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Abstract—In this paper, a new orthogonal-frequency-division
multiplexing using the C-transform (C-OFDM) is introduced. An
exact closed-form bit-error rate (BER) is derived for the proposed
C-OFDM system over multipath channels and different kinds
of modulation formats. The BER performance of the proposed
C-OFDM is evaluated by mathematics and simulation for dif-
ferent channel models, modulation formats, under zero-padding
(ZP) and minimum mean-square-error (MMSE) detection. The
results are then compared with those of the discrete cosine
transform (DCT) and discrete Fourier transform (DFT)-based
OFDM, showing that over multipath channel, the new C-OFDM
has better BER performance than both the DCT-OFDM and
the DFT-OFDM. The proposed scheme is also found to achieve
some reduction in the peak-to-average power ratio (PAPR) in
comparison with the aforementioned OFDM schemes as the
block-diagonal-structure (BDS) property of the C-transform
minimizes the input signal superposition. The proposed system
has the merits of being resilience to multipath channel dispersion
and relatively has lower PAPR.

Index Terms—C-transform, discrete cosine transform (DCT),
discrete Fourier transform (DFT), orthogonal frequency division
multiplexing (OFDM), bit-error rate (BER), peak-to-average
power ratio (PAPR).

I. INTRODUCTION

HERE, has been growing interest in multicarrier modula-

tion based on orthogonal frequency division multiplexing
(OFDM) that adopts discrete Fourier transform (DFT) or its
fast algorithm (FFT) counterpart as a modulation scheme
[1]-[7]. With the ability to mitigate the effects of multipath
fading and delay spread of radio channels, OFDM has been
adopted in many applications and standards, for instance, (IEEE
802.11a/g/n), metropolitan area networks (IEEE 802.16a) and
(HIPERLAN/2) as well as wire-line digital communications
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systems, such as asymmetric digital subcarrier loop (ADSL)
[8], [9] and power line communications (PLC) [10], [11].

Multipath frequency-selective fading channels have a dele-
terious effects on the bit-error-rate (BER) performance of the
OFDM. Therefore, a large number of techniques have been
developed to mitigate the detrimental effect of the frequency-se-
lective multipath fading channels in wireless communications
including power allocation [12]. Though the power allocation
technique seems theoretically effective, it suffers from two
practically drawbacks. The first problem is that the high dy-
namic power range at the transmitter to attain the instantaneous
channel requirements demands a costly power amplifier. The
second is the high complexity as channel state information
(CSI) must be available at the transmitter. Ideally, the BER per-
formance improvement should not be achieved by increasing
the transmit power or adding costly equipments as it hinders
the high speed wireless communications which are crucially
demanded for future multimedia communications.

Another method using the discrete cosine transform (DCT)
as an alternative to the DFT for multicarrier communication
schemes has been investigated [13]-[19] which has been found
to offer certain advantages [20]-[24]. The DCT-OFDM is less
sensitive to the carrier frequency offset (CFO) than the DFT-
OFDM. Moreover, as DCT is a real transform, the DCT-OFDM
can avoid the in-phase/quadrature phase (IQ) imbalance when
the data mapping is real [20] and [24].

In this paper, the C-transform proposed in [25] is uti-
lized to implement a new OFDM modulation scheme called
the C-OFDM. The new system retain the advantages of the
DCT-OFDM, over DFT-OFDM described in [20] and reduces
the BER and peak-to-average power ratio (PAPR) substan-
tially. A mathematical expression for the BER performance
of the proposed C-OFDM scheme, which tightly matches the
simulation results, is derived in this work. In comparison to
the DCT-OFDM and the DFT-OFDM, the proposed C-OFDM
achieves significant transmission improvement. Over multi-
path channels, the proposed C-OFDM system achieves about
10 dB SNR gain at 10~* BER performance over both the
DCT-OFDM and DFT-OFDM. This is attributed to the fact that
the information symbol is spread out over other subcarriers by
the C-transform where it can be recovered at the receiver from
the unaffected subcarriers even when it is carried on greatly
attenuated subcarrier, mitigating the deleterious effect of deep
notches in the channel spectral. However, this phenomenon
does not exhibit in the DFT-OFDM and the DCT-OFDM coun-
terparts as the information on subcarrier that corresponding to
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deep narrowband notch will be completely wiped out. Further-
more, the proposed system is found to preserve the average
power and reduces the peak value, hence reduces the PAPR of
the transmitted signal by more than 3 dB in comparison with
the DCT-OFDM and DFT-OFDM systems. This is due to the
block-diagonal-structure (BDS) property of the C-transform
reducing the signal superposition, which is the main cause for
the high peaks in multicarrier systems. The new C-OFDM is
based on real C-transform, so it inherits the same characteris-
tics of the DCT-OFDM system with more added advantages
such as the enhanced signal diversity and some reduction in
the PAPR. Moreover, it can also be used with complex valued
constellation as it is shown in this paper for the M-phase-shift
keying (PSK) and the M-quadrature amplitude modulation
(QAM) mapping.

Using the proposed C-OFDM for baseband transmission
systems such as the DSL, a certain spectral efficiency can be
achieved with real PAM unconstrained. In contrast, to achieve
the same spectral efficiency by using the DFT-OFDM, the
complex QAM information block is forced to be conjugate
symmetric to ensure a real valued inverse DFT output at the
transmitter which requires more receiver complexity. When
a real-valued modulation formats, for instance, BPSK or
pulse-amplitude-modulation (PAM) are used, the C-OFDM
system can avoid 1Q imbalance problems discussed in [26],
which are considered as weaknesses in the DFT-OFDM. More-
over, if the modulation format is real, single-sideband (SSB)
transmission technology would be applicable in the case of our
proposed OFDM system. However, this would not be possible
in the case of the DFT-OFDM system as the IFFT of real data
is complex [20].

The rest of this paper is organized as follows. Mathematical
analysis is first given for the proposed scheme in Section II.
Section III elaborates the transmission analysis and the BER
calculations of the proposed C-OFDM over multipath fading
channels with zero-padding (ZP) and MMSE detection. The
zero padding (ZP) C-OFDM (ZP-C-OFDM) is more robust
to frequency-selective multipath fading channels than both
the ZP-DCT-OFDM and ZP-DFT-OFDM systems due to the
C-transform, hence, increases the transmitted signal diversity.
Section IV presents The mathematical analysis for the PAPR
of the proposed C-OFDM and the solid-state power amplifier
(SSPA) model, showing that the proposed scheme has the
lowest PAPR compared to the aforementioned schemes as the
inherent block diagonal structure (BDS) of the C-transform
reduces the number of data symbols that perform each OFDM
sample. Section V presents the computational complexity.
Section VI presents the simulation results in the standards
context of the ITU pedestrian and vehicular channel models.
Finally, our conclusions are drawn in Section VI.

II. PROPOSED SYSTEM ANALYSIS

Henceforth, the following notations will be used in this paper:
The term C-OFDM refers to our proposed C-transform based
OFDM system, DCT-OFDM refers to the DCT based OFDM
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Fig. 1. C-OFDM system block diagram when real signalling is used.

and DFT-OFDM refers to DFT based OFDM. The notation Q
is used to represent the N x N Walsh Hadamard matrix while

the notation D represents the N x N type II discrete cosine ma-

) . (2k41)s
trix which is given as Dy, = 1/ 2, cos( W) where &,

I

N
is equal to 1 only when n = 0 and equal to % otherwise. x
and 2% denote the in-phase and quadrature-phase components
of & respectively. The notation Iy represents the identity ma-
trix of dimension N and L., = [Ix Onxr,]T isan M x N
zero-padding matrix. The function E[x] denotes the expected
value of a random variable z. The symbol (- )% denotes the
transpose operation whilst ( - )" denotes the Hermitian operator.
Ultimately, tr( - ) represents the trace operation.

The proposed C-OFDM system block diagram for real and
complex data format is shown in Figs. 1 and 2 respectively. It
shows that the ZP guard interval scheme is used instead of the
conventional cyclic prefix (CP). Unlike the scheme in [15], the
zero-padding scheme can compensate for the channel effects
without doubling the transmitted symbol. The transmitted se-
quence is zero padded with a sequence that is no less than the
length of the channel impulse response. The use of zero-padding
scheme in the case of the DFT-OFDM has been addressed in
[27]; which showed that it can achieve better BER performance
than the cyclic prefix DFT-OFDM scheme because the data
symbols can be recovered regardless of the channel zero lo-
cations. Consequently, in this paper we use the zero padding
scheme. The C-OFDM system block diagram for real data is
shown in Fig. 1 and for complex data is shown in Fig. 2. A min-
imum mean square-error (MMSE) equalizer [20] is used in the
receiver to compensate for the channel effect. The MMSE re-
ceiver of the C-OFDM, DCT-OFDM and DFT-OFDM with ZP
guard interval have the same degree of complexity.

Based on a specific constellation format in the data encoder,
the input data is first mapped into real or complex modulated
symbols X,,, (m = 0,1,2,..., N — 1). In vector form, each
block of data symbols is represented as

XT: [XOaX1a~"7XJV71]7 (1)

where (- )7 denotes the transpose operation, which is the same
for real and imaginary parts of the complex symbol and X is an
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Fig. 2. C-OFDM system block diagram when complex signalling is used.

N x 1 vector. Then these N information symbols modulate N
different subcarriers by using inverse C transform (ICT). The
resulting samples would be expressed as follows:
At first, the information symbols are processed as

N-1
1
Sp = —— X, (= 1)k 2
L PT @
where
Ny
Hmon = Z my © . (3)
=1

In (3), m; ® n; denotes the j; bit-by-bit product of binary
representation of the integers m; and n; (AND operation be-
tween the bits of the binary representation of v and n) while
N; = log, N, is the number of binary digits in each index. The
output samples then modulate N different subcarriers as

-+ SN Xo(=1)P Dy 4)

In (4), D}m is the k;j, row and n¢;, column element of the DT
matrix and it is given as

D=rD"®, (5)

where T' is the Gray-reverse-order (GRO) matrix where each
two successive values differ in only one bit, and ® represents the

bit-reverse-order (BRO) matrix respectively. In what follows,
(4) can be written as

N-1 N-1

re= 1 30 X Y (1) D,

m=0 n=0
N—-1
1

= A7 XnC 1y
I k (6)

m=0

where C}.,,, = 22;01 (—1)“'"'"'er” is the k¢, row and myyp,
column element of the inverse C transform. Thus (4) can be

written in matrix form as
x = DTQX,
=CTX. (7

In (7), x is an N x 1 vector represents the OFDM symbol and
Qx~ denotes the Walsh-Hadamard matrix of order /V. It is worth
mentioning here that the GRO of the rows and BRO of the
columns are applied to the D7 to derive the fast algorithm for
the ICT. Consequently, the DY can be written as a function of
its lower order matrices as

- N Y BY
DY = [K_ K-?J- ®)

On the other hand, Q of size N = 2, where P is an integer,
can be expressed as

QN = ®fj:1 Q27
=Q:®Qe®-- ®Qa, )
where Q2 = | 1 _11 ] while ® is a Kronecker product. Accord-

ingly, the WHT can be written in lower order as

(10)
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Therefore the ICT can be written as

cy=|MeQy O

0 Ky Qy | (11)

For clarity and without loss of generality, the ICT IDCT and
IDFT matrices for N = 8 and N = 16 are shown in (12)—(16),
shown at the bottom of this page and the next page.

From (12) and (15), it is clear that the ICT matrix has a
block-diagonal structure (BDS) with two-third of its elements
being zero. Also the C matrix of order N differs from the C
matrix of order N/2 only by the lower part of the block diag-
onal structure. These characteristics of the C-transform make it
advantageous in term of PAPR, BER and scalability as will be
shown analytically in Sections III and IV and by simulation in
Section V.

For the case of the DCT matrices of size 8 and 16 shown in
(13) and (16) and DFT of size 8 shown in (14), these matrices
are full with non zero elements. The DCT or DFT matrices of
order N/2 are completely different for their matrices of order N.
Also, all the elements of the first row of the DCT or DFT has the
same amplitude and phase. This could lead to high PAPR when
all the data symbols are aligned in phase.

III. TRANSMISSION ANALYSIS

The C-OFDM system block diagram for complex data format

6161

one for the real part and the other for the imaginary part of the
information symbols. However, it is used only once when the
data are drawn from real modulation format such as BPSK or
PAM as shown in Fig. 1. For fair comparison with DFT-OFDM,
during this work, we will focus on complex constellation such
as QPSK and 16-QAM modulation formats. However, it should
be noted that the C-OFDM and DCT-OFDM are better suited
for real data than the DFT-OFDM.

Therefore, we consider block-by-block transmission where
the information symbols are divided into blocks, each of length
N . Temporarily, we will talk about the real part only (in-phase
component x7), as the same procedures are applied to the imag-
inary part (quadrature-phase component x%). The C-OFDM
symbol after ICT can be expressed as

x! = cTx! (17)

The power spectral density (PSD) of the proposed C-OFDM
has the same shape and bandwidth as that of the DCT-OFDM as
shown in Fig. 3. A zero padding sequence of length L« samples,
greater than or equal to maximum access delay of the multipath
channel, is then appended to the end of the transmitted signal to
prevent the inter-symbol interference (ISI). The resulting M x 1
vector, M = N + L, is then given as

is shown in Fig. 2. It can be observed that for a complex constel- u' = szxlv
lation, ICT must be used twice in both transmitter and receiver: u? = LZPXQ, (18)
r1 0 0 0 0 0 0 0 7
0 1 0 0 0 0 0 0
0 0 0.9239 0.3827 0 0 0 0
Ca — 0 0 —0.3827 0.9239 0 0 0 0 (12)
8 0 0 0 0 0.9061 —0.0747 0.3753 0.1802 | °
0 0 0 0 0.2126  0.7682 —0.3133 0.3182
0 0 0 0 —0.3182  0.5133  0.7682 0.2126
LO 0 0 0 —0.1802 —0.3753 —0.0747 0.9061 ]
r0.3536  0.3536  0.3536  0.3536  0.3536  0.3536  0.3536  0.3536 7
0.4904 0.4157  0.2778  0.0975 —0.0975 —0.2778 —0.4175 —0.4904
0.4619 0.1913 —0.1913 -0.4619 —-0.4619 —-0.1913 0.1913 0.4619
DOT; = 0.4157 —0.0975 —0.4904 —0.2778  0.2778  0.4904 0.0975 —0.4157 (13)
0.3536 —0.3536 —0.3536 0.3536  0.3536 —0.3536 —0.3536 0.3536 |’
0.2778 —0.4904 0.0975  0.4157 —0.4157 —-0.0975 0.4904 —0.2778
0.1913 —-0.4619 04619 —-0.1913 -0.1913 0.4619 —-0.4619 0.1913
L0.0975 —0.2778 0.4157 —0.4904 0.4904 —0.4157 0.2778 —0.0975 |
M 1 1 1 1 1 1 1 ]
1 07+4507 -5 -0.7—j407 -1 —-0.74+;07 j 0.7+ 50.7
1 —j -1 J 1 —j -1 i
1|1 —-07-3507 4 0.7—-307 -1 074307 —5 =0.7+30.7
DFTs = NCRR! -1 1 -1 1 -1 1 -1 (14)
1 -07+407 -5 074407 -1 07-3507 5 —=0.7-;30.7
1 J -1 —j 1 j -1 —j
L1 0.74j07 45 —-07+4+407 -1 -07-3;07 —j5 0.7-3j07 ]
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where, Iy isan N x N identity matrix, O« 7, isan N X Lg
matrix with zero elements and L., = (InOwnxr.)? is an
M x N zero-padding matrix. The transmitted signal then
passes through a channel. Assume that the channel is L. + 1 taps
channel, 2;, = 0 for all indexes out of the interval (0 < & < L).
The received signal is the convolution of the transmitted signal,
u = u’ + ju®, with the channel impulse response A corrupted
by additive white Gaussian noise (AWGN) and can be written
as

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 62, NO. 23, DECEMBER 1, 2014

whereu = u! + ju®, y = y/ + jy? andwv = v! + jo®
are M x 1 vectors; Hy is an M x M channel convolutional
matrix which is Toeplitz and defined in [28]; its elements iy,
0<i<M-—1,rowand ky,, 0 < &k < M — 1, column
are given as Ho(i, k) = h(i — k) for0 < (i — k) < L and
Hy(i, k) = 0 otherwise. Thus, Hy matrix can be written as

=up ® h +v [ o O 00 0 07
Y = z Lk ks hiy hy 0 O 0 0
0 h1 Ry O 0 0
= Zuk—dhd + vk, (19) h 0 0
1
d=0
where ® denotes the convolution operation and v is the AWGN Ho=lh, . @D
noise with zero-mean and variance o2 = F[vZ]. Equation (19) 8 hOL
can be rewritten in more expressive way in matrix form as )
: . . . ]Ll ho 0
y = Hou +w, (20) L O 0 0 hp hi ho
rl 0 0 0 0 0 0 0 Q (4] 0 0 0 0 Q 0
01 0 0 0 0 0 0 Q (4] 0 0 0 0 Q 0
0 0 0.9239 0.3827 0 0 0 0 Q (4] 0 0 0 0 Q 0
0 0 —0.3827 0.9239 0 0 0 0 Q (4] 0 0 0 0 Q 0
00 0 0 0.9061 —0.0747 0.3753 0.1802 Q (4] 0 0 0 0 Q 0
00 a 0 0.2126 0.7682 —0.5133 0.3182 Q (4] 0 0 0 0 Q 0
00 0 0 —0.3182  0.5133 0.7682 0.2126 Q (4] 0 0 0 0 Q 0
00 0 0 —0.1802 —0.3753 —0.0747 0.9061 Q (4] 0 0 0 0 Q 0
Ci6 =
00 0 0 0 0 0 0 0.9081 —0.0177 —0.0743 —0.0368 0.3735 —0.0073 —0.1794 0.0888
00 0 0 0 0 0 0 0.1143 0.7004 0.2381 —0.0577 0.0474 0.2901 —0.5748 0.1393 15
00 0 0 0 0 0 0 0.1875 —0.1500  0.6775 0.2420 —0.4527  0.3621 0.2806 0.1002 ( )
00 a 0 a i) 0 0 0.0924 0.2035 —0.1490 0.7351 —0.2230 —0.4912 —0.0617 0.3045
00 0 0 0 0 0 0 —0.3045 0.0617 0.4912 0.2230 0.7531 —0.1450  0.2035 0.0924
00 0 0 0 0 0 0 —0.1002 —0.2806 —0.3621 0.4527 0.2420 0.6775 —0.1500 0.1875
00 0 0 0 0 0 0 —0.1393 0.5748 —0.2901 —0.0474 —0.0577 0.2381 0.7004  0.1143
L0 0 0 0 0 0 0 —0.0888 —0.1794 0.0073 —0.3735 —0.0368 —0.0743 —0.0177 0.9018
0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25
0.319 0.3383 0.3118 0.2733 0.2243 0.1667 0.1026 0.0347 —0.0347 —0.1026 —0.1667 —0.2243 —0.2733 —0.3118 —0.3383 —0.3519
0.3468 0.29640 0.1964 0.0690 —0.0680 —0.1964 —0.2040 —0.3468 —0.3468 —0.2840 -—0.1964 —0.0690 0.0690 0.1964 0.2940 0.3468
0.3383 0.2243 0.0347 —0.1667 —0.3118 —0.3519 —0.2733 —0.1026 0.1026 0.2733 0.3519 0.3118 0.1667 —0.0347 —0.2243 —0.3383
0.3266 0.1353 —0.1333 —0.3266 —0.3266 —0.1353 0.1353 0.3266 0.3266 0.1353 —0.1353 —0.3266 —0.3266 —0.1353 0.1353 0.3266
0.3118 0.0347 —0.2733 —0.3383 —0.1026 0.2243 0.3519 0.1667 —0.1667 —0.3519 —0.2243 0.1026 0.3383 0.2733 0.0347 —0.3118
0.2040 —0.0690 —0.3468 —0.1864 0.1964 0.3468 0.0690 —0.2040 —0.2040 0.0690 0.3468 0.1964 —0.1964 —0.3469 —0.0690 0.2940
0.2733 —0.1667 —0.3383 0.0347 0.3519 0.1026 —0.3118 —0.2243 0.2243 0.3118 —0.1026 —0.3519 0.0347 0.3383 0.1667 —0.2733
DCT g =
0.25 —0.25 —0.23 0.25 0.25 —0.25 —0.25 0.25 0.25 —0.25 —0.25 0.25 0.25 —0.25 —0.25 0.25
0.2243 —0.3118 —0.1026 0.3519 —0.0347 —0.3383 0.1667 0.2733 —0.2733 —0.1667 0.3383 0.0387 —0.3519 0.1026 0.3118 —0.2243
0.1964 —0.3486 0.0690 0.2940 —0.2940 —0.0690 0.3468 —0.1960 —0.1960 0.3468 —0.0620 —0.2940 0.2940 0.0690 —0.3468 0.1964
0.1667 —0.3519 0.2243 0.1026 —0.3383 0.2733 0.0347 —0.3118 0.3118 0.0347 —0.2733 0.3383 —0.1026 —0.2243 0.3519 —0.1667
0.1353 —0.3266 0.3266 —0.1353 —0.1353 0.3266 —0.3266 0.1353 0.1353 —0.3266 0.3266 —0.1353 —0.1353 0.3266 —0.3266 0.1353
0.1026 —0.2733 0.3519 —0.3118 0.1667 0.0347 —0.2243 0.3383 —0.3383 0.2243 —0.0347 —0.1667 0.3118 —0.3519 0.2733 —0.1026
0.0696 —0.1964 0.2940 —0.3468 0.3468 —0.2040 0.1964 —0.0690 —0.0690 0.1964 —0.2940 0.3468 —0.3468 0.2940 —0.1964 0.0690
0.0347 —0.1026 0.1667 —0.2243 0.2733 —0.3118 0.3383 —0.3519 0.3519 —0.3383 0.3118 —0.2733 0.2243 —0.1667 0.1026 —0.0347

(16)
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The ZP-MMSE equalizer is given as:

G = E, (E,HYH, + 021, HY. (22)

In (22), B, = E[X}] is the signal power per symbol, o2 is the
AWGN noise power, ( - ) denotes the Hermitian operator. The
equalized signal at the receiver side after removing the ZP can
be written as

Yeq = LTPGY,

= LY GHou + LY, Gu. (23)

At the receiver side, the received data y., is first processed
by the C-transform as follows

X = CLY, GHyL.,x + CLY Gu,

= CL.,GH,L.,C"X + CLY Gv. (24)
The noise signal, e = X — X, is then given as
e = (CLY GH,L.,C" —Iy)X + CLY Gu. (25)

In order to calculate the received signal power and the noise
power, (24) and (25) need to be simplified. This simplification
should start with the equalizer matrix G. The G matrix can
be factorized using singular value decomposition (SVD) algo-
rithm by simplifying its contents. The channel matrix, Hy, can
be factorized to WXV consequently, HY is equivalent to
VEHWH where 3 is a diagonal matrix, its diagonal elements
are the square roots of the eigenvalues of H{'Hj arranged in a
descending order, V is a matrix with columns equal to eigen-
vectors of HE'Hy while the columns of W are the eigenvectors
of HyHY'. Then G in (22) can be rewritten as

G = E, (E,VI"EVH 4 021,,) T VIHIWY. (26)

Using (AB) ' = B" 1A 1, (26) can be rewritten as
G = E, {(VEY) L (E,VEHEVH 4 021,,)) T WH,
= BBV + (VN 162L, ) W, @7

Using the fact that VH! = V=1 the first term of (27) can be
written in more expressive way as:

TVH = p(sHeH vt
=xxH(veH) -1 (28)
Substituting (28) into (27), G can be simplified to

G = E,{E, 23 (Vv 4 o1, (VETH 1 TWH,

=B, VEY (B3 4 021,) W (29)
Substituting (29) into (25) yield
e = |E,CLEVE" (B,TZ" 4 021)
XWHWEVHL,CT — Iy] X
+ B,CLE VS (B33 + 521,)  WHy.  (30)
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Fig. 3. Power spectral densities of DCT, CT and DFT based OFDM systems.
(a) Power spectral density of DCT-OFDM systems, (b) Power spectral density
of C-OFDM systems, (c) Power spectral density of DFT-OFDM system.

Since, C is areal transform, then C7 = CH and let A y . 3s rep-
resents the combination CLt';,V. For simplicity, Ay xar will

be written as A only without the subscript, after some algebra,
(30) can be rewritten as

e= [B,AS" (B,35" +021y) ' mAF - Iy| X

+EASY (B,55H 4 02T,) " WHy. (31)
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The above equation can be rewritten as

= A[BSM (B35 +02Ly) | 3 - Iy] APX

+E A EZSY 4 021, 'WHY, (32)
In (32), [E.ZNEZZH + o2y 'S] = 6
[ESEH(ESEJEH + 0',%,1111)712 — IA[] = ®, and

ESEH(ESEEH + af,IM)*l = O3 where @, &, and
®; are diagonal matrices with their ¢;;, diagonal entries are
respectively given as

E N\
Eo| A + 03
'78‘)‘i|2
= — 33
YsAi|2 +17 (33)
2
.. —0
@, = v .
[ 2] E9|Al|2+012
_ -1
B 'YS|)‘77|2 +1
Y E |\
"' = ——r———.
_ ¥s | Ail
st|)\i|2 + 1’

[©.]" =

(34

(35)

where A;, (i = 0,1,2,... M — 1) is the 4y, element of the di-
agonal of 3 and v, = % is the signal power (per symbol)-to-
noise ratio. Therefore, (3‘2) can be rewritten as

e=AG,AYX + AG;WHy. (36)
Similarly, X in (24) can be written as
X = AG;A"X + AO;WHy. (37)

The total noise power at the receiver side is P, = Elee™] =
tr(eet!) and is given as

P, = tr [AE,03A" + AsZ@3AY] .
=tr[A (E,03+0.03) A"].

In (38), [E.©3% + 0203] is a diagonal matrix which can be
simplified as

(3%)

Es '7 |)‘ ‘2
E,05 4+ 0203 T ,
: i = LTI T R+ 1P
_ Es Esvsp‘i‘Q
B [73|/\i|2+1]2 [’sz|/\1’,|2+1]2’
B,
= — 39
7&|Az‘2+1 ( )

Let @4 = diag(
yields

ﬁ) and by substituting (39) into (38)

P, = tr [AE,0,A"]. (40)
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The total power of the received signal is P, = E[XX"] =
tr(XXM) is given as

P, = tr [AEOTAY + AcZ@3AM],
=tr [A [E,0F + 0203] A"T],

= tr[AFE,0; AN (41)

Therefore, the signal-to-noise ratio at the output of the 1y,
subchannel is given as

[AG)lAH]m m

SNR,, = ————
[A®4A ]m m

(42)

The overall BER can be given by averaging the BER for the
individual subchannels [29] as follows

pM-PSK _ Z Q ( 2SNR,,, sin ( 77 )) ; (43)
m=0 Ml
and
. “m N-1 ;
pM-QAM _ wi 3SNRrm . (44
) my =0 M —1

In (43) and (44), ;+ denotes the number of nearest neighbors
signal points (1opsk = 2 and ji1g—qam = 3), M is the level
on constellation and m; = log, M; represents the number of
bits in each digitally encoded symbol, () denotes the Q-func-
tion of x and SNR,, is the signal power, per symbol, to noise
power ratio. In other words, by substituting the specific param-
eters that assigned to QPSK and 16-QAM, the BER is respec-
tively given as

[A®;AH]
QPSK 1 m,m 45
7;)Q ( A®4AH}'NL;HL> ' ( )
and
N-1

A M 3 [A®; AM]
PlG—QAIU' _ v ™m,m 46
¢ IN T;)Q S[AO,AT,,. (46)

The advantages of employing the C-transform in the OFDM
can be attributed to the fact that the C-transform further dis-
tributes the information symbols among the channel spectrum
mitigating the effect of narrowband notches of the channel spec-
tral as the data symbol on significantly attenuated subcarrier is
not completely disappeared where it can be recovered from the
other unaffected subcarriers.

It is noteworthy that the SNR approach in (42) is a general
formula describing the BER performance of ZP-OFDM with
MMSE detection and can be applied to attain the BER perfor-
mance for the DCT-OFDM or the DFT-OFDM simply by re-
placing the C transform by either the DCT or the DFT respec-
tively.

Finally, the recovered transmitted bits are obtained by ap-
plying the demodulation process on the recovered complex
modulated data symbols X.
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IV. PAPR ANALYSIS AND SSPA DISTORTION

The PAPR in the transmitted signal of the OFDM systems is
considered as one of the main problems plaguing the OFDM
systems [30], which arises from the superposition of a large
number of symbols.

In general, the PAPR for a given OFDM block can be written
as

maxo<r<N—1 4]
Ellzx ]

PAPR{xy} = 47)
where maxp<ip<ny—1 denotes the maximum instantaneous
power and E[|z|?] denotes the average power of the signal.
Hence, the PAPR for the case of the C-OFDM system can be
upper bounded as

|Xn max

o) < 5 B

(48)
This is because the C-transform has a block diagonal structure
with two-third of its element being zero as shown in (15). Thus
each of N output samples from ICT operation involves less than
or equal to the sum of % symbols. In contrast, for the case of the
DCT-OFDM or DFT-OFDM, each output sample involves the
superposition of N input symbols. Therefore, their PAPR can
be upper bounded as

w(2k + 1)m
‘XT”, itk
Ve 3 X ( i

m=0

DCT-OFDM _
o =

N-1
,DFT—OFDM _ Z X ol TR (49)
k /— m .
m=0
Then maxo<p<n—1|ze* < N|Xm|2ax and Ef|zg)?]

E[|Xm]?, 0 < k < N — 1, Hence the PAPR can be upper
bounded as

[ X2
PAPR{r} < N s,
[|X7n| ]

In (50), equality is attained at & = 0 where all the sub-symbols
have the same phase. In particular, each of the N output samples
from the IDCT or the IFFT operation involves the sum of N
symbols.

The worst case of the PAPR is of order /V for the DFT-
OFDM and DCT-OFDM whilst it is of order % for the pro-
posed C-OFDM system.

(50)

(PAPRc_oFDM,,,, JaB
< (PAPRpcr—orpM,,., — 3)dB
< (PAPRpFr_oFDM, ., — 3)aB (51

Our simulation results showed 1 dB improvement in comple-
mentary cumulative distribution function (CCDF) for the case
of the proposed C-OFDM system in comparison with that for
the DCT-OFDM or the DFT-OFDM systems.

The non-linear distortion arising from clippings in the trans-
mitted signal due to the SSPA has a detrimental effect on the
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OFDM performance. Therefore, further investigation into the
BER performance of the proposed approach when the system
encompasses SSPA power amplifier within its structure is pre-
sented in this section. Let us define the IBO, the operating point
of the SSPA power amplifier, as IBO = 10 1og10 P, where
Piy max and Py, v denote the maximum (saturat10n) and the av-
erage powers of the amplifier input respectively. The complex
envelope on the continuous version of the transmitted signal, u,
can be written as

u(t) = p(1)e?*®,

where p(t) and () respectively represent the amplitude and
the phase of the signal w(¢). The amplified signal is given as
sk = upGallug|], where Gy [|ug|] is the amplifier gain and it is
given as

(52)

AmHuk HeJ‘ﬁ[luH}

Gll““’k'” = |U/k|

; (53)
where ¢[|us|] represents the amplitude modulation/phase mod-
ulation AM/PM conversion of the non-linear power amplifier
and A,,[|uy|] represents the amplitude modulation/amplitude
modulation AM/AM conversion of the non-linear power am-
plifier which is given as [31]

ug|

[1+(Iuk|>ﬂﬁ.

In (54), A, is the amplifier input saturation voltage and p is
a parameter which controls the transition smoothness from the
linear region to the saturation region. Equation (54) reveals that
for an SSPA with a small IBO, A, is small (low saturation level),
this, in turn, leads to amplitude clippings and ultimately BER
performance degradation.

AmHukH = (54)

V. COMPUTATIONAL COMPLEXITY ANALYSIS

In this section, the arithmetic complexity of the C-transform
is analyzed and compared with the DCT, WHT-DCT and FFT
transforms. For fair comparison, all calculations are based on
radix-2 single butterfly algorithms.

It is worth mentioning that our true comparison is with DCT
and WHT-DCT, however, comparison with FFT transforms is
added for further information.

A. C Transform

As shown in (12), the C-transform has a block-diagonal-
structure (BDS) with more than 2/3 of its matrix elements being
zero; hence, its direct computation will only involve N? /3 real
multiplications and N (/N — 1)/3 real additions. However, when
fast algorithm is applied, this can be reduced even further. In
general, the radix-2 fast algorithm for the C-transform involves
a number of butterflies given as:

%log2 N-N+1.

Buttﬂics = (55)
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TABLE 1
COMPARISON OF REAL ARITHMETIC OPERATIONS FOR THE PROPOSED C TRANSFORM, DCT, WHT-DCT AND
FFT TRANSFORMS UNDER COMPLEX CONSTELLATION CONSIDERATION

N CT DCT WHIDCT FFT
Ra Rum Ro Ra Rwm Ro Ra Rum Ro Ra Rwm Ro

32 294 294 538 320 160 430 640 160 300 130 320 800

64 T4 iz 1548 768 384 1152 1536 384 1920 1152 763 1920
128 | 1926 1926 3852 | 1792 | 896 7688 3584 896 7480 2688 | 1792 | 4480
256 | 4614 | 4614 9228 | 4096 | 2048 | 6144 8192 | 2048 | 10240 | 6144 | 4096 | 10240
512 | 10758 | 10758 | 21516 | 9216 | 4608 | 13824 | 18432 | 4608 | 23040 | 13824 | 9216 | 23040
1024 | 24582 | 24582 | 49164 | 20480 | 10240 | 30720 | 40960 | 10240 | 51200 | 30720 | 20480 | 51200
2048 | 55302 | 55302 | 110604 | 45056 | 22528 | 67584 | 90112 | 22528 | 112640 | 67584 | 45056 | 112640
4006 | 122886 | 122886 | 245772 | 98304 | 49152 | 147456 | 196608 | 49152 | 245760 | 147456 | 98304 | 245760

Each butterfly involves 3 real multiplications (Ry1) and 3 real
additions (R4 ). Thus the complexity of the C-transform in-
volves Ry = %Nlog2 N —-3N+3and Ry = %N logo N —
3N + 3 and then the total number of real operations (Rp) is
given as

Ro =3Nlogy, N — 6N + 6. (56)
It is worth mentioning that, for the case of complex constella-
tion, the arithmetic operations of C transform that is given in
(56) must be calculated twice, one for the real part and the other
for the imaginary part, and the overall complexity is given as

Ro = 6Nlog, N — 12N + 12. (57)

B. Discrete Cosine Transform (DCT)

The arithmetic complexity of fast implementation of DCT
based on single butterfly algorithm can be given as [32]:
Number of real multiplications 7y = % log, N and number
of real additions 124 = N log, N thus the total number of real
operation is given as Iy = 3%7 log, N. It is worth mentioning
that when complex constellation is used, the complexity above
should be calculated twice (one for real part of the signal while
the other for the imaginary part) and the arithmetic complexity
will be equal to Ry = 3N logy N

C. WHT-DCT

The arithmetic complexity of fast implementation of the
WHT followed by the DCT can be given as: The WHT com-
plexity includes just Ra = N log, N real additions while
the arithmetic operations of the radix-2 DCT using single
butterfly algorithm is given above as: Ry = % log, N and
Rn = Nlog, N for real multiplications and additions re-
spectively. Then the total number of real multiplications and
additions for the WHT-DCT is given by

Ry = % log, N. (58)
Same as for the case of C-transform, when complex constella-
tion is used, (58) must be calculated twice and the arithmetic
complexity will be given as

Ro(WHT-DCT) = 5N log, N. (59)

D. Fast Fourier Transform (FFT)

In this section we will consider complex FFT only, each FFT
of order NV involves: C'y; = % logy, N complex multiplications
and Cy = Nlog, N complex additions. By rendering the fact
that each complex multiplication is equal to 4 real multiplica-
tions and 2 real additions and each complex addition is equal
to 2 real additions; that is radix-2 FFT based on single butterfly
algorithm involves 3y = 2N log, N and Ito = 3N log, N,
hence, 12y is equal to 5N log, V.

Table I shows the computational complexity for the C-trans-
form, DCT, WHT-DCT and FFT for different transform lengths
N when complex constellation is considered (all the C-trans-
form, DCT and the WHT-DCT are used twice, one for the real
part of the complex data while the other for the imaginary part).

E. Receiver Complexity

The MMSE receivers of the C-OFDM, DCT-OFDM and
DFT-OFDM with zero-padding have the same degree of
complexity. The equalizer complexity of the C-OFDM and
DCT-OFDM with zero-padding is higher than the complexity
of the DFT-OFDM equalizer with a cyclic prefix [22] in the case
of a quasi-static channel where the channel equalization could
be done in the frequency domain by simple one tap equalizer.
However, the ZP-C-OFDM, ZP-DCT-OFDM, ZP-DFT-OFDM
and CP-DFT-OFDM have the same equaliser complexity if
they are used over fast fading environment where the channel
equalization needs to be carried out in the time-domain. In this
work, the ITU pedestrian B and vehicular A channel models,
which varies among the OFDM transmission while it is constant
during each single OFDM symbol, is adopted in this work.

The main complexity of the MMSE receiver comes from the
calculation of H{'Ho+521,;) " HE. The number of operations
in the above MMSE equation can be calculated using several
algorithms [33]. The method of normal equation, for instance,
gives a computational complexity of TN?/3 + N?Lg. As N
is the number of subcarriers in single OFDM symbol, the per-
symbol complexity is then given as TN?/3 + N L¢.

VI. SIMULATION RESULTS AND DISCUSSION

In this section, results are elaborated to demonstrate the per-
formance of the proposed C-OFDM and compare it with that of
the DCT-OFDM and DFT-OFDM systems. It should be noted
that the true comparison should be with the DCT-OFDM as both
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Fig. 4. PAPR performance of the proposed C-OFDM, DCT-OFDM and DFT-
OFDM systems using 16-QAM modulation format, the DCT-OFDM and DFT-
OFDM systems have the same graphs.

the C-transform and the DCT are real transforms. However, we
added the comparison with the DFT-OFDM for more informa-
tion.

A. PAPR Reduction

A simulation was carried out for the C-OFDM, DFT-OFDM
and DCT-OFDM systems, showing that the C-OFDM has the
lowest PAPR for different number of subcarriers (N = 128,
and 1024) and 16-QAM modulation formats. In order to have
an awareness and intuitive view of the PAPR statistics, com-
plementary cumulative density function (CCDF) was plotted.
Also to ensure the reliability of computer simulations, 10°
OFDM symbols were generated to obtain each PAPR value.
It is noted from Fig. 4 that the C-OFDM system has a better
PAPR than the DCT-OFDM and DFT-OFDM for different
numbers of subcarriers. Fig. 4 also shows that the DCT-OFDM
system achieves the same PAPR as the DFT-OFDM while the
proposed C-OFDM achieved about 1 dB improvement at a
CCDF of 10 *. This is due to the fact that the C transform
has a block-diagonal-structure that reduces the superposition of
the input symbols involved in the calculation of each OFDM
sample. This phenomenon, however, does not exist in the
DCT-OFDM or DFT-OFDM systems counterpart shown in
(12)-(16).

B. BER Performance

1) BER Performance Over AWGN Channel: The BER per-
formance of the C-OFDM, DCT-OFDM and DFT-OFDM sys-
tems over AWGN channel for 16-QAM modulation format is
shown in Fig. 5. It reveals that all of these systems have the
same BER performance over the AWGN channel because the
AWGN noise power is distributed equally (white noise) among
all the subchannels, so there are no channel dips. This in turn,
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i '] —%— DFT-OFDM
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Fig. 5. BER performance of the proposed C-OFDM, DCT-OFDM and DFT-
OFDM systems over AWGN channel model for 16-QAM modulation format.
All have the same graphs.

illustrates that the C-transform preserves the orthogonality in
exactly the same way as the DCT and FFT transforms where all
the data are equally recovered. However, the superiority of the
C-OFDM in terms of the BER performance is pronounced over
multipath fading channels showing high signal diversity and
achieving significant performance gain over the DFT-OFDM
and DCT-OFDM systems as shown in the next section.

2) BER Performance Over Multipath Channel: Besides the
PAPR reduction, channel diversity exploitation is another ad-
vantage of adopting the C transform in OFDM systems which
is pronounced over multipath frequency selective channels.
To illustrate this advantage, ITU pedestrian B and vehicular
A channel models according to the WiMAX standard and the
ZP-MMSE detection were utilized in this work; where the
following parameters were used: The transmission bandwidth
is 10 MHz, the carrier frequency is 4 GHz and number of
subcarriers N = 1024, the guard length Loy = 256. Since
the channel length is shorter than the guard length, no ISI
occurs in our simulations. In the case of the DCT-OFDM and
DFT-OFDM systems, the ICT/CT in Fig. 2 are replaced by
the cosine transform matrix (IDCT/DCT) or Fourier transform
matrix (IDFT/DFT) respectively. Two signal constellations,
QPSK and 16-QAM, were adopted in this work.

It can be seen from Figs. 6 and 7 that the theoretical re-
sults are in strong accordance with those simulated by com-
puter, illustrating that the proposed C-OFDM significantly out-
performs both the DCT-OFDM and the DFT-OFDM systems
under; pedestrian B and vehicular A channel models, perfect
channel state information CSI assumption, and for QPSK and
16-QAM modulation formats.

Fig. 6 shows the BER performance of the ZP-C-OFDM,
ZP-DCT-OFDM and ZP-DFT-OFDM systems over the ITU
class B pedestrian channel and for 16-QAM and QPSK
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Fig. 6. BER performance of the proposed C-OFDM, DCT-OFDM and DFT-
OFDM systems over ITU pedestrian B channel for QPSK and 16-QAM modu-
lation formats.
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Fig. 7. BER performance of the proposed C-OFDM, DCT-OFDM and DFT-
OFDM systems over ITU vehicular A channel model for QPSK and 16-QAM
modulation formats.

modulation formats. It is evident that at 10~* BER, the pro-
posed C-OFDM achieves about 10 dB Fj /Ny gain over the
ZP-DCT-OFDM and ZP-DFT-OFDM. This can be attributed
to the fact that the C-transform has a block diagonal structure
that is less affected by multipath channels which leads to this
high gain in E}, /Ny. On the contrary, this gain is not achievable
by the DCT-OFDM as the information symbol on deep notch
subchannel can not be recovered at the transmitter from other
unaffected subcarriers.

Over avehicular A channel, it can be seen from Fig. 7 that, for
QPSK and 16-QAM modulation formats, the C-OFDM scheme
still retains the valuable BER improvement in comparison with
DCT-OFDM and DFT-OFDM ones.
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Fig. 8. BER performance of the proposed C-OFDM, DCT-OFDM and DFT-
OFDM systems of QPSK and 16-QAM modulation formats with SSPA (IBO =
7 dB) over ITU Vehicular A channel model.

3) BER Performance in the Presence of SSPA: In this sec-
tion, we further investigate the BER performance of the pro-
posed scheme in the presence of the SSPA high power ampli-
fier. For the QPSK and 16-QAM modulation formats and 7 dB
input back-off (IBO), Fig. 8 shows the BER performance of the
proposed scheme, the DCT-OFDM and DFT-OFDM systems
under the ITU vehicular A channel model.

It is clear from Fig. 8 that at 10 =% BER, for QPSK constel-
lation, the proposed scheme still retains the same F}, /Ny gain.
However, this gain is reduced to around 6 dB for the case of
16-QAM constellation format.

4) BER Performance in the Presence of CFO: The BER
performance in the presence of CFO of the proposed C-OFDM
system compared with those of DCT-OFDM and DFT-OFDM
systems is investigated in this subsection. Fig. 9 shows the
BER performance of the proposed OFDM, DCT-OFDM and
DFT-OFDM systems for different values of the normalized
CFO ¢ (¢ = 0.03,0.06 and 0.1). It is evident that the proposed
system surpasses the DCT-OFDM and DFT-OFDM systems
for small € around 0.03 whereas it has less BER performance
for ¢ around 0.06. However, it is also evident that all of the
aforementioned systems will completely lose their orthogo-
nality when ¢ is above 0.1. The proposed C-OFDM system
is slightly more sensitive to the CFO than both DCT-OFDM
and the conventional OFDM systems when no synchronization
algorithms is applied. This is because any shift in subcarrier
frequency will be spread over others by the C-transform.
However, all the DCT-OFDM, the conventional OFDM and
the C-OFDM systems completely lose their orthogonality
when CFO, normalized to the subcarrier spacing, is larger than
or equal to 0.1. The C-OFDM system restore its superiority
over the others when a CFO synchronization algorithm is
used. The range of applications of the proposed scheme can
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Fig. 9. BER performance of the proposed C-OFDM, DCT-OFDM and DFT-
OFDM systems over ITU vehicular class A channel and CFO = 0.03,0.06
and 0.1 and 16 QAM modulation format.

be extended beyond the wireless communications to include
optical communication, the discrete multi-tone (DMT) and the
PLC systems.

VII. CONCLUSION

In this paper, a new C-OFDM has been introduced using the
IC/C transforms. The adoption of the C-transform in OFDM
rather than the DCT or the DFT achieves better BER perfor-
mance and PAPR reduction. It has been proved, mathemati-
cally and by simulation, that the C-OFDM can attain a valu-
able Fy/Ng gain over the DCT-OFDM and DFT-OFDM sys-
tems when the ITU pedestrian and vehicular channel models are
used. This is attributable to the use of the C-transform which has
a block diagonal structure which results into better diversity and
resilience against multipath channels.

Another advantage of the proposed C-OFDM system which
has been explored in this paper is the PAPR reduction. Simula-
tion results confirmed that the PAPR of the transmitted signal
in the case of the C-OFDM system is lower than both the DCT-
OFDM and DFT-OFDM. This is also due to the block-diagonal-
structure of the C-transform, where the maximum signal super-
position and the number of additions required for performing
each C-OFDM sample is % rather than NV in the case of DCT-
OFDM and DFT-OFDM. The range of applications of the pro-
posed scheme can be extended beyond the wireless communi-
cations to include the discrete multi-tone (DMT) and the power
line communication (PLC) system where signals are real not
complex which is more suitable for C-OFDM.
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