motor, worm gear, rack and 
pinion mechanism, master cylinder, braking pipe, and 
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wheel-cylinder mechanism. Models of the electrical, 
mechanical, and hydraulic subsystems are derived in 
the following subsections. 

2.1  Electro-mechanical subsystem modeling 

The DC motor can be modeled using a circuit with an 
ideal voltage generator that describes the back 
electromotive force (EMF) connected in series with an 
inductor and a resistor. The equations for the electrical 
system model are as follows 

 
  

e m

Li u Ri e
e k ω
⎧ = − −
⎨

=⎩
 (1) 

 
m m l damp m

m e

J T T k

T k i

ω ω= − −⎧⎪
⎨

=⎪⎩
 (2) 

where u is the motor voltage; i is the motor current; e 
is the back EMF; J  is the total moment of inertia of 
the motor and reduction gear; mω  is the motor speed; 

mT  is the motor torque; lT  is the load torque owing 
to the master cylinder pressure; and dampk  is the 
motor damping coefficient. L , R, and ek  are the 
inductance of the motor, motor resistor, and back-EMF 
constant, respectively. 

The dynamics of the mechanical part of the master 
cylinder can be described as follows 

 mc mc l mc mcm x F A P= −  (3) 

 1
l g l

mc m
g

F r T

x
r
θ

=⎧
⎪
⎨ =⎪
⎩

 (4) 

where mcm  is the mass of the master cylinder piston; 
mcx  is the position of the master cylinder piston; lF  

is the force acting on the piston; mθ  is the rotor 
position; and gr  is the ratio of the total reduction 
mechanisms. mcp  is the pressure in the master 
cylinder and mcA  is its area. 

Assumption 1: Acceleration element with mass in 
Eq. (3) can be eliminated owing to the minimal 
contribution of the inertial force of the master cylinder 
piston. Subsequently, Eq. (3) can be simplified as 
follows 

 l mc mcF A P=   (5) 

With the above assumption and using Eq. (4), Eqs. (2) 
and (4) can be expressed as follows 

 mc
l mc

g

A
T p

r
=   (6) 

 mc
m e mc damp m

g

A
J k i p k

r
ω ω= − −  (7) 

2.2  Hydraulic subsystem modeling 

The hydraulic subsystem modeling is discussed in this 
section. Using the theory of mass conservation, the 
dynamics of the master cylinder and wheel cylinder 
pressures are derived as follows 

 
( )

( )

mc mc mc mc
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mc mc mc mc

p q A x
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β⎧ = − +⎪
⎨
⎪ = −⎩

 (8) 

 
( )wc wc wc wc

wc

wc wc wc

p q A x
V

V A x

β⎧ = −⎪
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where β  is the bulk modulus of the brake fluid; mcV  
is the volume of fluid inside the master cylinder 
chamber; mcq  is the volumetric flow rate running out 
of the master cylinder chamber; mcs  is the master 
cylinder piston stroke; wcp  is the wheel cylinder 
pressure; wcV  is the volume of fluid in the caliper 
chamber; wcq  is the volumetric flow rate into the 
wheel cylinder; w cA  is the area of the wheel cylinder 
piston; and wck  is the pad stiffness. 

Applying Newton’s second law to the wheel 
cylinder piston, the equation of motion is given as 
follows 

 ( )wc wc wc wc wc wc gapm x A p k x x= − −  (10) 

where wcm , wcx , and gapx  represent the pad mass, 
position of the wheel cylinder piston, and air gap 
between the brake pad and brake disk, respectively. 

Assumption 2: Owing to the small contribution of 
the inertial force of the wheel cylinder piston, 
acceleration with mass can be discarded, and Eq. (10) 
becomes 

 ( )wc wc wc wc gapA p k x x= −  (11) 

Assumption 3: Ignoring pipeline dynamics and 
assuming linear flow, the hydraulic pressure drop in a 
circular pipeline can be expressed as follows 

 mc wc
mc wc

lk

p p
q q q

k
−

= = =  (12) 

where 8 πlk p pk l rνρ=  is the laminar flow coefficient, 
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ρ  is the fluid density, ν  is the cinematic viscosity 
of the brake fluid, pl  is the pipeline length, and pr  
is the cross-sectional radius of the pipeline. 

By using Eqs. (10)-(12), Eq. (8) and Eq. (9) can be 
rewritten as follows 

1

1
mc wc

mc mc m
g lk

mc mc m
g

p p
p A

r k
A s

r

β ω

θ

⎛ ⎞−
= −⎜ ⎟⎜ ⎟⎛ ⎞ ⎝ ⎠−⎜ ⎟⎜ ⎟
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2.3  Observer design model of the EHB 

According to Ref. [5], the propagation dynamics of the 
brake pressure waves were ignored. In other words, 
the master cylinder pressure was equal to the wheel 
cylinder pressure ( )mc wcp p= . Therefore, the wheel- 
cylinder dynamics in Eq. (14) can be disregarded.  

Let the state vector T
1 2 3 4[ ]x x x x= =x  

T[ ]m m mci pθ ω . The state representation of the 
EHB model (Eqs. (1), (7), (13)) can be expressed as 
follows 
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where 1( )h x x= , ( )n t ∈  is the measurement noise 
of the measurable state 1x  and u∈  is the system 
input. 

3  Filtered high-gain observer for EHB 

3.1  Problem statement 

The proposed state observer estimates the EHB state 
from the measurements of the motor voltage u (the 
input) and rotor position mθ  (the output), which are 
easily measured using an incremental encoder, often 
coupled with the rotor and gearbox. Unlike the 

extended Kalman observer, whose convergence is not 
guaranteed in general, and the sliding mode observer, 
which is subject to the chattering problem, the more 
efficient HGO is adopted in this study. HGO is very 
sensitive to measurement noise. Thus, we opted for 
filtered HGO in the EHB system in this study. 

In SHGO (without a filtering action), the output 
correction term ˆ( )y y−  was reinjected directly into 
the EHB observer (Fig. 2). However, in the proposed 
FHGO, the idea is to filter the output injection term 
using a low-pass filter before reinjection into the 
observer (Fig. 3). Thus, the asymptotic convergence of 
the estimation error is always preserved, even in the 
presence of measurement noise. 

 

Fig. 2  Standard high-gain observer scheme 

 

Fig. 3  Filtered high-gain observer scheme 

As shown in the next section, for a given low-pass 
filter order r, the stability and convergence rate of the 
FHGO depend on careful tuning of two parameters. To 
guarantee good performance of the proposed observer, 
rather than manually adjusting the FHGO tuning 
parameters, real-time optimization of the two 
parameters by the ES algorithm was performed 
according to Fig. 4. 

 

Fig. 4  Block diagram of the optimized FHGO 

3.2  EHB observability analysis 

Before designing the FHGO for the EHB model, it is 
necessary to analyze the observability of the system. 
An observability rank condition method based on the 
Lie derivative is used. Let the vector 
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 1 2 3 T( ) [ ( ), ( ), ( ), ( )]f f fx h x L h x L h x L h x=Ο  (17) 

where ( )xΟ is a mapping that constitutes the 
observation space, and ( )fL h x  is the Lie derivative 
of ( )h x with respect to the vector field 

T
1 2 3 4( ) [ ( ),  ( ),  ( ),  ( )]x f x f x f x f x=f .  

Proposition 1: Consider system in Eq. (15). The 
Jacobian of matrix O(x) is full rank, regardless of the 
state x variation. Thus, this system is observable 
almost everywhere. 

Proof of Proposition 1. The observability of EHB 
can be assessed using the Jacobian of O(x). Applying 
the Lie derivative to Eq. (15), the matrix O(x) is 
obtained as follows 

1

2

2 3 4
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where 1 mc gA Jrα β= − , 2 2
2 ( )damp ek J k JLα = − ,

2
3 damp e ek k J Rk JLα = − − , 2

4 damp mc gk A r Jα = . 
The Jacobian of ( )xΟ is expressed as follows 
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and 4 4H α= . 
Clearly, the determinant of matrix ( )xJc is the 

following square matrix 
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Thus 

 4 3det( ( )) e mc
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k H A H
x

J r J
⋅ ⋅

= +Jc  (21) 

By replacing 3H  and 4H  with their expressions, 
we obtain 

 2 2

2
det( ( )) e damp mc e

g g

k k A k R
x

J r J Lr
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= − +⎜ ⎟⎜ ⎟
⎝ ⎠
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It is clear that: 4det( ( )) 0,   x x≠ ∀ ∈Jc . This 
concludes the proof of Proposition 1. 

3.3  Transformation to uniformly observable form 

The EHB model is observable almost everywhere. A 
change in the coordinates can then convert it into a 
uniformly observable form [18]. This form allows for an 
easy and straightforward design of a high-gain 
observer. 

Proposition 2: Consider the system in Eq. (15), it 
exists a diffeomorphism ( )xφ  defined as follows 

1 1

2 24 4

3 3

4 4
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( )

( ) : , ( )
( )
( )

z x
z x

x x z x
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( )xφ  transforms the system in Eq. (15) to a 
uniformly observable form expressed as follows 
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where the matrices A, C and ( ),u zϕ  are given by the 
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  Proof of Proposition 2. Let 1 1z x=  be the system 
output. From Eq. (15), the derivative of 1z  is 
 1 2 2z x z= =  (25) 

According to Eq. (16), the dynamics of 2z  can be 
written as 
 ( )2 3 2 1 2, ,z z u z zϕ= +  (26) 

where ( )3 3 4 2 1 2 2, , , dampe mc

g

kk Az x x u z z z
J Jr J

ϕ
−
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Similarly, the derivative of 3z  is obtained using Eq. 
(16) as 

 ( )3 4 3 1 2 3, , ,z z u z z zϕ= +  (27) 
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u
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Using Eq. (16) and Eq. (27), the derivative of 4z  is 
given as follow 

 ( )
2

4 2 4 42 2 ,e eRk RkRz z z u u z
JL L JL

ϕ= − − =  (28) 
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Notice that from Eqs. (25)-(28), we can easily check 
the anti-shift form of matrix A and the triangular 
structure of the vector function ( , )u zϕ . This result 
demonstrates that the canonical observability form of 
Eq. (24), and thus ends the proof of Proposition 2. 

Remark 1: The original x-coordinates can be easily 
deduced from the z-coordinates as follows 

 

1 1

2 2

3 4

4 3 4

 
  

e

g g

mc mc

x z
x z

JLx z
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Jr JLr

x z z
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=⎧
⎪ =⎪
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⎪
⎪

= − −⎪
⎪⎩

 

3.4  FHGO for EHB in the presence of measurement 
noise 

To make the observer design and analysis more 
realistic, the model developed in the previous 
subsection was augmented with measurement noise. 
Specifically, the EHB model can be rewritten as 

 
( )

1

( ) ( ) ( ), ( )
( ) ( ) ( ) ( )

z t z t u t z t
y t z t n t z n t

= +⎧⎪
⎨

= + = +⎪⎩

A
C

ϕ
 (29) 

where ( )n t is the output measurement noise, which is 
assumed to be bounded, and its upper bound is 
denoted as 0nδ > . Matrices A, C, and ( ),u zϕ  are 
defined in Proposition 2. 

In the following, some definitions, notations, and 
assumptions are required for the convergence analysis 
of the observation error of the proposed observers. 

min ( )λ ⋅  (resp. max ( )λ ⋅ ) denotes the smallest (resp. 
largest) eigenvalue. We define the diagonal matrix 

2 3(1,1 ,1 ,1 )diagθ θ θ θ=Δ , with 1θ≥  as the scalar 
design parameter. Note that one can verify the 
following identities without difficulty 

 
1

1

θ θ

θ

θ−

−

⎧ =⎪
⎨

=⎪⎩

Δ Δ

Δ

A A

C C
 (30) 

Assumption 4: The state z(t) is bounded, and a 
bound of it denoted zρ  is known.  

The angular position of the motor shaft 1m zθ = , 
angular speed 2m zω = , current of the motor 4i z∝ , 
and master cylinder pressure 3 4( )mcp z z∝ + are 
practically bounded. Then, Assumption 4 holds. 

Property 1: Based on parameter values listed in 
Tab. 1 and that 1 [0,2π]z ∈ , there exists 0ς >  

1,  ( )mct Gs z t ς∀ − > . Consequently, the functions iϕ  
of the vector function ( ),u zϕ are Lipschitz on the 
following convex compact set 

{ }4
1,  and  z mcz R z Gs zΩ ρ ς= ∈ −≤  

3.4.1  SHGO for EHB in presence of measurement noise  
In this subsection, the SHGO for EHB in the presence 
of measurement noise was designed for pedagogical 
purposes. This sheds light on the filtered-version 
design proposed in this study. The SHGO is 
represented by the block diagram in Fig. 2. 

Considering the system EHB in the z-coordinates of 
Eq. (29), the following system Eq. (31) is the HGO of 
Eq. (29). 

( )( ) ( )1ˆ ˆ ˆ ˆ( ) ( ) ( ), ( ) ( ) ( )z t z t u t z t z t y tθ
−= + ℘ − −A K Cϕ θΔ   

  (31) 
where 4ẑ∈ is the state estimate of z , the mapping 
( )℘ ⋅  denotes the orthogonal projection on Ω , and  

T
1 2 3 4( , , , )k k k k=K is any vector such that the matrix 
−A A KC  is Hurwitz. Since the matrix 
−A A KC  is Hurwitz, there exists a 4 4×  SPD 

matrix P such that 

 T
42I+ = −PA A P  (32) 

The estimation error was introduced as 
T

1 1 3 4 ˆ( , , , )e e e e z z= = −e . Subsequently, we obtain the 
following result. 

Proposition 3: Assume that the EHB system in Eq. 
(29) satisfies assumption 4: A real scalar 0θ  exists 
such that for 0θ θ> , Eq. (31) holds, and is the global 
exponential observer for the system in Eq. (29) in the 
sense that 

3 3
max

max

( ) (0) exp 2 ( )
2 ( ) ne t e t P

P
θσθ σλ θ δ

λ
⎛ ⎞
− +⎜ ⎟
⎝ ⎠

≤   

  (33) 
where max min( ) ( )P Pσ λ λ= . 

Proof of Proposition 3. Defining the estimation error 
as T

1 1 3 4 ˆ( , , , )e e e e z z= = −e , its dynamics are given by 

( ) ( ) ( )( )1 1ˆ, ( ) , ( )e u z u z n tθ θ
− −= − + ℘ − +A KC e KθΔ ϕ ϕ θΔ

  (34) 

Let introduce coordinate changes 

 e θ= eΔ  (35) 

Using Eq. (30), it is verified that the new error e  is 
governed by the following equation 
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  ( ) ( )( )ˆ, ( ) , ( )e u z u z n tθ= + ℘ − +Ae Kθ Δ ϕ ϕ θ  (36) 

Let T( )V =e e Pe  be a Lyapunov function for the 
system in Eq. (36), and P  verifies Eq. (32). By 
differentiating ( )V e  with respect to time, we obtain  

 
( ) ( )( )( )

2 T( ) 2 2

ˆ, ( ) , ( )

V

u z u z n tθ

− + ×

℘ − +

≤e e e P

K

θ

Δ ϕ ϕ θ
 

(37)
 

Using Assumption 4 and the triangular structure of 
the vector function ( , )u zϕ , we apply the mean-value 
theorem 

( ) ( )( ) 2T
maxˆ2 , ( ) , 2 ( )u z u zθΔ λ℘ − ≤ϕ ϕe P P e   

  (38) 
where  is a positive real constant that does not 
depend on the θ  ( 1θ≥ ).  

By using Eq. (30), one has 

 T
max2 ( ) 2 ( )nn t pθ θδ λ≤e P K e  (39) 

By combining Eqs. (37)-(39), we obtain 

( ) 2
max max( ) 2 ( ) 2 ( ) nV θ λ λ θδ− − +≤e P e P e  (40) 

Let θ  be sufficiently large enough so that 
( )max2 ( )pθ λ θ− > , that is, 0 max2 ( ) 0θ θ λ> = >P .   
From 2 2

min max( ) ( ) ( )Vλ λ≤ ≤P e e P e , inequality 
(40) becomes 

  max

max min

2 ( )
( ) ( ) ( )

( ) ( ) nV V V
λθ θδ

λ λ
− +≤

P
e e e

P P   (41) 

It can be easily verified that Eq. (41) implies 

max

max min

( )d ( ) ( )
d 2 ( ) ( ) nV V
t

λθ θδ
λ λ

− +≤
P

e e
P P  (42) 

By applying the comparison lemma [19], we obtain 

( ) ( )
2
max

max min

2 ( )
( ) (0) exp

2 ( ) nV e t V e t
λθ δ

λ λ
⎛ ⎞
− +⎜ ⎟
⎝ ⎠

≤
P
P

 

  (43) 
which yields 

 max
max

( ) (0) exp 2 ( )
2 ( ) ne t e tθσ σλ δ
λ

⎛ ⎞
− +⎜ ⎟
⎝ ⎠

≤ P
P

  

  (44) 
where max min( ) ( )σ λ λ= P P . 

From Eq. (35), one has 3e e eθ≤ ≤ . 
Subsequently, from Eq. (44), we obtain Eq. (33). This 
concludes the proof of Proposition 3. 

From Eq. (33), it is seen that if 0nδ =  (absence of 
measurement noise), the observation error converges 

exponentially to zero for a large enough θ. In practice, 
measurement noise is generally present, making high 
values of θ highly problematic. Indeed, inequality Eq. 
(33) shows that the mapping “measurement noise → 
estimation error” is input-to-state stable with a gain 
proportional to 3θ . Therefore, high values of θ lead to 
larger estimation error.  

To better analyze the asymptotic behavior of the 
estimation error, the measurement noise was modeled 
using a finite Fourier series 

 
1

( ) sin
N

si
i i

i
n t n t

ω
ϑ

ε=

⎛ ⎞= +⎜ ⎟
⎝ ⎠

∑  (45) 

where 0N >  is any positive integer, the parameter 
0 1ε<  shifts the base frequencies siω  to high 
frequencies (for sufficiently small ε, the measurement 
noise Eq. (45) exhibits high-frequency behavior). The 
real quantities 0in >  and iϑ  denote the amplitude 
and phase of each component, respectively. Using 
these notations, the steady-state estimation error is 
bounded as follows 

 limsup ( )  1, ,4i
i nt

e t iε θ δ
→∞

=≤  (46) 

where some scalar 0>  independent on θ . Again, 
this shows that: the higher θ , the larger the state 
estimation error components. 
3.4.2  FHGO for EHB: Design and analysis  
To overcome the performance limitations of the SHGO, 
we will design and analyze an FHGO for the EHB 
model. As shown in Fig. 3, the output-injection term 
was filtered using a low-pass filter before being 
reinjected into the EHB observer. Thus, the asymptotic 
behavior of the resulting observer in the absence of 
measurement noise is preserved in the presence of 
measurement noise. 

The FHGO of the system in Eq. (29) is defined as 
follows 

 
( )( )

( ) ( )

1 T

T T

ˆ ˆ ˆ( ) ( ) ( ), ( ) ( )

ˆ( ) ( ) ( ) ( )

r

r r r

z t z t u t z t t

t t z t y t

θθ η

θ θη η
κ κ

−⎧ = + ℘ −
⎪
⎨

= − − + −⎪
⎩

A GB

I A C C

ϕ Δ
 (47) 

where (0)=0η  and arbitrary (0)z Ω∈ , and 
4ˆ(0)z ∈R , where *r +∈ is the relative degree of the 

low-pass filter. The filter is parameterized by the 
high-gain parameter θ of the observer and a second 
parameter 0κ > . The vector T

1 2 3 4( , , , )G G G G=G is 
arbitrarily selected such that −A GC is a Hurwitz vector. 
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Matrices Ar, Br, Cr, andη are defined as follows 

 

[ ]

1,1 1

1 ,1

1,1

1 ,1

T
1

0
0 0

0
1

1 0

 ... 

r r
r

r

r
r

r r

r

I

η η

− −

−

−

−

⎧ ⎡ ⎤
=⎪ ⎢ ⎥
⎣ ⎦⎪

⎪ ⎡ ⎤⎪ = ⎢ ⎥⎨ ⎣ ⎦⎪
⎪ ⎡ ⎤= ⎣ ⎦⎪
⎪ =⎩

A

B

C

η

 

We define the transformed state-estimation error as 
ˆ( )e e z zθ θ= = −Δ Δ . Assuming that θ  varies slowly 

such that its derivative is neglected, it follows from 
Eqs. (29), (30), and (47), e  is governed by the 
following equation 

( ) ( )( ) Tˆ( ) ( ) , ( ) , ( )re t e t u z u z tθθ θ η= + ℘ − −A GBΔ ϕ ϕ  

  (48) 
Let introduce the augmented state vector 

T T T[ , ]= eξ η . It follows from Eqs. (47) and (48) that 
this vector can be expressed as follows 

 ( )ˆ( ) ( ) ( ) ( , , ) ( )t t u z z n tξ θ κ= + −F ξ ψ Θ  (49) 

where 

( )

T

T T
( ) 1 1

r

r r rI
κ

κ κ

⎡ ⎤−
⎢ ⎥= ⎢ ⎥− −
⎢ ⎥⎣ ⎦

A GB
F

C C A
, ( )

4,1

T

0
( )

( )r

n t
n tθ

κ

⎡ ⎤
⎢ ⎥=
⎢ ⎥
⎣ ⎦
C

Θ , 

and 
( ) ( )( )

,1

ˆ, ( ) ,
ˆ( , , )

0r

u z u z
u z z θ⎡ ⎤℘ −

= ⎢ ⎥
⎢ ⎥⎣ ⎦

Δ ϕ ϕ
ψ  

As −A GC  is Hurwitz, it follows that for any 
*r +∈ , there exists 0 0κ > such that for 

each [ ]00,κ κ∈ , ( )κF is Hurwitz. Therefore, there 
exists an SPD matrix Q  such that 

 T
4( ) ( ) 2 rIκ κ ++ = −QF F Q  (50) 

The main results of this study are as follows. 
Theorem 1: Consider FHGO in Eq. (47) to the EHB 

model in Eq. (29), subject to Assumption 4 and 
Property 1. There exists 0 0κ >  such that for each 

0[0, ]κ κ∈ , a real scalar 0θ  exists such that for 
0θ θ> , the observer of Eq. (47), when applied to the 

system in Eq. (29) yields the following 

 

3

max

3

max

( ) (0) exp
2 ( )

2 ( ) n

e t e tθμθ
λ

θμλ δ
κ

⎛ ⎞
− +⎜ ⎟
⎝ ⎠

≤
Q

Q
 

(51)

 

where max min( ) ( )μ λ λ= Q Q . 
Proof of Theorem 1. Consider the Lyapunov 

candidate function 

 ( ) TV ξ = Qξ ξ  (52) 

The derivative of ( )V ξ  is as 

 
( )

( )

T T

T

( ) ( )

ˆ2 ( , , ) ( )

V

u z z n t

ξ θ κ κ

ψ

⎡ ⎤= + +⎣ ⎦
−⎡ ⎤⎣ ⎦

QF F Q

Q

ξ ξ

ξ Θ
 

(53)
 

Using Eq. (50), one has 

 
( )

( ) ( )( )

2 T

T

2 2

ˆ, ( ) , ( )r

V

u z u z n tθ

ξ θ ξ

θ
κ

− + ×

⎛ ⎞℘ − +⎜ ⎟
⎝ ⎠

≤ Q

C

ξ

Δ ϕ ϕ
 

(54)
 

According to Assumption 4, the triangular structure 
of the vector function ( ),u zϕ , the mean value 
theorem, and the identities in Eq. (30), we can verify 
that 

 ( ) ( )( ) 2T
maxˆ2 , ( ) , 2 ( )u z u z eθ λ℘ − ≤e Q QΔ ϕ ϕ   

  (55) 

 T
max2 ( ) 2 ( )nKn t eθ θδ λ≤e Q Q  (56) 

where  is a positive constant that does not depend on 
θ  for 1θ≥ . 

Using Eqs. (55)-(56) and the inequality e ξ≤ , 
we obtain 

 ( ) ( ) 2
max max2 ( ) 2 ( ) nV θξ θ λ ξ λ δ ξ

κ
− − +≤ Q Q  

  (57) 
Now, let θ be sufficiently high, such that 
( )max2 ( )θ λ θ− >Q , that is 0 max2 ( ) 0θ θ λ> = >Q . By 

doing so, and using 2 2
min max( ) ( ) ( )e V e eλ λ≤ ≤Q Q , 

we obtain  

( ) ( ) ( )max

max min

( )
2

( ) ( ) nV V V
λθ θξ ξ δ ξ

λ κλ
− +≤

Q
Q Q  (58) 

Eq. (58) can be rewritten as 

( ) ( ) max

max min

( )d
d 2 ( ) ( ) nV V
t

λθ θξ ξ δ
λ κλ

− +≤
Q

Q Q  (59) 

Using the comparison lemma [19], we obtain 

( ) ( )
2
max

max min

2 ( )
( ) (0) exp

2 ( ) ( )
nV t V t

λ δθξ ξ
λ κλ

⎛ ⎞−
+⎜ ⎟

⎝ ⎠
≤

Q
Q Q

  (60) 
Using Eq. (52), Eq. (60) leads to 

max
max

( ) (0) exp 2 ( )
2 ( )

nt t
δθξ μ ξ μλ

λ κ
⎛ ⎞
− +⎜ ⎟
⎝ ⎠

≤ Q
Q

 (61) 

The results of Theorem 1 follow from Eq. (61), 
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using the initial condition (0)=0η  and the inequalities 
3 3e eθ θ ξ≤ ≤ and 2 2 2eξ η+≤ . This 

completes the proof of Theorem 1. 
In the case of a high-frequency measurement noise 

( )n t  similar to Eq. (45), the steady-state estimation 
error is bounded as follows [20] 

1limsup ( ) 1, ,4
r

r i
i nt

e t iθε θ δ
κ

+

→∞

⎛ ⎞ =⎜ ⎟
⎝ ⎠

≤  (62) 

where  is a positive scalar that is independent of θ  
and κ . 

It follows from Eq. (62) that with a judicious choice 
of θ  and κ  according to Theorem 1, the norm of 
the estimation error converges to a neighborhood of 
zero. The convergence rate can be made arbitrarily 
high by tuning r (because of the term 1rε + ). Unlike 
the performance of the SHGO (Eq. (46)), the 
performance of FHGO (Eq. (62)) contains the term 

1rε + (with 0ε ≈  used for high-frequency 
measurement noise). This term compensates for the 
negative effects of the ( )rθ κ . 

4  Online ES tuning of θ  and κ  

In the presence of high-frequency measurement noise, 
a key issue is how to select the parameters θ  and κ  
of the FHGO observer of Eq. (47). On the one hand, 
θ  should be large enough to ensure a fast 
convergence of the estimation error to zero (in the 
noise-free case); on the other, a large value of θ  
entails noise effect amplification on the state 
estimation error. A high value of θ may also cause 
“peaking phenomenon” during the transient period. It 
turns out that the choice of θ should meet a 
compromise between fast convergence rate, sensitivity 
to measurement noise, and peaking phenomenon. 
Furthermore, Eq. (62) shows that a high correlation 
exists between κ , θ , and the low-pass filter order r. 
By Theorem 1, κ  should not be too large.  

Clearly, making a satisfactory a priori choice of the 
FHGO parameters is a complex task. Therefore, we 
sought the online tuning of these parameters. To this 
end, a real-time optimization problem involving 
observer parameters was defined and solved using an 
extremum seeking (ES) approach. One of the main 
features of this real-time adaptive optimization 
technique is its model-free nature. Here, a 
multivariable Newton-based ES was used (while 

maintaining a fixed LPF order r) (Fig. 5). The 
convergence rate in ES using Newton’s method is 
user-assignable and does not depend on the unknown 
Hessian of the cost function, unlike in gradient-based 
ES [14]. 

4.1  Cost function selection 

The selection of a suitable cost function is crucial. One 
possible choice is the quadratic function 

2 2 2
1 1 1

ˆˆ( ) ( )m me z z θ θ= − = − . However, this function is 
only weakly sensitive to measurement noise. Indeed, 
Eq. (62) shows that the convergence to zero of 2

1e  
does not necessarily imply convergence to zero for 
other estimation errors. In fact, 4 4 4ˆe z z= −  is most 
affected by the measurement noise and peaking 
phenomena (owing to 4θ  in Eq. (62)). Based on 
these observations and Remark 1, the following cost 
function was considered 

 2 2
4 4ˆ ˆ( , ) ( ) ( )mc mcJ x x p pθ κ = − = −  (63) 

Because the master cylinder pressure mcp  was 
unmeasurable, it was replaced by the reference 

_mc refp  (Fig. 5). A PID controller is used in a state 
feedback control to ensure that mcp  tracks _mc refp . 

4.2  Multivariable newton-based ES 

From Remark 1, Eq. (63) can be expressed as 

 ( )( )2
1 3 2 4( )J c e c e= +ϖ  (64) 

where T( , )θ κ=ϖ , 1 g mcc Jr A= , and 2c L R= . 
Property 2: From Eq. (62) and according to 

Theorem 1, there exists an * * * T( , )θ κ=ϖ  such that  

 ( )* 0J∂
=

∂
ϖ

ϖ
 (65) 

 ( )
2

* T
2 0,  J∂

= < =
∂

H H Hϖ
ϖ

 (66) 

where H is the Hessian. 
The perturbation signals and matrix (Fig. 5) are 

defined as follows 

 [ ]T1 2( ) sin( ),  sin( )t a t tω ω=S  (67) 

 [ ]T1 2
2( ) sin( ),  sin( )t t t
a

ω ω=M  (68) 

2
1 1 22 2

2
1 2 22 2

16 1 4sin ( ) sin( )sin( )
2

( )
4 4 1sin( )sin( ) sin ( )

2

t t t
a a

t
t t t

a a

ω ω ω

ω ω ω

⎡ ⎤⎛ ⎞−⎜ ⎟⎢ ⎥⎝ ⎠⎢ ⎥=
⎢ ⎥⎛ ⎞−⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦

N  (69) 
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where a  denotes a real number. The gain 

1 2( ,  )diag d d=D , frequencies ω1, ω2, and ωr are 
chosen as follows 

 1 1 ( )Oω ωω ω= =  (70) 

 2 2 ( )Oω ωω ω= =  (71) 

 1 2ω ω≠  (72) 

 ( )r r r Oω ωω ωδω ωδ= = =  (73) 

 ( )D D Oω ωδ ωδ= = =D  (74) 

where ω  and δ  are small positive constants, 1ω  
and 2ω  are rational numbers, rω  is (1)O  positive 
constant, D is a diagonal matrix with (1)O  positive 
elements.  

In Fig. 5, the dashed part provides the Hessian 
estimation. Without this part, the optimization scheme 
reduces to the gradient-based ES. The demodulation 
by low-pass filtering of the product ( ( ) ) ( )J N tϖ γ−  
gives the estimated Ĥ . A direct inversion of the 
Hessian H can be problematic when Ĥ  is close to 
singularity or to be indefinite. To get around this issue, 
the following Riccati equation is used to get an 
estimate of the inverse of Ĥ . 

 ˆ
r r HΓ ω Γ ω Γ Γ= −  (75) 

 

Fig. 5  Schematic of Newton’s ES strategy for optimizing 

FHGO parameters 

The Riccati equation has two steady-state solutions, 
*
1 2 20Γ ×=  and * 1

2 ĤΓ −= . Owing to 0rω > , the first 
solution is unstable, whereas the second is locally 
exponentially stable (linearization of Eq. (75) around 

1Ĥ −  is the Jacobian 2 2r Iω ×− ). Thus, the Riccati 

equation converges to the real value of the Hessian 
matrix inverse 1−H  after the transient.  

From Fig. 5, the dynamics of the estimated ϖ̂  are 
given by 

 ˆ ( ) ( )D M t Jϖ Γ ϖ= −  (76) 

The gradient-based ES (Fig. 5, without the dashed 
part) was verified using Eq. (76), the dynamics of 
estimation error *ˆϖ ϖ ϖ= −  are DHϖ ϖ= . In 
Newton-based ES, the estimation error becomes 

DΓHϖ ϖ= − , which is independent of the Hessian H 
(because 1= −Γ H ). 

The Taylor series expansion of the cost function 
( )J ϖ  around *ϖ  yields the following second 

approximation 

 * * T *1( ) ( ) ( ) ( )
2

J J Hϖ ϖ ϖ ϖ ϖ ϖ= + − −  (77) 

Considering Eq. (77), the average closed-loop 
system is expressed using the error variables 

*ˆϖ ϖ ϖ= −  and 1Γ −= −HΓ  as follows 

 
Quadratic

av av av avD D Hϖ ϖ Γ ϖ= − −  (78) 

 
Quadratic

av r av r av avHΓ ω Γ ω Γ Γ= − −  (79) 

Linearizing the system of Eqs. (78) and (79) around 
the stable equilibrium leads to a linear approximation 

 2 2

2 2

, ,

,,

0
0 r

av eq av eq

av eqav eq

Dϖ ϖ

ω ΓΓ
×

×

⎡ ⎤ ⎡ ⎤−⎡ ⎤⎢ ⎥ = ⎢ ⎥⎢ ⎥−⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦
 (80) 

Clearly, system Eq. (80) is exponentially stable 
because its eigenvalues are negative owing to Eqs. 
(73)-(74). The closed-loop system expressed in Eqs. 
(78)-(79) are locally exponentially stable, and the 
convergence rate is tunable through the parameters D 
and rω . 

5  Simulation results 

5.1  Simulation protocol 

To validate the performance of the FHGO proposed in 
Eq. (47) to the EHB model in Eq. (29), simulation 
tests were performed using Matlab/Simulink with the 
sampling time 50 μsT = . The various parameters of 
the EHB model are given the numerical values of 
Tab. 1. The gains of SHGO and FHGO are chosen 
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such that the matrices −A KC  and −A GC are 
Hurwitz matrices and are given the values 

T(5,  8, 11, 7)= =K G .  

Tab. 1  EHB model parameter numerical values 

Description Value 

Inductance of the motor L/H 16×10−5 

Motor resistor R/Ω 0.9 

Back EMF constant ke/(N·m/A) 0.05 

Gear’s total moment of inertia J/(kg/m2) 0.001 75  

Motor damping coefficient kdamp/(N·ms/rad) 0.001 

Area of master cylinder Amc/m2 0.000 35 

Ratio of total reduction mechanism rg/m−1 2 330 

Bulk modulus of the brake fluid β/MPa 1.6×103 

Master cylinder piston stroke smc/mm 40 

Two simulation results are obtained to highlight the 
performance of the proposed FHGO in the presence of 
various noise signals. 

For the results presented in Subsections 5.2 to 5.4, 
the measurement noise has been generated by 
considering Eq. (45) using 2N = , 0.001ε = , 

1 1sω = , 2 3sω = , 1 0.15n = , and 2 0.25n = . It is 
the sum of two high-frequency sinusoidal signals. Fig. 
6 shows the noisy nature of the observer output θm. 

 

Fig. 6  Noisy measurement of θm (sinusoidal type) 

In Subsection 5.5, simulation tests are performed 
considering Gaussian noise with a variance of 0.000 5. 
In that case, the noisy measurements of θm is shown in 
Fig. 7.  

Note that for all simulation tests, the 
signal ( ) 0.01cos(50 )t tυ = has been added on the 

right-hand side of all dynamic equations of the EHB 
model of Eq. (15). The extra term ( )tυ  accounts for 
all model uncertainties including possible parameter 
variations and nonlinear friction forces in the 
mechanical and hydraulic parts, as Ref. [4]. 

 

Fig. 7  Noisy measurement of θm (Gaussian type) 

For all simulations, the reference braking pressure 
_mc refp  of the EHB was chosen to be variable over a 

13 s cycle (and similarly for mcp  owing to the control 
loop by PID). To demonstrate the effectiveness of the 
observer, the mcP  cycle was repeated more than twice 
during each simulation test. The states of the system 
and observer are initialized as follows 

- - 0m init init mc initi pω = = = , -ˆ 5m initω = , ˆ 1initi = , and 
-ˆ 10mc initp = . 

5.2  Measurement noise effect on HGO 

To highlight the need for an FHGO, the performance 
of SHGO in Eq. (31) is presented in this subsection. 
The simulation scheme is illustrated in Fig. 8. The 
SHGO gain θ was set to 100 to avoid a slow 
convergence and high noise amplification.  

 

Fig. 8  Block diagrams of the proposed observers for EHB 

The master cylinder pressure mcP  and its estimates 
in the absence and presence of measurement noise are 
illustrated in Fig. 9, which shows the negative effect of 
noise on the state estimation. Hence, FHGO must be 
used to compensate for the measurement noise.  
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Fig. 9  SHGO performance: Master cylinder pressure mcp  

estimation in the absence and presence of measurement noise 

5.3  Performance of the FHGO with fixed 
parameters 

In this subsection, the FHGO performances with fixed 
parameters θ  and κ  are tested under the same 
simulation protocol. The simulation scheme is shown 
in Fig. 8b. In order to obtain a fair comparison, the θ  
parameter has been chosen to be equal to 100 as in the 
SHGO case. Based on several tests and according to 
Theorem 1, the appropriate numerical values of κ  
and r are given by 0.069κ =  and 3r = , 
respectively.  

Fig. 10 shows the master cylinder pressure and its 
filtered estimation. The impact of measurement noise 
on the asymptotic behavior of the estimation error was 
well mitigated. However, Fig. 10 (zoom) shows that 
the transient period of the FHGO with fixed 
parameters suffers from a peaking phenomenon.  

 

Fig. 10  FHGO performance: Master cylinder 

pressure mcP estimation 

5.4  Performances of FHGO with ES optimization 

The superior performances of the proposed FHGO in 

Eq. (47) for the EHB model in Eq. (29) with the ES 
optimization of θ  and κ  are shown in this 
subsection. The measurement noise is considered to be 
a sinusoidal signal. A simulation test was also 
performed using the same protocol. The simulation 
scheme is shown in Fig. 5. The parameters Pk , ik , 
and dk  of the PID-like controller used in the 
simulation were chosen using the Ziegler-Nichols 
method. The obtained values are 0.45, 2.33, and     
7×10−2.  

The parameters of the Newton-based extremum- 
seeking loop shown in Fig. 5 are listed in Tab. 2. The 
initial condition of the Hessian inverse  Γ(0) is chosen 
to be symmetric and negative definite as [14] 

1 2
(0)

2 6
−⎡ ⎤

= ⎢ ⎥−⎣ ⎦
Γ  

Tab. 2  Newton extremum seeking parameters values 

Parameter Value Parameter Value 

ω  0.1 a  0.1 

δ  0.1 ( 1ω , 2ω ) (7 000, 6 000) 

rω  1 ( 1d , 2d ) (350, 610) 

The performances of the optimized FHGO are 
illustrated in Figs. 11 and 12. Fig. 11a shows that the 
noisy measurable state mθ is well-filtrated and 
estimated by the FHGO, which is similar to that for 
the motor speed mω and motor current i , as depicted 
by Figs. 11b and 11c. The simulated master cylinder 
pressure mcp and its estimate are shown in Fig. 11d. It 
can be observed that mcp  is well estimated and 
filtered, and unlike FHGO with fixed parameters (Fig. 
10), the FHGO with ES optimization is a peaking-free 
observer. The optimized gain θ  is given in Fig. 12. 
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Fig. 11  Performance of FHGO with ES optimization  
 

 

Fig. 12  FHGOθ parameter optimization 

5.5  Performance of the optimized FHGO in 
presence of Gaussian measurement noise 

In this subsection, Gaussian noise with a variance of 
0.000 5 is considered to demonstrate the capability of 
the proposed FHGO to achieve a good estimation 
performance despite varying measurement noises. A 
simulation test was also performed using the same 
protocol. The noisy measurement state of mθ  is 
shown in Fig. 7. 

The estimation error behavior of the optimized 
FHGO in the presence of Gaussian noise is shown in 
Fig. 13. These figures show that the states mθ  and 

mcp  are well estimated (without the peaking 
phenomenon), and their estimates are well filtered by 
the FHGO observer. 

 

Fig. 13  Performance of the optimized FHGO in the presence 

of Gaussian measurement noise 

5.6  Results and discussion 

For a clear comparison, the performances of the 
proposed observers are summarized in Tab. 3. For the 
two types of noise signals used in the simulation, the 
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infinity norm of the master cylinder pressure 
estimation error || ||mcp ∞  and the initial peak value of 
the estimated master cylinder pressure ˆ (0)mcp  
(starting from -ˆ 10 bar(1 bar=0.1 MPa)mc initp = ) are 
shown in Tab. 3. Note that || ||mcp ∞  and ˆ (0)mcp  are 
indicated by bars.  

Tab. 3  Performance comparison of the proposed observers 

in the presence of two types of measurement noise 

Noise type 
SHGO FHGO with fixed 

parameters Optimized FHGO 

|| ||mcp ∞  || ||mcp ∞  ˆ (0)mcp  || ||mcp ∞  ˆ (0)mcp  

Sinusoidal 705.3 1.32 2 622 0.227 8.6 

Gaussian 737.6 2.27 2 657 1.07 8.86 

The simulation graphs are shown in Figs. 9-13 and 
the performance indices are reported in Tab. 3. The 
following conclusions were drawn. 

(1) The asymptotic behavior of the SHGO in the 
presence of measurement noise is not guaranteed. 
Therefore, the structure is not recommended for 
practical applications. 

(2) FHGO with fixed parameters can guarantee 
good state estimation and noise suppression, but 
clearly suffers from the peak phenomenon. 

(3) The FHGO with ES optimization can achieve a 
good estimation performance for both types of 
measurement noise. It exhibits excellent asymptotic 
behavior with a relatively negligible estimation error 
and a low peak value at the origin. 

Based on the above points, the proposed FHGO 
with ES-based parameter optimization provides a good 
estimation of the EHB states, regardless of the type of 
measurement noise. In addition, it can qualify as a 
peak-free observer. The optimization of FHGO is 
highly recommended for practical EHB. 

6  Conclusions and perspectives 

The issue of online estimation of rotor position, rotor 
speed, motor current, and master cylinder pressure of 
an EHB for EVs in the presence of noise was 
addressed in this study. A filtered high-gain observer 
(FHGO) was proposed for EHBs. First, an EHB 
state-space model with four state variables is described. 
The EHB observability was then checked, and a model 
transformation by diffeomorphism to a uniformly 

observable form was carried out. The FHGO for the 
estimation of EHB model state variables was designed, 
and observer stability analysis using the Lyapunov 
theory was proved. To avoid the complexity of the 
FHGO setting parameters and achieve better FHGO 
performance, an online ES optimization of the 
observer tuning parameters was performed. The 
theoretical results were validated by simulations using 
the Matlab/Simulink software. The results 
demonstrated the high performance and robustness of 
the proposed FHGO. The experimental validation of 
the observer offered for the EHB system is considered 
as the perspective of this study. We also plan to 
perform ES-based optimization to optimally select the 
r order of the low-pass filter. 
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