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Abstract—This paper extends the existing fast RLS recur-
sions originally intended to exponentially windowed problems
for general models, to a generalized sliding window formulation
(GSWRLS). From a matrix algebra perspective, we show explicitly
how the displacement rank of the underlying inverse covariance
matrix associated to any operator is defined as a function of
the number of window breakpoints and how the fast GSWRLS
calculates these rank factors in a fast manner. The recursions
hold regardless of the (first order) data structure induced and
show that fast fixed order and order recursive RLS algorithms
can still be obtained for unwindowed data matrices exhibiting
a fixed arbitrary relation between successive regressors. Our
approach highlights the existence of a certain degree of freedom
inherent to structured data matrices induced by general models,
showing that efficient representations of their inverse covariances
are not limited to factor circulants, but rather constructed from
any arbitrary operator. These Bezoutians, usually expressed
via reproducing Kernel relations, can be represented exactly in
matrix form, along with a precise correspondence to variables of
a GSWRLS. As a fallout, we obtain a vector relation stating the
so-called minimality property, for extended models and windows,
as opposed to analogous generating function arguments normally
seen in original approaches. These results pave the way to a
more general framework of polynomial Vandermonde covariance
decompositions which arise naturally via a proper choice of
recurrence related polynomials. This has further impact on several
signal processing applications, including superfast realization of
equalizers in communications scenarios.

Index Terms—Sliding window RLS algorithm, orthonormal
model, lattice, regularized least-squares.

I. INTRODUCTION

TRUCTURED problems are present in numerous signal
S processing and communications scenarios. Frequently, the
data model involved in a given problem induces a particular
structure in the corresponding solution, which in turn can be
exploited in order to decrease the computational effort that
would be required to realize the original “unstructured” for-
mula. Common examples arise in the theory of fast recursive
least-squares (RLS) algorithms [1], where for M x M matrices,
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instead of relying on O(M?) Gauss elimination computations,
recursive solutions require O(M?) by exploiting the sequential
least-squares structure of a given data, or even O(M) multi-
plications per iteration, by relying on additional data structure
[8], [10]-[12]. A fast algorithm is by itself one way of proving
the so-called displacement structure, tracing back the works
[13]-[29] for inversion of Toeplitz matrices. For example, the
displacement rank of any Toeplitz form does not exceed 2, a
fact that extends similarly to other structures. The displacement
rank is propagated through its Bezoutian!, that is, the inverse
of a structured matrix whose efficient representation can be
exploited in numerous ways towards complexity reduction.

The concept of displacement has been vastly studied in the
adaptive context in terms of successive time-varying inverse co-
variance matrices, related through sequential rank-one updates
and/or downdates, in a more general sliding window context.
We shall refer to such matrices (which include a regularization
term as well) as a covariance Bezoutian, which is simply the
inverse of a highly structured deterministic covariance. For
instance, in a pre-windowed adaptive filter setup, a widely
known result is that the displacement rank of any covariance
Bezoutian with respect to a shift operator is equal to 3, while
it is equal to 4, for non-prewindowed data models [5]-[7]. The
celebrated fast fixed-order [8] and order-recursive RLS algo-
rithms aforementioned [ 1] are common examples that make use
of rank-3 displacements [39], while the Generalized Window
Fast Transversal Filter (GWFTF) of [30] is an example that
relies on a rank-4 displacement. The intrinsic property of these
Bezoutians finds application not only in adaptive contexts, but
also in non-adaptive computation of equalizers and receivers in
channel estimation-based scenarios. For instance, I have shown
in [32] and [36] that the rank-3 and rank-4 displacement prop-
erties of inverse covariances can be exploited via fixed-order
RLS recursions in order to compute MIMO decision feedback
equalizers (DFE), and via lattice recursions in the computation
of SISO block DFEs in [35] (see also [37]).

The notion of displacement gave a deeper explanation to
fast RLS recursions with shift data structure, and allowed us
to show more recently that fast fixed-order and order-recursive
RLS algorithms hold similarly for any prewindowed data struc-
ture whose defining basis functions satisfy recurrence relations

IThis terminology is due to Sylvester [17] in the context of polynomial root
localization, referring back to the studies of Euler and Bézout in elimination
theory [15], [16], while the displacement equation was first introduced by
Cayley [18], following a generating function description, and the works of
Hermite [19] in polynomial stability. At that time, their concern was not related
to the complexity issues of matrix-vector multiplication or inversion operations
(see Olshevsky et al. and also [20]).
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in [10], [11]. In these references, this was exemplified via a
special case of Szegd polynomials [34] orthogonal on the unit
circle, proving that even infinite-impulse-response (IIR) filters
give rise to fast algorithms with complexity orders that reach
much lower levels compared to the ones obtained by the usual
tapped-delay-line. In fact, for pre-windowed data, the displace-
ment rank of these covariances in regularized least-squares
(LS) or minimum-mean-square-error (MMSE) solutions is
shown not to exceed 3, regardless of the (first-order) basis
functions generating the underlying data.

The ultimate goal of this presentation is to take a holistic
approach on the representation of (time-varying) structured
windowed covariances considering arbitrary operators. Our
approach is underpinned by the development of a GSWFTF
algorithm for extended data matrix structures constructed from
successive related input regressors. This is because the algo-
rithm itself naturally yields the generators of a displacement
equation in a fast, causal manner. The results of this work are
closely connected to the development of Bezoutian representa-
tions of [2]-[4]. We highlight the importance and applications
of the algorithm development itself, and explain how it will
be connected to the subjects of Bezoutian decompositions
discussed in the related paper [2], as well as its impact in
communication applications.

The fast Generalized Sliding-Window Recursive Least
Squares (GSWRLS) algorithm [30] is known by its supe-
rior tradeoff among tracking, robustness, and convergence
speed when compared to existing rectangular sliding window
(SWRLS) based algorithms. Whereas the SWRLS completely
forgets data beyond a length I of past input samples, quickly
incurring in numerical errors accumulation, the GSWRLS
algorithm makes use of only partial downdate recursions, thus
preserving the exponential window decay towards infinity.
The resulting window exhibits a characteristic “tail” beyond
L samples, which helps regularizing the least-squares (LS)
problem, therefore contributing to better conditioning and
stability of sliding-window adaptive filters. Compared to the
SWRLS and the Affine Projection Algorithm (APA) [31], the
GSWRLS is able to retain both desired robustness and fast
convergence features within a single algorithm. Note that the
APA solves an underdetermined system of equations due to a
short window length, and yet both SWRLS and the APA are
subject to ill-conditioning and noise enhancement effects [30].

Now, the GSWRLS of [30] has been derived for shift data
structures only, and no counterpart is available for general
models. By general model, we mean any data model such that
two successive regression vectors can be related by a constant
matrix, say, V. While ¥ is arbitrary, and the fast transversal
recursions are obtained regardless of its structure, we shall
assume later that it belongs to a class of operators induced by
recurrence related polynomials, since this guarantees that the
complexity of matrix-vector multiplications involving ¥ will
be efficient and linear in the filter order. Changing basis rep-
resentation brings several benefits, including better numerical
conditioning, reduced computational complexity, and compact
representation of models. For example, rational bases allows
substitution of long FIR filters by shorter compact infinite
impulse response (IIR) models (see [10] and the references
therein). This can represent large computational savings, since
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in a variety of signal processing and communications applica-
tions, such as echo cancelation and equalization, one is often
challenged with the problem of training or equalizing long
tapped-delay line filters. Unlike the conventional IIR adaptive
methods, which present serious problems of stability, local
minima and slow convergence, the use of IIR bases offers a
stable and global solution, due to the fixed poles location. The
resulting algorithm then becomes fast of O(M') operations per
iteration, where M’ < M. Moreover, these IIR bases can be
simultaneously chosen in such way that U is also unitary, which
implies perfect numerical conditioning for the computations
involving this matrix.

In this paper, we extend the GSWRLS to such generic models,
which we also refer to as Extended Generalized Sliding Window
Fast Transversal Filter (EGSWFTF). Several recursions analo-
gous to the ones encountered in the standard fast RLS theory are
derived, as well as new updates and downdates not available in
the context of the existing GSWRLS for shift data structure [30].
While some of these recursions may be familiar to the reader ac-
quainted with the GSWRLS recursions, their derivation in our
context contains a level of generality not seen in the original al-
gorithms for shift-data, and will be fundamental for the connec-
tions with the framework of covariance decompositions pursued
in [2] (as well as for the development of future order-recursive
algorithm counterparts). This will allow us to pursue a rescuing
mechanism for the EGSWFTF, which improves the stability be-
havior of the recursions.

This paper is organized as follows. Starting from a general-
ized window formulation, Section II introduces the GSWRLS
problem for a data structure induced by a first order relation
between two successive regressors. Without loss of generality,
the EGSWFTF algorithm is obtained assuming a window with
a single breakpoint after L samples. In Section III, the condi-
tions for exact initialization of the EGSWFTF are established
regardless of the (first-order) input model. Until this point, no
specific structure for the input model is defined. This will be
determined in Section IV, which gives a unified treatment on
recurrence-related polynomials, and shows how the choice of
input basis functions affects the efficiency and numerical condi-
tioning of the underlying EGSWFTF recursions. The bridge be-
tween the input basis and the displacement theory is approached
in Section V. It is shown how the displacement operator is con-
structed as a composition of the model operator and any ar-
bitrary companion matrix, while the corresponding displace-
ment equation in terms of the Kalman and prediction vectors
of this problem are explicitly given. In Section VI, we solve
the displacement equation for the constructed operators, and
show how the reproducing kernel of the Ricatti variable, nor-
mally written in polynomial form, is instead obtained explicitly
in vector form. This result, along with the additional relations
of Section VII, complete the set of minimality conditions of the
EGSWEFTF algorithm, for which we propose a simple rescue
mechanism. Finally, simulations considering an extended or-
thonormal model illustrate the benefits of the proposed algo-
rithm in Section VIII2,

Notation: We denote by ( )* the conjugate and transpose of a
vector. Since we will be dealing with row (time) updates and

2This work was partially published in [43].
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downdates, as well as column (order) updates and downdates
(i.e., order recursive variables), we shall write, e.g., Har n, as
the order M data matrix at time N. A third index will be nec-
essary, which refers to the updated or downdated variable, e.g.,
Py w1 corresponds to the Ricatti variable at time NV, defined
via a length L window for an order M LS problem, and simi-
larly for uas v, ear,z.(N), ..., and so on. We shall use diag( - )
to capture the diagonal elements of a matrix into a vector, as well
as diag({z, %;01) to perform the reverse operation. With an
abuse of notation, we shall use this operator in the case of block
diagonal matrices as well. The notation ®~* is used to denote
[®1]*. The notation /¢ is the phase of ¢. We use # to denote
complex conjugation followed by order reversal of the coeffi-
cients of a column or row vector, and e.g., A# for columnwise
reversal in case of matrices. We refer to

"0 o --- 0 Ao "

1 0o --- 0 #1

Zg = {: . : : J M
0 0 1 Op-1

as the companion matrix associated to the coefficient vector
6 = col{by,b1,....0p_1}, which collapses to the so called
8o—factor circulant operator, when {#;} = 0, for i # 0. The
shift operator is such that 8§, = 0, Vs.

II. FAST GENERALIZED SLIDING-WINDOW RLS FILTER FOR
EXTENDED MODELS

We assume that the reader is acquainted with the role of the
displacement theory in LS adaptive algorithms in its state-of-
the-art. We refer to the recent works [10]-[12], where a gen-
eral framework for exploiting data structure in RLS problems
has been introduced. The central idea in these references is to
show that fast recursions propagate the displacement rank of
the Ricatti variable corresponding to any prewindowed data ma-
trix, whenever a relation among the successive rows of this ma-
trix can be established. More specifically, we denote the indi-
vidual rows of a data matrix Hs nx by {varr}, i-e., Hiyn =
[Uiro Wiry u}y n |, where two successive (row) vec-
tors {uar, N, tar N+1}, of order M, are given by

UM,N
= [uo(N)  u1(N) unr—1(N)]
= [UMA,N UM71(N)]-/
UM N+1
=Ju(N+1) w(N+1) up—1(N +1)]
=[up(N+1) dpr—1,5+1].

In tapped-delay-line models we have @as 1 xy41 = Unr—1,n5,50
that H»; v becomes Toeplitz-like. More generally, let the entries
of {UZLI,N; U,J\LN_H} be related as

@)

where Wy 1 is (M — 1) x (M — 1). Our development al-
lows for a very general data structure, in the following senses:
(7)) The successive rows of H s, are related by a fixed matrix
Whs; (i) The data structure is not necessarily pre-windowed;

Upar—1,n41 = Upr 1,8 Va1
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Fig. 1. Generalized window.

(#ii) The structure of H s, can be interrupted at several points
via scaling, while being exponentially weighted at the same time
during each interval. That is, let Iy, denote a size L; identity
matrix, and consider the (N + 1) x (N + 1) weighting matrix

A g _ _
WL, = diag(x{r, - i, nolL,)
diag(AY - A1) ()
where the scalars {7, 71, ..., 7Kk}, determine the levels of
downdating employed at each Lg,L;,...,Lx past input
blocks of data, respectively. Without loss of generality, we shall
assume a prewindowed data model with one level of weighting,
i.e., Wr, = Wy, denoting the window length from the current
time instant until its first breakpoint. Extension to K levels is
straightforward. Fig. 1 illustrates the generalized window, for
A _
o =1-m.
Now, define the M x M inverse
A -1

Pywni = (HMI + HRJ:NWLHJ\LN) ; 4)
where L1/ is a positive definite regularization matrix. We shall
assume that the effect of regularization in (4), in case it exists,
is taken into account in the definition of the data matrix itself.
That is, one can factor Hl{fl in (4) as H;} = A WoAar, so
that defining the new data matrix as

" UM, -Q
A M a .
HM,N = H , where .AM = . ) (5)
M.,N ’
UM, —1
Py nr can be equivalently written as Pasn 1 =

( KLAJ/VLHMTN)*ZL. Also, Wy, is replaced by Wy, defined
similarly to (3), but with size N = N + @ + 1. Of
course, this factorization is highly non-unique; the rows
, Q, in Ays are simply interpreted as fictitious
data, whose structure will be chosen accordingly3—see
Section III. Still, we shall continue to use the index N in
H v, in order to denote time, instead of N', which denotes
the row index.

UAL—i;i = 1, PN

A. Exploiting Structure Sequentially

Our goal here is to provide the vector relations involving the
Kalman gains which are key in making use of data structure. We

31t is intuitive to conclude that the displacement rank of the corresponding Be-
zoutian is no longer 3 as in the case of a single exponentially weighted window,
since structure will be broken at several points. Some adaptive algorithms are
simply special cases of the above construction; for instance, RLS corresponds to
K =0 or K = 1 (for non-pre-windowed); the GSWRLS algorithm is equiva-
lent to picking & = 1 for a pre-windowed scenario. In the latter, it is clear that
the displacement rank of Py, n ; becomes 4.
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allow these relations to take into account a non-prewindowed
scenario, in which the first row of H 7, is not zero. This would
be the case on a non-adaptive scenario where there is no control
on the regularization term. In this case, from (2), the relation
the data matrices H s nx and Hjs v through successive instants
(i.e., assuming that /V is associated with time), we have that

v UAT —
Hyn = [ H\VII ’NQl] Yae
0 Up, @
_ Ty + | 9 6
[HM.,Nl ] Y {ONLM / ©

with H 7 1 = uas,—¢, and where for compactness of notation

we shall denote uys g 2 u. The notation ~ is due to the fact
that in order-recursive problems, a certain column update may
lead to a matrix structure that does not necessarily corresponds
to data originated within the M taps of input network. That is,
when updating Hys 1,5 to Hps, v by appending a new column
to the right, the augmented matrix can assume any structure, so
that Hyr n # Has,v. The last column of W, will be denoted
by ¥, which in turn defines the last column of H a,v—see (41)
further ahead.

Now consider the following definitions (7)—(12), described
on the top of the next page, involved in the fast generalized
window recursions defined from Px; x 1, and the coefficient ma-
trix PILI,N,L = (HKJ?NWLH'NLN)il, obtained from (6).

A *
=P N Lung N -

AL~

]{:(]/
M,N,L-1 L+1

"o Par,n.L—1thy N L+17\7[(IL 1(NV),
d
k/\I,N,Lflryi\;,Lfl(Ar) @)

= ok
Pr oy Lty N
= A\

(L

7d
Kaenn-1

P2

jid
CM,N,L—1 L+1

1 5 o v —d
'r}()PAM,N,LflUA"W,NfL—i-l’yA/I,Lfl(Nv)v
jd

Ldf2
karn -1

kj([ N.L— 1%\;L (V) ®)

kM.,N,L 21 Py n-1n1ty N

IIl>

=L MN L“M \/’YML(N)
L. a4 1/2
karnv,n = kz\{,N,L’YALL(N) ©
o AL 13 s
kavrnn =X Pun-1n-10 n

= ok w—1
= LM N,LYUA NV L (NV),

>

(10)
-l-uM NorriPunNrLuy N 1
[—)\L71770(1 + AL
X Py 1ty pa)l ) (1)
Yz (NV) S147?

. -
= (1 —uar,nParv pis )

/:?M,N L=k, N.L’“}’%ZL (N)
) (E- 1)

||l>

77071M,N—L+1

P *
UMNLEMN-1,L-1U) N

(12)

d/2 (

: d 2 2
The variables &y v/, 1—k 'M,N,L—1YM,L—1 )and by vz =

ki, L*y% 2L (N)in(7) and (9) are the normalized Kalman gains
correspondﬁng to the updating and downdating LS problems re-
spectively, with respect to their likelihood variables (11), (12).
Similar definitions hold for the ones arising from PM,N, £ in(8)
and (10).
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One way to exploit structure is to obtain a vector update for
‘Fhe Kalman vectors {kf{jN -k M.N, L, deﬁne?d %n (7) and (9),
instead of ones relying on matrix-vector multiplications based
recursions. This can be achieved, e.g., in a causal manner, from
(6)as Pyly ;= Wi, (Poty 1 +AY w*u) Ty, which implies
that { Pas v 1., Par,v-1,1.} are related as
(13)

_d —_
5 o L, de wdo
Pyne =V Pun-a10Vy —kynkan

od -d
g A witn
where kJ\J,N = RN I— 1,W1thl" MN = \I/M P\[ N-1,L— 1w,

cdo /
by = kgﬂwq'}’j{;,/LQA(N)’ and likelihood variable

Yarg -1 (V) SN fuPyn put for L = N+ 1.
Usmg (7) and (9), the relations for {kns v_1,L, kM ~.r} and
(k3 N-1.L0 k‘{[ ~ .1} are readily established from (13) as
v Sdo* sd,

kA"LT,]\T7L = \Ilijlkf\l?lV_LL — (kA/IHNU’RLJ\’_) kﬂf,}\"

(14)

v Sdo*
 d _a—1pd 1 .
karne =Yy kyn—10 — <k1\l,1\'uM.NL+l> v v (1)

Of course, for A < 1, the effect of u*u disappears with time.
In the adaptive filtering context, because u is arbitrary chosen
a priori, we can set u = 0, which eliminates the need of recur-

Sd,
sions for k M. NU\[ ~ and l{M NUM N1 0 (14) and (15). In
an non-adaptive scenario, additional recursions for propagating

vlo

ks n canbe extended along the lines of [36], where those were
derived for shift-data structures.

Relations (14) and (15) are in turn key to performing fast up-
date of the Kalman vectors, and require two main ingredients for
this purpose: (i) That we obtain order updates for these quanti-
ties; (if) That these matrix-vector multiplications are O(M ) ef-
ficient as well.

B. Forward and Backward Prediction Updates and Downdates

We now derive all the updating equations that do not rely
on data structure. In a sliding window scenario, the coefficient
matrix Py . 1s time-(row) updated as

—1 7 T %
Pynp=A"Pun-10-1—kunikynr (16)
while its downdated recursion is given by
PM,N,L—I = PM N,L — kM N,L— lk\/[ N,L-1- (17)

In the latter, the fraction o A"~ ! of UAr,N—L+1 1S removed from
the covariance Py, ;. Hence, the solution was v 1, to

(18)

. 2
min [lyx — Havwlly,
can be recursively computed irrespective of data structure via

1,L-1 = WM,N-1,L + kif,]\"fl,L—l'YﬁI,Lfl(N)
X [d(N — L) — up n_rWar,N—1,1]

er.. (V) = yur,o(Near. o (N),

earn(N) = d(N) —un nwiy x o1z

d
wl\f,]\’*

4 v ,
W NL = Warn_1r-1+ kN pearn(N)

where  {wi; x 17 1,74 1(N)} denote the solu-
tion and likelihood variable in the downdated problem.
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Similar recursions hold for the forward and backward
pred1ct10n problems with analogous expressions for

{fyw (N ),fy;[ (N)}. The likelihood factors relate the

d 2
forward a priori errors o, | (N —2) = w(N - L —
¥ A
1) — uf\’f*1A,N*L*1“"Awfl,N72,L and 041\/[,1,]4(]\7 — 1) =

u(N) — uM,er,lw“]{Iil n_ar_1 as well as the back-
M : , A
ward a priori errors 8% ;. (N — 1) = upy (N
b ;

L) — wnman-pwy gy 11 and SBao1n(N)
up—1(N) — uM,erwﬁ/[fl Nn_1p to their a posteriori
versions (defined by replacing the prediction vectors with their
time updates):

a

A(IZI,L(N) =-A L+1’Io ’Y\J L(N)U‘M L(N),

ban(N) = = A5 tyg L (N)BY L (V) (19)

S L(N) =y, (N )OéwL N),

bar,r.(N) = vya o.(N)Bas 1. (N). (20)
The gain vector kj{;[’Nfl’ 1, 1s forward order-updated as

0
kﬁf,N—l,L—l = {kd ]
M—1,N-1,L—1
afy 1 (N 1) [ 1 } 1)
E{FLL(N -1) _“){1—1,N—1,L '

The likelihood factor and minimum cost in the above recursion
satisfy the following updates:

"/KI,L—I(N) = 7K{-1,L—1(N) [1 — Varo1, -1(V)

x |O‘§€171L 1 | /51\1 10 1( } (22)
i 1na(N) = 3P 1.0 (V)
+ WMA,LA(N) |O‘ﬁ/[71,L71(N)|2 (23)

which, when combined yield

e (N -1)

‘51{171,L71(N - 1) .
(24)

%%I,Lfl(N - 1) = ’Yﬁf&,L&(N - 1)

Similarly, the forward order update for ks, v 1,1, is given by

)
M _1,N—1,L
ap-1.0(N-1) [ 1
)‘f{/.rfl,Lfl(N - 2)

kyov_1L = [/4‘

o (25)
“Wh N2, L1

with corresponding likelihood variable and minimum cost sat-
isfying

(N —1) =1, 0(N—-1)
—fa—rz(N = 1)/l 1L (N=1) (26)
5M IL( _1)_)‘€M 1,L— 1(N_2)
+aj (N =Dfar1n(N=1), (27)
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which, combined, yield

pY34 N -2
Y, o(N = 1) =vp-1,0(N - 1) S 1l ) (28)
&l 1N =1)

The forward prediction vector is row-downdated as

f _ . f
Wi i N-2L0-1~ Wy 1N 2L

d d oy d

+hyan e 111N —=2)af 1 (N =2) (29)

and time-updated according to

w1{171,N717L = w£17171\772,L71
+hkvyoavo1ofu—1.(N—1). (30

Analogously, we can easily write the following backward pre-
diction update and downdate counterparts. For example,

’VYM,L(N) = )‘WM—LL(N)fRI—LL 1 ( /fM 1 L
(31)

75%1,L71(N) = ’Yf]v'171,L71(N)EM 1, L /5M 1,L— 1(N)
(32)

The remaining equations are already included in the algorithm
listing for simplicity. The algorithm is completed via the rela-
tion between the likelihood variables of the downdate problems
il (N v/ (N )} and the ones of the update problem
{Yar (N, var (N — 1)}. In view of the two alternative ex-
press:ions (1D and (12), these can be related as

ML J(N) =73 (N = 1),
'Y\I L(N) = (N = 1), or (33)
YL 1(N) =731 (N 1),
"/\IL(N)—“YML( N-1). (34)

Also, the order-updates for their inverses can be obtained by
multiplying (21) and (25) from left and right by uas, 5 —7,+1 and

Uhs n—1» tO get
A a1 (N — 1)
1 1 ; .
Yaro (N =1) =731 (N =1) + :
| | i (N =1)
(35)
s g AN
PYMl.L (N)= 71"11*1,13(]\’) + : (36)

gglfl,Lfl(N) 7

as well as the respective order updates

7'51?L71(N -1 = “/\7[(1 1,L— (N =1)

+ |afy 10— 1N—1|/5w (N =1)
(37)
i (N) =7 (N)
'YML 1 YM—1,L-1
+ {8511 (V)] /Ew 1(N). - (38)
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III. STATE-SPACE DESCRIPTION AND INITIAL CONDITIONS

The correct initial conditions are easily set by relying on the
interpretation that the effect of 11, is due to the existence of fic-
titious input data, i.e., I} = Anr WA 1, in which case
we can construct AM,Q by applymg an impulse of magnitude
VEAT (@=1)/2 t0 the underlying network. This results in the fol-
lowing structure for Aps ¢:

AL -0 VEATTT X X X
A ' 0 X X X
Up,—1 0 X % %
As a consequence, 11, assumes the following form:
-1
1 ; —(i+1
M = A oWodug = >, A i i (39)
i=-Q
—1 v
_ My y Ca-a
53171 M
I -1 } *
= Ty, : Yy +u'u (40)
M| = —177-1 M
M [CMl AT 7

where 1 2 fl{j(—Z). Now consider the following partitions:
Uy = [ Yo

Prm—1 (
Uy 1 ¥

where [y 42 -+ ¥ar_1)T. Thus, expanding (39),
we find that HKL1 should satisfy the equations shown in
(42)—(44) at the bottom of the page. In an adaptive scenario,
we can set u 0. Then, if A~ '/2T is stable and the pair
(AV20%, | /iph, 1) is controllable, the Lyapunov equa-
tion (42) admits a unique positive definite solution Il; 1,
which is given by

] and w=[uy_1u(M)]. (41

M1 —NZ)‘ (A ERY S VERV VAR L RS (45)
k=0
The above condition is in perfect agreement with the stability
and controllability arguments from a state-space point of view.
Indeed, a state-space description for the regressor s v can be
written as:

. y = _1
tar—1, N1 = Upr— 1 v VUar—1A 72 + 2o(N)par—1
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to asthe Extended Generalized Sliding-Window Fast Transversal
Filter (EGSWFTF) for generic models. The least-squares solu-
tion wps w7, is propagated via the last six recursions in the al-
gorithm listing. As we have mentioned, we assume we have con-
trol on the regularization term, so we set u = 0 in (39).

Remark 1: The existence of the solution to the Lyapunov
equation above depends on the structure of the induced operator
W, We shall return to this state-space description in Section IV,
in the context of recurrence-related input basis functions.

Remark 2: Note that for an order-M LS problem, traditional
derivations propagate the prediction and Kalman vectors as
order-M quantities. Here, we see that in fact these quantities
are only required to be order M — 1, as expected from the
displacement equation of Py, r—see (83) further ahead.

Remark 3: As we shall see later on, in most cases of in-
terest the operator ¥, arises from efficient recurrence polyno-
mial relations, so that its inverse will be well defined. In ad-
dition, because of that, multiplication of its transpose U3, or
its inverse W by a vector are easily obtained from the corre-
sponding transpose or inverse realizations well known from sys-
tems theory, in light of the so-called Horner polynomials [23].
A unified approach considering recurrence related polynomial
basis will be presented in Section IV. In the most interesting
cases, these are O( M) efficient as well.

IV. UNIFIED APPROACH TO RECURRENCE POLYNOMIALS AND
HESSENBERG STRUCTURES

Consider a transversal system realization based on arbitrary
basis functions {Q.,,(#)} as illustrated in Fig. 2.

Although the set {(),,,(2)} can be interrelated in several
ways, as we have mentioned, in this paper we shall focus on
first order relations only, in which case structure will be induced
by a constant matrix ;s relating two successive regressors as
in (2). Different recurrence relations will give rise to different
patterns for W,;.

Note that we can represent Fig. 2 equivalently as a tapped-
delay-line followed by a matrix transformation Bg, say, tiar,, =
7'M,T,,BZ, which performs a particular change of basis described

according to this representation—see Fig. 3. The tapped-delay-
» (46)
y(N) =itpr—1 yw+ v(N) line case is such that By = I.
with solution ﬂ:}ffl N An L x M the data matrix H {a.v can thus be expressed in
N R . terms of a Toeplitz-like matrix TM, N as
Uy _1,n = Z AR P amp(N —i— 1)
+ )\77\1’?? 1A 1 Uar N -L+1
- r A . — oo~ F .
=Ras, i, 1°L§5N—1 + ATV gy (47) Hyn = = N [lo"N HM—I"N]
. . oy 1LJ\/I7I\I
so that, with n — oo, the associated system controllability ma- PN L1
trix is given by (48), shown at the bottom of the page. N . [ MN =L -| .
All remaining variables thus follow from this solution and are =TunBg = : By (49)
included in the initialization step of Table I, listing what we refer TM.N
Tty — A0 T Uy = WPhr 1 PM -1 F Uhp UM (42)
Eaioy = iy A AT 4w (M)uay 43)
ar = pilyol + AT P+ (M) (44)

_ _ [ p* —1/2\* *
R\I’R/I_l,pj{w_l =[ph1 A W 1P

AT

IJM 1Phr-1 A= 1>/2‘1’"71pr[ 1] (48)
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TABLE 1
THE EXTENDED GENERALIZED SLIDING-WINDOW FAST TRANSVERSAL FILTER
(EGSWFTF) FOR GENERIC DATA STRUCTURES

Initialization

w is a small positive; HI/ILI is given by (45)
Chro(=2)=np

En—1 = ppgpm—1 + XTI (4
Chr,r,(=1) = mlibo|* + AT I, g -
kM 1,-2,L— 1*HM 1uh— 1,-L—1
kar—1,—1,0 = A Mar—quly, 1,-1

113, énr—1 ||

w}{/{—l,—?,L =Hp-1em-1
w?v[—l,—l,L =1ar—1épm—1
d L—1
7M71,L71(*2) =-A mMo
Yv—-1,L(=1) =1

wpm,—1 =0

For N > 0, repeat:
O‘IIiVI—l,L—l(N — 2) = U(N — L — 1) — uM*lvN*L*lwaVIf],N—ZL
d
kM,N—2,L—] =
aff 1L 1 (V-2 1
k4 —w!f
M—1,N—2,L—1 Sv—1,L(N—=2) W —1,N—-2,L
4M 1,L— 1(N*2) )
CJ\;{ 1L(N—2)+’YM Lo (N =2)[ad (N —2)]

w1fv171,1v72,1,71 B 4 4
Whr—1,N—2,L + kM—l,N—Q,L—l’YM—l,L—l(N - Q)QM—I,L—I(N —2)
C{/IH,L(N’Z)

d d
o N —-2)=v N —2
2 I e
M,L 1( ) M-—1,L ]( )CMf N L(N-2)

apm—1,L(N —1) =u(N) — UM—1,N-1Wpr 1 N_2,11
fum—1,.(N—=1)=+vym—1,L(N —Darm—1,L(N —1)

0 apy_1, L (N-1) 1
kv,N-1,L = k =7 o | —upf
M,N—1,L Ay, —1(N=2) Whr—1,N-2,L—1
QIJ\C/I—I,L(N -1)=

/\CIJ\C/[—],L—l(N 2) tayq, (N —1)fm—1,0(N —1)
:wﬁ/”v 20— 1+1€MN 1,ofm—1,0(N —1)

reds 1,1V —-2)
M,L(N—=1)=~p_1,L(N - 1) —F—=F———
I, L( ) =" ( ) oI [ LD

f
Wh,N—1,L

]:C(Ii\/I,N—l,L—] = \IIX/IIIC?VI,N—ZL—]
kM,N,L = \I’X/I] kM,N—l,L
"/ML 1(N_1)—’7ML 1(N —2)
"/M L(N) = vm, L(Nfl)
VM 1,L-1(N — )_kMN 1,0—1(M)
kM 1,N— 1L1:k]M 1,N—1,L— 1+UM1L](N_1)wM1N 1,L
5M71,L71(N*1)—CM 1,L(N 1)VM 1,L— 1 (N —1)
’71‘%471,L71(N* 1) :’VYXZ/[,Lfl(N* 1)-

(L =350 (N —=1)B% 1 1 1 (N —
§M 1,1 (N —=1) =
CM 1L(N_1)+7M 1,L— (N —1)|8%_ L1 (N =1)?
wM 1,N—1,L— 1—
wM 1,N—1,L +kM 1,N—1 L—I'YM—l,L—](N_ 1)ﬁM—],L—1(N_ 1)
VM- 1L(N)—kMNL(M)
kavi—1,n,L = k1.m—1,N,0 + Var— 1L(N)UIM]N 1,L—1
B~ IL(N)*)\CM 1,0-1(N — Dy 1,L(N)
Mm—1,L(N) =40, (N) /(1 =, L (N)Br—1,0 (N)vys_q 1, (N))
bM lL(N)—’YM 1,L(N)Bm—1,L(N)
CM lL(N)*)‘gM 1,01 (N =1) + by—1,.(N)Byr_1,L(N)
=wh, 1,N—1,L—1 T kpm—1,8,0bp—1,0(N)

1)V$—I,L—1(N - 1))7]

wM 1,N,L

6(11\/[,L—](N —1)=d(N—-L) —umMN-LWM,N—1,L
e(Ii\/I,L—l(N -1)= *AiLnil’YJc\lxr L— l(N)ECIi\/[,L—l(N -1)
WY N_1,0-1 = WM,N-1,L + kM,N 1L—18v,0—1 (N —1)
em,L(N) =d(N) — uMyng/I,N—l,L

em,L(N) = ym,L(N)em,L(N)

WM,N,L = Wy ny—1,L—1 T kv, n,Lem,L(N)

where ToN = [.’L‘()(N — L + 1) v . ZL'()(N — 1) .’L‘(](N)]T. By
virtue of the delay line of Fig. 3, T’ys, » exhibits a Toeplitz-like
structure. We shall make use of this interpretation further ahead.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 61, NO. 23, DECEMBER 1, 2013

h(n)

| — |

Qo(2) Q1(2) Qm—-1(2)

| | l |

Fig. 2. Transversal realization based on general basis.

—1 —1 -1

r(n) z z . z
’rN[(O) "’"1\4(1) ‘TM(Q) ra(M — 1)
Bg
lﬂM(O) lﬁM(l) 1711\4(2) 112M(M —-1)

Fig. 3. Transversal realization as a change of basis.

It turns out that the choice of basis functions is key for the
O(M) efficiency of the EGSWRLS recursions of Table L. In
other words, note that although the EGSWFTF is obtained re-
gardless of the data structure induced in Wy, the updates of
kj{,.‘,ng 1,11 and kas v 1 require efficient multiplications by the
inverse \11;41 which in turn requires that ¥y, itself possesses a
particular structure. The point is that when {@Q,.(z)} are con-
structed from recurrence-related polynomials, it can be shown
that ¥ assumes in general a Hessenberg structure [2].

In the following, I unify the theory of structured matrix oper-
ations with its algorithmic realization, so that the use of different
extended basis is justified.

A. Two-Term, Three-Term, and M -Term Recurrence Relations

There are numerous ways in which we can construct the poly-
nomial basis {@,,(z)}. They can be realized via two-terms,
three-terms, or generally, via M -term recurrence relations, each
particular one serving to a different purpose, including better nu-
merical conditioning, reduced computational complexity, com-
pact representation of models, and so on. In this section, we shall
examine a few important recurrence relations that will lead to
the solution of current open problems and connections.

Consider the (shifted) M -term recurrence relation

Qo(z) =1, Q1(z) = bz 'Qo(z)
Qm(z) (am 2,m—1 +émo12 ) m—1 ( )
+ a3, m—1Qm— (2) + - + do, m—lQl( ) (51
7/’0@0(2)2 + 1,11Q1(Z)7

Y 1Quo1(z)z " = TM(Z)Z

(50)

Talz) =
(52)

form =0,1,..., . M — 1. The polynomial T /() has also been
referred to as the master polynomial associated to {Q,,(2)}
[28]. This results in the upper triangular structure for matrix
Was shown in (53) at the bottom of the next page, where the
M-th column ¢ = col(g,41,...,%ar—1) defined in (41)
contains the coefficients of the last polynomial. This structure
can be easily verified via back-substitution of the polynomials
Qm-1(2). Qum_2(2), etc., into the definition of @,,(z). For
instance, for i = 3, we obtain
2Q3(2) = 02Q2(2) + 81261Q1(2) + (@12G01 + Gv2)Qo(2).
(54)



MERCHED: A UNIFIED APPROACH TO STRUCTURED COVARIANCES

In other words, the M -term recursion (50) can always be trans-
formed into another M -term recurrence relation of the form

ZQWL(Z) = a",m—l,'m.Q'n—l(Z) + a’;n—Z,'nLQTﬂ—Q(z) +oe

+a),Qo(2),  (55)

where the a;, ;. .,
ments of ¥ay.

Observe that in principle we do not need to assume any par-
ticular structure for the last column of W, . This is in agreement
with what we mentioned regarding the notation of the order-up-
dated matrix H,; in the beginning of Section II.A. The data
matrix Hp; will be perfectly deﬁned,v as long as its last column
is mapped onto the last column of H; -, which can be arbi-
trary chosen. It represents a degree of freedom in connection
with systems theory not fully noticed or exploited in earlier ap-
proaches to these problems. For instance, if the latter is chosen
as the tap filter weight vector [w(0) w(1) -+ w(M—1)]T, then
T‘M(Z) = W(Z)

Several facts regarding the connections of the state-of-the-art
in recurrence polynomials with the new results pursued herein
are in order:

1) Relation Between Uy and the Confederate Structure: For
the M -term recurrence relation in (51), the matrix <I>X/_,1ﬁ =
U,,' Zo becomes a Hessenberg matrix, which has been referred
to as a confederate matrix associated to the system of poly-
nomials {€2,,(z)} (see [21]-[23] and its references). The con-
federate matrix has several useful properties, and in particular,
its eigenvalues are directly related to Tas(z), which is a free
polynomial. It is defined, e.g., in [23] under the notation “H”,
where the role of the companion form Zj is fixed, and associated
to the coefficients of the system transfer function G(z). That is,
therein their definition differs from ours with respect to its last

k=1,...,M — 1 are defined by the ele-
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of @, —1(2), since in these references only FIR basis functions
are considered. Here, we further allow for a first-order rational
transfer function relating two successive basis functions, so that
an additional m-th order term may arise in (55). More specifi-
cally, assume that {@,,,(z)} are generated according to the fol-
lowing two-term recurrence relation:

6771,2 - C_Lm
1 ) Qm,fl(z)r

1- Amz

Q()(Z) = 1, ) = 0.

Ou(2) = (
(56)

This results in the Hessenberg structure for ¥; shown in (57)
at the bottom of the page.

Now, the two-term recurrence of the form (56) can also be
transformed into a A -term recurrence relation. Indeed, cross-
multiplying the terms of (56) and backsubstitution of the lower
order polynomials into 2,,(z), we verify that it satisfies the
following M -term recurrence:

ZQm(Z) - anQm(Z) + ELm,fl,mcﬁszl(Z)

+am72,7an72(z) +...+ a[),leU(z)v (58)

for m = 1,...,M — 1, where am_gm Oy -k —
Om—k0m_r_1. The only difference compared to (55) is
the presence of an additional m-th order term (),,(z) on the
r.h.s. of (58), as a result of the IIR nature of these bases. We
remark that in this case, ®;,'; is no longer Hessenberg, even
though it is related to one.

Observe that for Hessenberg matrices, and when Q;(z) =
cz ™1, the (0,0) element of W, becomes zero, so that W1 =
As a result, the state regressor @},  given in (47) becomes

column. We provide a broader view instead, suggesting that it o Ml i s ) LM o= s
can be suitably designed in order to construct operators ®p; g YM.N = Z A WP ag(N =i — 1) + A=Wy iy,
with eigenvalues placed at any desired location. Moreover, in =0
[21]-[23], this association is such that the highest polynomial (59
order as we see on the right hand side of (55) is always in terms = Rq,;{ 25, TON—1 (60)
[d0  Gp160 (12801 + Go2)d0  (G23(@12d01 + Go2) + G13G01 + dos)do Py ]
0 o1 1261 (@23t12 + G13)61 e U
0 0 8o 2362 R
Uy = . . . . . (53)
0 0 0 Par—2
0 0 0 Yar—1
o1 —a261 —Gpf—2 - G201 o
a1 O — G2y Gar—2 - - a3(62 — G2aq) P
0 as —Gnr—2 - -~ Ga(03 — @za2) (5
Uy = . (57)
0 0 (6pr—1 — anr—1anr—2)  Pa—2
0 0 A -1 War—1
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= - ; =T~
s(N) |z7'—a} 271 —a? )
.o
l—agz—1 l—ajz—1 L—ap,_oz—1
PO P1 P2 Pm—1
l—agz—1 l—aiz—! 1—agz—1 l—am_12"]

| |
( w )

oS S SRV —

/
Fig. 4. Transversal orthonormal structure based on IIR Szegd bases.

with the controllability matrix shown in the first equation at the
bottom of the page.

Now, substituting @}, 5 = Bosy y = BQT#\ , into
(47) and usmg the persymmetry property of Toeplitz matrices,
ie, Thyn = I# Tw ~I7, we verify that B = Ry~ T,
Recall that the EGSWFTF algorithm is only feasible in case
it can be properly initialized, and depends on the subma-
trices {@M_hpfif,l} defined in (41). We thus see that for
recurrence related basis, regardless of the choice for 7, as
long as a; < VA, and the pair (A’l/QKI/M,l,\/ﬁpj{I_l)
is controllable, the structure of W, guarantees that the
Lyapunov equation (42) for the initialization of the
EGSWFTF in Table I has a unique solution, and given by
Oy, = n M 1 AU o o1V = BB
The condition Ql( ) =cz & simply implies that #3710 = 0,
so that controllability is inferred from the rank of Bg.

2) Szego Orthonormal Polynomials on the Unit Circle: In
[11]9 by ChOOSing é‘m = Pm/l)m—lﬂ_lm = f)m(lfnf1/ﬂm—1,
with p, = /1 — |a.,|?, we obtain an important class of Szegd
polynomial basis which is rational and orthonormal on the unit
circle, illustrated in Fig. 4:

— *
Pm H - ak
1 — gzt 1—apz-1’

Qm(z) =

ag = 0, |ak| <1,

(61)

It is an extension of the so-called Laguerre expansion based on
a single pole a,, = «. It can be verified that with the border
conditions ag = az; = 0, (57) collapses to a unitary Hessen-
berg matrix (say, for M even), shown at the bottom of the page.

It can be verified that ¥y, is a unitary matrix, i.e.,
Wy ¥y, = 1. Hence, the EGSWFTF algorithm based on
(61), besides the benefit of robustness due to an abrupt change
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in the window parameter 79, fast convergence inherent to RLS,
and compactness of modeling, it additionally provides perfect
numerical conditioning.

B. Signal Flow Graph Connections

Referring to the two-term IIR recurrence relation in (56), as-
sume we pick Tas(z) = Qar(z), with apy = 0. Since the
input states uas y—1 are updated to #as,xy with only M oper-
ations through Wy, it is obvious that applying the same struc-
ture to any arbitrary vector implies a one sample filtering step
through the same network that originated Wa; in first place.
Moreover, the inverse operation \IJA}l = Wy, can be simply real-
ized by reversing the signal-flow graph of the original network,
which also requires a one sample filtering through all inverse
transfer functions (1 — a,,271)/(6m2z~! — @,,). For example,
let k; u v {(m) denote the m-th entry of k:w ~ defined in Table 1.
It is thus obtained from the entries ka n—1(m) in O(M) oper-
ations as

. 1
M N\ — = T |@m~Arm N—-1\TN —
Far (m = 1) = —[@mkar,y—1(m — 1)

m

—karn(m) + amkary-1(m)]  (62)

Note that this is an overall @(M) operation, which therefore
justifies the EGSWFTF algorithm as truly fast.

This simple arguments are a consequence of the well known
theory of realization of digital filters, which has been reemerged
more recently in the context of fast structured matrix operations
and factorizations. This is easily seen by invoking their dual
realizations and its defining Horner-like polynomials—see,
for instance, [23]. The procedure for obtaining the Horner-like
polynomials is known, and follows similarly the arguments that
led to \IJA‘;, realized by reversing the signal flow graph direc-
tions of the original network, and identifying the Horner-like
polynomials {R;(z 1)} as the partial transfer functions seen
from the input to the tapped-delays inputs in the dual system.
These dual polynomials easily realize inverses, transpositions,
and matrix factorizations efficiently, and are paramount to the
connections presented in this work4. Just like recurrence related
polynomial basis, the associated Horner-like polynomials are

4A recent sequence of papers on structured matrices has cast real-orthogonal
and Szegd polynomials as special cases of a broader class so-called (H,1)-
quasi-separable polynomials, which possess efficient polynomial evaluation al-
gorithms as an extension of the above Horner rule, as well as the Clenshaw
rule for real-line orthogonal polynomials and the Ammar-Gragg-Reichel rule
for Szeg6 polynomials [25]-[28].

* * I M—1% _x
R‘I’M Py T [Phe AVPURph, AN A= 1)/2‘1’1 Al
pipo —p2poal  papolazar)” pr—1po(anr—2 - (LQ(ll)* —polarr—1---aza1)*

ap pP2p1 —pap1ay —prr—1p1{ani—2 - az)* pilan—1---a2)"

0 as p3p2 par—1p2(anr—2-- 3)* —pa(apr—1---az)*
Uy = : ) )

0 0 0 PM—1PM—2 —PrM—20% 1

0 0 0 ar 1 PrM—1
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computed through recurrences involving any number of terms
as well. In a more general case of the M -term recursion of
(50), the corresponding dual polynomials satisfy the M -term
relations

Ro(2) =1, Ry(2) = boparz 1 Ro(2) (63)
Rk(z) = (Gk—2,6-1 + 51@71271)1%#1(2)

+ a/k—B,k—IRk—Q(Z) + -

+ ao1B1(2) + drr—n (64)

where {¢ns 1} are the coefficients of the master polynomial of
order M + 1, ie.,

Yari1(2) = poQo(2) + ¢1Qu(2) + -+ + darQui(2)  (65)

I . . S
with 6, = das & anda,kﬂ- = 61[ -

case, these polynomials, denoted by P = {h;(z)} are simply
called Horner polynomials, and satisfy the recursion

hi(2) = 2 Yhp_1(2) + ha(2) = ¢ar.

L@nr —j,M k- In the monomial

Dr—ks (66)

V. UNIFIED DISPLACEMENT AND ARRAY RELATIONS

In the following, we specify a class of operators {®,T'} that
will produce a low rank factorization of Pys 1., where its gen-
erators are explicitly defined, regardless of data structure. As
a byproduct, we obtain a fast array version of the EGSWFTF.
Extension to more general non-Hermitian cross-variances is
straightforward.

A. Fast GSWRLS Array Algorithm

The propagation of low rank factors that define the Bezoutian
in our scenario can be equivalently expressed as an array algo-
rithm, and easily extended to a generalized window with several
breakpoints. To see this, define the following quantities,

p A|Py_inz 0
M-1,N,L = 0 ol

112

7 [karv,L
kyvne = 0 ’ and

r7d
ki nr ]

’;gz,N,L = b (67)

as well as the normalized vectors

-
MN — 3 _ )
5{:1/ (N) War N

(68)
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Now, let Zy be the any companion matrix defined as (1), and
consider the block decompositions shown in (69)—(70) at the
bottom of the page. Before continuing, we point out that the
choice of Zy is arbitrary. This extra degree of freedom in the
choice of the vector # will be crucial to the construction of suit-
able operators [see (81) and (82)], and will lead to efficient and
useful representations of Pas w 1.
Now, consider the time update for Prs .1

_y—1 —17.d 7.d*
Pynr =X "Pun-1L—A kM,NA,LAkM,NA,LA

(71

I 1.*
—knr v Lk N oL

Substituting (69) and (70) into (13), and using the updating
relation (71), we get

D —1 D * Ty — %

Pru_aneg —Vy ZoPy_1 v 11024V,
41 f e _
=A [‘IIM Dy 1 N2 P 1,821 Vs

—b b
—Wprr1.N-1, wafl,l\"fl,L:I
d, cdo*
— A7 }”\I wkw N

— k-1 v
1
_)‘ kf\[ 1,N-1.L— lk\[ I,.N—-1.L-1

+ W, 7 []‘51‘\171,‘“771,12 kyvi—in-1z
17d 7 d Np—
+A kM—l,N—z,L—lkM—l,N—Q,L—l} Z: Uy,

— gyl f il —
=W, wM—l,Nfl,Lwﬁffl.N—l,L‘l’AI
cd,  Sdg*

kar nbar (72)

b —bx o
War -1, N, LWM -1,N,|L

which implies the following rank-5 recursion, in terms of
“squared” quantities:

-1 1. 7%
— Wy Zo |:k1M*1,~N*17LkAMfLNfl,L

17, 7.dx k4T — %
AR N 9,L71kal,Nf2,Lfl} ZVy,
+ A7t
— A

1 _f .

Wor Wiy 1 N 210 1 n—21%a
b

wM 1,N—1, L“’M 1,N—1,L

17 Sdox*
— A7 ]’“\17\ "M, N

:kM 1J\"LkM 1,N,L
1
+ A I‘vM I,N—1,L— 1kM 1,N—1,L—1

—1-f 2 *
+ ‘I’M War 1,N-1,L “’11/[71,1\"71,L‘1’M
sd,  gdgox

karnkarn (73)

Y b o
War-1,N,LWM-1,N,L

Equation (73) represents a norm preserving relation, which
implies the array equation shown in (74) at the bottom of the

1\4 1,N.L

Punr =Py 1 np+dh, 1.N,L1
—J o *
Pﬂl,]\rfl,L - ZHPVI 1.N-1, LZ + w*\] 1,N—1, Lw]t[ 1,N—-1,L:

(69)
(70)
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page, where &7 v is a J-unitary matrix defined explicitly in
terms of the square-roots of the minimum costs, likelihood vari-
ables, and prediction quantities involved in the EGSWFTF al-
gorithm, with J = diag(1, —1,1, —1, —1). It can be obtained
explicitly from the normalized version of updates and down-
dates presented in the previous section, which in turn define
(implicitly) the hyperbolic rotations characterizing these recur-
sions in array form. For instance, (21) can be normalized by
(24), yielding

2
7.4 fjlcl/fl,L(]V - 1) ~d

kaven-1n-1= 2 . okyr-1 N -1,0-1
T dR V- |
— N fir o (N - 1)@{171,1\771@
(75)
and
' A fr—1-1(N = 1)
flrap (N=-1)= 73 : -
! . /2
’Yﬂ/;fl,Lfl(N - 1)€]L{—1,L—1(N -1
(76)
Similarly, defining
/ A N -1
ff/\/lfl,L(N - 1) é 1/2 fzw 2 L(lf/Q ) (77)
’yﬂ/ffl,L( - 1" 1L( - 1)
gives
- )‘1/25531 (N -2) -
kan-1L = R Zokpr 1, N-1,L
M—1 L(N - 1)
AR 1L(N_1)77’1J\£1_1,N—2,L—1' (78)

The normalized forward prediction and normalized quantities
are row-downdated as

a/2
'M?,LA(N - 2)

a/2
7A471,L71(N -2)

_f _ _
War 1, N—2L-1— War - 1,N-2,L

_7]0)‘LZ9];71({171,A772,L717 fjblffLLfl(*N - 2) (79)
and time-updated as
1/2
_f . 'wa (N —1) _
Whar 1 N-1,L — )\I/Q’ﬁf ) L(N B 1)1UA/1’71,N72,L—1
*Zekj\ffl,]\"fl,fojfl,L('ZV —1). (80)

Analogously, we can easily write normalized backward pre-
diction update and downdate counterparts; Rearrangement of
these relations and some algebra will lead to the explicit struc-
ture of J 7, x, which is not our main concern here.
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B. Displacement Equations

The array relations of the previous section can now be com-
bined with the order updates of the covariances Pn; x—1,7 and
PMA; 1, of (69) and (70), yielding the following general result:

Theorem 1 (Displacement Equation of Arbitrarily Structured
Covariances): Consider a matrix Wy, constructed from any
first-order recurrence relation. Let {Zp, Z.} be any arbitrary
pair of companion matrices. Then, the following compositions
for displacement operators

{‘I)M,s 2 UpZ, b, Oar 2 ‘I’szl} ; (81)
and
{‘i’M,s 2 Z7 0y, Basg 2 Z;“IJM} (82)

satisfy the displacement equations with respect to the coefficient
matrices Pas v,z and Pas w1t

V{q)_l q)—* }(P\[ N. L)

M,0°

A

— —x
= Puvr = Ay Panv i3

o, L%
_ [ A A * —f o
= —Zekar kv 4+ Wi 1 N-1,LWM-1,N-1,L

b —bx %
— AZgwiy 4, N, LWpr—1,N,L Zg

7.d#*
+ (I)w o [A M-1,N-1,-1 kY1 N_1 o1

+/\kal,N,L%R/[—l,i\’.L] @y (83)
and
Vit bt }(pM,N,L)
2 PM,N,L — Ail(i)]\/[,epﬂff;i’\‘",L(iE/I,g
= oy N, LU_JK? LN,L
— Az e, LN - 1L7Dﬁ—1,N—1,LZ:*
— AR, 1,N—1,L— kg 1,N—1,L—1
— ks 1NLk\I 1N,L
cdos
Ay, elfM N1k 1\711\“ (84)
respectively.

_Proof: From the normalized fast recursions, substituting

ZoPr1 N 128 = Puni - wl{meL"DﬁA,N,L into (72),
and using (71), we obtain (83). Likewise, substituting (69) into
(72), we obtain (84).
Note that in the adaptive filtering context, by setting « = 0, we
obtain a rank-4 displacement rank, regardless of the structure
induced in ¥y . Also, both displacement equations (83) and (84)
can be used to represent the decomposition of a certain inverse
covariance Pxs n 1., since one can always interchange the roles
of PM,,N_, 1, and Pus x5, with a suitable choice for the first and
last columns of their corresponding data matrices.

1 1 7.d -1 A :
I:\/“\I[\[+1Z9kAI,Nf2,L71 \DI\J-f—lZG’AU”;N*LL

1 -1 - f
TlI’MHwM,AuQ,L

[\/1—7%[ N-1,L-1

sdo

L5t 1 y
I UM N-1,L \/XkALN} DN
do

7. -1 _f b A
kynve Y@y n1n WaNL kM,N] (74)
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VI. SOLUTION OF THE DISPLACEMENT EQUATION AND
FREQUENCY DOMAIN REPRESENTATION FOR ARBITRARY
OPERATORS

In this section, we show that an eigenvector based represen-
tation for the time-varying covariance Py .7, is not limited to
tapped-delay-lines, but holds for any first order induced oper-
ator. This result brings two significant consequences:

1. It paves the way to efficient representation of Bezoutians
based on polynomial Vandermonde matrices arising from
recurrence-related models; This in turn allows the devel-
opment of superfast representations of such general covari-
ances, corresponding to other than the ones originated from
tapped-delay line models [2].

2. It will provide as a corollary, the minimality condition
stated it terms of the generators of Py 1. as a vector rela-
tion, as opposed to the generating function approach nor-
mally seen in prewindowed RLS algorithms. We remark
that this holds for a generalized window and for any data
model that induces a displacement equation.

Lemma 1 (Eigenvector Representation of Covariance Be-
zoutians): Let Pys v, 1, be the inverse covariance matrix arising
in a generalized window LS formulation for an arbitrary data
model induced by ¥y, and assume that {Zg, Z.} are chosen
such that the eigenvalues of {®as ¢, Pas .} in (81) are the M
roots of arbitrary scalars —1/¢g and —py € @respectlvely,
ie., z1(m) = (/)ef“{fm where ¢ = |y |‘1/Me’(4 ¢ )/M
and 72(m) = gef 3, where o = |go|//Mei(L—ea /M w1th

dooy A7 T Let { Vl, V5 } be their corresponding elgenvector
. — A . M
matrices, and define Dy,» = diag({¢o*/A™}M_1). Then,
Phus n.1 can be factored as
M
Pynpg=———V"
' 1— Ay, ™
B * *
* (ACb,wff_N_L FnDog Py "w&,N—l,L
— My z,00 FwDao Fyy 5 L
- y 4. s y * —
+Aq§v¢7{9kj$_l\,7 FyiDy, FMA O R
—I—)\A(ch 1 k?\[ VLFUDAQ FZLIA

. P, kI\J,N,L

A ar FyDyp FL A . V"
e, <kw,1\'

r/) ng M,N
(85)
where Fs is the DFT matrix and
_ Jino =
T A diag (VIWM,N—LL) ,
- b
A¢),Zg@glw = diag (Vl ZGwM,N,L) ; (86)
- —1 jd
A@§=@K4{9lz’f{v1,.m'71,r, - dldg (Vl(b‘wﬂkiw"will) ’
A¢”q>;4{g’~€hrr,w,r, = dld,g (‘/1(1);11:9];”[“7\77[‘) , (87)

with analogous definitions for the variables with dependency
on .
Proof: See Appendix.
Corollary (Minimality Condition in the Vi-Domain): The

1 5d
vectors {WM N-1,L» ZGWM N,L* (I)w ekM N,L» ‘I’M al‘bM N-1,L*
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cd,
Zok ALN} which define Pys n 1 are related in the V;-domain
as follows:

Ay gar A o FATIAa A
6 Zo Wy N 0:ZsThy Ny g &, Zekw N 0Zckyn
— )\ lA f A* _f
Wy N_1,L &War N 1,1
+ A’ (I) ];‘AM,N.L g,@xfl ]:’,1\1 N,L
1
+ A A —1 - 88
CDMGk%IN 1,L ‘I’ kﬂ{]\f 1.L ( )
where A are defined in (86) and (87).

Proof: Choosing go = AM/2/¢% in (A-4), yields Dy =
I, and (88) follows.

A special case of the above relation appeared in [42], [44]
in a pure matrix algebra scenario for A = 1, and in the simple
monomial basis case; Interestingly, in the latter, such relation
has never been linked to its reproducing kernel counterpart in
the context of RLS problems, for which it becomes a rank-3 re-
lation (see, e.g., [10] and the references therein). Here, we fur-
ther express the spectral factorization aforementioned in terms
of the actual vector quantities, instead of generating functions.

Equation (A-4) brings a generalization with respect to Be-
zoutians representation for arbitrary polynomial basis, which
holds even for infinite impulse response basis functions. Equa-
tion (88) provides a key result to all fast RLS algorithms for
generalized window and data structures, and shows explicitly,
how the normalized backward prediction filter is related to
the normalized forward prediction and Kalman gain vectors
in any Vi-domain. In particular, for tapped-delay-line models,
{Zo, Z.} become {fyg = —¢p, po = —pp }—factor circulants,
respectively, so that choosing ¢y = gy = 1, the vector 'LDRI_M I
is obtained via spectral factorization. '

We highlight that at this point, the eigenvector factor-
ization (85) assumes that operators with the properties
iy = —1/¢ol, @37, = —ool can be constructed, and
implicitly, that {V},V2} are efficient transformations. In [2],
we show that recurrence related polynomials along with the
existing degree of freedom in the companion structure Zp in
fact allows us to achieving this condition.

VII. MINIMAL REPRESENTATION IN THE EGSWFTF

The error propagation in fast RLS algorithms is originated in
the backward prediction part of the recursions. This can be un-
derstood by representing the propagated quantities of the pre-
diction section as the states x(N') of a nonlinear system, say

= Fx(N), s(N +1)]

where s(N) is the input signal, and f is a memoryless nonlin-
earity that depends on the algorithm used. In the case of the
GSWFTF algorithm, the states are

x(N +1) (89)

x(N) = {wf{f—l,N—l,L?wglfl,N,Lvgf\fffl,L(N - 1),

b 7.d 7.
v n Nk v oo ki,

Yz (N = Do s (V)] (90)
Now consider the perturbed system
x'(N+1)=F[x'(N).s(N +1)] + A(N) 91)
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where A(N) is due to quantization. The state error x(N) —
x'(N') will remain bounded if (89) is exponentially stable for
all states x(N) contained in a certain stability region S;(NV)
(the solution manifold), and if the perturbation A does not push
x'(N) outside S; (V). Now let S (V) be the stability domain of
the perturbed system (91). An algorithm is said to be backward
consistent if the computed solution of a problem is the exact so-
lution to a perturbed problem. The procedure for stability anal-
ysis is to check if S;(N) C S;(IV) for all N, in which case its
time recursions will be exponentially stable (see [39]).

The answer to whether the fast fixed-order RLS filters are
stable or not relies on the fact that these represent systems with
non-minimal dimension, in which case S;(N) C S;(N) as
shown in [39], [41] for the FIR case, and more generally in [10]
for orthonormal models. We would like to define a similar sta-
bility domain S;(N) for the GSWFTF algorithm considering
general operators, by specifying the minimal components of the
state vector x(N).

The first (main) minimality condition was already stated in
(88), where w4, ~.z s seen uniquely determined from

{{LDI{I;NfLL Loy N Ly (I)];I,IH ki w.p, (Dh}lﬁ ks noa.ns Zokar n}
as the spectral factor of the right-hand-side of this equation,
that has all its zeros outside the unit circle and all its poles
inside the unit circleS. The quantity £4,(N) is inferred by
normalizing the last entry of u’;g/j’ﬁ,v_ 1 to unity (in the
orthonormal basis representation). Now, in order to completely
characterize the minimal components of the GSWFTF
algorithm, we further need to establish one last relation.

Equations (28) and (31) can be combined by using the fact
that ’YAM_FLL(N) = ’vyiw_H’L(N — 1) to yield

gz{\ff L—1(JV - 2) 7\1 L(N)
Yar,.(N) = yar,o (N — 1) — '
51{1,L(N —1) & (N -1)
(93)
Likewise, (24) and (32) can be combined, since
"/K?I+1,L—1(N) = %IIH,L—l(N — 1). This gives
fuL (N —2) B Yo 1 (N =2) EML( - 2) o
o N1 A (N-1)&, (N-1)

5The minimality condition in the adaptive filtering case is usually stated via
a reproducing kernel relation, i.e.,

1

Pz, P ——
( 1—1/217

(W (20) W (2 1)W’b*(:g)

(22)]7

N

5= 2) — WPz

+E(z) K (22) + K=, 92)

where the bivariate polynomial P(zq,z
functions, the Christoffel-Darboux formula [34] originally intended
to Toeplitz matrices (see also [10]). The generating functions
{W I (23), W (22), K¥*(22), K*(22)} are obtained similarly from the
forward and backward prediction quantities and Kalman gains. It has been the
key to demonstrate (here written according to our new algorithm solution)
that, when L = N, in which case A *(z) = 0, only 2M — 1 degrees of
freedom are necessary to represent I’»; n, . = I’a ~, a crucial observation
for the theory of fast RLS algorithms. Until today, with the exception of the
fast QR-RLS based on the Gray Markel lattice structure of [40], all fast RLS
algorithms are known to be non-minimum, meaning that, for an order A{ filter,
these versions do not enforce the condition of (88), and therefore propagate
redundant variables in representing Pys ~. This extra redundancy causes all
fast RLS recursions to eventually become unstable in the light of backward
consistency and minimality concepts discussed in [39], [41].

4) extends to general basis
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so that substituting (94) into (93) we obtain

ya.L(N) _ 75%1,1:71(]\7 —2) f?u,L(N)
Ya, (N — 1) ’75{1,L71(N -1) f?w L(N-1)
51\1 L(N ) (95)
5M (N —

Finally, solving for s 1,(IV), we arrive at

N - 1)51{/[,L(N - 1)7
(96)

?M,L(N) = OM,LYM,L (]V)ﬂ/j\l/[,Lfl(

b
o ‘Lj‘t';’;) : :1] )L = Observe that (96) gen-
eralizes the well known relation &,(N) AMel (N —
1)yp(N), obtained for shift-data structures and exponentially
weighted window.

Equations (88) and (96) imply that in fact only 3M — 1 de-
grees of freedom are needed to represent the LS solution. That
is, the set S; is represented by the variables such that (i) the
spectral factorization (88) is verified with respect to any arbi-
trary basis functions, (i) with u_Jf’M,M 1, having all its zeros out-
side the unit circle and all poles inside the unit circle and (ii7)
the likelihood variable yar 1.1, (N') obtained from (96), satisfies
0 < var—1..(N) < 1. In this case, the minimal components of
the state vector x(N) are

{7“1{1—1&—1,1:75{1—1,L(N -1,

7.d 7. d
]foLNfLqu kn-1,n.Ls fYAMfLLfl(N -

where 07,1,

D}

and the error between the actual and computed quantities
{why 1 n2:& 1.0(N),var—1,L(N)} is interpreted as a
perturbation that leads the state outside the stability domain S;.

The rescuing mechanism proposed in [10] represent a rough
way of projecting the state x'(/V') back onto the manifold S;,
once yas—1,. () becomes negative. It amounts to monitoring
the quantity (we describe the procedure here for the EGSWFTF
algorithm) 1 — ¥a7 1. (N)Bar—1,0(N)vi; 4 (V). If it is posi-
tive, the algorithm continues its flow. Otherwise, we restart the
algorithm as follows (Rescuing Procedure):

wp,N =0, way N =Wy N-1
PYf’]Mfl,Lfl(]V - 1) = —)\L71770§ ’YM—LL(N) =1
RJAJ:(N) = —/\L717IOUM—1,L§{1—1,L(N - 1)

f _ P L oab _ o
Wy g op =Ma1€m—1; wyr oy =Hu-16m1

Recall that the original rescue mechanism proposed in
[9] re-initializes the backward prediction minimum cost as
€r_1.0(N) = €31 1(~1) instead.

We remark that the original approach proposed for addressing
the stability problem of the FTF algorithm was extended in [30]
(see the references therein) for the GSWFTF algorithm, consid-
ering shift data. Although the resulting algorithm is claimed to
be numerically stable, the method of analysis employed and the
corresponding stabilized solution are valid only under some re-
strictive conditions, and instability can still occur in practice.

VIIL

Consider a transversal system of an orthonormal IIR real-
ization with basis functions {(Q,,(z)} given by (61) which is
illustrated in Fig. 4. In this section, we verify the ability of

SIMULATIONS
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Line echo impulse response
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Fig. 6. EGSWEFTF for M = & taps and L = 20 setup: (a) with no rescuing
(170 = 1); (b) with rescuing (ng = 1); (c) with rescuing (1o = 0.3).

the rescue mechanism developed to the proposed extended
GSWFTF algorithm to maintain stability, considering this
compact representation.

& Experiment 1 (Comparison with the SWFTF and effect of
rescuing). We test the new adaptive filter with M = 8 taps,
L = 20 and A = 0.95 in Matlab® precision, and consid-
ering a well behaved first order autoregressive input with pole
at 0.9. From our discussion in Section IV.A, as long as a; <
VA, the structure of Wy, guarantees that the Lyapunov equa-
tion (42) for the initialization of the GSWFTF in Table I has
a unique solution. We thus set the poles values randomly, such
that this condition is satisfied, and considered first an exact mod-
eling scenario. As can be seen in Fig. 6, after 450 iterations, the
EGSWEFTF without rescue mechanism becomes unstable (a).
For the sake of comparison, we plot in Fig. 6(b) the learning
curve of the conventional (rectangular) SWFTF employing a
rescuing mechanism, which corresponds to 179 = 1. As we
can see, the SWFTF exhibits numerical problems even in the
case of rescuing. Note that while both extended SWFTF and the
EGSWEFTF algorithms have the same number of minimal states,
the generalized window shape contributes to better conditioning
(Although not shown here, this can be observed even in the /at-
tice implementation of the SWRLS algorithm, when compared
to the GSWFTF). The MSE performance of the EGSWFTF with
1o = 0.3 is depicted in Fig. 6(c). We observe that the existence
of a window “tail” beyond L past input samples helps in the
stability of the FTF recursions, so that the use of rescuing in the
latter case makes the EGSWFTF more robust in finite precision
compared to the one employed in the standard SWFTF.

& Experiment 2 (Effect of different ng for L and M under
rescuing): In this experiment, we examine the stability perfor-
mance of the EGSWEFTF for a short window length, say, L = 8,
and M = 10-tap orthonormal model filter. Fig. 7 illustrates
the EGSWFTF for two different cutoff levels, 7y = 0.7 and
79 = 0.3. Note that in the former, the performance approaches
the one of a SWFTF, which as we expect, will show quick di-
vergence, specially for L < M. Note that the choice ny = 0.3
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Fig. 7. ESWFTF with rescuing for M = 10 taps and L = 8. (a) (1o = 0.7);
(c) (ne = 0.3).
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Fig. 8. Comparison between the GSWFTF for the FIR and for a Laguerre
model with pole @ = 0.3, considering a L = 30, A = 45 taps and 1o = 0.7.

allows a better tradeoff, in the sense that even in the case of
a short window, the EGSWFTF with rescuing shows stability
improvement.

¢ Experiment 3 (Compactness of Modeling of the
EGSWFTF): Finally, the main purpose for using the or-
thonormal IR basis of (61) is 1) the ability to represent long
impulse response systems by replacing an adaptive FIR filter
with one employing a reduced order EGSWFTF realization;
2) to maintain the numerical conditioning of the input signal,
given that it remains unchanged with respect to a monomial
basis. Hence, we compare the learning curves considering the
identification of the line echo path of Fig. 5, for the EGSWFTF
algorithm based on an M = 45-tap FIR model, i.e., for
Q.(2) = z7™, and the one based on the orthonormal IR
realization of same order. For simplicity, we set all poles of
the network as a,, = a = 0.3, after a few trial and error
attempts to optimize its value. An optimization method for
the poles choice is beyond the scope of this work, and will
be addressed in a forthcoming publication. The input to the
network is a composite source signal (CSS), which can be
considered a ill-behaved input to the EGSWFTF. Chances that
divergence occurs in this case are much higher, and the system
is also slightly undermodeled, since most of the path energy is
concentrated in the first 60 taps. Fig. 8 illustrates the learning
curves of the EGSWFTF for A = 0.999 and g = 0.7. We
clearly see that, under the same model order, the improved
robustness of the FTF filter employing the Laguerre expansion
(top) when compared to the FIR filter (bottom).

IX. SUMMARY AND CONCLUDING REMARKS

We have moved beyond the existing fast exponentially
weighted RLS algorithms for extended models, and showed
that generalized sliding window counterparts are also feasible.
Different choices for the operator ¥p; may lead to better nu-
merical conditioning, reduced computational complexity, and
compact representation of models.
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The contributions herein include explicit fast transversal
recursions for extended models and generalized window and
new updates not available for shift-data structure, along with
the minimality condition stated explicitly in terms of the
EGSWFTF quantities. The latter is obtained from the covari-
ance Bezoutian decomposition in exact correspondence with
the GSWFTEF state variables, also yielding a rescue mechanism
as in the exponentially weighted RLS case. The generalized
window, which combines the robustness of the APA and the
convergence speed of RLS recursions can now be utilized in the
context of extended models, as for instance, IIR orthonormal
basis functions, which is specially useful in non-stationary
environments.

While the EGSWFTF recursions are adaptive, they exert di-
rect impact on the computation of non-adaptive scalar and block
transmission equalization techniques, which can be formulated
by solving the displacement equation with respect to particular
bases [4]. The usefulness of changing basis representation stems
from compactness of models and efficient superfast realizations,
for which the computation of the displacement generators in
connection with the Kalman recursions in both cases was un-
available, even for tapped-delay-line models.

We highlight that such DFT Bezoutian representations can be
achieved regardless of the input basis that yields ¥, , due to the
additional degree of freedom provided by the companion ma-
trices { Zy, 7. }. This will be particularly discussed in a sequel of
this work, where we shall extend the DFT expressions obtained
herein to arbitrary transformations, by pointing out close con-
nections with recurrence related polynomials and new general
Bezoutian representations. More specifically, arguments show
how the choice of free companion structures along with recur-
rence related basis representation yields an exact filterbank de-
composition, from the solution of the correspondlng displace-
ment equation. Proper choices for the pair {®as 9, oz} will
thus lead to representations of highly structured inverses, ex-
tending the standard DFT formulas to more general transforma-
tions. We showed that the minimality condition holds even for
arbitrary domain transformations, and provides a vector relation
among the generators of the structured inverse.

APPENDIX

Iterating (83) M — 1 times, we obtain

—M=x*
Py =\ ‘I)UQP\JAL‘I’Wg
M-1
m * TR
- E A ‘I)uazé)lﬂuwkuvz (D\Ig

m=0

— 1k

m o f®
+ E )‘ MGLUA[N 1,L“’M,N>1,LCI)

M.
M-1
m+1 _ b * mx
- Z A (I)M&ZHwM\ LUJM 7VLZ ‘I’us
m=0
M—1
mmx—m—17.d m— 1%
+ § :)‘ (DAI,G k[\/lfl,}\"L 1k\[ 1.N,L— lq)Mc
m=0
M-1
m+lgz—m—17, 7.4 m—1x
+ E:)‘ (I)M,& kal,N,Ll"M—l,N ‘Dug :

m=0

(A-T)
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Now, observe that all terms inside the summations on the
r.h.s. of (A-1) are of the form @;["g bb*@ﬁ"ﬁ,’k , for some column
vector b, and let Wiy = diag(1, A, AZ,. o AM=1) Then, in
terms of the eigenvector matrices {V1, V2 }, it can be written as

M-1
> NVTIAL VB VALV,
m=0
= Vi A Ve (20 W Va(22)A0, V2" (A2)
for Ayp = diag(Vib),A,p, = diag(Veb) and
{Vp(21),Vp(z2)} are the mon0m1a1 Vandermonde ma-
trices, e.g.,
L) L 0
1 ozt MY
Vp(z) = v Y
1z Y (M -1) 2 MM - 1)
(A-3)
-~ N
where Z;(m) = ¢el 3, with ¢ = |po| /Mel—w —, and

Zo(m) = ped 5", with p = |go|'/M e/~ denote the eigen-
values of @{[19 and (I>{I1 respectively. Because it is well known

that Vp(z1) = VMFyDy, Dy 2 diag({¢p ™}M-1), with
analogous expressions for Vp (22), the r.h.s. of (A-2) becomes

I\/l N-—-1,L

MVIA, s

M.N—-1.L

FrDyWyy D, FMA*

Finally, since @;jké = —¢ol,and (P;[Af = —1/goJ we obtain

(1= XMooy ") Prrn1

=MV ! (A¢ o] F\[DW FiA™

f
Wy N_1,7,

_/\Aq‘)Zgw FMDmg FU'AQZU
+ Aq');lﬁfgl}’,l FarDeg FaAy

MON 1,1, I (I> A
E3
M2 g E31 Do FReAT o

1 N
g kM N L

M,N,L M. N, L

o
M,N—L,L

b Zokpr N 0,25k

— AN cap FuDygp FAs o, >v2
N
(A-4)

This gives (85), where A are defined in (86) and (87).
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