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Abstract

Using the plasma wave characteristics and remote 
sensing technology, the k-vector direction of plasma waves 
can provide important information for understanding the 
global features of space plasma. In this study, we proposed 
a Bayesian k-vector estimation method in magnetized cold 
plasma based on the wave distribution function method. The 
proposed method can be applied to various types of sensors 
with easy visualization and calculation of the estimation 
accuracy. We verifi ed the eff ectiveness of the proposed 
method through simulations.

1. Introduction

The analysis of plasma waves obtained from in-situ 
observations through scientifi c satellites is eff ective for 
understanding the physics of near-Earth space and space 
plasmas in general. To measure plasma waves in bands 
from a few Hz to several tens of kHz, a scientifi c satellite 
is generally equipped with orthogonally aligned dipole 
antennas and a tri-axis search coil (e.g. [1, 2]). The k-vector 
direction of plasma waves, through the use of plasma wave 
characteristics and remote sensing technology, provides 
key information for understanding the global features of 
space plasma (e.g. [3]).

The k-vector direction is generally estimated using 
a spectral matrix, which is the correlation matrix of the 
electromagnetic fi eld. Ideally, determining the k-vector 
direction including the absolute direction requires the 
observation results of at least 5 electromagnetic fi eld 

components. However, estimation of the k-vector direction 
is often needed when some sensors are ineff ective due to 
sensor damage or some constraints of the scientifi c satellites. 
Moreover, the k-vector direction should be estimated with 
diff erent sensor noise levels. In addition, the extent of 
estimation accuracy depends on not only the type of sensors 
but also the averaging number of the spectral matrix. The 
extent of estimation accuracy should be calculated to realize 
the detailed propagation analysis.

In this study, we proposed a Bayesian k-vector 
estimation method in magnetized cold plasma based on 
the wave distribution function (WDF) method [4, 5]. By 
introducing the WDF method and the noise integration 
kernel (NIK) at diff erent sensor noise levels [6], the proposed 
method can be applied to various types of sensors. In this 
study, the proposed method adopts the Bayesian inference 
under the assumption that the number of arriving quasi-
plane waves is 1, and it can visualize, and easily calculate 
the corresponding estimation accuracy.

2. Bayesian k-vector Estimation 
Method for Electromagnetic 

Waves in Magnetized Cold Plasma

Our proposed method can be used to visualize the 
extent of estimation accuracy by calculating the posterior 
distribution of each k-vector direction under the assumption 
that the number of arriving quasi-plane waves is 1.

The observation model of the spectral matrix 
 , , S    can be expressed as:
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where 0  is the noise level, the superscript H represents 
the complex conjugate transpose symbol,   is the NIK 
based on the ratio of sensor noise levels [6], and  0f   is the 
energy of the arriving waves (WDF), and  , , Da    
( D  is the number of sensors) is the amplitude and phase 
relation (known as the steering vector [7]) at the direction 
of arrival  ,    with a central angular frequency  . 
The eff ect of cold plasma is included in  , , a    which 
is uniquely determined from a priori information such as 
plasma density and background magnetic fi eld intensity. 

The proposed method considers the probabilistic 
model for parameters  , , f , and   and the estimated 
value of the spectral matrix R̂  using the observation 
signals.The joint probability distribution  , , , ,ˆ  p R f    
can be expressed as:

  , , , ,  ˆp R f   
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where   , ,  ˆ ,p R f  ∣
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,  p 
and  p  show the likelihood distribution of R̂ and the 
prior distributions of    , f ,  and  respectively.

From N  independent observations ( ) Dx v T   
  1 , ..., N    T  the sampling period), R̂  can be expressed 
using sample matrix inversion [7] as:
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We set the likelihood distribution of R̂  to follow a
D -dimensional complex Wishart distribution, with 
   N D  degrees of freedom as given by:
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where  det   is the determinant and  tr    is the sum of 
diagonal components (trace) [8, 9].

Our proposed method assumes that  ,  p   ∣  , p f  ∣
 p   

and  p   are noninformative priors, and the 
posterior distribution   ˆ,p R ∣  can be expressed 
as: 
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where    is the Gamma function and

      H 1, , , , ,a a           , (6)
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We can see the extent of estimation accuracy visually by 
checking the posterior distribution   ˆ,p R ∣ . We can 
easily calculate the estimated values of   and   denoted 
as ̂  and ̂  respectively), which can be expressed as: 
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where  , m m   (m = 1,…, M) is the discretized direction 
of arrival, and M  is the number of the grids. We can also 
easily calculate the variances of   and   denoted as 2


and 2

  
respectively) by:
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3. Evaluation through Simulations

We conducted relevant simulations using the spectral 
matrices estimated from the pseudo-observed signals to 

simulate diff erent numbers of sensors D  and averaging 
numbers N  of the spectral matrix.

3.1 Evaluation Specifi cations

The pseudo-observed signal was generated as a 
narrow-band signal with thermal noise. Considering the 
case where the electromagnetic fi eld sensor is placed in 
the positive direction of the x -, y - and z - axes, with 
the z -axis being parallel to the external magnetic fi eld.

The pseudo-observed signal  , Dx t    can be 
expressed as: 

        , , , s sx t s t a n t     .
 

(15)

Here,   s t  is the complex amplitude in the direction of 
arrival  , s s   following a zero-mean complex Gaussian 

Figure 1: Estimation results of the proposed method with   6D  (the electromagnetic fi eld components) and  1 6N 

Figure 2: Estimation results of the proposed method with   6D the electromagnetic fi eld components) and   32N 
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process with a variance of 2
s and   Dn t   is the thermal 

noise applied to each channel of the electromagnetic 
fi eld sensor, following a zero-mean complex Gaussian 
process with a covariance matrix of DI where DI  is the 
identity matrix of an order of  D . We set the direction of 
arrival s  and s  as 30  and 45 respectively, and set the 
signal-to-noise ratio (SNR) parameter 2  / s   as 20 dB. We 
also assumed that  s t  and  n t  are uncorrelated. The 
estimated value of the spectral matrix R̂  was calculated 
from Equation (3) using the generated pseudo-observed 
signal   ,   1 , ..., x T N     obtained from Equation 
(15). To obtain the steering vector  , , a    , we set 
the propagation mode to the R-X mode, the frequency 

 / 2     to 1.000 kHz, the plasma frequency to 6.655 kHz, 
and the cyclotron frequency of electrons to 3.540 kHz. In 
the simulation setup, the refractive index was 4.8 and the 
SNR of the electric fi eld and the magnetic fi eld were 7.6 
and 19.7 dB, respectively. Then, we used Equation (5) to 
visualize the extent of estimation accuracy and calculated 
Equations (10) to (14) by using the calculated R̂ . We 
discretized the direction of arrival  , m m   (m = 1,..,M) 
using Appendix A in Tanaka et. al [6] with the number of 
the grids   5,704M   .

We conducted simulations with diff erent numbers of sensors 
including   6D  (the electromagnetic fi eld components) 
and   5D  (without zE  or  0 zZ H ) where zH  is multiplied 

by the characteristic impedance of vacuum, denoted as 0Z
in order to convert the dimension of the magnetic fi eld to 
match that of the electric fi eld. Even when   5D , the 
absolute k-vector direction can still be estimated by 
Faraday’s law, but note that the SNR of 0 zZ H  was higher 
than that of zE  in our simulation setup. We set N  as 16  
and 32  (two patterns) to check if the extent of estimation 
accuracy would increase by increasing N .

3.2 Simulation Results

The estimation results of the proposed method can 
be found in Figures 1 to 4. More specifi cally, the estimation 
results of the electromagnetic fi eld components with the 
averaging number  1 6N   and 32  are shown in Figures 1 
and 2, respectively. The electromagnetic field 
components without zE  and 0 zZ H  are shown in Figures 
3 and 4, respectively. The radius of the estimation results 
represents the zenith angle   and the circumference angle 
of the estimation results represents the azimuth angle  . 
The posterior probability of the proposed method 
 ˆ, m mP R ∣  (m = 1,…, M) is represented by diff erent 

colors from blue to red. The parameters from Equations 
(10) to (14) in Figures 1 to 4 are summarized in Table 1.

As shown in Figure 1, it can be found that the peak of 
ˆ( , )m mP R   was around the true value    , 30 ,45s s     , 

Figure 3: Estimation results of the proposed method with   5D  (without the zE  component) 

Table 1: Parameters calculated from Equations (10) to (14)

Specifi cation  
ˆ

      
  

ˆ
      
  

Case in Figure 1
Case in Figure 2
Case in Figure 3
Case in Figure 4
True value
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Figure 4: Estimation results of the proposed method with   5D  (without the 0 zZ H  component) and  1 6N 

indicating that the proposed method can correctly visualize 
the extent of estimation accuracy. 

In  Figure 2, it was shown that the peak of  ˆ( , )m mP R 
was sharper than that in Figure 1. From Table 1, it was 
also found that the estimated value ̂  and ̂  in Figure 
2 improved by 0.2 and 1.0 deg, respectively. Moreover, 
the standard deviations   and   in Figure 2 decreased 
by 0.4 and 1.0 deg, respectively. These fi ndings indicated 
that when the averaging number N increased, the extent of 
estimation accuracy also increased accordingly. 

As shown in Figure 3, it was found that the 
estimation results were almost the same as those in Figure 
1. Comparatively, the peak of ˆ( , )m mP R   in Figure 4 
demonstrated a broader peak, and the errors of the estimation 
values and the variances of   and   were larger, as shown 
in Table 1. This indicated that the proposed method can 
demonstrate the importance of 0 zZ H  in the simulation 
setup, as it showed a higher SNR than zE  both visually, 
and numerically.

4. Summary and Future Work

In this study, we proposed the Bayesian k-vector 
estimation method in magnetized cold plasma based on the 
WDF method. Our proposed method was found robust under 
diff erent sensor noise levels since the NIK can estimate 
k-vector direction even when the number of sensors is 
very few, due to the adoption of the Bayesian inference. 
We verifi ed that the proposed method can visualize and 
calculate the extent of estimation accuracy and identify 
which sensor is important for estimation.

Our future work is to evaluate the proposed method 
when the noise levels are diff erent among the sensors, or 
the number of the sensors is less than 5.  
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