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Abstract—Distributed and decentralized optimization prob-
lems, such as those encountered in federated learning, often
suffer from a communication bottleneck at compute nodes
when a large number of messages get aggregated. To address
this communication bottleneck, compressed Stochastic Gradient
Descent (SGD) algorithms have been proposed. Most existing
compressed SGD algorithms use non-adaptive step-sizes (constant
or diminishing) that depend on unknown system parameters to
provide theoretical convergence guarantees, with the step-sizes
being fine-tuned in practice to obtain good empirical performance
for a given dataset and learning model. Such fine-tuning might
be impractical in many scenarios. Therefore, it is of interest
to study compressed SGD using adaptive step-sizes that do not
depend on unknown system parameters. Motivated by prior
work that employs adaptive step-sizes for uncompressed SGD,
we develop an Armijo rule based step-size selection method
for compressed SGD with feedback. In particular, we first
motivate a novel scaling technique for Gradient Descent (GD)
with Armijo step-size search, based on which we develop an
Armijo step-search method with scaling for the descent step of
the compressed SGD algorithm with memory feedback. We then
establish that our algorithm has order-optimal convergence rates
for convex-smooth and strong convex-smooth objectives under
an interpolation condition, and for non-convex objectives under
a strong growth condition. Experiments comparing our proposed
algorithm with state-of-the-art compressed SGD methods with
memory feedback demonstrate a notable improvement in terms
of training loss across various levels of compression.

Index Terms—Adaptive step-sizes, compression, distributed
optimization, memory feedback, stochastic gradient descent.
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I. INTRODUCTION

ONSIDER the following optimization problem, where the
objective is to minimize the average of n functions:

min f(r) = min 3" fi(x). M)
=1

This formulation is widely used in machine learning, where
fi is the loss function corresponding to datapoint i, the size
of the training set is n, and x denotes the parameters of the
learning model.

A practical approach to solving the optimization problem
in (1) is Stochastic Gradient Descent (SGD), where one or
a small batch of the component functions f;’s is sampled at
random at a given iteration step, and the iterate = is updated
using the gradients of the sampled functions. In distributed
and federated optimization [2], there is a master node and the
component functions are split among multiple compute nodes,
termed worker nodes. In the optimization process, the gradients
are computed at the worker nodes and transmitted to the master
node. In the scenario where multiple worker nodes transmit gra-
dients to the master node at the same time, the communication
of the gradients can create a communication bottleneck at the
master node, and hence compressed versions of the gradients
are used in the SGD iterations.

Compressed SGD algorithms have been student in several
recent works (see, e.g., [3], [4], [5], [6], [7]). In the earlier
works [3], [4], only the top k (e.g., k = 1%) components of the
gradient (with feedback) are used in the iteration update. The
convergence properties of such compressed SGD methods with
feedback have also been discussed in [5], [8].

Existing works on compressed SGD algorithms use dimin-
ishing or constant step-sizes that depend on system param-
eters to obtain convergence guarantees. In machine learning
applications, the step-sizes are fine-tuned to the dataset and the
machine learning model to ensure good empirical performance.
However, fine-tuning with data sampled from the real world
during training is impractical. In order to address the limitations
of fine-tuning, it is of interest to study adaptive step-size meth-
ods for compressed SGD that do not involve unknown system
parameters. Recent literature has examined adaptive step-size
methodologies for uncompressed SGD [9], [10], [11], [12],
[13], [14]. In [9], an efficient adaptation of the classical Armijo
step-search technique [15] for neural network training has been
proposed. The proofs of convergence of these strategies assume
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the existence of a point z* that minimizes all functions f; in
the optimization problem (1). This condition is termed inter-
polation and theoretical justification for interpolation has been
established in [16], [17].

Motivated by adaptive step-size methodologies for uncom-
pressed SGD, we introduce an adaptive step-size method for
compressed SGD with feedback based on Armijo step-size
search. To this end, we propose a scaling technique, which is
crucial to the convergence of the proposed adaptive step-size
compressed SGD algorithm. To provide some intuition for the
scaling technique, we study classical GD with Armijo step-
size search and scaling, and illustrate through examples that
scaling can improve convergence in asymmetric objective func-
tions. We then draw parallels between gradients in asymmetric
functions and compressed gradients with memory feedback to
motivate the use of scaling for compressed SGD algorithms
with feedback.

In this work, we build on our results in [1] and establish
that the convergence rate for GD on convex functions with
Armijo step-size search is O(1/T) over a horizon of length
T, when the step-size returned by Armijo step-size search is
scaled by a constant and applied to the descent step. Further, we
illustrate the impact of scaling through examples. The lemmas
presented rigorously characterize the properties of the involved
constants and experiments in addition to those presented in [1],
reiterate that the proposed algorithm demonstrates accelerated
convergence as compared to prevailing non-adaptive step-size
methods with feedback at equivalent compression levels. Re-
sults presented in this work also illustrate that compressed SGD
with memory feedback and Armijo step-size search may not
converge without scaling.

To the best of our knowledge, the algorithm proposed in this
paper is the first adaptive step-size method for compressed SGD
with feedback with theoretical guarantees.

Our Contributions

1) We propose a scaling technique for GD with Armijo step-
size search, and present examples that illustrate that such
scaling results in faster convergence of GD in asymmetric
and convex problems.

2) We establish for a time horizon 7' that GD on convex
functions with Armijo step-size search and scaling con-
verges at the rate of O( ) for all values of o € (0,1) (see
(4) for a definition).

3) We propose a computationally feasible and efficient adap-
tive step-size search algorithm for compressed SGD with
feedback. Our proposed approach incorporates a scaling
technique developed in this work and employs a biased
compression operator.

4) Under the interpolation condition (Definition 2), we es-
tablish that our algorithm has a convergence rate of O(%)
for convex and smooth objective functions, and O(37)
(8 < 1) for strongly-convex and smooth objective func-
tions. Additionally, we prove that under a strong growth
condition (Definition 3), the algorithm has a convergence
rate of O() in the non-convex setting.
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5) We present a comprehensive analysis of the dependence
of the constants in the convergence proofs on the scal-
ing parameter.

6) We present in our experiments that the proposed scaling
technique is more than just a proof technicality. We also
illustrate that our algorithm for compressed SGD outper-
forms existing non-adaptive compressed SGD methods
with feedback on neural network training tasks at various
levels of compression.

II. PRELIMINARIES

In this section, we study the application of the classic Armijo
step-size search within the context of compressed stochastic
gradients. Consider the optimization problem in (1). At any
given time ¢, let ; denote the iterate of the optimization al-
gorithm, and ¢; represent the selected datapoint or data batch.
Let the loss function corresponding to the batch ¢, at the iterate
x¢ be denoted by f;, (z), and the step-size utilized at time ¢ be
denoted by 7;.

A. Compression Operator top,

In the experimental evaluation of our proposed algorithm,
the gradient in each iteration is compressed using the top,
compression operator (see, e.g., [5], [6]). Let x € R Let Ty
be the set of indices of the k elements of = with the highest
magnitudes. The top,, operator compresses a vector  such that

(J’J)Z Ifie Ty

0 otherwise

top(2); = { 2
The top,, compression operator is an element of the class of bi-
ased compression operators C [18] with the following property.

Definition 1: A compressor ¢ : R? — R< is an element of the
class of biased compression operators C iff vV v € R? there exists
~ €[0,1) such that

[lo = o[> < (1 =)l ©)

For a compression operator ¢, we define -y as the compression
factor. The top,, compression operator satisfies the conditions
in Definition 1 with v = 5

B. Armijo Step-Size Search in Gradient Descent

The adaptive step-size compressed SGD algorithm proposed
in this work efficiently adapts the classical Armijo step-size
search method [15]. At each iteration ¢, the Armijo step-size
search algorithm initiates the step-size search at avy .« (a param-
eter of the algorithm) for a given function f. Subsequently, it
systematically reduces the step-size by a factor of p < 1 until the
condition in Equation (4), termed Armijo condition, is satisfied.

flxe— oV () < fla) — oo [V(@)]? 4

Here, o is a parameter of the Armijo step-size search method.
The first step-size ay that satisfies the Armijo condition is
then utilized in the ¢-th iteration of the Gradient Descent (GD)
algorithm. Algorithm 1 presents the pseudocode for the Armijo
step-size search method.
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Algorithm 1 Armijo Step-Size Search
1. procedure ARMIJO STEP-SIZE SEARCH( f, apax, ¢, t, p)
QA = Qmax
3 repeat
4 Qt = Qe
5: i‘t.}rl — Ty — othf(mt)
6 until f(Ze11) < flae) — o] |V f(z0)]]?
7
8

N

return o,
: end procedure

C. Definitions

To establish the convergence of our algorithm, we require
the following interpolation condition in the convex and strong-
convex setting, and the strong growth condition in the non-
convex setting.

Definition 2 (Interpolation [13]): A function f(z)= %
S, fi(z) satisfies the interpolation condition if

Ja* st Vfi(a")=0,Vie{1,2,--- ,n}. (5)

Interpolation is particularly applicable to neural networks
characterized by a substantially larger number of parameters
compared to the number of data points on which they are
trained. Rigorous mathematical characterizations of interpola-
tion are presented in [16], [17].

Definition 3 (Strong Growth Condition [9]): A function

=15 | fi(2) satisfies the strong growth condition with
constant v if

- Z IV fi(@)|* <wl[Vf ()]

The Strong Growth Condition (SGC) has been widely used
to show accelerated convergence rates for SGD on convex
and strong-convex objectives [19]. Under SGC, accelerated
convergence rates for incremental gradient methods [20], [21]

and superlinear convergence for Gauss-Newton methods can
be established.

(6)

III. GRADIENT DESCENT WITH ARMIJO STEP-SIZE
SEARCH AND SCALING

In this section, we motivate the idea of scaling for GD with
Armijo step-size search.

Optimization problems in machine learning applications of-
ten exhibit asymmetry, with gradients that do not align with
the direction of a minimizer. For 1nstance con51der GD applied
to minimize the function f(x)= wl + %2, At a given point
x, the negative gradient —V f(x) is orthogonal to the tangent
and may not necessarily align towards the minimizer (0,0).
Consequently, GD with Armijo step-size search can experience
slower convergence, particularly when the maximum step-size
Qmax 18 large. To address this challenge, we propose the idea of
scaling. Here, the step-size oy determined by Armijo’s rule (4)
is scaled by a factor a < 20, and the scaled step-size 1; = aay
is utilized in the descent step, i.e.,

— eV f ().

Ti41 = Tt

IEEE TRANSACTIONS ON SIGNAL PROCESSING

TABLE I
LOGARITHM OF FUNCTION VALUES (log((f(x¢))) AFTER = 2000
ITERATIONS OF GD WITH ARMIJO STEP-SIZE SEARCH;
COMPARING RESULTS WITH AND WITHOUT SCALING

Function f(z) | Method [ ctmax = 10 | @max = 100 | ctmax = 500
o o2 Scaled -8 -20 227
i=1 925 Non-scaled -284 -246 -263
10 =2 Scaled -37 -12 -234

2Ji=135 | Nonscaled |  -205 285 -290
10 <2 Scaled -7 -15 -30
Zi 1721 Non-scaled -9 -8 -9
10 2 Scaled -65 -87 -108
2 i=1 3% | Non-scaled 47 -48 -50
10 «2 Scaled -5 -11 -12
Zi:l R Non-scaled -4 -3 -3

To illustrate the effect of scaling on asymmetric problems,
we tabulate in Table I, the performance of GD with scaled
(a =1.50) and non-scaled (a = 1) Armijo step2 size search. 02n
symmetric problems with objectives >1% % and 30,7, £,
non-scaled GD outperforms scaled G2D Howevgr on asymme;-
ric problems with objectives 312, 2, 5710 2 and 3710 4
scaled GD outperforms non-scaled GD. The difference is more
pronounced when «y,,x is large. The convergence of GD with
Armijo step-size search and scaling is presented in the follow-
ing theorem.

Theorem 1 (Deterministic-Uncompressed-Convex): Let f be
convex and L smooth with a minimum x*. The Armijo step-size
search gradient descent for o € (0,1) and scale factor a < 20
satisfies

[lzo — 2|2
2(1;(7) p(2a - a—2)T,

o

f(@r) = f@7) < @)
where T = TZZ o0 Tir

The proof is presented in the Appendix. Note that, while the
GD algorithm with Armijo step-size search converges for all
values of o € (0,1), a convergence rate of O(4) for convex
objectives has been proven only for values of ¢ > 0.5 [15].
However, typical values of ¢ used in practice are in the range
[1075, 1071] [22]. For our modified Armijo step-size search
rule with scaling, we prove a convergence rate of O( ) for GD
on convex objectives for all values of o € (0,1). To the best of
our knowledge, this is the first such proof.

IV. COMPRESSED SGD WITH ADAPTIVE STEP-SIZES

In this section, drawing inspiration from the scaling tech-
nique employed in Gradient Descent (GD) with Armijo step-
size search, we introduce an adaptive step-size algorithm for
compressed SGD with feedback.

A. Compressed SGD With Armijo Step-Size Search and Scal-
ing (CSGD-ASSS)

SGD methods with compressed gradients (see, e.g., [3], [4],
[5], [6], [7]) utilize memory feedback to compensate for the
error due to compression. The update rule for the iterate at time
t is given by

d(my + eV fi, (20)), (8)

Ti41 =Tt —
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Algorithm 2 Compressed SGD + Armijo Step-Size Search and
Scaling (CSGD-ASSS)

I: Omax = Qo

2: fort=1,--- ,T do

3: Sample batch 7, of data
Qmax = WO—1
oy < Armijo Step-Size Search(f;,, amax, Tt, ¢, p)
e = ac
gt = o(me +n:V fi, (1))
Ti41 < Tt — Gt

90 mypr =my + Vi, (2) — ¢(my + eV fi, (1))
10: end for

e NN

where 7, is the step-size, ¢ is a compressor in the class of biased
compression operators, i; is the index of the function sampled
at time ¢, and my is the error value due to compression.

In Section V-A, we demonstrate with examples that SGD
with Armijo step-size search as proposed in [9] does not gen-
eralize to the compressed setting, and can diverge at an ex-
ponential rate. A possible reason is that, in compressed SGD
with feedback, the descent direction ¢(my + 1,V f;, (z+)) need
not necessarily point towards a minimum, even if Vf;, (x;)
points towards a minimum of f. Motivated by our discussion
in Section III on scaling for GD with Armijo step-size search,
we propose scaling as a fix for compressed SGD with Armijo
step-size search and present the Compressed SGD with Armijo
Step-Size Search and Scaling (CSGD-ASSS) algorithm.

At iteration ¢, in the CSGD-ASSS algorithm (Algorithm 2),
we implement the Armijo step-size search (Algorithm 1) for the
function f;,, which returns a value o that satisfies

fio(@e — oV fi, (20)) < fi, (w1) — oaul| fi, (z) ]2 (9)

The step-size at iteration ¢ is subsequently chosen as 7, = aay,
where a is a scaling factor. The algorithm computes the com-
pressed gradient g; with feedback error m;, and scaled step-
size 1, as

gt = ¢V fi, (z¢) + my). (10)

The iterate and error for iteration ¢ 4+ 1 are updated respec-
tively, as

an
12)

Ti4+1 =Tt — Gt
mey1 =V fi, (T8) +me — ¢V fi, (1) +mt).

At iteration ¢+ 1, the Armijo step-size search algorithm
searches for the step-size starting from .x = way, wWhere
w is a parameter of CSGD-ASSS. Further explanation on the
practical significance of w is presented in Section V.

B. Convergence Analysis

We study the convergence of the CSGD-ASSS algorithm in
the setting where the objective function is convex and strongly
convex, under the interpolation condition (5). Additionally,
for non-convex objectives, we examine convergence under the

2397
TABLE II
SUMMARY OF PARAMETERS OF CSGD-ASSS
Parameter Definition

Qmax Initial value of step-size in Armijo step-size search
ag amax at iteration 1 of CSGD-ASSS
T Number of iterations (time horizon)
w Qmax Initialization parameter in Step 4 of CSGD-ASSS
a Step-size scaling constant
me Feedback error
) Compressor
¥ Compression factor of compressor

topy, Compression operator topy,
P Step-size decay parameter of Armijo search

strong growth condition (3). Notably, the convergence rates
established under compression align with those derived in the
uncompressed setting as detailed in [9].

Consider the minimization of the function f in the convex
setting, with some f; satisfying strong convexity with parameter
;> 0. In this setting, we can establish the following linear
convergence result.

Theorem 2 (CSGD-ASSS strongly convex): Let f; be convex
and L; smooth for all i € [n], and p; strongly convex with
; > 0 for some i € [n]. Assume that the interpolation condition
(5) is satisfied. Then there exists a > 0 such that for 0 < a < a,
the CSGD-ASSS algorithm with scaling a, parameter o € (0, 1)
and compression factor y satisfies

Eflz, — 2" |") < 2(B(@)) El(lzo — «7|})],  (13)

for some B(a) <1, where for 0 < e < ( and ( £ (2"_77),

B(a) £ max{ﬂl (p(ﬁ), 7"(6), a’)7 62((1)}7

Bu(p(0),7(€); @) 2 (pmax@imas +ple) + (1= 7)(1+7(c))),

52(a>:(1—’“(1_”>),a=<—e7

max

n

_ 2'21 Mg

Pmax = MaX fi;, fi = ="=—.
1€ln n

€[n]

(14)

The values of p(e), r(€) are obtained from the maximization
of a convex problem, which is presented in the proof of the
theorem in the Section VIII-B.

For the minimization of convex objective functions, we prove
the following convergence result for CSGD-ASSS under the
interpolation condition.

Theorem 3 (CSGD-ASSS convex): Let f;(x) be convex and
L; smooth for ¢ € [n], and assume that the interpolation condi-
tion (5) is satisfied. Then there exists a > 0 such that for 0 <
a < a, the CSGD-ASSS algorithm with scaling a, parameter
o € (0,1), and compression factor ~, satisfies

=
()

— E[f(z")] < (Elllwo —a”|*)),

(51 (a)T

s)
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where for any 0 < € < (, ( £ 22~ and L.y £ max; L;,

(2—7)

2(1—o0)
Linax
51(‘1)%051(2@—65—662—(1—7) <1+7,(1€)> f)a

(16)

The exact expression for p(e), 7(e) and the proof of the theo-
rem are similar to the strongly convex case, and the details are
presented in the Appendix. To provide convergence guarantees
in the non-convex case, we use the strong growth condition (6).

Theorem 4 (CSGD-ASSS non-convex): Let f; be non-convex,
L; smooth and let f; i € [n] satisfy the strong growth condition
(6). Let inf,, f;(x) > —oo for all i € [n], and let the Lipschitz
constants L; be upper bounded by Lyp. Then, there exists a, &
such that for 0 < a < a and o < @,

(Elf(xo)] — Elf(27)])
oT ’

T-1

1 2
7 ; E[|IV f(z)|I*] <

a7

where #7 is a perturbed iterate [23] obtained from {z;} ;.
A discussion on the choice of a, and & is presented in the
Appendix.

C. Analysis of Constants in Convergence Proofs

In this section, the properties of constants in Theorems 2, 3
are studied. In Theorem 2,

B(a) =max{Bi(p(e), r(e), a), B2(a)}, (18)

where p(e), r(e) are variables. In order to establish a precise
characterization of the parameter B(a), we provide the follow-
ing lemma to bound 31 (p, 7, a).

Lemma 5: For any 0 <a <(, consider the optimizat-
ion problem

inf 81 (p, 7, a) (19)
p,T
1 1 1—)(1+1
a<2/<0—|—0p+( 71‘( ’“)), (20)
p>0, r>0. Q@

The optimization problem has a solution p*,r*, and let the
optimal value be denoted by Srg(a) = 51 (p*,r*, a). Further,
if a1 < as, then

pre(ar) < Bus(az). (22)

Remark 1: The condition in Equation (21) is obtained
from the proof of convergence of Theorem 2 presented in
the Appendix.

Remark 2: In Theorem 2, 3(a) = max{S1(p,r,a), B2(a)}.
Lemma 5 characterizes the infimum of Si(p,r,a) with re-
spect to parameters p and r, thereby establishing a tight bound
for 3(a).

The proof of Lemma 5 is presented in the Appendix. From
Lemma 5, it is evident that the smallest value (31 (p, ¢, a) for a
given scaling factor a, denoted as Sy p(a), is a monotonically
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increasing function of a. Simultaneously, from the definition of
B2(a), its value monotonically decreases with a.

Consequently, as the parameter a increases from 0 to ¢, the
value of S5 (a) increases, while the value of 35 (a) decreases.
This trade-off between S (a) and S2(a) leads to a decrease
in the value of 3 (a), reaching a minimum before increasing.
The precise value of a at which B (a) attains a minimum is
contingent upon the parameters of the objective function to
be minimized.

Similarly, the parameter ¢;(a) in Theorem 3 increases with
respect to the scaling parameter a, attains a maximum, and
decreases with a further increase in a. A characterization of the
properties of 1 (a) is presented in Lemma 14 in the Appendix.

Further, the upper limit ¢ on the maximal value of the scaling
parameter a in the proofs of convergence of CSGD-ASSS for
convex and strong-convex objectives is directly proportional to
the compression ratio +y.

V. EXPERIMENTAL RESULTS

The CSGD-ASSS algorithm is evaluated on the training
of ResNet-18, ResNet-34, and DenseNet-121 neural nets on
CIFAR-100 and CIFAR-10 datasets with top, compression
operator. Each layer, excluding those with fewer than 1000 pa-
rameters, is compressed. Using a batch size of 64, the networks
are trained for 90 epochs.

Armijo step-size search uses 0 = 0.1, and motivated by the
analysis of GD with Armijo step-size search and scaling pre-
sented in Section III, we set the scaling factor a to be a multiple
of ¢. In our simulations, a = 30.

Experiments include compression rates of 1.5% and 10% for
ResNet-34 and ResNet-18, and 4% and 10% for DenseNet-
121. CSGD-ASSS is compared with non-adaptive compressed
SGD in [4] using step-sizes 0.1,0.05,0.01. The reason for
using the algorithm in [4] as a baseline is that prevalent
non-adaptive compressed SGD algorithms with feedback are
generally built on top, gradient compression with memory
feedback introduced in [4]. From Fig. 1, we observe that our
proposed CSGD-ASSS algorithm (denoted by 30) outperforms
fixed/non-adaptive step-size top, compressed SGD with step-
sizes 0.1,0.05,0.01, denoted by non-adap 0.1, non-adap 0.05,
non-adap 0.01, respectively.

Note on computational complexity: In experiments, qax 1S
0.1 and is updated iteratively as amax = wap—1, with w =1.2
and p = 0.8 (wp < 1). With this choice of parameters, CSGD-
ASSS with Armijo step-size search computes, on average,
fewer than two additional forward passes compared to non-
adaptive compressed SGD on ResNets and DenseNets. Essen-
tially, in practice, each iteration of Step 5 in CSGD-ASSS
involves computing the gradient once, multiplying it with step-
size oy, and evaluating the stopping condition (Step 6) of the
Armijo step-size search (Algorithm 1) twice. Evaluating the
gradient is computationally more expensive than a forward pass
in the SGD algorithm and in the federated learning [2] setup,
forward pass steps can be parallelized in the worker nodes.
Thus, in scenarios with large gradient sizes and multiple worker
nodes, the primary bottleneck for implementing our algorithm
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(a) Interpolated linear regression a; € N'(0, 1)

Fig. 2.

in federated/distributed learning, similar to other compressed
SGD algorithms [3], [4], [5], [6], [7], continues to be the com-
munication time.

A. The Necessity of Scaling for Convergence of CSGD-ASSS

In this section, we illustrate through examples that scaling
is necessary for the convergence of CSGD-ASSS. We consider
interpolated linear regression in the convex setting and neural-
networks in the non-convex setting as examples.

In interpolated linear regression, we consider the loss
function

n
Z(<hi7 SL‘> - bi)27

i=1

1

n

f(x) (23)

where 3 z* such that (h;,2*) =b;, V ¢ € [n]. In our experi-
ments, we choose n = 10000, {h;,z} € R192* and use top,
compression with compression ratio % = 1%. The elements of

(b) Interpolated linear regression a; € N (0,10)

(c) Effect of scaling on ResNets at 1.5% compression

Scaled vs non-scaled CSGD-ASSS at ~ 1% compression.

x* are generated from N (0, 1) and the elements of a; are dis-
tributed as NV (0, 1) and A(0,10) in Fig. 2(a) and 2(b), respec-
tively. The loss increases exponentially without scaling in the
convex setting. This clearly demonstrates that for compressed
SGD with Armijo step-size search, scaling is a fundamental
requirement and not just a proof technicality. In Fig. 2(c), the
CSGD-ASSS algorithm is evaluated on ResNet-34 and ResNet-
18 on CIFAR 100 dataset with scaling a =30 and a =1 (no
scaling) at ~ 1% compression. The plot demonstrates that the
conclusion regarding scaling also holds in (non-convex) neural
network training tasks.

VI. CONCLUSION

We have motivated and presented a scaling technique for
Armijo step-size search for compressed SGD with feedback,
and used it to establish convergence for convex and non-convex
objectives. In our experiments, we have shown that the proposed
CSGD-ASSS algorithm outperforms non-adaptive compressed
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SGD on ResNet-18 and ResNet-34 networks trained on CIFAR-
100 and CIFAR-10 datasets at 1.5% compression. Through
simulations, we have demonstrated that scaling is fundamental
for the convergence of SGD with Armijo step-size search and
compressed gradients with feedback. We have also shown ad-
ditional simulation results and the proof of convergence of the
CSGD-ASSS algorithm to local minima in distributed setting in
[24]. The study of adaptive step-size methods for compressed
SGD without feedback [18] is left for future work.

APPENDIX
MATHEMATICAL PRELIMINARIES

We begin by stating some useful results, whose proofs are
straightforward.
Lemma 6: For vectors vy, vy € R and p > 0, r > 0,

1
2(vy,v2) < pllvr]® + ];||U2||2- (24)

1
ot oal? < (el + (147 el 29)

Lemma 7: [5] In CSGD-ASSS algorithm, m; = z; — &;.
Lemma 8: [6] For top, compression operator with v = %,
and a vector v, € R",

lor = topy (v1) [ < (1 = )| Jva .

Lemma 9: [9], [15] The Armijo step-size search stopping
condition for a data-point 7; sampled at time ¢

fio (@ — eV fi,(20)) — fi, (21) < —oa| |V fi, (z)|]* (27)

ate[O

(26)

2(1—0)

, Lmax] where

is satisfied by all
max;e(n) {Li}-

Lemma 10: [15] The Armijo step-size search rule returns a
step-size v € [Aminp, Omax] Where @i, = y

Remark 3: In our proofs, for the Afnﬁ;)ijo step-size
search  Qmin = Ominpe and  omin < ¢ < amax. The step-
size 1, for CSGD-ASSS is obtained by 7; = ac; and hence

Mt S [nmina nmax], where Tlmin = A0min and Thmax = A0 max-

Lmax =

PROOF OF THEOREMS

A. Proof of Theorem 1

Proof: Let x; be the iterate of GD with Armijo step-size
search at iteration t. The iterate for the next iteration is

Ti41 = Tt — Oétavf(xt)7 (28)

where o is the step-size returned by Armijo step-size search
and a is the step-size scaling factor. Let * be a minimum of
the objective f. Then,
|ze41 = 2*|° = |Joe — avaV f (@) — 27| |?
= [loe — 27||* + afa®||V £ (x0) |

—2apalxy — x*,V f(xy)). (29)

From the convexity of f,

(@7 =@, V(1)) < f(27) = fle). (30)

IEEE TRANSACTIONS ON SIGNAL PROCESSING

Substituting Equation (30) in (29),

|zer1 — 2*[|* < |lze — 2*|]> + afa®||V f (1) ]]?
+20qa(f(z*) = f(x1)).

Define the iterate T, as

€29
i’t+1 =Tt — Othf(xt). (32)
Since oy is the step-size returned by Armijo step-size search,

F@41) = fl0) < —oua|[V ()|

Rearranging the terms in Equation (33), and multiplying by ‘2—2,

(33)

2
a‘ay
aia®||V f(zy)|* <

(f(xt) - f(ft-s-l))-

Substituting (34) in (31) and using f(Z¢11) > f(x*),

(34)

CL2 Ot

lze1 = @*|* < [Jwe — 2™ +

(f(2e) — f(x"))
+ 2aa(f(2*) — f(2r)),

a? N
o (20 - 2) () - 1)
<y — 2] = |l — 2712 (35)
The factor (2a — ’;—2) > 0 if and only if a < 20. Also, the step-
size returned by Armijo step-size search is lower bounded by
@p, as shown in Lemma 10. By choosing a < 20, lower
bounding a;, summing over the horizon 7" and using Jensen’s

inequality,

1ZT . ||wo — 2*|]?
— < 36
! <Tt_1 xt) fle)= 2 0)9(2‘1 f)T e
O

B. Proof of Theorem 2

Proof: From the perturbed iterate analysis in [23], we have
that 41 = & — 1,V f;, (z4) where i, is the data-point sampled
at time ¢ and Zo = x(. Hence,

|Ze41 — *[[* = |20 — & =V fi, ()|
=& — 2|+ 2|V fi, ()|
- 2<£i’t — Tt Utvfit (»Tt))
+2(z" — 2,V i, (24)).

If fi, is pu;,-strongly convex, then

(0 = 20, Vip@0)) < fi (@) = i (w) = Btlla* = @l

If f;, is convex but not strongly convex, then ;, = 0. In the
statement of the theorem, the only assumption is that 3 i € [n)]
such that p; > 0.

From triangle inequality,

* S 1 A *
—lla" =@l [? < llwe = 2l [* = S 1@ — 2" (39)



SUBRAMANIAM et al.: ADAPTIVE STEP-SIZE METHODS FOR COMPRESSED SGD WITH MEMORY FEEDBACK

Substituting (39) in (38), setting m; = x; — 2+ (by Lemma 7),
defining e; = f;, (z¢) — fi, (z*) and using the resulting expres-
sion in (37), we have that

A * i 1) A *
s = |2 < (1= B ) oo — 2|2 4+ 0211V £, (@)1

— 2meeq + i, ne|[me?
+ 2<xt - i'tv ntvfit (xt)>

From Lemma 6, we have that

(40)

2n(wy — 24, Vi, (20)) < qeel|we — 24|
+ %HVfit(xt)Hz, Vg, > 0. (41)
Substituting in (40),
241 = 2" < (1 3 — |7 + 071V fi, ()|
— 2nse + i, el el 2 4 qenel oo — 24P
Vil (42)

o Mzﬂ]t)
2

From the compression property in Definition 1 and the
memory update step myi1 = (my + 0V fi, () — d(my +
eV fi, (z¢)) in the CSGD-ASSS algorithm, we have that

Imesall? = l[(me +0eV fi, (24)) = (g + eV fi, ()12
< (1 =)|my + 0V fi, ()| (43)
From Lemma 6,
[ 40V fi, () |2 < (1 7) ||
4 (1 + i) BRIV i@l Y 7> 0.
(44)
Substituting this in (43), we get that
M| < (1 =) (1+r)|[me][*
s (141 ) RIVA @I @)

for some r>0. Adding (42) and (45), and setting p £
qrac; where p € R™ (p can be set independent of ¢ since ¢
is arbitrary),

[es1 = 2|2 < =llmesa] 2+ (1= B2 fla - 27|
F 02|V fin (@)|[* — 2mes + i, nel [

p . aq
b Lol = + X 9, ()
ao p
=) 7
1
=) (14 1) RIA I 6o

Consider the Armijo step-size search stopping condition

fio(@e41) — fi () < —oa| |V i, (z0)| |- 47)
This implies,
2 2 (@) oy *
IV i @)||” < ——(fi, (xe) = fi, (27)). (48)

2401

Note that (¢) holds due to the interpolation condition. Substi-
tuting (48) in (46),
|41 — 2|

< il 2+ (1 - B |12

(2
) Ty — x|

(e 49+ Q=0 ) P

2 2 2
—atet<2a—a—a —(1—7)<1+1>a>. 49)
o op r) o

Let fimax = max;ep, pi- Using 1y =acy and oy < omax,
where o 1S the starting value of the Armijo step-size search
algorithm, we get
it +p+ (1 - 7)(1 + T) < UmaxQ0max
+p+ (1 =7)(1+7). (50)

Notice that in (49), p,r can be chosen arbitrarily. Define
ﬂl (p7 T, CL), a'1(p7 T) and aQ(p7 T, CL) as

/81 (p7 T, CL) = (,Umaxaamax +p + (1 - ’Y)(l + ’/‘))

&1@77")%2/(; + Jip + M@)

2 2 2
ax(p,r,a) & (261—(;—@ — (=) <1+1> a).
1

If a<ai(p,r), then as(p,r,a)>0. If p,r,a are chosen
such that f$1(p,r,a) <1 and a < ai(p,r), Equation (49)
simplifies to

A * "aOé A *
Fe1 =22 < —lmea |2+ (1 B20) flae - 272
+ Ba(p,r, @) |Jmy 2.

The existence of such p, r, a is proven in Lemma 13. The step-
size in the Armijo step-size search satisfies qyinp < ay. Using
this property and taking expectation with respect to the data
point i; conditioned on the entire past therein,

E;, (|| 2041 — 2|1 + [|[masa| 7]
Eit i ] AQmin ~ %
< (1 Beltdomnl ) s, e

+ Bi(p, @) |lme .

By the strong-convexity assumption in the theorem, 3 ¢ € [n]
such that p; > 0. Hence,

(53)

_ Z?: i
fi= B[] = ==L > 0,

This implies that

1
0<(ﬂadminp)/2:ﬂaL (I—-0o)p<l,

max

since 1 < Lyax, the values

Lemma 13. Let
Ba(a) = <1 - uaaminp) :

o,p<1l and a<1 by

2
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It follows that 0 < 35 < 1. Let 3 £ max{fi(p,,a), B2(a)}.
Since B (p, 7, a) < 1, B2(a) < 1, this implies 3(a) < 1. Using
this in (53) and taking expectation w.r.t the entire process, and
recursion over ¢, we get

Ell|ze — 2*[|* + [Jme|[*)

< (B(a))"E[(||&0 — =" []* + [[mol[*)]- (54)
Since ||m¢|| = [|ze — &,
llwe — 21> < 2(|lwe — &) + 2(]| &0 — 2*[7)
=2(/lml|* + [|&e — 27[?). (55)
Att =0, mp =0 and hence,
Blllze — 2" |*) < 2(B[ll2r — a™[* + [Ime|*])
<2(8(a)'E(|l&0 — «*|P)).  (56)

In the perturbed iterate analysis, &y = x¢. Substituting this
we get,

Eflx; — 2" |P) < 2(8) El(lzo — "))l (7

Hence, we obtain the geometric convergence stated in the
theorem. OJ
To show the existence of p, r, a such that 51 (p,r,a) < 1 and
a < ay(p,r) we prove Lemma 13, which is based on Lemmas
11 and 12 proved below.
Lemma 11: Consider the following convex optimization
problem with variables s, z,7) € Rand 0 < ¢ < 1.

1 1
min g(s,2) =~ + ¢~
8,2 S z

st. (s+v(1+2) <1,

$>0,2>0 (58)

2
The function g¢(s,z) attains the minimum value ((1;11% at

(8*7 Z*) = (%7 %)

Proof: To solve the convex optimization problem, we con-
sider the dual of the problem and apply the approach of Propo-
sition 3.3.1 in [22]. The constraints s > 0 and z > 0 are inactive
since s =0 or z =0 implies the objective g(s, z) = co. Since
only (s+v(1+ z)) <1 can be active, all local minima are
regular. Consider the Lagrangian

L(s,z, A1, 2, A3) = g(s,2) + Mi(s+ (1 +2)—1)
+ )\2(—8) + )\3(—2’)

The values s*,z* are a local minimum of the convex
problem (58) if AT, A3, A5 such that A5 =0,\; =0 and
Vs L(s*, 2%, A5, A5, 05) =0.

Solving for L(s*,z*, A7, A5,A5) =0 we get s =2z* and
A7 =L at any local minimum. Hence A} > 0 which implies
that the constraint (s* + ¢ (1 + z*)) < 1 is active or tight. Sub-

stituting s* = z* in the active constraint, we get

sS“HY(l+s")=1.

(59)

(60)

This implies that

(61)
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Hence there is a unique local minimum. The minimum value
of the objective ¢(s, z) subject to the constraints is

L1 1
g(s",2") = — +v—
S z

= S (1+)
2
J

Lemma 12: Let f;(x), i € [n] be a set of u; strong-convex
functions s.t y; > 0 for some i > 0 and fip .y = Max;¢ ] Mi-
Then pimax <&,V € > 0 is justified.

Proof: The case where £ > fiax 1S trivial. Hence con-
sider the case where £ < fiax. Without loss of generality, let
& < puy where i is the strong convexity constant of f7. This
implies that V2 f; (x) = u11. Since & < py, it also implies that
V2 fi(x) = €1. Hence fi is & strongly convex. It is thus justified
to assume p; = € and set ppax < &. O

We show the following lemma based on Lemmas 11 and 12.

Lemma 13: Let (£ 7~ For all 0<e<( and a<
¢ —¢, 3 (pe),r(e)) such that S1(p(e),r(e),a) <1 and a <
a1 (p(e),r(e)), where p(e), r(e) are functions of e.

Proof: The functions /31 (p, ) and a;(p,r) have been de-
fined as

B1(p,7) = (mast0mas + 9+ (1= 7)(1+ 7)),

ay(p,r) =2/ <;+1+W)-

(63)
op

Consider the convex problem

N 1 1
supal(p7r):2o/<1+p+(l—7) (1—1—)),

st.p+(1—y)(1+7r) <1,

p=>0,72>0. (64)

Equivalently, the problem can be stated as

(300 (1+1))

st.(p+(1—y)(1+7r) <1,

p=>0,7>0. (65)

Using Lemma 11 with ¢ = (1 — +), the infimum is @ +
(1 —~) and the infimum is attained at a point (p, ) such that
(p+ (1 —v)(14r)) =1. Hence, by substituting the infimum
of (65) in (64),

¢ 2 supi(p,r) = —F (66)

D, 2-7)
subject to the constraints. By the continuity of the function
20/(1 + % +(1 -1+ %)) atp > 0,r > 0, and since (p +
(I=9)(147r))<1,p>0,r>0is aregion in the first quad-
rant and ( is attained at (p*,r*) such that (p* + (1 —~)(1 +
r*)) =1, for all e >0, 3 (p(e),r(e)) and 0 < § < 1 such that

ar(p(e),r(e)) > ¢ — ¢,

(p(e) + (1 =71 +r(e)) =1-4. (67)
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Let pimax < S;Tz for some 0 < 7 < §. This assumption is jus-

tified by Lemma 12. Hence,

61 (p(ﬁ), 7“(6), a) < <,umax<amax + p(e) + (1 - ’7)(1 + 7“(6)))
<(1-7)

<1 (68)

To conclude, we have shown that for any a < ( —e¢,

3 (p(€),(€)) such that ay(p(e),r(e)) > ¢ —e and Si(p(e),

r(€),a) < 1. This implies that 3 (p(e), r(¢)) s.t.
a < ai(p(e), (e)),

Bi(p(e),r(e),a) < 1. (69)

O

Remark 4: In the proof of Theorem 2, for all a < ¢, 3 p,r

such that a < a;(p,r) and 51 (p,r,a) <1 by Lemma 13 and
hence (52) of Theorem 2 holds.

C. Proof of Theorem 3

Proof: For CSGD-ASSS, when the objective is con-
vex, Equation (49) holds with p;, = 0. Define a;(p,r) and
as(p,r,a) as in Equation (51). From Lemma 13, 3 (p(e), (¢))
such that

(pe)+ (=N +r(e)) =1-0d<1,
ay(p(e),r(e)) > ¢ —e.

Choosing p,r as p(e),r(e) and a scale factor a < (¢ —
e implies that as(p(e),r(€),a) > 0. Substituting p(e), r(e),
as(p(e),r(€), a) in Equation (49) with y;, =0 and summing
over horizon 7" and averaging proves the theorem. O

(70)

D. Proof of Theorem 4

Let f; be L; smooth and let f; i € [n] satisfy the strong
growth condition (6). Let L; < Lyp V i € [n] and v < vyp.
Then, there exists a, & such that for 0 < a < a and apax < @,

(Elf(xo)] — E[f(E7)])
oT ’

1 T—1
7 2 BlIVF@)|] < (n
t=0

where 27 is a perturbed iterate [23] obtained from {xi}iT;Ol and

o NminP _ o . 2
5 - (nmax + 1 + p> (V(Umax 77mln) + Vanax
9 1
+ Vnmaxo(]' - ’Y) 1+ ; ) (72)
[(27) + ULue
4= lmin 2(1— O')’UUP(LUP +0G) ’ (73)
2 Oe
BL%P + 2(1 - O’)pLUp
UB(a)

—(vup — 1)
L/ (up = 12+ (drup (Lup +6G)a(vur + 125) 2= p)

Lup

QGVUP(LUP + GG) ’
714
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1 Ly

& =min{UB(a), 5}, G2 (1-~) (1 4 r) - Zle
(75)

for any p, 7, 9, ﬂ > 0, dmin = 221[;(:), Lmax — max; {Lz}, €<

v and v is the strong growth constant and vyp is an upper bound
on the strong growth constant.

Proof: By the perturbed iterate analysis framework, let
{Z+}+1>0 be the virtual sequence generated as

Tpp1 =24 — 4V fi, (w¢). (76)

Using the L-Lipschitz smoothness of gradient of f and (76),

f(@e1) < f(@) +(VF(@0), =V fi, (240)))

L
+ 5 eV i () |- (77)

Using the identity —2(a,b) = |la — b||* — ||a||* — ||b]|?, the
bounds on step-size 7¢ € [Nmin, max] and taking expectation
E;, with respect to the data point 4; conditioned on i, 41
and the entire past therein,

2B, [f(#t11) — f(20)] < nax Bi, [V f(80) — Vi, ()]
— Noin| [V f (20) ||
— Nmin s, [”vfu (xt)”Q}
+ Liax Bi, [V fi, (20)[1%). (78)

As E;, [V fi,(2)] = V f(2),

B [IIVf () = V fi, (2e)]1%]
= IVF @I + Ei, IV fi. (20)]17]

= 2(Vf (1), V(). (79)

The following inner product can be rewritten as

~20nax (V f(20), VF(@0)) = nax [V f (&0) = V f(20) |
- 77max||vf(f0t)||2

- nmax”vf(xt)HQ' (80)

Substituting (79) in (78), and using the expression (80) and
Lipschitz smoothness of V f,

28, [f(Ze41) — f(24)]
S (nmax — Tmin + LnfnaX)Eit [||vf1t ($t)”2]
+ nmaxLQ[Hjjt - xtHQ} - 77max||vf($75)||2

— Donin| [V £ (&0) |- (81)
Using Lemma 6, for any p > 0,
IVF@)ll? < (L+p)IV () — V(@)
1
+ (1 + p) IV £ (&) (82)
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Using the Lipschitz smoothness of V f and rearranging terms
in (82) and substituting in (81), and using the strong growth

condition E, [[|V f;, (x)[|?] < ()],
(nmax + 'Zm_:_n;) - (nmax — Nmin + L77x2nax)V) (va(‘rt)nz)

<28, [f(24) — f(Ze41)]

+ (MnaxL? + MninpL?) (|20 — z41%). (83)

Bounding 7; by 7,4, in (45) and taking expectation w.r.t data-
point 4; and mutiplying by 6 > 0 and adding to (83),

TIminP 2 2
max - max — //min L
(77 + 1 _|_p (77 n + nmax)y>(||vf(xt)” )

< —0E;, [[me|?] 4 2B3, [f (20) — f(Ze41)]
+ (nmaxL2 + nmianZ)(Hjt - xt||2)
+0(1 =) (1 +7)[[me]?

#00-) (14 1) (B9 5@OID.

Using the strong growth condition and taking expectation w.r.t
the entire process,

[(nmax + 77m1np) - <V(77max - nmin) + VLTIrznax

(84)

1+p

+ (o= (141) ) )] EUV SO
<2B[f(21) — f(Ze41)]

4 (I + Taiap? +0(1 —~3)(1+ 1) Bl

— 0E[||lm41]%). (85)

Consider the term 7ay L? + iminpL? + 0(1 — ~)(1 + ) and
an € < 7. Then,

1=7A+r)<l-y+r<(l-¢) (86)

iff r <y —e Setr <+ —eand NuaxL? + NminpL? < Oe. The
inequality NmaxL? + NminpL? < e holds iff
Oe
< . 87
‘= (amaxL2 + amillpL2) ( )

Hence, setting » = v — € and « satisfying (87), implies

(Mnax L2 + uinpL? + (1 — ) (1 + 7)) < 0. (88)
If § > 0, and a satisfies (87), (85) simplifies as
B[V f(o)ll’] < 2B[f (&) — f(@44+1)]
+O0E[lmel’] = Ellmen ). (89)

Since mg =0 and &y = z(, summing (89) over the horizon T’
and averaging,

1 T-1
= S BVl <2 ©0)
t=0

By definition, L,,,, < Lyp. Hence L,,,, in Lemma 9 can be
re(placed by Lyp and dau,i, in Lemma 10 can be replaced by
2(1—0)

Lyp
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The conditions under which § > 0, can be stated in 2 cases
depending on the value of auyax-
1) Case 1: amax < 2(1 U)p In this case amax = Omin by

Lemma 9 and this ultjlphes Nmax = Jmin- Hence 6 > 0 iff

[(;57) + 1 Lup

. 91
~ 2(1 —o)v(L + 0G) On
2) Case 2: Qmax > 2(1 ”)p In this case § > 0 iff
Qmax < UB(a). (92)

An interval auax € (M UB(a)] exists if % =

Lyp

UB(a). The bound UB(a) is a monotonically decreasing func-
tion of @ and the interval exists if

[(;20) + 1) Lup

S50~ o)L+ 0G) ©3)

Combining the bounds on a for § >0 and % convergence
from (87),(93) and using L < Lyp, and always using a; < 3
in CSGD-ASSS for some pre-specified fixed 5 > 0,

L)+ 1]L
a <min [(pﬂ) e )
2(1 — o)vup(Lup + 0G)

Oe
BLEp +2(1 — o)pLyp } 4
Hence, setting a = a in UB(a),
& =min{UB(a), 8}.
Hence proved. O

Remark 5: Similar to proofs for the uncompressed SGD
setting [9], CSGD-ASSS only requires an estimate of an upper
bound Lyp on the Lipschitz constant L; and an upper bound
vup on the strong growth constant v for non-convex objectives.
The bounds need not be tight to prove O(%) convergence rate.
However, for convex and strong-convex objectives, the algo-
rithm does not require any bounds on problem parameters.

Remark 6: The dependency of § on function parameters
in the proof of convergence of CSGD-ASSS for non-convex
objectives is highly non-linear and left for future work.

Remark 7: The proof of Theorem 4 does not explicitly utilize
the stopping condition, Step 6, of the Armijo step-size search.
Nevertheless, the dependency is subtle. The proof necessitates
that the step-sizes of the algorithm at each iteration are lower-
bounded by 7. This lower bound is assured for CSGD-ASSS,
as indicated in Remark 3. However, the proof is applicable to
a broader class of algorithms with compressed gradients.

Remark 8: The function U B(a) monotonically decreases
with respect to a. This can be proved by establishing the nega-
tivity of its derivative with respect to a. As a approaches infinity,
the limit of UB(a) converges to 0. Conversely, when a tends
0 0, the limit is defined as UB(0%,v) is -/ Liz)
p > 0. Notably, if v — 1, then UB(0T,

for some
V) = o0.
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LEMMAS FOR ANALYSIS OF CONSTANTS IN
CONVERGENCE PROOFS

A. Proof of Lemma 5

Proof: From Lemmas 15, 16, if there exists p >0, » >0
such that (y(p,r,a) =D if and only if a€[0,a31(D))
(The definition of ag, (D) is presented in Lemma 16).
Hence there exists Srp(a) such that if a; <as, then

Bre(ai) < Pre(asz). 0

B. Analysis of Parameters in Theorem 3

Lemma 14: Let p,r €[0,00) and consider the function
92, (p,r)(a) defined as

A 1 2
02, (p,r) (@) = <2a - % - —(1-7) (1 + ) a)
95)

Let R(02,(p,)) be the set of roots of the function dy (, -y (a).
Then,

20
R(02,(p,r)) = {0’ I+ +0 =70+ } .

The function dy,(, (@) attains its maximum value at as, , .
where

)

g

&6 . ;
w0~ 34 (-7 + 1)
ag

1+l4+(1-y+1)

o7

52,(1),7") (dﬁzy(,},,-)) = ( (98)

The proof of the lemma is straightforward and can be shown
by setting the derivative of 0 (;, ,)(a) to 0. For the proof of
convergence of CSGD-ASSS for convex objectives in Theorem
3, parameters p(e¢),r(e) satisfy p(e) + (1 —~v)(1 + r(e)) < 1.
For a given choice of p(e),r(e), the value of da (p(e),r(e) (@)
increases with ¢ when a < d521 () (e)) and decreases with a
when a > ds, . .- Since 01(a) = p2£1n;i) 02, (p(e),r(e) (@), it
is concave and attains its maximum value at as, ,.,.

r(e)”

ADDITIONAL LEMMAS

Lemma 15: If there exists p1,71,a1 and (1 —7v) <D <1
such that 81(p1,r1,a1) = D, then for any 0 < as < ay, there
exists pa, 12 such that 8 (pa, 12, a2) = D

Proof: From Theorem 2,

51 (pv T, (L) = (/Jmaxaamax +p+ (]- — ’7)(1 + 7")) . 99)
Since f1(p1,71,a1) = D,

D= (Mmaxalamax +p1 + (1 - 7)(1 + 7“1)) (100)

max ap —a amax
= (umaxammax + (p1 4 Hmax(a1 = a2) ) (101)
2—7
+(1-) (1 . Zz)am")) (102)

2405
Setting po, o as
max\@1 — A2 )&max
pzz(p1+“ e ) (104)
-
Py = <’I"1 + ,U/max(al - CL2)Olmax) 7 (105)
2—y
satisfies the conditions of the lemma. O

Lemma 16: Let vy <1 and (1 —v) < D < 1. Consider the
optimization problem

sup a (107)

0<a<(
s.t B1(p,rya)=D

1 1 1—~)(1+ 1
a<2/(0+0p+( VL( *))
p=>0,7>0.

The optimization problem has a solution p*, r*, a* and let the

optimal value be ag, (D) = a*. Then,
D1 <Dy = &31 (Dl) < dﬁz (Dg) (108)

Proof: Let d<D and p+ (1 —7)(1+7r)=d. Since
ﬁl(p,q,a):D,

HmaxAOmax = D —d. (109)
D—d

- 0= ——— (110)

Hmaxamax

Consider the optimization problem
1 1 1—y)(1+1

sup 2/(7+—+M) 111

o op o
st.p+ (1 —7)(1+r)=d, (112)
p=0,7=>0. (113)

Similar to the proof of Lemma 13, the solution to the above
optimization problem defined as ((d) is

20 1 2—7v
2—7 d+1)°

It is straightforward to see that the solution to the optimization
problem in the statement of the lemma ag, (D) can be solved
for by equating Equations (110), (114) and solving for d and
substituting the resulting d in Equation (110) or (114). Equating
Equations (110), (114), we get

D B d 20
2-7
The R.H.S of Equation (115) is monotonically increasing func-

tion of d. Hence, if for D1, D5, the solution to the optimization
problem in the lemma is dy, do respectively,

¢(d) =

(114)

2—7
d+1) (115)

:U/maxamax ,U/maxamax

Dy <Dy = dy <ds. (116)
The equation ¢(d) is monotonically increasing in d and hence
&51(D1) <d51(D2)' (117)

O
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