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Reconstructing Classes of Non-Bandlimited Signals
From Time Encoded Information

Roxana Alexandru

Abstract—We investigate time encoding as an alternative method
to classical sampling, and address the problem of reconstructing
classes of non-bandlimited signals from time-based samples. We
consider a sampling mechanism based on first filtering the input,
before obtaining the timing information using a time encoding
machine. Within this framework, we show that sampling by timing
is equivalent to a non-uniform sampling problem, where the recon-
struction of the input depends on the characteristics of the filter
and on its non-uniform shifts. The classes of filters we focus on
are exponential and polynomial splines, and we show that their
fundamental properties are locally preserved in the context of
non-uniform sampling. Leveraging these properties, we then derive
sufficient conditions and propose novel algorithms for perfect re-
construction of classes of non-bandlimited signals such as: streams
of Diracs, sequences of pulses and piecewise constant signals. Next,
we extend these methods to operate with arbitrary filters, and also
present simulation results on synthetic noisy data.

Index Terms—Analog-to-digital conversion, non-uniform
sampling, sub-Nyquist sampling, finite rate of innovation, time
encoding, integrate-and-fire, crossing detector, cardinal splines.

1. INTRODUCTION

AMPLING plays a fundamental role in signal processing

and communications, achieving the conversion of contin-
uous time phenomena into discrete sequences [1]. From the
Whittaker-Shannon theorem [2], to recent theories in com-
pressed sensing [3], [4], super-resolution [5] and finite rate
of innovation [6]-[10], sampling theory has provided precise
answers on when a faithful conversion of a continuous waveform
into a discrete sequence is possible. These methods are generally
based on recording the signal amplitude at specified times, which
lead to uniform sampling if the samples are evenly spaced, and
non-uniform sampling otherwise.

In this paper, we concentrate on an alternative method to
classical sampling, which encodes the input into a sequence of
non-uniformly spaced time events or spikes. In other words,
rather than recording the value of the signal at preset times,
one records the instants when the signal crosses a pre-defined
threshold or triggers a pre-defined event. Acquisition models
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inspired by this mechanism include zero-crossing detectors [13],
delta-modulation schemes [14], as well as the time encoding
machine (TEM) introduced in [15]. This latter model is of
particular interest, as it mimics the integrate-and-fire mecha-
nism of neurons in the human brain. Biological neurons use
time encoding to represent sensory information as action po-
tentials [16]-[18], which allows them to process information
very efficiently. In the same manner, sampling inspired by the
brain could lead to very simple and highly efficient devices,
ranging from analog to digital converters [15], to neuromorphic
computing or event-based vision sensors, which record only
changes in the input intensity, leading to low power consumption
and fewer storage requirements [19].

At the same time, time-encoding methods extend theories of
traditional sampling, and this makes this topic intriguing also
from a research perspective. Within the study of time encoding,
the key problem that arises is to find methods to retrieve the input
signal from its timing information, and hence the key questions
to pursue are the following. 1) Is time encoding invertible,
and which classes of signals can be uniquely represented using
timing information? 2) What algorithms allow perfect retrieval
of these signals from their time-encoded samples?

To address these questions, several authors have provided
ways to sample and reconstruct bandlimited signals [20]-[25].
These initial results on time-encoding machines have also been
extended to functions that belong to shift-invariant spaces [26],
[27], typically by connecting time encoding with the problem of
non-uniform sampling [28]-[30]. Time encoding theory has also
been generalized to the case of non-bandlimited signals in [31],
however in the context of studying the dynamics of populations
of neurons, by leveraging stochastic assumptions on the firing
parameters.

In this paper, we show that it is possible to perfectly recon-
struct particular classes of continuous-time signals which are
neither bandlimited nor belong to shift-invariant subspaces, from
samples obtained using a time encoding mechanism. The signals
we focus on are infinite streams of Diracs, sequences of pulses, as
well as piecewise constant signals. Sampling and reconstructing
pulses is of significant relevance to many real-world applica-
tions. For example, time-of-flight cameras probe the 3D scene
with pulses of light and reconstruct the scene by measuring their
round trip time. In applications which require reduced computa-
tional power and speed, e.g. robots mapping their surroundings,
time-of-flight technology may benefit from a time encoding
framework which would significantly lower the sampling rate.
Signals consisting of a stream of pulses appear in many other
applications, including: ultrawideband communications [32],
ECG acquisition and compression [33], radio-astronomy [34],
image processing [35], ultrasound imaging [8] and processing
of neuronal signals [36].
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At the same time, time encoding principles have already been
integrated in bio-inspired technologies such as dynamic vision
sensors (DVS) [19], which have many real-world applications,
ranging from robotics to autonomous driving as well as low-
power surveillance. In a DVS camera, each pixel only records
changes in the input at the time instants they occur, by taking
a time derivative of the signal. Hence, at the local pixel-level,
this is equivalent to time encoding of piecewise constant signals,
which is studied in this paper.

Motivated by these real-world applications, the time encod-
ing strategy we propose is based on filtering the input signal
before extracting the timing information using a crossing or
an integrate-and-fire TEM. The filter may be used to reduce
noise, or may model the distortion introduced by the acquisition
device, for example the optics in a time-of-flight scanner or the
photoreceptors in a DVS camera. In order to develop a frame-
work for exact reconstruction, we initially focus on two classes
of compact-support filters (sampling kernels): exponential and
polynomials splines. Please note that exponential splines are
very useful since they can be used to model any convolution
operator with rational transfer function as for example, simple
RC circuits [6], [37]. Our first main contribution is to prove
that exponential (polynomial) splines locally preserve their ex-
ponential (polynomial) reproducing properties in the context of
time-based sampling. Specifically, we show that within intervals
where there are no knots of at least N non-uniformly shifted
kernels, we can locally reproduce exponentials (polynomials) of
degree N. The second aspect of our contribution is to leverage
these properties to address the problem of reconstructing some
classes of non-bandlimited signals from timing information. We
initially develop our reconstruction framework for the case of
one Dirac, where we show how a linear combination of its
non-uniform samples leads to a sequence of signal moments,
which can then be annihilated using Prony’s method [38], in
order to retrieve the free parameters of the input. Furthermore,
we extend this method to reconstruct infinite streams and bursts
of Diracs, sequences of pulses as well as piecewise constant
signals, for which we can achieve local reconstruction given
the compact support of the filter. Finally, we depart from
the ideal case, and present a universal reconstruction strat-
egy that works with timing-based samples taken by arbitrary
kernels.

This paper is organized as follows. In Section II-A, we de-
scribe the principles of time encoding, with two exemplary cases.
Then, in Section II-B we show that sampling kernels which
reproduce exponentials or polynomials preserve this property
locally, when sampling is based on timing information. Further-
more, in Section I1I we present methods for the reconstruction of
non-bandlimited signals from their timing information obtained
using a crossing TEM. We first propose a method for estimation
of a single Dirac, and extend this to retrieve streams of Diracs
and bursts of Diracs. Then, in Section IV we demonstrate the
perfect retrieval of classes of non-bandlimited signals from
timing information, obtained using an integrate-and-fire TEM.
These estimation methods are then extended in Section V to
the case of arbitrary sampling kernels. Here we also present
results for the case of noisy signals. Finally, we highlight the
high efficiency of sampling based on timing information in
Section VI, and present concluding remarks in Section VII.
Please note that the code to reproduce our simulations is avail-
able online [39].

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 68, 2020

x(0) y(@®)

— o(=t)

9@ [\/\/

1
L=
A

Zero-crossing 4, Ly by

+ detector

Fig. 1. Crossing Time Encoding Machine.
15
—& foput sgnal
e resiers rsaronce sgnel
1 . N Filtered input
\ | N\ @ Output non-uniform times

@00 0 00 0000000 0000
2tz ty

Fig. 2. Time encoding based on the Crossing TEM.
x(t) _ f(0) y(®) Threshold
— (1) Integrator Detector
*
. spike triggeredreset
Fig.3. Time Encoding Machine based on Integrate-and-fire.

II. TIME ENCODING MECHANISMS

A. Acquisition Models

In this section, we introduce the time encoding machines con-
sidered in this paper: the crossing TEM and the integrate-and-fire
TEM. Specifically, we show how these TEMs map a real signal
x(t) to a strictly increasing sequence of times {t,, } [27]. We also
show that although no measure of the amplitude of the signal is
recorded, time encoding is equivalent to a non-uniform sampling
problem.

1) Crossing Time Encoding Machine: The crossing time en-
coding strategy is inspired by the A/D conversion scheme in
e.g. [27], [40], and is depicted in Fig. 1. It consists of a compact-
support filter ¢(—t), and a comparator with a sinusoidal refer-
ence ¢(t). The output of the acquisition device is the sequence
{tn}, corresponding to the time instants when the filtered in-
put signal crosses the reference, i.e. when y(t,,) — g(¢,) = 0.
Moreover, since the shape of the test function g(¢) is known,
we can retrieve the amplitudes of the output samples, given
by yn = y(t,) = g(t,). Hence, decoding the input signal is
equivalent to a non-uniform sampling problem, where we aim
to reconstruct x(¢) from the non-uniform samples given by:

Yo = y(tn) = / £(r)pl(r — ta)dr = ((t), ot — ta)). (1)

In Fig. 2 we depict the time encoded information of an input
signal of 3 Diracs, obtained using the TEM in Fig. 1.

2) Time Encoding Based on an Integrate-and-Fire System:
The operating principle of this time encoding strategy is similar
to the one in [20], and is depicted in Fig. 3. The signal is first
filtered with a compact-support filter with impulse response
©(—t), before being passed to an integrator. When the output
of the integrator reaches the positive trigger mark Cr, the time
encoding machine outputs a spike and the integrated signal y(t)
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Fig. 4. Time Encoding based on the Integrate-and-fire TEM.
is reset to zero. Similarly, a spike is generated and y(¢) resets to
zero, when the integrator reaches the negative trigger mark —C'p.
The time instants when the integrator reaches the threshold £Cr
are recorded in the sequence {¢,}. Then, we can compute the
output sample y(t,,) at each spike ¢,, as:

t

' f(r)dr, 2)

tn-1

Yn = y(tn) = £Cr =
where n > 2 and f(t) is defined as:

f(t) = /x(a)cp(a —t)da, fort € [tp_1,tn]. (3)

Similarly, assuming that the input signal 2:(¢) = 0, for ¢ < 74,
and that the filter ¢(—t) is causal, then the first output sample is
given by:

t1
Y1 = y(tl) = :l:CT = f(’T)dT (4)

T1

Hence, time encoding with an integrate-and-fire model is
equivalent to a non-uniform sampling problem, where we aim to
estimate the input z(¢) from the non-uniform samples y(¢,,). In
Fig. 4 we depict the time encoding of an input signal, obtained
using the device in Fig. 3, for C'r = 0.15.

Furthermore, leveraging the results in [41], we can show that
the non-uniform output samples we obtain using the acquisition
model in Fig. 3 are the same as those obtained by filtering the
input with the modified kernel (¢ * gp,, ) (t):

y(tn) = (@(t), (¢ * g, ) (t — tn-1)), 5)
where 6,, = t,, — t,,—1 and gg, (t) is defined as:

L, 0<t<0,,
w.0={

otherwise.
We can prove Eq. (5) by re-writing Eq. (2) as follows:

y(tn) = /ft F(r)dr = /ft /_ Zz(t)w(tr)dtdr
@ /Z x(t) /ttn o(t — 7)drdt

) (o] t—tn_1
= / :z:(t)/ p(7)drdt
—00 t—tn

o0 t*tnfl
© / 2(t) / o(T)qo, (t — ta1 — 7)drdt
- t

00 —tn

(6)

@ /_OO 2(t)( * go, ) (t — tp_1)dt

o]

= ((t), (¢ * g0, )(t = tn-1)). ()

In the derivations above, (a) holds since we assume both the
input x(¢) and the filter ¢(¢) have compact support, and (b)
follows from a change of variable. Moreover, (c¢) follows from
the fact that qp, (t —t,—1 —7) =1 for 7 € [t —tp,t — ty1]
and (d) holds since gp, (t — tp—1 —7) =0for 7 & [t — tp, ¢ —
tn—1], as defined in Eq. (6).

Finally, the first output sample can be computed as:

y(tr) @ / CFdr = (), (o xae)(E — 7)), (8)

where 6, = t; — 71, and (a) follows from Eq. (4).

We conclude this subsection by making the following remark.
We observe that from the timing sequence {t,,}, we can either
recover y(t,,) = (x(t), p(t — t,,)) for the case of the crossing
TEM or y(t,) = (x(t), (¢ * qo,, ) (t — t,—1)) for the integrate-
and-fire model. This means that in both cases, the reconstruction
of z(t) will depend on the proper choice of the sampling kernel
©(t) and on its non-uniform shifts (¢ — t,,).

In what follows we focus on two families of kernels, poly-
nomial and exponential splines [6], [42], [43], and show that
some of their fundamental properties are preserved in the case
of non-uniform shifts.

B. Sampling Kernels

The sampling kernels ¢(t), that we consider in this paper are
all anti-causal since they are the time reversed versions of causal
filters.

1) Polynomial Splines: A B-spline Bp(t) of order P is com-
puted as the (P + 1)-fold convolution of the box function Sy (t)
[42]:

5P(t> = ﬁo(ﬁ) * Bo(t). Lk Bo(t),

P41 times

where the anti-causal version of 5y(¢) is defined as:

falt) = {,

The B-spline of order P satisfies the Strang-Fix conditions [44]
and hence, together with its uniform shifts, it can reproduce
polynomials of maximum degree P:

Z cm,nBP(t - TL) = tm7 (9)

nez

—1<t<0,
otherwise.

where m € {0,1, ..
cients ¢y, p.

For instance, the first-order B-spline satisfies Eq. (9) for
P =1, which means it can reproduce constant and linear poly-
nomials, and is defined as:

., P}, and for a proper choice of the coeffi-

—t, —1<t<0,
Bi(t) =<2+t —2<t< -1,
0, otherwise.

The first order B-spline has two continuous regions, each
of which is a linear polynomial: 8{'(t) = —t, for t € (—1,0)
and BB(t) =2+, for t € (—2,—1). Using this observation,
it is possible to show that the first-order B-spline, together
with its non-uniformly shifted versions can locally reproduce
polynomials of maximum degree 1. In other words, it is possible
to prove that within a time interval I where the shifted kernels
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Fig.5. Reproduction of constant and linear polynomials in two different time
intervals, I; = (0.625,1)s in (a) and (b), and I2 = (1,1.625)s in (c) and (d).
In this case, two knot-free regions of two non-uniformly shifted first-order B-
splines overlap 77 and Is.

B1(t — t,,) have no knots, the following equation holds:

N-1

Z C{’nﬂwgl (t - tn) = tm7

n=0

(10)

where N > 2,m € {0,1},t € I and {¢,,} are non-uniform.
The proof can be outlined by setting N = 2 for simplic-
ity. Then, let I be an interval where there are no knots of
B1(t —to) and B1(t — t1), with I C (1 — 1,to). Furthermore,
let ’Uo(t) = ﬂl(t — to) = —t+tgfort € I and ’Ul(t) = ﬂl(t —
t1) = —t + t; for t € I.1In the vector space of linear polynomi-
als in I which is a two-dimensional space, the elements v (¢)
and vy () are linearly independent and so form a basis of the
space, provided t( # t;. Therefore, using a linear combination
of the two functions, we can uniquely represent any vector
in this space, including the vector ¢. In other words, we can
determine the unique coefficients ¢f ; = 2 and ¢f ; =

to—1t1 t1—to

that ensure cf gvo(t) + ¢f jv1(t) = ¢, for ¢t € I. Similarly, we
: : I 1 |

find the unique coefficients ¢y o = 7 and ¢y ; = 77— such

that ¢f yvo(t) 4 ¢§v1(t) = 1, for t € I. Hence, Eq. (10) is
satisfied in the knot-free interval I for N = 2.

In the same manner, one can show that reproduction of con-
stant and linear polynomials is achieved on any interval spanned
by knot-free regions of at least two non-uniformly shifted B-
splines. Lastly but importantly, for different knot-free intervals,
the solution to Eq. (10) differs, and this fact is highlighted in
Fig. 5. Here, we depict two non-uniform shifts of the first-
order B-spline, namely 3 (¢ — 2) and 31 (t — 2.625). The shifted
kernel 51(t — 2) has knots at t =0, t = 1 and ¢ = 2, whilst
B1(t — 2.625) has knots at t = 0.625, ¢ = 1.625 and t = 2.625.
As a result, reproduction of polynomials is possible within the
knot-free regions I; = (0.625, 1) and I = (1, 1.625), however
with a different linear combination of the B-splines overlapping
these regions, i.e. with ¢[t , # ¢l .

One can extend this result to the case of higher order poly-
nomials by using B-splines of order P > 1. This is due to the
fact that polynomial splines are piecewise polynomial functions
of degree P. Hence, in any interval [ that contains P + 1
knot-free shifted versions of splines, it is possible to reproduce
polynomials up to degree P.
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2) Exponential Splines: The anti-causal version of the E-
spline of first-order is defined as:

et = {

where o can be either real or complex.
As with polynomial splines, E-splines of order P are obtained
from the convolution of first-order E-splines [43]:

©P(t) = Pay (t) * oy (t)- - * Pap_y (D). (11)
An E-spline of order P has compact support and can repro-
duce P different exponentials of the form e~%m! [43]:

Z C’m,n,@(t — n) = efamt’
nez
., P, and for a suitable choice of the coeffi-

e—aot,

-1<t<0,
0, otherwise.

where m =0, 1, ..
cients ¢y, .

For example, the E-spline of order P = 2 of support of
arbitrary length L is defined as:

ef17°0 —apt e1te _agt _ _ L
c1—Co € + co—c1 € ’ L <t< 27
_ 1 —aot 1 —ant L
Pa(t) = e O+ e, =5 <t <0,
0, otherwise,
(12)

where a; € C (if ®{«;} = 0 then p2(t) € R), and where ¢; =
az-% fori = 0, 1 in order to ensure continuity of s (t). Through-
out the remainder of the paper, we assume for simplicity that
L=2.

The second-order E-spline can reproduce the exponentials
e~@t and e~*t In fact, we notice that within each of its
knot-free regions, the function 5(t) can be expressed as a
linear combination of the exponentials e~*°* and e~ 1. This
observation helps us prove that within any time interval / which
contains knot-free regions of non-uniformly shifted first-order
E-splines, we can reproduce two exponentials:

N-1

I —amt
E Cm,n‘:"?(t —tn) =e o,
n=0

where N > 2, m € {0,1}, ¢ € I and {t,,} are non-uniform.
For example, let I be an interval which contains knot-free
regions of oo (t — o) and po(t — t1), with I C (t; — L, tg —
L), Moreover, let vo(t) = ¢a(t —to) for t € I and vy(t) =
pa(t —t1) for t € I. The elements vo(t) and vy (t) are linear
combinations of e~®% and e~ 1%, and therefore belong to the
vector space spanned by these two exponentials. Moreover, vy (¢)
and vy (¢) are linearly independent and so, form a basis of that
vector space, since t; # to. Hence, using a linear combination
of vy and v1, we can uniquely represent any vector in this space,
including e~®! and e~®1*. Therefore, in the interval I where
there are no knots, we can find unique coefficients C7In,0 and

¢!, 1 such that Eq. (13) holds for m € {0,1}.

Similarly, reproduction of two different exponentials is pos-
sible on any time interval spanned by knot-free regions of at
least two shifted E-splines. Note that for different intervals Iy
and I5, the solution to Eq. (13) differs, i.e. ¢/} , # ¢z . Thisis
highlighted in Fig. 6, where exponential reproduction is possible
in the regions I; and I5, but using a different linear combination
of the E-splines that overlap these regions.

By using the same argument we can prove similar results
for the general case of an E-spline of order P and support
of length L which can reproduce P different exponentials.

(13)
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Fig. 6. Reproduction of R{e’ QT”} in two different intervals, I; =
(0.625,1)s and I = (1,1.625)s, overlapped by continuous regions of two
non-uniformly shifted second-order E-splines.

Specifically, within an interval I containing knot-free regions
of at least P non-uniformly shifted E-splines, we can reproduce
P different exponentials, such that Eq. (13) holds for N > P and
m € {0,1,..., P — 1}. This is due to the fact that any knot-free
interval of an E-spline of order P is a linear combination of P
different exponentials.

Finally, let us consider the kernel (¢ p * g)(t), where ¢ p(t) is
a P-order E-spline which can reproduce the exponentials e®?,
for m =0,1,..., P — 1. Furthermore, let us assume that g(¢)
has compact support [—e, €]. The support of ¢ p(t) is [— L, 0] and
its knots are located at instants (—L + n%) with n € N. Then,
in the knot-free interval (=5 L 0) we can compactly represent
pp(t) = 27};;0 ame®mt, for some coefficients a,,.

If the length of the support of g(t) satisfies 2¢ < % and
[ g(t)e*mtdt exists, then (¢ p * g)(t) is given by:

P-1
) - E ameeamt’

where t € (€ — £, —¢) and G, = f g(t)e omtdt.
Therefore, in the interval (e — &, —¢), (<p pxg)(t) is a lin-
ear combination of P exponentials. As a result, within [ =
(tn—1+€e—%,t1 —€), (pp * g)(t) and its non-uniform shifts
can reproduce P exponentials, as follows:
N-1
Z an,n(‘)OP * g)(t - tn) = eiamrta

n=0
where N > P,and m € {0,1,...,P —1}.

(op xg)(t (14)

15)

III. PERFECT RECOVERY OF SIGNALS FROM TIMING
INFORMATION OBTAINED WITH A CROSSING TEM

In the previous section, we showed how time encoding maps
the input signal to a sequence of non-uniform samples, which
depend on the signal and non-uniform shifts of the sampling
kernel. In what follows we assume that the sampling kernel
©(t) is a second-order exponential reproducing spline, such
that a linear combination of its non-uniformly shifted ver-
sions can reproduce two different exponentials, as described in
Section II-B2. Moreover, ¢(t) has compact support of length
L, with ¢(t) = 0 for t ¢ [—L,0] and the two frequencies that
this kernel can reproduce are ooy = jwg and oy = —a, which
ensures that (t) is a real-valued function.

Under these assumptions, we study the problem of recon-
structing different classes of non-bandlimited signals, from tim-
ing information obtained using the crossing TEM in Fig. 1.
Specifically we present a method for estimation of an input

Dirac. Here we show that two output spikes are sufficient to
retrieve the input, provided they are located suitably close to the
Dirac, which is guaranteed by imposing conditions on the fre-
quency and amplitude of the comparator’s sinusoidal reference
signal. We then extend this to retrieval of streams of Diracs and
bursts of Diracs. While the reconstruction method proposed to
retrieve one Dirac might not be unique, it has the advantage that
it naturally generalizes to multiple Diracs. We note that similar
results could be proved using polynomial splines, but we omit
these proofs to keep the focus of the paper on E-splines.

A. Estimation of an Input Dirac

Let us consider a single input Dirac of the form:

x(t) = x10(t — 11). (16)

Proposition 1: Let the sampling kernel (¢) be a second-
order E-spline of support of length L, defined as in Eq. (12),
with w; = —wp and 0 < wy < T. The filter ¢(t) and its non-
uniform shifts can reproduce the exponentials e/“°f and e/*1?
as in Eq. (13). In addition, suppose that the reference signal
g(t) = Acos(wst) of the comparator in Fig. 1 has amplitude
A > |21] and period T < 2£. Then, the timing information
{t1,ta,...,tn} provided by the comparator TEM is a sufficient
representation of an input Dirac as in Eq. (16).

Proof: From the timing information {t1,¢2}, we can re-
trieve the non-uniform output samples y(¢1) and y(t2), as de-
scribed in Eq. (1). In what follows we show that we can find
a linear combination of the samples y(t1) and y(t2) to get
CmaY(t1) + em2y(t2) = x1€7¥m™ for m = 0, 1, from which
we can retrieve the input parameters x; and 7.

For simplicity, suppose that the amplitude of the input Dirac
satisfies z; > 0. In addition, the hypothesis that ¢ () reproduces
e*Jwot with 0 < wp < ¥ means that 0 < ¢(t) <1, for t €
[—%,O]. Then, since 0 < x; < A, the output y(t) = x1p(11 —
t) of the crossing TEM satisfies 0 < y(t) < A = max(g(t)),
fort € [r1,7 + £]. Since we assume 22 < L th1s means that
0 <y(t) < A=max(g(t)), fOI'tE[Tl, L.

Let us then define the continuous function i (¢ ) g(t) — y(t).
Using Bolzano’s intermediate value theorem [45] and the fact
that 0 < y( ) < max(g(t)), we show that within the interval
(71, 1-], the signal h(t) crosses zero at least twice. In
other words, Jty,te € (11,71 + %] such that h(t1) = h(ts) =
0. For example, if we assume h(7;) = g(71) > 0, then g(71 +
L) < Oandsincey(t) > 0,wegeth(m + L) = g(r1 + L) —

y(m + L= %) < 0. Then, Bolzano’s intermediate value theorem
states that Ity € (1,11 + ] such that h(t,) = 0.

Usmg the same argument one can then show that Ity €
(11 + L=, 71 + 2L=] such that h(t2) = 0. This follows from the
assumption that g(71) > 0, which 1mp11es that Je € [0, £ such
that g(m1 + 252 +€) = cos(m + 2= +¢) = max(g(t)) = A,
as highhghted in Fig. 7. At the same time, we showed that 0 <
y(t) < Afort € [y, ]andhence we geth(r + 2= +

)*g(T1+ 3T +e)fy(7'1+ 3T 1 ¢) > 0. Since h(m +

) <0 and h(7'1 + 3T +e€) > 0, Bolzano’s intermediate
Value theorem guarantees that Jts € (11 +LZ JT1 +3 g + ¢
such that h(t5) = 0, for e € [0, Z]. Therefore, at the maximum
value of €, we have proved that the second output spike satisfies
t2€[7’1+%, 53;”}.
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Fig. 8. Time encoding of an input Dirac located at 71 € I, when % >

5T,
1
In the interval I, ¢(t — ¢1) and ¢(t — t2) have no knots.

Hence, since we assume % > 5L

1

ity to <711 + 555 <7+ % This guarantees that in a region
(11,71 + %) following a Dirac at 71, there are at least 2 output
samples, namely y(¢1) and y(¢2), as depicted in Fig. 8.

Then, in the interval I = (t5 — %, t1), which does not contain
knots of either p(t —t1) or ¢(t — t2), we can reproduce two
exponentials as described in Section II-B2. Specifically, we can
find coefficients ¢/, ,, such that:

, we obtain the inequal-

2
Z Chmp(t —tn) = e?“m* form € {0,1}. (17)

n=1

We then define the signal moments s,,, as follows:

2 2
(a)
Sm = Z cfn,ny(tn) é C7In,n<x(t)7 (p(t - tn)>
n=1 n=1
o [
®) / 2(t) Y et —tn)dt
0 n=1
© [~ :
C
= / x10(t — 1) Z c,ln’ngo(t —ty,)dt
- n=1

@ /mlé(t —7)edmntdt = 21T = byl (18)
I

where by 1= x,e7“0™ 4, := eI’ the frequencies w,, = wo +
Am, form € {0,1}, and A = —2wy.

In these derivations, (a) follows from Eq. (1), (b) from the
linearity of the inner product, and (¢) from Eq. (16). Moreover,
(d) holds since t1,t2 € (11,71 + %) which means 71 € I, and
from the local exponential reproduction property of (t) in the
region I, as given in Eq. (17).

The unknowns {b1,u;} can be uniquely retrieved from the
signal moments, as follows: by = sg and u; = i—(l} More gener-
ally, the parameters {b;,u; } can also be found using the annihi-
lating filter method [46], also known as Prony’s method [38] (see
Appendix A). Then, we get the Dirac’s amplitude and location,
using by = z1e/%0™ and u; = /"1, [ ]
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Fig. 9. Sampling of a stream of Diracs using the crossing TEM. The input
signal, filtered input and sinusoidal reference signal are depicted in the top plot,
and the output non-uniform samples in the bottom plot. The output samples used
to retrieve each Dirac in the input stream are highlighted in red.

B. Estimation of a Stream of Diracs

Let us now consider the case of a stream of Diracs:

2(t) =Y xpd(t — 7). (19)
k

Proposition 2: Let the sampling kernel ¢(¢) be a second-
order E-spline of support of length L, defined as in Eq. (12),
with w; = —wp and 0 < wy < F. The filter () and its non-
uniform shifts can reproduce the exponentials e/“°? and e/¥1?
as in Eq. (13). In addition, suppose that the reference signal
g(t) = Acos(wst) of the comparator has amplitude A > |x|,
Vk and period T < % , and that the minimum spacing between
consecutive Diracs is larger than L. Then, the timing information
{t1,ta,...,tn} provided by the device shown in Fig. 1 is a
sufficient representation of a stream of Diracs as in Eq. (19).

Proof: The input stream of Diracs can be sequentially esti-
mated as follows. The first Dirac z1(t — 71) can be uniquely
estimated using the first two non-zero samples y(t1) and y(t2),
as presented in Section III-A. Once we know 71, we retrieve
the first two non-zero samples y(t,,) and y(¢,41) located after
71 + L, and use these to estimate the second Dirac 223 (t — 72).
We then sequentially retrieve the next Dirac using the first two
non-zero samples located after 75 + L, as illustrated in Fig. 9. In
what follows we show that once 15 (¢t — 71 ) has been estimated,
we can use y(t,) and y(t,4+1) to estimate the second Dirac
in the stream. Since we assume that the separation between
input Diracs is larger than the length L of the kernel’s support,
then the location 75 of the second Dirac satisfies 71 + L < 75 <
t,,. Moreover, provided the period of the comparator’s signal
satisfies T < %, Bolzano’s intermediate value theorem [45]
guarantees that y(t,),y(tn41) € (72,72 + &), as previously
outlined in Section I1I-A. Then, the interval I = (t,41 — £, ¢,,)
contains no knots of either o(t — t,,) or w(t — ¢,+1), and per-
fect exponential reproduction can be achieved. Hence we can
compute the signal moments using similar derivations as in
Eq. (18):

Sm = Cpn¥(tn) + Ch g1y (tns1) = 26?7,

Finally, we can estimate zo and 75 from s,,, using Prony’s
method. Once the second Dirac has been estimated, we use
subsequent non-uniform output samples after 75 + L in order
to sequentially retrieve the next Diracs. |
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TABLE I
CHOICE OF HYPERPARAMETERS OF THE CROSSING TEM FOR
RECONSTRUCTING BURSTS OF K DIRACS

K| M| P L fman Ideal sample Sample
density density
(samples/s) (samples/s)
1| 1| 2| 2sec | 5 =125H JrE 2fs = 2.5
2] 2| 2| 2sec | 52 =17H T OMfs =17
4| 4 | 2| 25| 47 =1T5H e 2Mfs = 14

The time encoding of the stream of Diracs is depicted in
Fig. 9. Here, the filter is a second-order E-spline, of support
length L = 2, which can reproduce the exponentials e*75*. The
frequency of the comparator’s test signal is f; = 1.26 > % and
the separation between Diracs is at least L = 2. The amplitudes
and locations of the estimated Diracs are exact to numerical
precision.

C. Multi-Channel Estimation of Bursts of Diracs

Let us now consider a sequence of bursts of K Diracs:

K
.’E(t) S Z Z mbyké(t - Tb,k),
b k=1
where the amplitudes z; 1, in the same burst b have the same sign
and satisfy |z 1| < Amaz-

Proposition 3: Let us consider a system of M > K TEM
devices as in Fig. 1.The filter o(¢) of the m*" TEM is a second-
order E-spline whose support has length L, and which can
reproduce two different exponentials, el¥mot and ed@¥mit with

(20)

Wmo = Wo + )\m, A= 271\3“101’ 0< wo S %’ Wmy = —Wmg» and
m =20,1,..., M — 1. Furthermore, suppose the reference sig-

nal g(t) = Acos(wst) has amplitude A > K A,,,, and period
T < % In addition, let us assume the spacing between con-
secutive bursts is larger than L, and the maximum separation
between the last and first Dirac in any burst b satisfies 7, x —
Tp1 < T7 Then, the timing informationty ,,, t2.m, - . ., tv,m for
m=20,1,...,M — 1 provided by M devices as in Fig. 1 is a
sufficient representation of bursts of K Diracs as in Eq. (20).

Proof: See Appendix B. |

We summarize the results in this section by showing possible
choices of the hyperparameters of the crossing TEM, and how
they influence the density of output samples. This relationship
is presented in Table I, for the case of a sequence of bursts
of K Diracs. Here, M is the minimum number of channels,
P is the order of the sampling kernel for each channel, L is
the length of the support of the sampling kernel and f7*" the
minimum frequency of the comparator’s sinusoidal reference.
The table shows both the average sample density, as well as the
ideal sample density' required for perfect estimation of each of
the bursts of K Diracs.

We conclude this section by making the observation that the
number of redundant samples of the crossing TEM is large,
since samples are recorded even when the input is zero. In this
case, output samples are recorded at the time instants when the
sinusoidal reference signal crosses zero. In what follows, we

I'The ideal sample density is computed under the assumption that two samples
are necessary to reconstruct one Dirac and that on average there are /X Diracs
in an interval L + € with € > 0.

aim to use the same decoding framework, however with a more
efficient acquisition device, the integrate-and-fire TEM.

IV. PERFECT RECOVERY FROM TIMING INFORMATION
OBTAINED WITH AN INTEGRATE-AND-FIRE TEM

We now shift our focus on the integrate-and-fire TEM in Fig. 3.
In particular, we show how to perfectly estimate an input Dirac,
and extend this method to streams and bursts of Diracs, streams
of pulses as well as piecewise constant signals. The retrieval of
these signals from their timing information is perfect, provided
the threshold of the trigger comparator is small enough to ensure
a sufficient density of output samples. As it will become evident
in Section VI, an important feature of the integrate-and-fire
model is that it can be more efficient than the comparator or
a system based on uniform sampling, in the case of input signals
with a small number of Diracs, because it leads to a smaller
number of samples.

A. Estimation of an Input Dirac

Proposition 4: Let the sampling kernel ¢(t) be a second-
order E-spline of support of length L, defined as in Eq. (12), with
wi; = —wpand 0 < wo < F. The filter ¢(¢) and its non-uniform
shifts can reproduce the exponentials e/“°! and e/“1? as in Eq.
(13). In addition, suppose that the trigger mark of the comparator
satisfies:

L

Amin 2
0<Cr< —/ p(—t)dt,
3 Jo

where A,,;n is the absolute minimum amplitude of the Dirac.
Then, the timing information {¢1, s, ...,tx} provided by the
integrate-and-fire TEM in Fig. 3 is a sufficient representation of
an input Dirac as in Eq. (16).

Proof: We will prove that the upper bound on C guarantees
that the integrated filtered input y(t) = x1¢(71 — t) reaches the
trigger mark at least three times in the interval (7,71 + é)
We will then show how we can use the second and third output
samples y(t2) and y(t3) to perfectly estimate the input Dirac,
given that the integrated filtered input has no discontinuities in
the interval (71,71 + £).

First, we note that:

L

z Tty 1 L
/2 p(—t)dt = / ’ p(m —t)dt @ 2 [1 — cos (w()z)],
0 1 0

2D
where (a) follows from Eq. (12), given ap = —jwo, 1 = —jws
and w; = —wp.
Then, we assume for simplicity that the Dirac’s amplitude
satisfies 1 > 0 and re-write the upper bound on Cr as:

% ® [THE
3CT < Anin p(—t) < / r1o(m — t)dt, (22)

0 1

where (b) follows from Eq. (21).
Furthermore, from Eq. (2) and (4), we know that:

t3 t3
SCT:/ f(tydt 2 / z1p(m —t)dt,  (23)

where (c) follows from Eq. (3) and given the input signal is
x(t) = 216(t — 11).
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Then, from Eq. (22) and Eq. (23), we obtain the inequality:

ts 7'1+%
/ x1p(m — t)dt < / x1p(m — t)dt. (24)

1 T1
Using the hypothesis w; = —wy, together with Eq. (12), we
obtain (7 —t) = Sin(wow(ﬂ, for t € (11,71 + £). Given
the assumption 0 < wo < 7, we get 0 < wp(t —71) < 5 and
therefore, sin(wo(t — 1)) >0 for ¢t € (11,7 + £). Hence,
since (71 — t) is positive in the range (71,71 + £) and using
Eq. (24), we get that t3 < 71 + %
As a result, the locations of the first non-uniform output
samples satisfy t1,%2,t3 € (11,71 + %), and can be computed
using Eq. (8) and Eq. (7) as follows:

wa=/7mw=mmw*%m—m»

y(ta) = (x(t), (v * g0,) (1 = t1)),

y(ts) = (@(t), (¢ * q0,) (t — t2)),
fOI'91 :tl 77’1,92 :tQ 7t1 and93 :tg 7152.
Furthermore, since ¢(t) is a second-order E-spline which can
reproduce the exponentials e/“o¢ and e/“'? as in Eq. (12), and
given the definition of gy, (¢) in Eq. (6), we have that:

(25)
(26)

(pxqo)(t—11) = m[(eﬁwotl — emiwom)giwot
(et = e
fort € (t1 — £, ¢1).
Similarly:
(p*qe,)(t—t1) = m edwts _ gmjwotgiwot
+ (e7Iwrt2 — gmiwrti)piwrt]
fort € (ty — %,t5), and
(9 % go)(t — 12) = m[(e—ws _ ¢ dwta)civot
+ (e7Iwits — gmiwrtz)piwrt]

fort € (t5 — £, t3).

The shifted kernel (¢ * qg,)(t — 71) depends on the Dirac’s
location 71, and hence its shape cannot be determined a-priori.
On the other hand, the shifted kernels (¢ * gg, ) (t — t1) and (p *
o, ) (t — t2) are independent of 7 and can be written as a linear
combination of the exponentials e/“°* and e/, for t € (t3 —
é, t1). Therefore, in the interval I = (t3 — %, t1), where there
are no knots of either the shifted kernel (¢ * qg,)(t —¢1) or
(¢ * qp, ) (t — t2), we can use the proof in Section II-B2 to find
the unique coefficients ¢, , and ¢/, 5 such that:

3
>l a )t =t a) =€, @D)
n=2

form € {0,1} and t € (t3 — £, t1).

Then, we can define the signal moments as:
3 3
d
Sm= D Cati(tn) © @Y el (%0, (71 — )
n=2 n=2
© z1e?m™ form € {0,1}. (28)
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In the derivations above, (d) follows from Eq. (16), (25) and
(26), and (e) follows from 7y € (t3 — £,¢;) which s true given
Eq. (24), and since the property in Eq. (27) holds within (3 —
%, t1). Finally, using Prony’s method we can uniquely estimate
parameters x1 and 7y, from the two signal moments s,, given

by Eq. (28), form € {0,1} and w1 = —wy.

B. Estimation of a Stream of Diracs

Proposition 5: Let the sampling kernel ¢(¢) be a second-
order E-spline of support of length L, defined as in Eq. (12), with
w1 = —wpand 0 < wy < F. The filter ¢(¢) and its non-uniform
shifts can reproduce the exponentials e/“0¢ and e/“1 as in Eq.
(13). In addition, assume that the minimum separation between
consecutive Diracs is L and the trigger mark of the comparator

min

satisfies:
L
4w(2) 1 — cos w0§ ,

where Ay, is the absolute minimum amplitude of any Dirac in
the input signal.

Then, the timing information {¢1, ¢, . . ., ty } provided by the
integrate-and-fire TEM in Fig. 3 is a sufficient representation of
a stream of Diracs as in Eq. (19).

Proof: The first Dirac 61 = 216(t — 71) can be correctly
estimated using the method in Section IV-A, since Eq. (29)
satisfies the requirements of Proposition 4. Then, suppose we
aim to estimate the second Dirac in the input signal, and let
us assume for simplicity that its amplitude satisfies xo > 0.
Moreover, let us denote the output spike locations in the interval
(m1, 71 + L) with ¢y, 1o, ..., 1,1, and the time information after
71 + L with ¢,,,%,,4+1,...,tx. Then, given the hypothesis that
the minimum separation between consecutive Diracs is L, the
location of the second Dirac must satisfy 7o € (11 + L, t,,). We
also have that:

72+% Tz+%
/ f(r)ydr = / xo(T90 — T)dT
T2 T

2

@ 2 1 — cos w£
W 9 1>

where (a) follows from Eq. (12), for w; = —wy.
This shows the upper bound in Eq. (29) is equivalent to:

T+L
4Cr < / f(T)dT

2

0<Cr < (29)

(30)

Furthermore, we have that:

[mﬁmM=/m7ww— h

2 tn-1 tn-1

f(r)dr

® 30T—/ f(rydr 240y, @1
tn-1

where () follows from Eq. (2), and (c¢) holds since t,,_1 and ¢,,
are consecutive output spikes, and ¢,, > 7o > t,,_1.
As aresult, Eq. (30) and (31) give the following inequality:

/T " by < / mé F(r)dr.

2 T2

(32)

As shown in Section IV-A, the sampling kernel satisfies
©(t) > 0 for @ > 0, within the interval (7,7, 4+ £). This
means that the inequality in Eq. (32) is equivalent to ¢,,42 <
T2 + %, which guarantees that the output samples v,,, yn+1 and
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Fig. 10.  Sampling of a stream of Diracs using the integrate-and-fire TEM. The
input is shown in (a), the filtered input in (b), the output non-uniform samples
in (c), and the reconstructed signal in (d).

Yn2 occur in the time interval (72,72 + £). Using the model
of Fig. 3, we compute these non-uniform output samples as:

T1+L
Y(tn) = yn = / r1p(ry — 7)dr

tn-1

tTI,
+/ To(To — T)dT,

2

tny1
y(tn+1) = UYn+1 = / 1250(7-2 - T)dTv
t

20

trnt2
Y(tns2) = Yni2 = / zap(T2 — 7)dT.
tni1
The sample y(t,,) contains information of both ¢; and d2, and
hence cannot be used for estimation of the latter Dirac. On
the other hand, since t,, 41, tn42 € (72,72 + %), we can use the
samples y,,+1 sand ¥y, +2 to compute the signal moments as in
Section IV-A:

Sm = Cm,1Yn+1 + Cm,2Yn+2 = x26jwm72a form € {Oa 1}
Once §5 is estimated from s,,, using Prony’s method, we use the
non-uniform output samples after 7 + L, in order to sequen-
tially retrieve the next Diracs in the input signal. ]

The sampling and reconstruction of a stream of K =3
Diracs of minimum absolute amplitude A,,;;, = 1 are depicted
in Fig. 10. Here, the filter is a second-order E-spline, of support
of length L = 2, which can reproduce the exponentials e*7 5,
and the comparator’s trigger mark is C'7 = 0.11, which satisfies
Eq. (29). Fig. 10(b) shows the filtered input and the output of
the integrator. The amplitudes and locations of the estimated
Diracs are exact to numerical precision. Finally, in Fig. 10(c)
we observe that there are no output spikes in a region where
the input signal is constant (zero), which leads to small average
density of samples.

C. Estimation of a Stream of Pulses

Let us now consider a stream of pulses of the form x(¢) * g(t),
where z(t) is defined in Eq. (19) and the support of g() is
[—¢, €]. Filtering this signal with the second-order E-spline ()
is equivalent to filtering the stream of Diracs x(¢) with the kernel
(¢ * g)(t). As a case in point, let us consider the cosine-squared
pulse g(t) = cos®(t), and assume that 2¢ < £, where L is the
length of the filter’s support. In addition, suppose we want to
estimate the first pulse (21 * ¢g)(¢) in the stream 2(t) * g(¢) and
denote its timing information with ¢y, ¢2, . . ., t. The first three

08
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Fig. 11.  Sampling of a stream of pulses using the integrate-and-fire TEM. The
input is shown in (a), the non-uniform samples used for retrieval of the first pulse
in (b), and the reconstructed signal in (c).

output samples can be computed as follows:

y(tr) = [ FO)dt = (1 (), (0 5 9 % a0 ) (E — 7)),

T1

y(tz) = (w1(t), (9 * g * qo,)(t — 1)), (33)

y(ts) = (21(t), (@ * g % 4o, (t — 12)), (34)
where x1(t) = x1(t — 1) is the first Dirac in the stream x(¢)
withx1 > 0,0, =t1 — 711,05 = to —t1 and O3 = t3 — to.

Assuming 2e < % we can leverage the results in Eq. (14)

to show that in the interval (e — £, —¢), we get (¢ * g)(t) =
Ae®t + Be™t for some constants A and B. Then, in the
interval (to — £ + €, 1, — €), the function (¢ * g * gg, ) (t — t1)
can also be expressed as a linear combination of the exponentials
e®ot and e*1t, Similarly, (¢ * g * g, ) (t — t2) is a linear combi-
nation of the same exponentials in the interval (t3 — % + €,y —

€). Asaresult, in the knot-free interval I = (t5 — £ +¢,¢; —¢),
we can perfectly reproduce two exponentials as in Eq. (15), using
the shifted kernels (¢ * g * qq,,,, ) (t — t,),forn = 1,2. We can
then compute two signal moments as in Eq. (28), and retrieve
the amplitude and location of the first Dirac 21(t — 71 ) in the
stream xz(t) using Prony’s method.

In order for these derivations to hold we need to ensure that
71 € I, orin other words thatt; > 71 + eand t3 < 71 + % — €.
Since the filtered input corresponding to the first pulse sat-
isfies 1 (@ *g)(m1 —t) >0, for t € (11 —€,71 + L +¢) and
x1(p x g)(—t + 71) = 0 otherwise, the condition t; > 11 + €
holds provided the trigger mark of the comparator satisfies:

T1+€ €
Cr > / (p*g)(m —t)dt = / (¢ * g)(—t)dt.

1—€ —€

(35)

Using the same reasoning as in Section IV-B, the condition
ts <1 + % — € holds provided:

Amin %_E
cr<fze [Tpigna oo

where A, ;,, is the minimum amplitude of the Diracs in x(t).

We also note that in order for Eq. (35) and (36) to be simul-
taneously satisfied, we need to impose additional constraints on
¢, such that:

€ %76
[ erat-na<g [* e
Finally, once the first pulse centered around 7; has been esti-
mated, and assuming a minimum separation between consecu-
tive pulses of at least L + 2¢ (which is the length of the support
of (¢ * g)(t)), we can use subsequent samples after 71 + L + 2¢
to retrieve the next pulse (z2 * g)(¢) in the input.

The sampling and perfect retrieval of a stream of cosine-
squared pulses are depicted in Fig. 11, for Cp = 0.8.
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D. Multi-Channel Estimation of Bursts of Diracs

Let us now consider the estimation of a sequence of bursts of
Diracs asin Eq. (20). This problem is equivalent to the estimation
of a stream of Diracs, however, this time, the /& Diracs can be
arbitrarily close to each other. Therefore, the estimation of a burst
of K Diracs involves retrieving a larger number of moments (at
least 2 K) to accurately retrieve the Diracs. We employ a multi-
channel scheme of M > K different acquisition devices, each
of which will help us compute 2 different signal moments. We
will show that it is sufficient to record 2 output samples for each
channel in order to perfectly reconstruct each burst in the input
signal, and that the trigger mark of the threshold detector can
be adjusted to ensure these output samples are located suitably
close to the input burst of Diracs. Specifically, we need to ensure
that the 2 samples we use for estimation have contributions from
all the K Diracs, and hence, occur after the last Dirac in the burst.

Proposition 6: Let us consider a system of M > K TEM
devices as in Fig. 3. The filter (o(t) of the m*” TEM is a second-
order E-spline whose support has length L, and which can
reproduce two different exponentials, e/“mo! and e/“m1¢, with

Wiy = Wo + AM, A = 23\30101’ 0<wo < T, Wm, = —Wm,,and
m =20,1,..., M — 1. Moreover, let us assume the spacing be-

tween consecutive bursts is larger than L, and the maximum
separation between the last and first Dirac in any burst b satisfies
To, K — Tp1 < g In addition, suppose that the comparator’s
trigger mark C'r satisfies the following conditions for each
device m and burst b:

K - 1 Amax

Cr > (w+ [1 = cos (Wmy (Th,x = T,1))],  (37)
K Apin L

CT < 5w3n0 |:]. — COS <wm0 <2 - (Tva - Tb’l))>:| ’

(38)

where A, .« and A, are the absolute maximum and minimum
amplitudes of the input, respectively.

Then, the timing information t1 y,,t2.m, . .., tN,m for m =
0,1,...,M — 1provided by M devices as in Fig. 3 is a sufficient
representation of bursts of K Diracs as in Eq. (20).

Proof: See Appendix C. |

Even though we considered the sampling of bursts of Diracs
using a multi-channel system, it is possible under slightly more
restrictive conditions, to achieve the same using a single TEM
device. Therefore, for the sake of completeness, we state the
following result without proof:

Proposition 7: Let us consider the integrate-and-fire TEM
in Fig. 3. Let the sampling kernel ¢p(t) be an E-spline of
order P > 2K and support of length L, which can reproduce
P different exponentials eImt  with wy, = wy +mA, m =
0,1,...,P—1,and0 < wg < %.In addition, setting P even and
A = 5 ensures (1) is a real-valued function. In this setting, let
us assume the spacing between bursts is larger than L, and the
separation between the last and first Diracs within any burst b
satisfies 7 g — 7,1 < %. In addition, suppose the trigger mark
of the comparator Cr satisfies:

Ay
Cr > (K = 1) A / p(—r)dr, (39)
0
KAmin %
—7)d 40
CT<P+3/0 p(—T)dr, (40)

where Ay = max (7, xk — Tp,1)-
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Then, the timing information {¢1, to, . . ., t 5 } provided by the
integrate-and-fire TEM in Fig. 3 is a sufficient representation of
a sequence of bursts of K Diracs as in Eq. (20).

E. Estimation of Piecewise Constant Signals

Let us now consider a piecewise constant signal x(t), and
assume that we filter this with the derivative of an E-spline ()
of order P > 2, obtained using Eq. (11). Filtering x(t) with
de(t)

ensures that in a region where the input is constant, there

dt
. . dop(t
are no output spikes, since fli ) has average value equal to zero.

This leads to energy-efficient sampling of the piecewise constant
signal, resulting in a small average number of output spikes. In
this setting, the filtered input is given by:

dp(t)  dx(t)
t) =x(t) ¥ —— = t).
7t) =a(t) « B2 = T2 o(t)
This shows that filtering a piecewise constant signal x(¢) with
dﬁt) is equivalent to filtering the stream of Diracs corresponding
to the discontinuities of the piecewise constant signal with the

E-spline ¢(t). The discontinuities of dﬁt) can be estimated from
the output spikes, by extending the results of Proposition 5 to the
case of a P-order E-spline ¢ p(t), with P > 2. In this case, the
E-spline ¢p(t) of support of length L can reproduce P > 2
different complex exponentials e/“m!, with w,, = wg + Am.
and m=0,1,..., P — 1. Moreover, choosing \ = }2510 and
P even ensures the kernel ¢p(¢) is a real-valued function. As
before, the separation between consecutive Diracs must be larger

than L and the trigger mark of the comparator satisfies:
L

Apin [ F
min —Vdr.
2t | ertrar

dx(t)

Suppose we want to estimate the k" discontinuity in T
of amplitude zj, and located at 7, and let us denote the locations
of the first output spikes after 7, with ¢,,,%,41,...,tnx. Then,
using a similar proof as in Section IV-B, we can show that the
constraint in Eq. (41) guarantees that 7, € I = (t,,4p — %, tn).
Then, we can compute the following signal moments:

P P
_Z 1 @ § !
Sm = Cm,ny(tn-i-i) = 2k Cm,n
i=1 =1

X (SOP * qen«}»i)(Tk -

© 2zl form =0,1,...,P — 1.

In these derivations, (a) follows from Eq. (7), and (b) holds
given 7y, € (tpqp — %7 t,,), and the fact that none of the kernels
(ep *qs,.,)(Tk — tnti—1) have any discontinuities in (¢, p —
%,tn), for : =1,2,...,P. As before, we can use Prony’s
method to estimate z; and 75 from the signal moments s,,.
Finally, we can retrieve the piecewise constant signal z(t) once
we have estimated its discontinuities %

The sampling and reconstruction of a piecewise constant
signal are depicted in Fig. 12. The filter is the derivative of
the fourth-order E-spline, with support length L = 4, as seen
in Fig. 12(b), the separation between input discontinuities is
larger than the length of the kernel’s support as depicted in
Fig. 12(a), and the comparator’s trigger mark is Cp = 0.001.
The estimation of the input is exact to numerical precision.

Similarly, the results of Propositions 6 and 7 can be extended

to the case of a piecewise constant signal x(t), where the

0<COr<

(41)

tn+i—1)
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Fig. 12.  Sampling of a piecewise constant signal with sufficiently separated
discontinuities, using the integrate-and-fire TEM. The input is shown in (a), the
sampling kernel in (b), the non-uniform samples used for estimation of the first
two input discontinuities in (c), and the reconstructed signal in (d).
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Fig. 13.  Sampling of a piecewise constant signal, with arbitrarily close dis-
continuities, using the integrate-and-fire TEM. The input is shown in (a), the
non-uniform samples used for estimation of the first burst of two discontinuities
in (b), and the reconstructed signal in (c).

discontinuities dfl(tt) are bursts of arbitrarily close Diracs, as

in Eq. (20). For example, in Fig. 13, we show the time encoding
and perfect decoding of a piecewise constant signal, with two
arbitrarily close discontinuities.

We conclude this section by summarizing possible choices
of hyperparameters in our sampling framework based on an
integrate-and-fire system. Specifically, let us consider the case
of streams of bursts of K Diracs, and discuss the relation-
ship between the sampling kernel and the trigger mark of the
comparator, and how these parameters determine the density
of output samples. The sampling kernel is assumed to be the
E-spline given in Eq. (11) of order P, and support length
L = P. Furthermore, the conditions of the trigger mark Cr
ensure that the output samples used for reconstruction are located
sufficiently close to the burst of Diracs, and in a region where
the filtered input is continuous. As a result, these conditions
depend on the separation A; between the Diracs, as well as on
the location of the knots of the sampling kernel, which in turn
depends on the length of the support of this kernel. Setting Cp
to its maximum theoretical value ensures that the number of
samples is minimised.

The choice of the hyperparameters of the integrate-and-fire
TEM is summarised in Table II. Here, a burst of X = 2 Diracs
was time encoded using an M-channel system. The ampli-
tudes of each of the Diracs was chosen uniformly at random
in the interval [1, 2] and the trigger mark C'r computed us-
ing Eq. (38). The results were averaged over 100 different
experiments.

Finally, we make the remark that only some of the output sam-
ples are used for input reconstruction. For online reconstruction
applications, these are the only samples that need to be stored.
This is depicted in Fig. 14, where we highlight in red the samples
used for reconstruction of each burst of Diracs, of one of the two
channels. Only the second and third output samples, located at

TABLE II
CHOICE OF HYPERPARAMETERS FOR ESTIMATING A BURST OF 2 DIRACS,
USING AN M -CHANNEL INTEGRATE-AND-FIRE SYSTEM

M | P | L | Cpe* wo Ay Average number of
samples per burst

2 2 2 101218 | —% | 0.2 44.8

2 2 2 100947 | =% | 03 56.21

1 4 | 4 ]00114 | % |02 202.24

2 2 2 10128 | —5 | 0.2 43.25

2 4 | 4]00133 | =% | 02 413.3
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Fig. 14. Time encoding of a sequence of bursts of 2 Diracs, using an integrate-
and-fire system. The input is shown in the top plot, and the output samples in
the bottom plot.

tél) and tél) need to be recorded and used to retrieve the first
burst of 2 Diracs. Once the first burst has been estimated, we
record the second and third output samples after 75 + L, located

at t(22) and t:(f) in order to retrieve the next burst.

V. GENERALIZED TIME-BASED SAMPLING

To highlight the potential practical implications of the meth-
ods developed in the previous sections, we present here exten-
sions of our framework to deal with arbitrary kernels and the
noisy scenario, and show that reliable input reconstruction can
be achieved also in these scenarios.

A. Sampling With Arbitrary Kernels

In the previous sections we have presented methods for perfect
retrieval of certain classes of non-bandlimited signals from
timing information. We have seen that these methods require
the sampling kernel ¢(¢) to locally reproduce exponentials, in
order to be able to map this problem to Prony’s method. In
reality, however, the sampling kernel may not have the expo-
nential reproducing property as in Eq. (13). Let us now consider
an arbitrary kernel ¢(t), and find a linear combination of its
non-uniform shifted versions that gives the best approxima-
tion of P exponentials f(t) = e/“m! within an interval I, for
Wm =wo+Am,m=0,1,...,P—1,and A = ﬁf’f.lnother
words, we want to find the optimal coefficients c{n’n such that:

N
Z Cfn,n@(t - tn) ~ ejwmt’ (42)
n=1

fortel and n=1,2,...,N, with N being the number of
kernels ¢(t — t,,) overlapping I.
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Fig. 15. Approximate exponential reproduction using non-uniform shifts of
the kernel (/33 * gg,, )(t). The kernels are shown in (a), and the exponential
reproduction using these shifted kernels in (b).
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Fig. 16. Universal sampling of a sequence of bursts of Diracs using the
integrate-and-fire TEM. The input signal is shown in (a), the output non-uniform
samples of one channel used for estimation in (b), and the reconstructed signal
in (¢).

We find the coefficients c,, ,, using the least-squares approxi-
mation method described in [47]. The coefficients are computed
using the orthogonal projection of f(¢) onto the space spanned
by the non-uniform shifts ¢(¢ — ¢,,), such that:

N
=3 el Bt —t) Gt —tn) ) =0, (43)

fort e ITandn=1,2,..N.
Furthermore, Eq. (43) is equivalent to:

Zcmk

which represents a system of N equations from which we
can determine the N coefficients ¢! ,, for each m = 0,1, ...,
P—-1.

We then use the calculated coefficients cm ;. to compute the
signal moments as in Section IV. Finally, the estimation of the
input can be further refined using the Cadzow iterative algorithm
in order to increase the accuracy of the signal moments, before
applying Prony’s method [48], [49].

The sampling and reconstruction of bursts of 2 Diracs are
depicted in Fig. 16. We use the multi-channel estimation method
presented in Section IV-D, where the filter of each channel
is a third order B-spline [3(t), such that the modified kernel
(B3 * qp, )(t) in Eq. (5) cannot reproduce exponentials. More-
over, we aim to approximately reproduce 4 different exponen-
tials for each channel, and hence we require a number of 4
non-uniform samples, as discussed in Section II-B. In Fig. 15,
we depict the approximate exponential reproduction in Eq. (42),
within the interval I = (0.82, 1.4) overlapping the first burst of
Diracs. The mean-squared error of the exponential reproduction
within this interval is 9.47 x 10713, Finally, the estimation of the
input is close to exact, as depicted in Fig. 16(c). In particular,
the mean-squared error in the time locations of the Diracs is
2.44 x 1074, and the mean-squared error in the amplitudes of
the Diracs is 2.04 x 10719,

(f(£),p(t = tn) (t —t1), ot —tn)),

m,k?
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Fig. 17. Estimation of a piecewise constant signal from noisy samples, ob-
tained using the integrate-and-fire TEM. The noisy input is shown in (a), and
the reconstruction in (b).

TABLE III
EFFECT OF NOISE ON THE ESTIMATION OF A PIECEWISE CONSTANT SIGNAL,
FROM SPIKES OBTAINED USING THE INTEGRATE-AND-FIRE TEM. THE ERROR
€¢ IS THE AVERAGE ABSOLUTE DIFFERENCE BETWEEN THE TRUE AND
ESTIMATED LOCATIONS, € 4 IS THE RELATIVE ERROR OF THE ESTIMATED
AMPLITUDES OF THE INPUT DISCONTINUITIES AND SER IS THE
SIGNAL-TO-ERROR-RATIO, FOR AMPLITUDE ESTIMATION

SNR(dB) o €t €A SER(dB)
43.33 0.01 | 2.61 x 107 6.21 x 10—° 43.11
29.63 0.05 0.0015 2.1509 x 10~1 24.59
23.38 0.1 0.0042 0.0026 22.83

0.2 30

—&— Error in time locations r
g o
0.14 X 20 ¥
\*\‘ w . s
0.05 * D5t
o s
0 - 10
10 12 14 16 18 20 10 12 14 16 18 20
SNR(dB) SNR(dB)
Fig. 18. Left: Average mean-squared errors in estimated time locations and

amplitudes of a stream of Diracs corrupted by white, additive Gaussian noise;
Right: Average signal-to-error ratio (SER) along signal-to-noise ratio, for am-
plitude estimation.

B. Robustness of the Integrate-and-Fire TEM to Noise

In many practical circumstances, the input signal is corrupted
by noise, which is typically assumed to be white, additive
Gaussian noise. When this happens, the non-uniform times {¢,, }
change which means that the sequence of moments s, is also
corrupted, and perfect reconstruction may no longer be possible.
Nevertheless, if the noise has average value equal to 0, it is in
part removed by the integrator in the TEM, as a result of the
averaging effect of the integral.

In Fig. 17 we show the reconstruction of a piecewise con-
stant signal corrupted by white, additive Gaussian noise, using
the method in Section IV-E. The filter is the derivative of a
fourth-order E-spline with support length L =4 which can
reproduce the exponentials e*7 5% and e*75?, the trigger mark
of the comparator is C'r = 0.001, the standard deviation of the
noise is 0 = 0.1 (SNR= 21.56 dB), and the separation between
consecutive discontinuities of the input is larger than L. The
reconstruction of the input from noisy samples is very accurate.
A quantitative analysis of the effect of noise on the retrieval of
this piecewise constant signal is presented in Table III. The table
shows the error of the estimated locations and the relative error
of the estimated amplitudes of the discontinuities in the input
signal, averaged over 10000 experiments.

In Fig. 18 we show the reconstruction errors, for the case
of a stream of Diracs, for different SNR values, averaged over
1000 experiments. Here, the input signal is corrupted by white,
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—— White Gaussian noise
—— _Input stream of Diracs
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Fig. 19. Estimation of a stream of Diracs from noisy samples, obtained using
the integrate-and-fire TEM. For SNR= 10 d B, the noisy input is shown in (a),
the filtered input and output of integrator in (b), and the reconstruction in (c).

additive Gaussian noise, and the sampling kernel is a second-
order E-spline whose support has length L. = 2, defined as in Eq.
(12), for ap = —a1 = j5. When SNR= 20dB, the amplitude
mean-squared error is 1.17 x 1072 and the mean-squared error
in time locations is 2.5 x 102, Finally, in Fig. 19 we depict the
estimation of an input stream of Diracs corrupted by noise, from
its timing information, when SNR= 10 dB.

C. Time Encoding and Decoding of Bursts of Diracs of
Arbitrary Signs

In Section IV-D we presented sufficient conditions for perfect
retrieval of bursts of Diracs defined as in Eq. (20). These condi-
tions rely on various assumptions, including that the amplitudes
xp, 1, of the Diracs xp 10(t — %) in the same burst b, have the
same sign. Inreality, this assumption may not always hold, and in
this section we empirically show that the reconstruction frame-
work presented in this paper usually performs well also when
the amplitudes of the Diracs in the same burst have opposite
signs. We consider the estimation of a burst of 2 Diracs from
its time encoded information using a 2-channel approach. We
assume that the filter of each channel is a second-order E-spline
defined as in Eq. (12) with support length L = 2. We denote
the output information of channel 1 with ¢y 1,%21,...,2n,1, and
that of channel 2 with 1 2,222, ...,tN,2. We assume that the
amplitudes of these Diracs are distributed as Gaussian variables,
of mean ;1 = 0 and variance o = 1.

The decoding scheme presented in Section I'V-D showed that
we can reliably use the samples y(ts.1),y(ts,1) of the first
channel and y(¢32), y(t4,2) of the second channel, in order to
perfectly retrieve an input burst of 2 Diracs of same sign. The
sufficient conditions on the trigger mark of the integrator given
in Eq. (37) and (38) ensure that these samples are located after
the second Dirac at 5. Here, we choose C'1 below its minimum
theoretical value given in Eq. (37), in order to ensure a sufficient
number of output samples is obtained, even when the two Diracs
in the input have opposite signs and are located closely to each
other. However, when lowering C'r, the samples y(ts 1), y(t4,1)
and y(t32),y(ts,2) are not guaranteed to occur after 7o, and
hence, may not be reliably used for reconstruction of both Diracs.
Therefore, we adjust the reconstruction scheme as follows. Us-
ing y(t2,1), y(t3,1) of the first channel and y(t2 2), y(t3 2) of the
second channel we compute the signal moments s,,, as described
in Appendix C and then build matrix .S as in Appendix A. If the
rank of the matrix Sis 1,thents ; < T2 andt3 2 < 7. Hence, we
can use y(t2,1),y(ts3,1) to estimate the first Dirac x16(¢t — 71).
Once the first Dirac has been estimated, we remove its contribu-
tion from the output spikes, and use the next non-zero samples in
order to estimate the second Dirac 256 (t — 72). Otherwise, if the

TABLE IV
PROBABILITY OF PERFECT RECONSTRUCTION OF A BURST OF 2 DIRACS, WITH
RANDOM GAUSSIAN AMPLITUDES

Ap=m2—71 Cr P{perfect estimation}
0.05 0.01 0.950
0.1 0.01 0.959
0.5 0.001 0.959
1.5 0.001 0.978

rank of matrix S is 2, then at least for one of the channels i, we
gett; 3 > To. As aresult of the similarity between the sampling
kernels of the two channels, it is likely that ¢; 3 > 79 for both
i =1 and ¢ = 2. In other words, the samples y(t4.1),y(t5,1)
and y(t4,2),y(t5,2) are likely to have contributions from both
Diracs and hence, we can use the method in Section IV-D to
estimate the burst. In Table IV we show the probability of correct
estimation of the 2 Diracs, against different values of A; and
trigger mark C'p, averaged over 1000 experiments. The results
show that we still achieve perfect reconstruction in most cases.
The reconstruction typically fails when the number of samples
required for estimation is not achieved (for example, when the
amplitudes of the Diracs are very small or when they have similar
magnitudes, but opposite signs).

VI. DENSITY OF NON-UNIFORM SAMPLES OBTAINED WITH
AN INTEGRATE-AND-FIRE TEM

In the previous sections, we have presented techniques for
estimation of non-bandlimited signals from timing information.
We have seen that perfect estimation can be achieved using
simple algorithms, and physically realisable kernels. In this
section we outline the fact that in many settings sampling based
on timing using our integrate-and-fire system is an efficient way
to acquire signals, resulting in a smaller density of samples,
compared to classical sampling.

As a case in point we consider the retrieval of bursts of K
Diracs, described in Section IV-D. We have seen that perfect re-
construction from timing information can be achieved, provided
the separation between consecutive bursts is at least L, and that
the Diracs within any burst are sufficiently close. In particular,
let us denote the maximum separation between the last and first
Dirac within a burst with A = max(7x — 71) < %, which can
be determined according to Eq. (37) and (38). Moreover, let us
assume the input is sufficiently sparse, such that the average
separation between consecutive bursts is L + .S, with S > 0.
Under these assumptions, the results in [6] show that in order to
retrieve the K Diracs from uniform samples, we need atleast2 K
samples within the interval L. — A following the burst of Diracs.
As a result, the uniform sampling period must satisfy 7' < %=2

2K *
Then, the number of uniform samples we record within an

interval of length L 4 S'is LT+S = %. On the other hand,
in the case of time encoding using the integrate-and-fire TEM in
Fig. 3, the results in Section IV-D show that we need to record
4 output samples for each of the K channels (or equivalently,
4 K samples for the case of single-channel sampling), for each
burst of K Diracs. We note that Eq. (38) shows that in many
situations, the TEM outputs more than 4 spikes per channel.
Nevertheless, these samples can be discarded since they are
not used in estimation. For example, one way to stop recording
spikes once we have obtained 4 non-zero samples, is to increase
the trigger mark C'r of the comparator in Fig. 3, for a duration
of L — A.
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Moreover, when the input is constant (zero), the integrate-and-
fire TEM does not fire, and hence there are no output samples.
Therefore, in an interval of size L + S, the number of stored
samples from a K -Dirac burst is 4 K, V5.

Furthermore, % >4 KforS>L—2A >0andVK,
which shows that the average number of non-uniform spikes
required for the retrieval of K Diracs is lower than the number
of uniform samples required to estimate the same number of free
input parameters, when the input is sufficiently sparse.

VII. CONCLUSION

In this work we established time encoding as an alternative
sampling method for some classes of signals that are neither
bandlimited, nor belong to shift-invariant subspaces. The pro-
posed sampling scheme is based on first filtering the input signal,
before retrieving the timing information using a crossing or
integrate-and-fire TEM. We demonstrated sufficient conditions
for the exact recovery of streams of Diracs, streams of pulses
and piecewise constant signals, from their time-based samples.
Central to our reconstruction methods is the use of specific filters
that we proved can locally reproduce polynomials or exponen-
tials. We further highlighted the potential of this new framework
by showing that it is resilient to noise and that it can handle
non-ideal filters. Finally, the diverse applications of previous
results of finite rate of innovation theory [8], [32]-[34] also
serve as evidence for the potential for real-world applications
of the theoretical framework developed in this paper.

APPENDIX A
PRONY’S METHOD

One way to solve the problem of estimating the parameters
{bg, uk}szl from the sequence s, = Zle bruy® is given
by the annihilating filter method, also referred to as Prony’s
method [38]. The name of this approach comes from the observa-
tion that if we filter s,,, with a filter which has zeros at {u;, }1<_,,
the output is zero, or in other words, this filter annihilates the
Sequence Sy,.

The z-transform of the annihilating filter satisfies:

K K
H(z) = Z hpz™™ = H(l —upzt),
m=0 k=1
which evaluates to zero when z = wuy.

Filtering the sequence s,,, with h,, corresponds to the convo-

lution of these sequences:

K K K
-1
o, * 8y = E hiSm—1 = § bku?];n § hluk

where (a) holds since z = uy, gives H(z) = 0 in Eq. (44).
Eq. (45) can be written in matricial form as follows:

(44)

2 0, (45)

SK Sg_1 - S0 1
SK41 Sk 81 hi
—Sh=0. (46)
SoK—1  S2K—2 sk-1] |hK

It can be shown that provided {b;}/ | are non-zero and
{ug }szl are distinct, matrix S has full row rank /', which means
the solution h given by Eq. (46) is unique. Moreover, the solution
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h can be obtained by performing a singular value decomposition
of S, where h is the singular vector corresponding to the zero
singular value.

Then, once the coefficients h,, of the polynomial H(z) are
known, the parameters {u}/_ | are obtained from the roots
of this filter. Finally, once {uk}ff:l are found, the parameters
{by} £, canbe computed from the linear system of K equations

given by s, = Zle brup', withm =0,1,..., K — L.

APPENDIX B

A. Proof of Proposition 3

For simplicity, let us assume the number of devices equals the
number of Diracs in a burst, i.e. M = K. Suppose we want to
estimate the Diracs in the first burst, located at 7 1,. ..., 71 k-
Moreover, assume for simplicity that their amplitudes satisfy
Z1,1,--., 21,5 > 0. In addition, let us consider the output of
the m!* TEM device, and denote its timing information with
{t1,t2, .., tn}.

Since we assume all the amplitudes in the first burst satisfy
0 <21k < Apmaz,andsince 0 < o(t) < 1,we get0 < y(t)and
y(t) = o8 wpp(th — 1) < K Amae < A = max(g(t)).

Then, Bolzano’s intermediate value theorem [45] guarantees
that the m!" TEM outputs at most one sample in the interval
(11,1, 71,k ), given the assumption 7 g — 711 < % and the
fact that 0 < y(¢) < max(g(t)). At the same time, this the-
orem also guarantees that the filtered input y(t) crosses the
sinusoidal reference signal in at least 3 points, within the win-
dow (11,711 + 7TS), such that 5 — 71 < 7%. Moreover,
the assumption 75 < % ensures that {3 — 711 < % Hence,
whilst the spike at ¢; may occur before 7 g, the second and
third spikes satisfy ¢o,t3 € (71 x, 71,1 + %), which means that
T1,1,71,2,---T1,K € (t3 — %,tg).

Since in the interval 1 = (t3 — £,¢,) there are no knots of
either ¢(t — t2) or ¢(t — t3), we can compute the following
signal moments for the m*" channel:

(a)
Sm; = ol (tn) 2

mi,ny
n=2

o 3 o0
(2/ w(t) Y e, ol —ty)dt ‘2/ (t)elmitdt

00 n=2

K K
9 /Zml,ké(t — 71 k)€t dt = le,kejw’"i“”“-

I'p—1 k=1

where ¢ € {0,1}, and wy,, = wo + Am and wy,;, = —wWp,,.

In the derivations above, (a) follows from Eq. (1), (b) from the
linearity of the inner product, and (¢) from the local exponential
reproduction property of the sampling kernel described in Eq.
(13), for N = 2. Moreover, (d) follows from Eq. (20), and given
that T1,1,71,25- -+ T1,K € (tg — %,tl).

By using the same approach on each of the K channels, we can
retrieve 2 K different moments and, due to the specific choice
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Fig. 20. Sampling of bursts of Diracs using the crossing TEM. The input
signal is shown in (a), the reconstructed signal in (b), the sampling kernels of
both channels in (c) and (d) respectively, and the corresponding non-uniform
samples in (e) and ().

of exponents, the 2 K moments can be expressed as:

K K
_ E jWoT1 . k ,2JAPTL e § P
Sp = kaeJ 071,k @I APTL k. — bkuky
k=1 k=1

where by, =z e/“0T1k, =Sk and p=0,1,...,2M —1.

We can then apply Prony’s method on s, to retrieve the K
amplitudes and the K locations of the Diracs. Finally, we use
subsequent output samples, located after 71 i + L to retrieve
the free parameters of the Diracs in the second burst, and we
reiterate the process for the following bursts.

The sampling and reconstruction of a sequence of bursts of
2 Diracs are depicted in Fig. 20. Here, the sampling kernel is
a second-order E-spline for each channel, of support of length
L = 2, shown in Fig. 20(c) and 20(d). The first channel’s kernel
reproduces the exponentials e*7 5%, whereas the second kernel
reproduces e/ 5 ¢, Moreover, the comparator’s reference signal
has frequency fs =1.76 > 7 L, and the separation between
consecutive bursts of Diracs is at least L. The amplitudes and
locations of the estimated Diracs are exact.

APPENDIX C
A. Proof of Proposition 6

The input stream of bursts of Diracs can be sequentially esti-
mated as follows. We estimate the first burst using the first four
non-zero samples of each channel and the methods presented
below. We then retrieve the second burst using the first four
non-zero samples of each channel located after 71 i + L, where
71,k denotes the estimated location of the last Dirac in the first
burst, and L is the length of the kernel’s support. We then use
the first non-zero samples located after 7o x + L to estimate the
third burst, and repeat this procedure to estimate the subsequent
bursts of Diracs.

Let us assume we want to retrieve burst b and denote with
tn,tn+1, tnto, tnys the first four output spikes located after
Ty—1,k + L. Then we have that ¢,, > 7,1 > t,,—1, where 73,1
is the location of the first Dirac in the b* burst. Furthermore, let
us assume for simplicity that the Diracs in the b burst satisfy
Ty 1,k > 0, as depicted in Fig. 21.

In what follows, we show that the samples y(t,12) and
y(tn13) can be reliably used to estimate the b*" burst.

We first prove that the following conditions hold:

tnt1 > To K 47)

Sber1Oprrk

Opy Obk

1
os| H
1 /
N Tp-1.1 Th-1K o A A

ToaThk! Eitbx*é
by bz 2
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Integrated fillered input
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Fig. 21. Time encoding of a sequence of 2 bursts of 2 Diracs, when the
amplitudes of the Diracs in a burst have the same sign.

and:

L
tnts < Tp1+ = (48)

2

We note that since we assume 2y, 1, . . ., Zp i > 0, the filtered

input defined in Eq. (3) satisfies f(7) > 0, and hence the con-
dition in Eq. (47) is equivalent to:

/T " by > / T

b,1 Tb,1

The left-hand side of this inequality can be expressed as:

/n+1 f(r)dr = /t n+1 f(r)dr — t " f(rydr

o) o1 ®
= 2Cp — / f(T)dT > Crp, (50)
tno1

(49)

where (a) holds given Eq. (2) and (b) since t,, > 71 > tp_1.
The right-hand side of Eq. (49) can be re-written as:

Tb, K (c) Th, K
/ T)dT < Z Amax/ o(Tpk — T)dT

b,1 Tb,k

(K —1)Amax

(d)
<

— 7,1))]

3 [1 — cos(Wmg (To, 1
Wing

n+1
g Cr (2 / f(r)dr,
Tb,1
which proves the inequality in Eq. (47).

In the derivations above, (c) follows from the definition in
Eq. (3) and since we assume A,,q0 > Tp1,...,2p,x > 0. In
addition, (e) follows from Eq. (37) and (f) from Eq. (50).
Finally, condition (d) follows from:

T, K m 1
o(To,p — T)dT = o [1 — cos(Wmg (To,5 — To.k))]
Tb,k
@ 1
< 2 [1 — COS(wmo (Tb K — Tb, 1))}

Wh,

where (h) follows from the definition of (7, —7) in
Eq. (12) for T € [Tpk,Tox] With 7,5 < Ty + %, and
from the hypothesis that ¢(7) reproduces the exponentials
eX“mo™. Moreover, (i) follows from the hypothesis that
0 < wpm, < z which is equivalent to O < wmoL < g, and
from the assumption that 7, g — 71 < 2 s Wthh means that
0 < Wing (To, 6 — To,k) < 5, and hence 1 — cos(wm, (Tp,x —
Tb,l)) >1— COS(UJmO(Tb’K — Tb,k)) Vk=2,.. K.
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InFig. 21 we notice that in some cases (third burst of 2 Diracs),
the spike ¢, may occur in the interval (73 1, 7 & ). Nevertheless,
the condition in Eq. (49) ensures that the sample at ¢,,+; happens
after 7, i

Similarly, since f(7) > 0, Eq. (48) is equivalent to:

/:briré f(r)dr > /:nw f(r)dr,

b,1 b,1

(5D

where the left-hand side can be expressed as:

Tb,1+ 5
@ /
[ z

K
1 L
® — E Th {1 — cos (wmo (2 —

Tb, 1+2
(Ekga Tbk —T)d’T

)

w’mo ]{):1
K
© 1 L
> r?no ;xbyk [1 — COS (wmo (2 — (Tb,K — Tb,l))>:|

@ KA L (e)
> 3 |:1 — COS (wmo ( — (T@K — Tb,1)>):| ; 5CT,
Wino 2
(52)

where (a) follows from Eq. (3), (b) follows from the definition of
(1, — 7)inEq. (12) for 7 € (1, 7,1 + %), and (c¢) follows
from the hypothesis that 0 < w;,, < 7 which is equivalent
to 0 < % < 3, and since T — 7p1 < % Vk=2,... K.
Moreover, (d) holds since we assume xp 1, ..., Zp x > 0, and
(e) follows from Eq. (38).

Finally, the right-hand side of Eq. (51) is equivalent to:

tn43 Tb,1 (2)
/ f(rydr L acp - f(r)dr < 5Cr

b,1 tn-1

(h) Tb,1+%
</ f(r)dr,

b,1
hence proving the result in Eq. (48).

In these derivations, ( f) follows from Eq. (2), (¢) holds since
tn > Tp,1 > t,—1 and (h) follows from Eq. (52).

The conditions in Eq. (47) and (48) ensure that the output
samples y(t,+2) and y(t,3) have contributions only from all
the Diracs in the b*" burst. These samples can be computed using
Eq. (5) and (20) for each channel m, as follows:

y(tn-i-Q) = Z xb,k(@ * Q9n+2)(7'b7k - tn-i-l)- (53)

k=1

Similarly, we can write y(¢,3) as

K
Y(tnss) = D @ k(0% G0,,0) (Toge — tnga).  (54)

k=1
For each channel m, the signal (¢ * qgnw)(t - tn+1) is a
linear combination of the exponentials e?“mo? and e7“m1?, for

,tnt1), given Eq. (12) and Eq. (6). Sumlarly,
tn42) is a linear combination of the exponen-
t,for t € (ty13 — £, tn41). Therefore,
in the interval (¢,,13 — %, tn+1), where there are no knots of
either (¢ * qo,,,,)(t — tng1) Or (9 * o, ;) (t — tni2), We use

te (tn+2

(90 * q9_n,+3)(t — Ins
tials e/“mo? and e/“m1
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the proof in Section II-B2 to find unique ¢, 2 and ¢, 3 such
that:

szﬂ?(@ * Q9n+2)(t tn-‘-l) + cmiﬂ(@ * qgn,+3)
X (t —tyyg) = eI¥mit, (55)

fori € {0,1},¢ € [tyts — £, tnq1],mo = mandmy = 2K —
1 — m (which ensures wy,;, = —wm,).

Then, for each channel m we can compute the signal moments
as before:

Sm; = Cm, 2Y(tns2) + Cm, 3Y(thes)

bekzcm“ (¢ q0,) (o, — ti4n—1)
k=1

e

® :
=) ap i,

where i € {0,1}, mg =mandm; =2K —1—m

In the derivations above, (a) follows from Eq. (53) and (54),
and (b) from 7y 1, ..., T,k € (tnt+3 — %, t,,+1) and the fact that
Eq. (55) holds within this interval. We can then uniquely retrieve
the 2 K input parameters of the b*" burst from the 2 K signal
moments s,,,, of all channels, using Prony’s method.

Finally, we make the observation that the inequalities in Eq.
(37) and Eq. (38) impose additional constraints on the maximum
separation between the Diracs in a burst b, namely on 7, x —
Tp,1. Specifically, we need to impose:

5/:1)1}( f(r)dr < /:bﬁ_é f(r)dr,

b,1 b,1
which may give different constraints on the Dirac separation
according to the filter characteristics, Ap,ax and Apyiy.
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