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Abstract—In this paper, we study the feasibility of an opportunis-
tic radar, which exploits the probing signals transmitted during
the sector level sweep of the IEEE 802.11ad beamforming training
protocol. Several solutions are presented to detect the presence of
prospective obstacles and estimate their position, radial velocity,
and backscattered signal amplitude, which differ in the amount of
prior information as to the transmitted signal and the channel fluc-
tuation. Also, we derive the Cramér–Rao bound as a benchmark
for the proposed estimators: The derivation of these bounds is
per se relevant, as it generalizes classical results to the case where
the echo is not entirely contained in the observation window. Nu-
merical examples are provided to assess performance of the pro-
posed solutions. The results indicate that the close-to-one detection
probability is achievable up to 90 m with a probability of false
alarm of 1e-4 and Swerling-I target fluctuation; in this region, the
target delay is estimated with an accuracy smaller than the symbol
interval (corresponding to a range resolution smaller than 10 cm)
with probability close to one, while the velocity estimate is gener-
ally quite poor as a consequence of the very short duration of the
probing signal.

Index Terms—Opportunistic radar, Cramér-Rao bound, gener-
alized likelihood ratio test, mmWaves, 60 GHz, IEEE 802.11ad.

I. INTRODUCTION

AMAJOR trend in terrestrial wireless networks, and in
particular in fifth-generation (5G) systems [1]–[3], is

to scale up the carrier frequency towards millimeter waves
(mmWave’s) [4], [5], so as to support bandwidths in the or-
der of hundreds of MHz; carrier frequencies as high as 28 GHz
and 60 GHz have been proposed in [6], [7]. This is steering the
academic and industrial interest back to the investigation of the
physical propagation effects in the EHF bandwidth, as well as
to the issue of channel modeling for mmWaves [8]–[10], tradi-
tionally employed in radio-astronomy from high-altitude sites
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and satellite-based remote sensing. When used for terrestrial
applications, mmWaves suffer from heavy atmospheric atten-
uation, resonance in the O2 molecule, absorption by rain, and
almost complete shadowing by obstacles. As a consequence,
they require the presence of a line-of-sight path between the
transmitter and the receiver and the use of high-gain directional
antennas [11]–[14].

Directional links at mmWaves are established by resorting to
sophisticated beamforming protocols which sense the surround-
ing scene to determine the best transmit/receive sectors: this is
naturally conducive to investigating integrated multi-functional
systems, wherein some radar operations are accomplished by
exploiting mmWave communication signals [15]. The idea of
communication and surveillance systems sharing the same band-
width is not new, as demonstrated by the large body of studies
devoted to the design of co-existing architectures [16], [17].
The basic philosophy put forward in [18]–[22] is to mitigate the
mutual interference produced by two independent, concurrent
systems, which compete for common resources. More gener-
ally, all monitoring-oriented applications can benefit from the
radar and communication integration. Indeed, there is a grow-
ing interest towards performing tasks like intrusion detection,
restricted area surveillance, patient monitoring, child and elder
home-care without using dedicated devices [23]–[27].

In this paper, we explore the possibility of implementing key
radar surveillance functions, such as the detection of prospective
obstacles and their localization in the range-Doppler domain,
by exploiting the echoes generated during the beamforming
training protocol of the IEEE 802.11ad standard operating at
60 GHz [28]–[31]. In this context, the proposed radar is defined
opportunistic, since it only consists of a receiver, co-located
with the communication transceiver, and a dedicated software
chain aimed at processing the received signal; the receiver can
avail itself of some side information, such as the timing, the az-
imuth and even the transmitted data, but does not have otherwise
any impact on the primary communication system, nor does it
generate any co-existence problem. Such an opportunistic ar-
chitecture has nothing to do with passive radars, which have
little or no information as to the received signals and in fact
need multiple sources for target localization [32]; instead, our
approach is similar in spirit to the one followed in [33], where
the authors study the possibility of using the IEEE 802.11p stan-
dard to implement an automotive OFDM-radar at 5.9 GHz, and
in [34], where the preamble detector from [35] is used to esti-
mate the position and the velocity of another node (i.e., a car) in
an IEEE 802.11ad network after having established a directional
link.
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Starting form the preliminary results presented by the authors
in [36], [37], this study aims at verifying the feasibility of such
an opportunistic architecture and at investigating the achievable
performance in terms of obstacle detection and localization in
the range-velocity plane. Indeed, this information is helpful not
only for collision avoidance, traffic management, or intrusion
detection, but also to facilitate some operations of the communi-
cation module, such as channel estimation and beam alignment,
if the detected object is another network device. After present-
ing the model for the signal scattered towards the radar receiver
during the sector level sweep (SLS) phase of the beamforming
training protocol, we make the following major contributions.

� We introduce novel detection structures and discuss their
implementation complexity. The proposed schemes are de-
rived by solving a generalized likelihood ratio test (GLRT)
under different design assumptions concerning the trans-
mitted signal and the channel fluctuation. As a by product,
we also provide the corresponding maximum likelihood
(ML) estimators of the range (delay), velocity (Doppler),
and signal amplitude of a detected object.

� We provide the Cramér-Rao bound (CRB) as a benchmark
for the proposed estimators: the derivation is novel and
per-se relevant, as it generalizes classical results to the
case where the echo is not entirely contained in the obser-
vation window. This analysis reveals that the achievable
accuracy in the velocity estimation is limited by the very
short duration of the probing signal, and, hence, may not
be adequate for some commercial applications; instead,
the achievable accuracy in the range estimation may be
well-below the cm-level, as a consequence of the large
bandwidth.

� We provide a numerical study to assess the detection and
estimation performance of the proposed solutions. The
analysis shows that, for a probability of false alarm of 1e-
4 and Swerling-I target fluctuation, the proposed receive
chain outperforms the preamble-based detector adopted
in [34], granting a close-to-one probability of detection
and a close-to-one probability of estimating the target de-
lay with an accuracy smaller than the symbol interval (cor-
responding to a range resolution smaller than 10 cm) up to
90 meters.

The remainder of this work is organized as follows.
Section II contains the system description. Section III contains
the derivation of the GLRT under four different design assump-
tions. Section IV discusses the implementation of the proposed
solutions. Section V contains the derivation of the CRB for the
estimators of range, velocity, and signal amplitude. Section VI is
devoted to the numerical analysis. Finally, concluding remarks
are provided in Section VII, while the Appendix contains some
mathematical derivations.

II. SYSTEM DESCRIPTION

The IEEE 802.11ad standard defines a communication
scheme that takes advantage of beamforming to cope with the
severe attenuation in the 60 GHz band [28]–[31], [38]. Planar
antenna arrays are used in mmWave communications to obtain a

Fig. 1. Description of the sector level sweep in the IEEE 802.11ad standard.

highly-directional beam in both azimuth and elevation, which re-
sults into reduced inter-user (spatial) interference and increased
capacity [39]. With quasi-optical propagation behavior, low re-
flectivity, and high attenuation, transmit and receive beams need
to be aligned for data communication; for this reason, the stan-
dard supports beam steering towards up to 128 distinct sectors.
In order to establish a directional link, two neighboring nodes
execute a beamforming training protocol consisting of a SLS
and an optional beam refinement (BR). During the SLS phase,
a coarse-grain antenna sector configuration is determined; then,
this information is used in the BR phase to fine-tune the se-
lected sector. We focus on the SLS phase, which involves four
steps, namely, an initiator sector sweep (ISS), a responder sec-
tor sweep (RSS), a sector sweep feedback (SSF), and a sector
sweep acknowledgement (SSA), as described below (see also
Fig. 1).

1) ISS: One node, called initiator, starts the procedure by per-
forming a sequence of directional transmissions towards
the available sectors. The other node, called responder,
receives in quasi omni-directional (QO) mode and deter-
mines the transmit sector of the initiator with the largest
signal-to-noise ratio (SNR).

2) RSS: The roles of initiator and responder are then reversed.
The responder starts a sector sweep, while the initiator
receives in QO mode and determines the transmit sector
of the responder with the largest SNR. During this step,
each transmission also carries the information as to the
best transmit sector for the initiator.

3) SSF: The initiator sends a feedback frame to the responder
with its best transmit sector.

4) SSA: The procedure ends when the responder acknowl-
edges the reception of the feedback frame.

Each transmission in the SLS consists of a control phys-
ical (CPHY) packet that contains a preamble, a header, and a
payload.1 The preamble contains 7752 symbols and is formed by
the concatenation of a pair of Golay complementary sequences
of length 128, as shown in Fig. 2. The digital modulator employs

1An optional beamforming training field can be appended to the CPHY
packet. For the sake of simplicity and without loss of generality, we do not use
this optional field.
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Fig. 2. Preamble of CPHY packet in the IEEE 802.11ad standard.Ga andGb

are Golay complementary sequences of length 128.

Fig. 3. Baseband spectrum mask of the IEEE 802.11ad standard.

a π
2 -binary phase shift keying (BPSK) scheme which outputs the

following baseband waveform:

s(t) =
K−1∑

k=0

b(k)ψ(t− kT ), t ∈ [0, Ts) (1)

where K is the number of symbols in the CPHY packet,
b =

(
b(1), . . . , b(K)

)
∈ B is the sequence of transmitted sym-

bols, B ⊆ {−1, 1,−i, i}K is the set of feasible sequences, ψ(t)
is a pulse with support in [0, Tψ ), T is the symbol interval,
and Ts = (N − 1)T + Tψ is the packet duration. The standard
specifies the symbol rate, namely, 1/T = 1760 MHz, and the
spectrum mask reported in Fig. 3, but not the baseband pulse
ψ(t). When the transmission of s(t) is concluded, the antenna
beam is steered toward the next sector, and a new CPHY packet
is transmitted; the procedure continues until the whole area is
inspected.

A. Opportunistic Radar

The sequence of directional transmissions performed during
the ISS or RSS phase can be used for sensing the surrounding
environment: specifically, if the transmitted signal hits an object,
then its echo can be detected. Exploring the feasibility of such an
opportunistic radar system appears of great interest, as it could
add handy features to devices complying with the 802.11ad
standard with limited additional costs.

The problem appears challenging, as the scanning protocol
has been designed for a different application. Indeed, if the
distance of a prospective object is smaller than cTs/2, with c
being the speed of light, the reception of its echo starts while
the transmission of the CPHY packet is still on going. This
requires that the node be equipped with separate transmit and
receive chains which are capable of full-duplex operation on the
same frequency band. This feature can be foreseen thanks to
the use of efficient circulators and self-interference cancellation
mechanisms [40]–[43]: indeed, these technologies have already
been proved to be effective in IEEE 802.11 networks [44] and
at mmWaves [45]. Also, notice that the transmit antenna is
steered towards the next angular sector after completing the

transmission of each CPHY packet; since the receive antenna
beam must be aligned with the transmit one for signal detection,
only a portion of the echo generated by a prospective object
can be observed in each probed direction. Finally, the transmit
waveform in (1) is not optimized for radar applications, and its
delay-Doppler ambiguity function [46] depends on the control
and payload bits to be transmitted.

At the design stage, we make the following simplifying
assumptions, which allow deriving a tractable mathematical
model, while still capturing the essence of the problem.

� Whenever multiple physical objects are present in the
probed sector, we assume that the closest one is suffi-
ciently large with respect to the antenna beamwidth and
carrier wavelength to block the signal propagation: this is
not a stringent requirement for short range applications, as
the standard adopts a highly-directional transmit beam and
operates with a carrier wavelength of λ = 5 mm.

� The object causing the echo can be any physical obstacle
present in the environment, such as another network node,
a wall, a person, a tree, a car, etc. We do not discriminate
among scatterers of different nature, but any reverberation
from the environment, including surface clutter,2 is deemed
as a signal to be detected: the goal here is to obtain a map
of the free space surrounding the transmit node, which
may be helpful in both automotive and intrusion-detection
applications.

� We assume line-of-sight signal propagation. This is moti-
vated by the fact that the strength of a non-direct ray (if
present) is usually much weaker than the strength of the
direct one: indeed, a non-direct path is longer, involve at
least one additional reflection, and is typically not aligned
with the receive beam.

� We neglect the reflections from objects in adjacent sec-
tors, as the two-way beam-pattern of mmWaves antennas
typically has very small sidelobes.

As a consequence of these assumptions, at most one echo
can be present in each probed sector and, hence, we must dis-
tinguish between its presence (hypothesis H1) and its absence
(hypothesis H0); specifically, we are faced with the following
hypothesis testing problem:

r(t) =

{
Ae2π iν ts(t− τ) + w(t), t ∈ [0, Tr ), under H1

w(t), t ∈ [0, Tr ), under H0
(2)

where
� Tr ≤ Ts + T� is the length of the observation window,

where T� is the (possible) latency time between transmis-
sions in successive angular sectors;

� r(t) ∈ C is the baseband received signal;
� A ∈ C, ν ∈ R and τ ∈ [0, Tr ) are the amplitude, Doppler

shift, and delay of the received echo; notice that A is a
function of the two-way antenna gain, the two-way channel
response, and the radar cross-section (RCS) of the obstacle
causing the reflection;

2We do not consider here weather clutter.
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� finally, w(t) ∈ C is a circularly-symmetric white Gaus-
sian process with power spectral density equal to σ2 , ac-
counting for the thermal noise and, possibly, the residual
interference after self-interference cancellation.

III. DETECTOR DESIGN

H1 is a composite hypothesis, as a number of parameters
related to the received echo may be unknown. Let θ ∈ Θ be the
vector of unknowns, with Θ denoting the parameter space; also,
let Λθ be the likelihood ratio (LR) between H1 and H0 for a
fixed θ ∈ Θ. We solve the testing problem in (2) by resorting to
a GLRT, i.e.,

max
θ∈Θ

ln Λθ

H1

≷
H0

γ (3)

where γ is the detection threshold. Clearly, θ includes the de-
lay τ and the Doppler shift ν, as the position and velocity
of a prospective obstacle are typically unknown; we assume
here that τ ∈ T = [0, τmax] and ν ∈ V = [−νmax, νmax], where
τmax ∈ [0, Tr ) and νmax ≥ 0 are the maximum inspected delay
and Doppler shift, respectively. Also, the sequence of transmit-
ted symbols can be assumed either known or unknown at the
design stage; indeed, even if transmitter and receiver are co-
located, exploiting the knowledge of b would require a memory
buffer to temporarily store the transmitted symbols, which may
be expensive for large values of K. Finally, we may treat A
either as an unknown parameter or as a realization of a random
variable with a known statistical description.

In the remainder of this section we derive the GLRT in (3) in
the following cases:

1) θ = (τ, ν, A), with Θ = T × V × C;
2) θ = (τ, ν), with Θ = T × V and Swerling I or V signal

fluctuation;
3) θ = (τ, ν, A, b), with Θ = T × V × C × B;
4) θ = (τ, ν, b), with Θ = T × V × B and Swerling I or V

signal fluctuation.

A. GLRT: Case 1

In this case, the log-LR (LLR) is [47]

ln Λθ = 2�
{
A∗

σ2

∫ Tr

0
r(t)e−2π iν ts∗(t− τ)dt

}

− |A|2
σ2

∫ Tr

0

∣∣s(t− τ)
∣∣2dt (4)

where ( · )∗ denotes conjugate. Upon defining

rτ ,ν (k) =
∫ Tr

0
r(t)e−2π iν tψ∗(t− kT − τ

)
dt (5)

Eτ =
∫ Tr

0

∣∣s(t− τ)
∣∣2dt (6)

dτ = min
{⌈

Tr − τ

T

⌉
,K

}
(7)

where rτ ,ν (k) is the projection of the received signal along
e2π iν tψ

(
t− kT − τ

)
, Eτ is the energy of s(t− τ) contained in

the observation window, and dτ is the number of π
2 -BPSK sym-

bols falling in the observation window, Eq. (4) can equivalently
be rewritten as

ln Λθ = 2�
{
A∗

σ2

dτ −1∑

k=0

rτ ,ν (k)b∗(k)

}
− |A|2Eτ

σ2 . (8)

For fixed τ and ν, the LLR is maximized over A when

A =
1
Eτ

dτ −1∑

k=0

rτ ,ν (k)b∗(k) (9)

whereby the GLRT in (3) becomes

max
(τ ,ν )∈T ×V

1
σ2Eτ

∣∣∣∣∣

dτ −1∑

k=0

rτ ,ν (k)b∗(k)

∣∣∣∣∣

2
H1

≷
H0

γ. (10)

The maximization over the variables (τ, ν) can be approxi-
mated by a grid search [46], [48]. As common in radar ap-
plications, we may use a uniformly-spaced grid, namely, G =
{(mΔτ , nΔν ), m = 1, . . . ,M, n = −N, . . . , N}, where Δτ

and Δν are the sampling interval in the delay and Doppler do-
main, respectively, M = �τmax/Δτ 	, and N = �νmax/Δν 	; in
this case, the GLRT becomes

max
(τ ,ν )∈G

1
σ2Eτ

∣∣∣∣∣

dτ −1∑

k=0

rτ ,ν (k)b∗(k)

∣∣∣∣∣

2
H1

≷
H0

γ. (11)

B. GLRT: Case 2

We model here the received signal amplitude as

A = αeiφhτ (12)

where αeiφ is a complex parameter accounting for the signal
fluctuation, with α > 0 and φ ∈ [0, 2π), and hτ > 0 is a delay-
dependent term accounting for the two-way antenna gain and
path-loss, and the RCS of the obstacle causing the reflection.
At the design stage, we assume that φ is uniformly distributed,
while α is either Rayleigh distributed with E[|α|2 ] = 1 (Swer-
ling I) or equal to one (Swerling V). Also, we assume that hτ
is known; indeed, the path loss can be either estimated by on-
field measurements or predicted via numerical models, while
the RCS can either be known in the application at hand or set at
a nominal value, usually the one corresponding to the minimum
detectable signal at the maximum inspected range.

For Swerling I, the LR conditioned on α and φ is

Λθ(α, φ) = exp

{
2�
{
αe−iφhτ
σ2

dτ −1∑

k=0

rτ ,ν (k)b∗(k)

}

− α2h2
τ Eτ
σ2

}
(13)
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so that

Λθ = E
[
E
[
Λθ(α, φ)

]
| α
]

= E

[
I0

(
2αhτ
σ2

∣∣∣∣∣

dτ −1∑

k=0

rτ ,ν (k)b∗(k)

∣∣∣∣∣

)
exp
{
−α

2h2
τ Eτ
σ2

}]

= exp

⎧
⎨

⎩
h2
τ

σ2(σ2 + h2
τ Eτ )

∣∣∣∣∣

dτ −1∑

k=0

rτ ,ν (k)b∗(k)

∣∣∣∣∣

2
⎫
⎬

⎭

×
(

1 +
h2
τ Eτ
σ2

)−1

(14)

where I0 is the modified Bessel function of the first kind and
order zero. Maximizing the LLR over the values of (τ, ν) in the
grid G leads to the following GLRT

max
(τ ,ν )∈G

{
h2
τ

σ2(σ2 + h2
τ Eτ )

∣∣∣∣∣

dτ −1∑

k=0

rτ ,ν (k)b∗(k)

∣∣∣∣∣

2

− ln
(

1 +
h2
τ Eτ
σ2

)}
H1

≷
H0

γ. (15)

For Swerling V, instead, the LR is

Λθ = E
[
Λθ(1, φ)

]

= I0

(
2hτ
σ2

∣∣∣∣∣

dτ −1∑

k=0

rτ ,ν (k)b∗(k)

∣∣∣∣∣

)
exp
{
−h

2
τ Eτ
σ2

}
(16)

which gives the following GLRT

max
(τ ,ν )∈G

{
ln I0

(
2hτ
σ2

∣∣∣∣∣

dτ −1∑

k=0

rτ ,ν (k)b∗(k)

∣∣∣∣∣

)
− h2

τ Eτ
σ2

}
H1

≷
H0

γ.

(17)

C. GLRT: Case 3

Paralleling the derivation in Section III-A, we obtain the fol-
lowing GLRT

max
(τ ,ν,b)∈G×B

1
σ2Eτ

∣∣∣∣∣

dτ −1∑

k=0

rτ ,ν (k)b∗(k)

∣∣∣∣∣

2
H1

≷
H0

γ. (18)

The maximization over b is unfeasible in practice, as the car-
dinality of the discrete set B is exponential with the packet
length. To overcome this issue, we relax the search set to
B = {x ∈ CK : |xk | = 1}. In this latter case, exploiting the
triangle inequality, we have that

max
b∈B

∣∣∣∣∣

dτ −1∑

k=0

rτ ,ν (k)b∗(k)

∣∣∣∣∣ =
dτ −1∑

k=0

|rτ ,ν (k)| (19)

achieved for

b(k) =
rτ ,ν (k)
|rτ ,ν (k)|

, k = 0, . . . , dτ (20)

and the GLRT in (18) becomes

max
(τ ,ν )∈G

1
σ2Eτ

(
dτ −1∑

k=0

|rτ ,ν (k)|
)2

H1

≷
H0

γ. (21)

D. GLRT: Case 4

As in Section III-C, we approximate the maximization over b
by relaxing the search set toB. Hence, paralleling the derivations
in Section III-B, the GLRT under Swerling I and V are easily
shown to be

max
(τ ,ν )∈G

{
h2
τ

σ2(σ2 + h2
τ Eτ )

(
dτ −1∑

k=0

|rτ ,ν (k)|
)2

− ln
(

1 +
h2
τ Eτ
σ2

)}
H1

≷
H0

γ (22)

and

max
(τ ,ν )∈G

{
ln I0

(
2hτ
σ2

dτ −1∑

k=0

|rτ ,ν (k)|
)

− h2
τ Eτ
σ2

}
H1

≷
H0

γ (23)

respectively.

IV. GLRT IMPLEMENTATION

The solutions proposed in Section III depend on

Cτ,ν =
dτ −1∑

k=0

rτ ,ν (k)b∗(k) (24)

if b is known, or

Fτ ,ν =
dτ −1∑

k=0

|rτ ,ν (k)| (25)

otherwise. The statistics Cτ,ν and Fτ ,ν can be interpreted as
the output of a coherent and an incoherent signal integrator,
respectively, when a prospective object is assumed to have delay
τ and Doppler shift ν. They can be computed by first sending
the signal r(t)e−2π iν t to a filter matched to the transmit pulse
ψ(t), then sampling its output at the epochs {τ + kT}dτ −1

k=0 ,
and finally elaborating the samples {rτ ,ν (k)}dτ −1

k=0 , as shown in
Fig. 4. The computation of {CmΔ τ ,ν }Mm=1 and {FmΔ τ ,ν }Mm=1
greatly simplifies if Δτ = T/Q, where Q is a strictly-positive
integer. Indeed, letting

yν (�) =
∫ Tr

0
r(t)e−2π iν tψ∗(t− �T/Q

)
dt (26)

be the sample of the output of the matched filter taken at epoch
�T/Q, for � = 0, . . . , 
TrQ/T � − 1, we have

CmT /Q,ν =
dm T / Q −1∑

k=0

yν (kQ+m)b∗(k) (27a)

FmT /Q,ν =
dm T / Q −1∑

k=0

|yν (kQ+m)| (27b)
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Fig. 4. Computation of the test statistics Cτ ,ν and Fτ ,ν .

which, for Q = 1, simplify to

CmT /Q,ν = yν (m) ∗ b∗(−m) (28a)

FmT /Q,ν = |yν (m)| ∗RK (−m) (28b)

where ∗ denotes convolution and RK (m) is a sequence whose
samples are one if m ∈ {0, . . . ,K − 1} and zero otherwise;
notice that in (28) we are implicitly assuming that the samples
of the sequence {b(m)}+∞

m=−∞ are zero if m /∈ {0, . . . ,K − 1}
and that the samples of the sequence {yν (m)}+∞

m=−∞ are zero if
m /∈ {0, . . . , 
Tr/T � − 1}.

A. Computational Complexity

The implementation of the GLRTs in (11), (15), (17), (21),
(22), and (23) requires

� acquiring the 
TrQ/T � samples in (26) for the (2N + 1)
inspected values of ν;

� computing either one of the statistics in (27) for all de-
lays and Doppler shifts, which entails (2N + 1)

∑M
m=1

(dmT /Q − 1) additions and (2N + 1)
∑M

m=1 dmT /Q mul-
tiplications/moduli;

� computing the maximum among (2N + 1)M elements;
whereby the complexity scales linearly with the length of the
observation interval and with the cardinality of the grid. Given
the computational resources, Tr must be chosen so that the test
is completed before moving to the next angular sector.

Notice also that the maximization over the variable ν
in (21), (22), and (23) can be avoided in practice: indeed, due the
large transmit bandwidth, we have νmaxTψ  1 and,3 therefore,

|rτ ,ν (k)| =

∣∣∣∣∣

∫ min{Tr ,kT +τ+Tψ }

kT +τ
r(t)e−2π iν tψ∗(t− kT − τ

)
dt

∣∣∣∣∣

≈ |rτ ,0(k)|. (29)

3Notice that 1/Tψ is in the order of the symbol rate; therefore a maximum
speed of 200 km/h corresponds to νmax ≈ 22 kHz, and νmaxTψ is in the order
of 10−5 .

B. Parameter Estimation

The tests in (11), (15), (17), (21), (22), and (23) provide, as a
by-product, an estimate of the distance, say r̂, and of the radial
velocity, say v̂, of a detected object, i.e.,

r̂ =
c

2
τ̂ (30a)

v̂ =
λ

2
ν̂ (30b)

where τ̂ and ν̂ are the maximizers of the corresponding objective
function. Clearly, the estimate of the radial velocity obtained
from the solutions in (21), (22), and (23) is unreliable, as a
consequence of (29).

The GLRT (11) also provides, as a by-product, an estimate of
the signal amplitude A, namely,

Â =
1
Eτ̂

dτ̂∑

k=0

rτ̂ ,ν̂ (k)b∗(k) (31)

while (21) provides an estimate of ρ = |A|, namely,

ρ̂ =
1
Eτ̂

dτ̂∑

k=0

|rτ̂ ,ν̂ (k)|. (32)

Interestingly, this side information could also be exploited by
the communication module for channel estimation.

V. CRAMÉR-RAO BOUND

We derive here the CRB for the case treated in Section III-A.
Since A is complex, we describe it by its modulus, say ρ,
and phase, say ϕ, and consider the (equivalent) real parameter
vector θ =

(
τ, ν, ρ, ϕ

)
, with parameter space Θ = T × V ×

(0,∞) × R. It is desired to estimate x = (r, v, ρ, ϕ)T =
g(θ), where g(θ) = (cθ1/2, λθ2/2, θ3 , θ4)T . Let
x̂ = (r̂, v̂, ρ̂, ϕ̂)T be an unbiased estimator of x, Cx̂ the
covariance matrix of x̂, J the Fisher information matrix, and

D =

⎛

⎜⎜⎝

c
2 0 0 0
0 λ

2 0 0
0 0 1 0
0 0 0 1

⎞

⎟⎟⎠ (33)

the Jacobian of g(θ). Then, the Information inequality theorem
(also known as CRB) [46], [49], [50] states that the matrix
Cx̂ − DJ−1DT is positive semidefinite. In particular, the
variances of the individual errors are bounded by the diagonal
elements of DJ−1DT , i.e.,

E
[
(r̂ − r)2] ≥

(
c
2

)2 (J−1)11 (34a)

E
[
(v̂ − v)2] ≥

(
λ
2

)2
(J−1)22 (34b)

E
[
(ρ̂− ρ)2] ≥ (J−1)33 (34c)

E
[
(ϕ̂− ϕ)2] ≥ (J−1)44 (34d)
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Upon defining s1 = ds
dt and

f 2
τ =

1
(2π)2Eτ

∫ Tr

0

∣∣s1(t− τ)
∣∣2dt (35a)

fτ =
i

2πEτ

∫ Tr

0
s(t− τ)s∗1(t− τ)dt (35b)

βτ =
√
f 2
τ − |fτ |2 (35c)

t2τ =
1
Eτ

∫ Tr

0
t2
∣∣s(t− τ)

∣∣2dt (35d)

tτ =
1
Eτ

∫ Tr

0
t
∣∣s(t− τ)

∣∣2dt (35e)

δτ =
√
t2τ − t

2
τ (35f)

ftτ =
1

2πEτ
�
{∫ Tr

0
ts(t− τ)s∗1(t− τ)dt

}
(35g)

ξτ = ftτ + �{fτ }tτ (35h)

we have that (34) becomes

E
[
(r̂ − r)2] ≥

(
c
2

)2
2Eτ
σ 2 (2πρ)2

1

β2
τ −

ξ 2
τ

δ 2
τ

(36a)

E
[
(v̂ − v)2] ≥

(
λ
2

)2

2Eτ
σ 2 (2πρ)2

1

δ2
τ −

ξ 2
τ

β 2
τ

(36b)

E
[
(ρ̂− ρ)2] ≥ 1

2Eτ
σ 2

(
1 +

�2{fτ }
β2
τ −

ξ 2
τ

δ 2
τ

)
(36c)

E
[
(ϕ̂− ϕ)2] ≥

1
2Eτ
σ 2 ρ2

(
1+

δ2
τ�2{fτ }+2ξτ�{fτ }tτ +β2

τ t
2
τ

β2
τ δ

2
τ − ξ2

τ

)
.

(36d)

The proof is given in the Appendix.
The previous equations extend classical results in [46], [51],

[52] to the case where the received echo is not entirely contained
in the observation window. Indeed, tτ , t2τ , and δτ are the mean
time, the mean square time, and the effective duration of the
signal s(t− τ) truncated in [0, Tr ), respectively. As to fτ , f 2

τ ,
and βτ , they generalize the definitions of mean frequency, mean
square frequency, and effective bandwidth in [46], [53] to the
case where s(t− τ) is not entirely included in the observation
interval; interestingly, they reduce to the definitions in [46], [53]
if Tr ≥ Ts + τ : however, this is not the case here since T� is in
general much smaller than τmax.

Finally, observe that, if the baseband pulse ψ(t) is real, then
ftτ = 0 and fτ is purely imaginary, so that ξτ = 0. In this
latter case, the bounds in (36) are inversely proportional to
β2
τ and ρ2Eτ /σ2 (the received SNR) for the range estimate,

inversely proportional to δ2
τ and ρ2Eτ /σ2 for the velocity esti-

mate, inversely proportional to Eτ /σ2 for the signal magnitude

estimate, and directly proportional to 1 + (tτ /δτ )2 and inversely
proportional to ρ2Eτ /σ2 for the signal phase estimate.

VI. NUMERICAL ANALYSIS

The performance of the proposed detection and estimation
schemes is tested here with the aid of computer simulation. We
consider an IEEE 802.11ad network with a transmit power of
10 mW [54], a noise power spectral density of 2 × 10−21 W/Hz,
and a noise figure of the front-end receiver of 3 dB. We model
the received signal amplitude as in (12) and, unless otherwise
specified, consider a Swerling I fluctuation. According to the
radar equation, the term hτ is computed as

hτ =
√
GtxGrxζ

Lτ
(37)

where Gtx = Grx = 40 dB are the transmit and receive antenna
gains, ζ = 1 m2 is the target RCS—a typical value for a motor-
cycle [55]—, and Lτ is the two-way path loss. Following [56]–
[58], we modify the standard path loss in the radar equation [48],
(4π)3r4/λ2 , as follows

Lτ =
(4π)3

λ2 r4
0

(
cτ/2
r0

)2η

(38)

where r0 is the close-in free space reference distance, and η
is the (one-way) best fit path loss exponent. As in [58], we
set r0 = 1 m; also, following [56], [57], we choose η = 2.5 to
account for the severe gases absorption effects (mainly oxygen
and water vapor) at 60 GHz. In this case, Eq. (38) becomes

Lτ =
(4π)3

λ2

(cτ
2

)5
. (39)

We consider a maximum range of 190 m and a maximum speed
of 15 m/s, corresponding to τmax = 1.27 μs and νmax = 6 kHz,
and, unless otherwise stated, we set Δτ = T and Δν = 400 Hz,
corresponding to a grid spacing of 8.52 cm in range and 1 m/s
in radial velocity. The baseband pulse is a real function with
support [0, T ], and the duration of the observation window is
Tr = 10 μs.

The performance of the following procedures is evaluated.
a) The GLRT in (11) and the corresponding estimators

in (30), labeled “GLRT-1” in the plots.
b) A simplified version of the GLRT in (11), where only a

portion of the CPHY packet (the preamble, which corre-
sponds to the first 7752 symbols) is exploited for signal
detection, and the corresponding estimators in (30); this
procedure is labeled “GLRT-1, simpl.” in the plots.

c) The GLRT in (15), derived for the Swerling I fluctuation
model, and the corresponding estimators in (30); this pro-
cedure is labeled “GLRT-2, SW-I” in the plots.

d) The GLRT in (21) and the corresponding estimator
in (30a), labeled “GLRT-3” in the plots.

e) The GLRT in (22), derived for the Swerling I fluctuation
model, and the corresponding estimator in (30a); this pro-
cedure is labeled “GLRT-4, SW-I” in the plots.

f) The preamble start detection and the carrier frequency
offset estimation techniques used in [34], [35], [59] and
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Fig. 5. Probability of false alarm versus detection threshold estimated by
Monte Carlo simulation and GEVT.

included here for the sake of comparison; these techniques
are labeled “Preamble-det” and “CFO-est,” respectively, in
the plots.

Observe that the scheme in (f) was originally devised for
a different application (namely, packet synchronization); how-
ever, it can readily be adapted to our framework leveraging [34].
In particular, letting

R(m) =
∑127

k=0 r0(m− k)r∗0(m− k + 128)√∑127
k=0 |r0(m− k)|2

∑127
k=0 |r0(m− k + 128)|2

(40)

C =

{
m ∈ M :

Ns−1∑

k=0

∣∣R(m+ k)
∣∣ ≥ γ

}
(41)

the detector is

cardinality{C}
H1
�=
=
H0

0 (42)

and, if H1 is declared, the range and velocity estimators are

r̂ =
c

2
m̂T (43a)

v̂ =
λ

2

angle
{∑Ns−1

k=0 R(m̂+ k)
}

2π128T
(43b)

where m̂ = min C.
In our simulation, we set a false alarm probability equal to

10−4 . Since, no closed-form relation is available to set the detec-
tion threshold γ, we resort to an extrapolative technique based on
the generalized extreme value theory (GEVT) [60]–[62]. Figs. 5
and 6 compare the false alarm probability estimated by using the
GEVT and a Monte-Carlo simulation versus γ, for Schemes (a)
and (c), and for Schemes (d) and (e), respectively. Notice that
the asymptotic behavior of the class-1 distribution is observed
for all test statistics.

Fig. 7 shows the detection probability (Pd) as a function of
the target range, r = cτ/2, and the corresponding received SNR

Fig. 6. Probability of false alarm versus detection threshold estimated by
Monte Carlo simulation and GEVT.

Fig. 7. Probability of detection versus range (and received SNR per symbol)
for a probability of false alarm of 10−4.

per symbol, defined as

SNRb =
h2
τ Eτ
σ2dτ

. (44)

It is seen that all proposed detectors outperform the one in (42),
especially at farther ranges (corresponding to lower values
of SNRb ). The best performance is obtained by the coher-
ent schemes, namely, (a) and (c). It should not surprise that
Scheme (c) exhibits a Pd slightly higher than Scheme (a), since
it exploits the prior knowledge of the distribution of the sig-
nal amplitude. Interestingly, Scheme (b) only exhibits a limited
loss with respect to Scheme (a), thus suggesting that satisfac-
tory detection/complexity tradeoffs can be achieved (notice that
not only the duration of the preamble in the CPHY packet is
here much shorter than Tr , but also the corresponding π/2-
BPSK symbols do not change in different probed sectors). On
the other hand, the incoherent Schemes (d) and (e) exhibit al-
most the same detection probability and, as expected, are largely
outperformed by coherent counterparts.
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Fig. 8. Root mean square error in the target range estimation versus range
(and received SNR per symbol).

We now study the root mean square error (RMSE) in the
estimation of the target range and velocity, defined as:

RMSEr =
√

E
[
|r − r̂|2 | H1

]
(45a)

RMSEv =
√

E
[
|v − v̂|2 | H1

]
(45b)

respectively. Fig. 8 reports RMSEr versus r and SNRb . For
the sake of comparison, the performance of the refined esti-
mator introduced in [34] is also included in the plot (it is la-
beled “Refined Preamble-det”).4 Again, the best performance is
achieved by Schemes (c), (a), and (b), followed by Schemes (d)
and (e), which are almost coincident, and by Scheme (f). The
performance of the refined estimator in [34] is similar to that
of Scheme (f) at farther ranges and to that of Schemes (a), (b),
and (c) at closer ranges. Clearly, the estimation accuracy achiev-
able by all schemes is inherently limited by the value of Δτ ,
which here is T . Schemes (a), (b), and (c) reach this limit for
r < 40 m, achieving a value of RMSEr smaller than 10 cm. This
accuracy is quite satisfactory for both indoor applications, such
as intrusion detection in restricted environments, and outdoor
applications, such as automotive radars [63]. Clearly, RMSEr
increases at farther ranges, even though it remains in the or-
der of few meters up to a target distance of 90 m. To provide
more insight on this point, we report in Fig. 9 the probability
of estimating the correct target range with an accuracy smaller
than the symbol interval, i.e., Ps = Pr

(
|r̂ − r| ≤ cT/2), for

Schemes (a), (b), and (c): it is seen that Ps remains close to one
for up to 90 m. Fig. 10 shows RMSEv versus r and SNRb .
It is seen that Schemes (a), (b), and (c) largely outperform
Scheme (f), especially at farther ranges; however, their esti-
mation accuracy is quite poor. For example, this behavior may
not be satisfactory in automotive applications, where an error
of at most 0.1 m/s up to 200 m is typically required [63]. On

4This estimator improves the range estimate in (43a) through a sliding window
correlation over a narrower set of delays (384 symbols, corresponding to 3 Golay
sequences).

Fig. 9. Probability of estimating the correct target range with an accuracy
smaller than the symbol interval versus range (and received SNR per symbol).

Fig. 10. Root mean square error in the target velocity estimation versus range
(and received SNR per symbol).

the other hand, velocity estimation is less relevant in indoor
applications.

We compare here the range and velocity estimation accuracy
granted by Schemes (a) with the corresponding CRB in (36a)
and (36b), respectively. Since these bounds have been obtained
when the signal amplitude is an unknown deterministic parame-
ter, we assume in our comparison αeiθ = 1: we remark that this
is different from what done in Figs. 7–10 where α is random.
Fig. 11 reports RMSEr versus r and SNRb for three different
values of Δτ , namely, T , T/2, and T/4. It is seen that RMSEr
is now approximately flat for all inspected ranges, meaning
that the target delay is always estimated with an error at most
equal to Δτ . Also, RMSEr gets closer to the CRB as Δτ de-
creases; at smaller ranges, we argue that the estimation accuracy
could still be improved by adopting a finer search grid in the
delay domain at the price of an increased complexity. Finally,
Fig. 12 reports RMSEv versus r and SNRb ; Schemes (b) is also
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Fig. 11. Root mean square error in the target range estimation versus range
(and received SNR per symbol) for different sampling intervals in the delay
domain; the CRB in (36a) is also shown.

Fig. 12. Root mean square error in the target velocity estimation versus range
(and received SNR per symbol); the CRB in (36b) is also shown.

included for comparison. Interestingly, the gap with respect to
the CRB is quite small for r > 70 m; on the other hand, for
r < 70 the achieved estimation accuracy is limited by the value
of Δν , which here is 400 Hz. We point out that the CRB exceeds
0.1 m/s already at r = 30 m, as a consequence of the very short
duration of the CPHY packet; this fundamental limit confirms
that the proposed opportunistic solutions are not suited for ap-
plications where an accurate estimate of the target velocity is
required.

VII. CONCLUSIONS

In this work, we have studied the feasibility of an opportunis-
tic radar which uses the IEEE 802.11ad communication standard
operating at mmWaves. The control packets transmitted during
the SLS phase of the beamforming protocol are exploited to
opportunistically detect surrounding objects and estimate their
position, radial velocity, and backscattered signal amplitude.
Both coherent and incoherent detection strategies have been
developed, assuming either no prior knowledge or statistical
knowledge of the received signal amplitude. Interestingly, their
implementation complexity can easily be tuned by adapting the

length of the observation window. The detection and estimation
performance has been assessed through numerical examples,
also in comparison with competing alternatives. As a bench-
mark, we have derived the CRB on the variance of any unbi-
ased estimator of the unknown deterministic parameters. Our
results indicate that, for a probability of false alarm of 1e-4 and
Swerling-I target fluctuation, the proposed solutions can achieve
close-to-one detection probability and close-to-one probability
of estimating the target delay with an accuracy smaller than the
symbol interval (corresponding to a range resolution smaller
than 10 cm) up to 90 meters, at least for the specific channel
model considered here. Also, the local accuracy on the range
estimate can be improved if the delay-domain is sampled at rates
larger than the symbol rate. On the other hand, the accuracy on
the radial velocity estimate is limited by the very short duration
of the probing signal and, generally, quite poor: for example,
the CRB itself may not meet the commercial specifications en-
forced on the accuracy of the radial velocity estimate in some
automotive applications.

While this initial study relies on some simplifying assump-
tions concerning the presence of at most one echo in the illu-
mination of each sector with line-of-sight signal propagation,
future studies should consider the effects of multiple received
echoes due to the presence of multi-path propagation and/or
the reflection from multiple objects at different range and/or
azimuth: in this case, more advanced detection strategies are
required to fully exploit the potentials of an opportunistic radar.
Also, future studies should investigate the feasibility of a multi-
frame signal processing so as to improve the radial velocity
estimation and help to resolve multiple targets.

APPENDIX

Here we show how (36) can be obtained from (34). To this end,
we first evaluate the Fisher information matrix. Recalling (4),
its diagonal elements are

J11 = −E
[
∂2 ln Λθ

∂τ 2

]

= −2�
{
ρe−iϕ

σ2

∫ Tr

0
E
[
r(t)
]
e−2π iν t ∂

2s∗(t− τ)
∂τ 2 dt

}

+
ρ2

σ2

∂2

∂τ 2

∫ Tr

0

∣∣s(t− τ)
∣∣2dt

=
2ρ2

σ2

[
−�
{∫ Tr

0
s(t− τ)

∂2s∗(t− τ)
∂τ 2 dt

}

+
∂

∂τ
�
{∫ Tr

0
s(t− τ)

∂s∗(t− τ)
∂τ

dt

}]

=
2ρ2

σ2

∫ Tr

0

∣∣∣∣
∂s(t− τ)

∂τ

∣∣∣∣
2

dt

=
2ρ2

σ2

∫ Tr

0

∣∣s1(t− τ)
∣∣2dt

=
2Eτ
σ2 (2πρ)2f 2

τ (46)
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J22 = −E
[
∂2 ln Λθ

∂ν2

]

= −2�
{
ρe−iϕ

σ2

∫ Tr

0
E
[
r(t)
]
(−2πit)2

× e−2π iν ts∗(t− τ)

}
dt

=
2ρ2

σ2

∫ Tr

0
(2πt)2

∣∣s(t− τ)
∣∣2dt

=
2Eτ
σ2 (2πρ)2t2τ (47)

J33 = −E
[
∂2 ln Λθ

∂ρ2

]

=
2
σ2

∫ Tr

0

∣∣s(t− τ)
∣∣2dt

=
2Eτ
σ2 (48)

J44 = −E
[
∂2 ln Λθ

∂ϕ2

]

=
2ρ2

σ2

∫ Tr

0

∣∣s(t− τ)
∣∣2dt

=
2Eτ
σ2 ρ

2 (49)

while the off-diagonal ones are

J12 = −E
[
∂2 ln Λθ

∂τ∂ν

]

= −2�
{
ρe−iϕ

σ2

∫ Tr

0
E
[
r(t)
]

× (−2πit)e−2π iν t ∂s
∗(t− τ)
∂τ

dt

}

= 2�
{

i
ρ2

σ2

∫ Tr

0
(2πt)s(t− τ)

∂s∗(t− τ)
∂τ

dt

}

= −2�
{

i
ρ2

σ2

∫ Tr

0
(2πt)s(t− τ)s∗1(t− τ)dt

}

=
2ρ2

σ2 �
{∫ Tr

0
(2πt)s(t− τ)s∗1(t− τ)dt

}

=
2Eτ
σ2 (2πρ)2ftτ (50)

J13 = −E
[
∂2 ln Λθ

∂τ∂ρ

]

= −2�
{

eiϕ

σ2

∫ Tr

0
E
[
r(t)
]
e−2π iν t ∂s

∗(t− τ)
∂τ

dt

}

+
2ρ
σ2

∫ Tr

0

∂
∣∣s(t− τ)

∣∣2

∂τ
dt

= −2ρ
σ2 �

{∫ Tr

0
s(t− τ)

∂s∗(t− τ)
∂τ

dt

}

+
2ρ
σ2

∫ Tr

0
2�
{
s(t− τ)

∂s∗(t− τ)
∂τ

}
dt

=
2ρ
σ2 �

{∫ Tr

0
s(t− τ)

∂s∗(t− τ)
∂τ

}
dt

= −2ρ
σ2 �

{∫ Tr

0
s(t− τ)s∗1(t− τ)

}
dt

=
2Eτ
σ2 2πρ�

{
ifτ
}

= −2Eτ
σ2 2πρ�

{
fτ
}

(51)

J14 = −E
[
∂2 ln Λθ

∂τ∂ϕ

]

= 2�
{

iρe−iϕ

σ2

∫ Tr

0
E
[
r(t)
]
e−2π ifd t ∂s

∗(t− τ)
∂τ

dt

}

= −2�
{

iρe−iϕ

σ2

∫ Tr

0
E
[
r(t)
]
e−2π ifd t ∂s

∗(t− τ)
∂τ

dt

}

=
2ρ2

σ2 �
{

i
∫ Tr

0
s(t− τ)

∂s∗(t− τ)
∂τ

dt

}

= −2ρ2

σ2 �
{

i
∫ Tr

0
s(t− τ)s∗1(t− τ)dt

}

= −2Eτ
σ2 2πρ2�

{
fτ
}

(52)

J23 = −E
[
∂2 ln Λθ

∂ν∂ρ

]

= −2�
{

eiϕ

σ2

∫ Tr

0
E
[
r(t)
]
(−2πit)e−2π iν ts∗(t− τ)dt

}

= 2�
{

i
ρ

σ2

∫ Tr

0
(2πt)

∣∣s(t− τ)
∣∣2dt
}

= 0 (53)

J24 = −E
[
∂2 ln Λθ

∂ν∂ϕ

]

= −2�
{
−iρe−iϕ

σ2

∫ Tr

0
E
[
r(t)
]
(−2πit)

× e−2π ifd ts∗(t− τ)dt

}

=
2ρ2

σ2

∫ Tr

0
(2πt)

∣∣s(t− τ)
∣∣2dt (54)

=
2Eτ
σ2 2πρ2tτ (55)
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J34 = −E
[
∂2 ln Λθ

∂ρ∂φ

]

= −2�
{
−ie−iϕ

σ2

∫ Tr

0
E
[
r(t)
]
e−2π ifd ts∗(t− τ)dt

}

= 2�
{

i
ρ

σ2

∫ Tr

0

∣∣s(t− τ)
∣∣2dt
}

= 0. (56)

Then, we compute the inverse of the Fisher information ma-
trix. To this end, observe that J admits the following represen-
tation

J =
2Eτ
σ2

(
Y W

W T Z

)
(57)

where

Y = (2πρ)2
(
f 2
τ ftτ

ftτ t2τ

)
(58)

W = −2πρ
(
�{fτ } ρ�{fτ }

0 −ρtτ

)
(59)

Z =
(

1 0
0 ρ2

)
. (60)

Therefore, from the block matrix inversion, we have

J−1 =
σ2

2Eτ

(
X −XWZ−1

−Z−1W T X V

)
(61)

where

X = (Y − WZ−1W T )−1 (62)

V = Z−1 + Z−1W T XWZ−1 . (63)

Since

X =

(
Y − (2πρ)2

(
|fτ |2 −�{fτ }tτ

−�{fτ }tτ (tτ )2

))−1

=
1

(2πρ)2

(
β2
τ ξτ

ξτ δ
2
τ

)−1

=
1

(2πρ)2(β2
τ δ

2
τ − ξ2

τ )

(
δ2
τ −ξτ

−ξτ β2
τ

)
(64)

V =

(
1 0
0 1

ρ2

)
+

1
β2
τ δ

2
τ − ξ2

τ

(
�{fτ } 0
�{f τ }
ρ − tτ

ρ

)

×
(
δ2
τ −ξτ

−ξτ β2
τ

)(�{fτ } �{f τ }
ρ

0 − tτ
ρ

)

=

⎛

⎝
1 + δ 2

τ �2 {f τ }
β 2
τ δ

2
τ − ξ 2

τ

(δ 2
τ �{f τ }+ξτ tτ )�{f τ }

ρ(β 2
τ δ

2
τ − ξ 2

τ )

(δ 2
τ �{f τ }+ξτ tτ )�{f τ }

ρ(β 2
τ δ

2
τ − ξ 2

τ )
1
ρ2 + δ 2

τ �2 {f τ }+2ξτ �{f τ }tτ +β 2
τ t

2
τ

ρ2 (β 2
τ δ

2
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τ )

⎞

⎠

(65)

Eqs. (34) become

E
[
(r̂ − r)2] ≥

(
c
2

)2
2Eτ
σ 2

X11 (66a)

E
[
(v̂ − v)2] ≥

(
λ
2

)2

2Eτ
σ 2

X22 (66b)

E
[
(ρ̂− ρ)2] ≥ V33 (66c)

E
[
(ϕ̂− ϕ)2] ≥ V44 (66d)

which prove (36).
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