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Abstract—In this letter, we develop a framework for
estimating the Hausdorff dimension of a compact invari-
ant set for both autonomous and interconnected systems.
We first generalize Smith’s method for Hausdorff dimension
estimates by using variable metrics in linear matrix inequal-
ities. Then, we study open systems with a characterization
similar to the differential dissipativity theory. For linear
time-invariant systems, we show that our characterization
can be considered as a pure input/output property. This fact
would be important because it is independent of internal
model representations. Finally, we provide an estimate of
the attractor dimension for feedback and interconnected
systems. Our estimation is scalable in the sense that the
components in an interconnected system can be analyzed
independently.

Index Terms—Hausdorff dimension, interconnected

systems, Lur’e systems, nonlinear systems.

[. INTRODUCTION

N THE control community, internal and external aspects
Iof dynamical systems have been studied for a long time.
However, there is a large theoretical gap between research on
closed systems (systems without inputs and outputs) and that
on open systems (systems with inputs and outputs). The pur-
pose of this letter is to generalize a framework for estimating
the Hausdorff dimension of a compact invariant set, which
represents the degree of freedom of asymptotic behaviors, to
open systems. According to [1], dimension-like characteristics
such as Hausdorff dimension, fractal dimension, and topolog-
ical entropy play essential roles in dimension theory. These
characteristics are useful to understand dynamical systems
from various perspectives [2]. We mention that our approach
is inspired by the recent works [3], [4], [5].
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As for closed systems, many researchers have made efforts
to understand chaotic phenomena, which are difficult to predict
but are important in engineering applications [6]. Although
many criteria for global stability are available, such results are
not applicable to systems which have more than two equilibria.
Also, periodic oscillations are in general difficult to analyze in
spite of their importance. Furthermore, complex attractors may
not be manifolds, and thus, dimension with non-integer values
becomes important in the analysis [7]. In this letter, for these
reasons, we are concerned with finding estimates of Hausdorff
dimensions of invariant sets. Our study is further motivated by
the relation of Hausdorff dimension with entropy [8], which
has recently attracted attentions in control theory [9].

In contrast, open systems are studied by input/output prop-
erties such as Lp-gain and passivity [10], [11]. A general
framework that links internal stability and input/output prop-
erties is the celebrated dissipativity theory [12], [13], [14].
This energy-related framework is also useful to analyze sta-
bility of large-scale network systems in a scalable way [15].
However, relations between internal instability (e.g., chaotic
dynamics) and input/output properties are not well understood.
Recently, some results in this direction were reported based on
the framework of [16], [17]. In [3], the existence and stabil-
ity of limit cycles for interconnected systems were analyzed
by transverse contraction. In [4], classical frequency-domain
analysis was extended to systems with multiple equilibria and
limit cycles. In [5], the authors utilized the inertia for quadratic
storage functions to analyze dominating dynamics. In this let-
ter, we consider another direction to explore interconnected
systems with Hausdorff dimension.'

Literature Reviews and Contributions: We review some
related works on dimension estimates briefly; see also the
recent book [19]. In the seminal paper [20], a fundamental
method to estimate the Hausdorff dimension of a compact
invariant set was developed. The so-called Douady—Oesterlé
theorem has been further studied with various tools. In [21],
the author proposed a computationally efficient method to
estimate Hausdorff dimension. In [22], [23], analogues of
Lyapunov’s second method were explored to improve the

IThis letter is based on our conference paper [18] and contains full proofs
and additional discussions.

For more information, see https://creativecommons.org/licenses/by/4.0/
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estimate of the Douady—Oesterlé theorem. In [24], [25], com-
pound matrices and logarithmic norms were used to study
Hausdorff dimension. These results are closely related to k-
contraction [26], [27], which is a natural generalization of
standard contraction.

In this letter, we focus on Smith’s method in [21] to
make the conditions easy to verify. We first generalize the
results in [21] by employing time- and state-dependent met-
rics. Another generalization can be found in [28], where
k-contraction with respect to Li/Ly/Lo, norms was studied
without calculating compound matrices. In contrast to that
work, our results allow for variable metrics, which correspond
to the Riemannian metric in differential geometry. We then dis-
cuss a methodological relation between Smith’s method and
the differential Lyapunov framework in [17]. This motivates us
to extend the framework to open systems. We follow the differ-
ential dissipativity theory in [5] to characterize open systems.
For linear time-invariant systems, we provide a frequency-
domain interpretation of unstable dynamics. Finally, we show
that the attractor dimension of an interconnected system can
be estimated in a scalable way. We emphasize that our frame-
work is not compatible with that of dominance analysis in [5].
This is because our conditions depend on lower bounds of
Jacobian’s spectrum while those in [5] specify the separation
of stable and unstable spectra.

Notations: Throughout this letter, we employ the following
notations. Consider a matrix A € R"*". Let o1(4) > .-+ >
0,(A) be the eigenvalues of (AAT)l/ 2 arranged in decreasing
order. Also, let n1(A) > --- > n,(A) be the eigenvalues of
(A 4+ AT)/2 arranged in decreasing order. For a real number
d € [0,n], we define the truncated determinant of order d
(d-determinant) of A by

detA — 1 if d =0,
=) 61(A) - - - 04y (A)ogys1(A)°  otherwise,
and the truncated trace of order d (d-trace) of A by
0 if d =0,
trgA == .
M) + - +ng,(A) + sngy+1(A)  otherwise,
where dg € {0,1,...,n— 1} and s € (0, 1] are chosen such
that d = dy + s.

We denote by Dg the derivative of a smooth map ¢. Given N
column vectors vy, ..., vy, we write col(vy, ..., vy) to repre-
sent the vector stacking v through vy in one column. Given
N matrices My, ..., My, we define M| @ --- ®& My as the
block-diagonal matrix composed of M through My. Also, R
denotes the set of nonnegative real numbers, and S} denotes
the set of positive-definite symmetric matrices of size n.

Let K C R” be a compact set. Given d € [0, n] and ¢ > 0,
we define

wK,d,e) = inf{Z(n)d K C UBi’ ri<ey,
i i

where the infimum is taken over all finite coverings of K by
balls B; with radii ;. The d-dimensional Hausdorff measure
of K is defined by

na (K, d) = lir(r)l+ w(K,d, e) =supu(K,d, e).
£e—>

e>0

Then, the Hausdorff dimension of K is defined by
dimgy (K) = inf{d € [0, n] : uyg(K, d) = 0}.

We note that the Hausdorff dimension can be well defined and
is less than or equal to n for every compact set in R".

[I. DIMENSION ESTIMATES VIA SMITH’S METHOD

In this section, we extend Smith’s method on Hausdorff
dimension estimates in [21] and discuss its connection with
the differential Lyapunov framework in [17].

A. Generalized Liouville’s Formula

Consider a linear system
x=A(n)x, )

where A:R; — R"™" is a continuous function. Recall that
a fundamental matrix is an n X n matrix whose columns are
linearly independent solutions of (1). A generalization of the
well-known Liouville’s formula was first obtained in [21] and
is stated below.

Lemma 1: Let X:R; — R™" be a fundamental matrix
of (1). Then, for each k € {1, ..., n}, we have

t
det; X (¢) < [detxX(0)] exp/ tryA(t)dr, > 0.
0

The k-determinant of X(f) can be interpreted as the k-
dimensional volume of the parallelepiped spanned by certain k
solutions [27]. This result plays a fundamental role in dimen-
sion theory [1]. However, in general, calculating the k-trace of
A(t) is computationally hard. The following proposition gen-
eralizes [21, Corollary 1.2], which avoids the computation of
eigenvalues.

Proposition 1: Let X:Ry — R™" be a fundamental
matrix of (1) normalized as X(0) = I. Suppose that there
exist a continuous function A: Ry — R and a continuously
differentiable function P: Ry — S such that for all ¢ > 0,

P() + A P(1) + P(VA() + 2).(0)P(1) > 0. @)

Then, for each k € {1, ..., n}, we have
t
det; X (1) < Bi(1) eXp/ [tr A(T) + (n —KA(T)ldT  (3)
0

for all 7 > 0 with Bi(¢) := [det,_P(0)~! - det,_rP(1)]/2.
Proof: Let Q(t) := P(1)'/?. By the coordinate transformation
y = Q(t)x, we transform the system (1) into

3 =A(®)y, )
where A(r) = [Q(DA() + Q()]O®)~!. Then, the matrix
inequality (2) can be rewritten as

ADT +A@) + 2001 = 0,

which implies that m(;\(t)) 4+ A() =0 forall i € {1,...,n}.
Thus, we have
n
e AW = r A@D) = Y mA0) < AW + (= HA®D). (5)
i=k+1
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Since Y(t) = Q(t)X(¢) is a fundamental matrix of (4) such
that Y(0) = Q(0), Lemma 1 and (5) imply that

t
det Y (1) < [detzQ(0)] exp/ [tr A(T) + (n — k)A(7)]dr.
0

Notice that tr ;\(t) =tr A(®) +tr Q(t)Q(t)_l. From Jacobi’s
formula, we have
(d/dr)detQ(z)

det Q(r)

We integrate both sides over time to obtain

tr QO ! =

/Ottr Q(‘[)Q(‘[)_l dr = logdetQ(r) — log detQ(0).
Therefore,
det; Y (1) < det;Q(0) - detQ(0) " - detQ(r)
- exp /Ot [tr A(r) + (n — k)A(7)]dT.
Finally, it follows from Horn’s inequality that
dete X (1) < det;Q() ™" - dety Y (1),
and hence,
deteX (1) < det, 1 Q(0)™" - dety—1 Q(1)
- exp /0[ [tr A(t) + (n — k)A(7)]dr.

Since Q(7) = P()'/2, we complete the proof. [ |

Remark 1: By limiting the metric P(f) to be a constant
matrix, Theorem 1 reduces to [21, Corollary 2.1]. Here, P(¢)
specifies the transformation of (1) into (4). However, the
obtained estimate of the exponential growth rate of the k-
dimensional volume is associated with the coefficient matrix
in (1) and not in (4). This estimate can be replaced with

t
/ [tr A(T) +tr Q(0)Q() ™' 4 (n — b)A(r)]dr,
0

which may or may not be less conservative than the original
one in (3). It is advantageous to use the estimate in (3) since
we can avoid matrix calculations. This point is different from
the results in [23], and our bound of the exponential growth
rate is easy to calculate. The tightness of the obtained estimate
depends on the location of the n — k smallest eigenvalues of
A(7), as can be seen from (5). Thus, the result in Proposition 1
can be conservative especially when k is small.

B. Smith’s Method With Variable Metrics

Consider a nonlinear autonomous system

i =f(), (6)

where f:R" — R” is a continuously differentiable function.
Let J(x) = Df(x) denote the Jacobian matrix of f(x). A
fundamental result for dimension estimates is the so-called
Douady—Oesterlé theorem [20]. This theorem can be stated as
follows: For a given smooth mapping ¢, if there exists a real
number d such that det;Dg(x) < 1 holds on a compact invari-
ant set, then its Hausdorff dimension is smaller than d. Note
that this estimate can also be used as an upper bound of the
fractal dimension [29].

Here, we follow the approach in [21] and provide an exten-
sion with variable metrics.2 The obtained estimate of the
Hausdorff dimension can be conservative if d is small for the
reason explained in Remark 1. In the theorem below, we use
the following notation:

LrP11(x) LP1y(x)
P(x) = : : ,
£fP,,1(x) £ann (x)
where Ly is the Lie derivative of a real-valued function with
respect to the vector field f. If P(x) is constant, then we
recover [21, Corollary 2.2].

Theorem 1: Let A C R" be a compact invariant set of (6).
Suppose that there exist a continuous function A : R” — R and
a continuously differentiable function P:R" — & such that
for all x € A,

P(x) +J()TP(x) 4+ P(x)J (x) 4+ 21 (x)P(x) > 0.
If there exists d € (0, n] such that
tr J(x) + (n — d)A(x) <O,

then dimg(A) < d.

Proof: The proof is similar to that in [21]. Consider a fun-
damental matrix X of the variational equation §x = J(x())dx
associated with a solution x of (6) starting in 4. We apply
Proposition 1 to obtain for each k € {1, ..., n},

detiX(1) < Bi(0)exp [y [tr J(x(7)) + (n — A(()]dz,

where By is as in Proposition 1. Note that B; is a bounded
function due to the compactness of A. If d = dop + s with
doe{0,...,n—1} and s € (0, 1], then

detg X (¢) = [dety, X(1)] ! “ldetgy+1X (@)1

By setting Ba(t) == Bay, (t)' ~* Bay+1(1)°, we obtain

xe A,

t
detg X () < Ba(t) exp/ [tr J(x(7)) + (n — D)L (x(7))] dr.
0

Thus, the hypothesis in the theorem implies that the exponen-
tial growth rate of detyX(#) is negative, and thus, there is a
finite time ¢ for which det;X(f) < 1. Since every linearized
flow map on A satisfies the condition of the Douady—Oesterlé
theorem, we conclude the proof. [ |

Remark 2: It must be noted that Theorem 1 does not guar-

antee convergence of the system’s trajectories to the invariant
set. However, many systems in nature are dissipative in the
sense of Levinson [30], and hence, every trajectory of such
a system converges to a compact set. Thus, the Hausdorff
dimension of the largest invariant set can be used as the
maximum degree of freedom of asymptotic behaviors. Several
consequences of Theorem 1 are as follows:

1) When d = 1, the system cannot possess any compact
invariant set except for a single equilibrium point.

2) When d = 2, the system cannot possess any limit cycle.
This is because if there is a closed orbit, then there must
be a surface which is invariant under the flow.

3) When d > 2, chaotic attractors may appear like the
famous Lorenz system.

2Time-varying periodic systems were also considered in [21], and it is not
difficult to extend our result to such periodic systems.
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C. Methodological Remarks

Our results in this letter are closely related to the differential
framework in [17] and its generalization in [5]. In particular,
under the hypothesis in Theorem 1, the function V(x, éx) =
8xTP(x)8x satisfies the inequality

V(x, 8x) 4+ 21 (x)V(x, 8x) = 0 @)
along the solutions to the system

x=f(x),
8x = J(x)dx.

From this fact, it is not difficult to generalize the framework
on Hausdorff dimension estimates to open systems with the
help of the differential dissipativity theory in [5].

Our characterization is different from such an approach
based on the differential Lyapunov/dissipativity framework for
several reasons. First, our condition in (7) seems to be related
to the reversed Lyapunov inequality. However, the term A(x)
does not serve as the rate of contraction/expansion because
A(x) measures the degree of stability of the unstable system.
The same argument holds true for the dissipativity-like condi-
tion to be explored in (10). By using the reversed inequality,
we can estimate the Hausdorff dimension based on the trace
of the Jacobian, which can be computed efficiently. On the
other hand, it would be meaningful to refer to the method
in [22], where the authors studied Hausdorff dimension esti-
mates with an analogue of a Lyapunov function. However,
it is not easy to generalize their framework to open systems
because it depends on the spectrum of the Jacobian, which
may change under interconnections.

[1l. DIMENSION ESTIMATES FOR FEEDBACK AND
INTERCONNECTED SYSTEMS

In this section, we consider a generalization of the results
obtained so far to open systems and their interconnections.

A. Prolonged Systems With Inputs and Outputs

Consider an open nonlinear system

{56=f(x)+Bu,

y=Cx, (®)

where f:R" — R” is a continuously differentiable function
and B € R"" and C € RP*" are constant matrices. The
associated variational system is described by

{ 8x = J(x)éx + Bdu, ©)

8y = Céx.

Recall that J(x) is the Jacobian matrix of f(x). The system (8)
together with (9) is called the prolonged system [31], [32].

Following [5], we consider the quadratic storage function
V:R" x R" — R of the form?

V(x, 8x) = 8x' P(x)éx,

3In this letter, we do not allow V to take a negative value; it may be
interesting to investigate more general signed storages as in [5].

where P:R" — S is a continuously differentiable function.
Also, we consider the quadratic supply rate w:R” x R” — R

of the form
T
) o S||s
w(du, dy) = [5ﬁ] [ST Ri| [sz]

where Q € RP*P, § € RP*™ and R € R™ ™ are constant
matrices with Q and R symmetric. The energy-like property
in (7) can now be generalized to the following inequality:

V(x, 6x) + 21 (x)V(x, 6x) > w(du, 8y), (10)

where A:R" — R is a continuous function.

In what follows, we show that the result in Theorem 1 can
easily be extended to interconnected systems. This is based on
the fact that our condition depends on the diagonal part of the
Jacobian. Recall that the trace of the sum of matrices is equal
to the sum of their traces. Hence, the trace of the Jacobian of
an interconnected system can be replaced by the sum of the
traces of the Jacobians of its components.

B. Dimension Estimates for Lur'e Systems
Here, we concentrate on the linear time-invariant system

{k:Ax—i—Bu,

Y — Cx (11)

where A, B, and C are constant matrices of appropriate sizes.
It is clear that the inequality (10) can be converted to

"o P[] [Y]'[e Sy
x| |P 2aP||x| = |u| |ST R||ul|
where A and P do not depend on x. We notice that (12) can

be rewritten as

[ATP + PA 4+ 2P PB} B [CTQC cTs} <o

12)

BTP 0 sTc R

Remark 3: From the KYP lemma [33], the above LMI is
equivalent to the following frequency-domain inequality:

. H .
[G(J”I— X)} [SQT ISJ [G(J“}_ X)} <0, weRU {oo},

where G(s) = C(sI — A)~'B for s € C. We notice that the
trace of A is equal to the sum of all poles of G(s) as long as
there is no pole/zero cancellation. Thus, the inequality (12)
can be regarded as a pure input/output property. We point
out that input/output characterization of unstable dynamics has
received little attention, and it can be of interest to utilize it in
the control-theoretic methods such as data-driven verification.
Now, we consider the memoryless feedback of the form

u=¢y),

where ¢ : R? — R™ is a continuously differentiable function.
The composite system is called the Lur’e system, which is an
important class of nonlinear systems. The following result is
motivated from [34] and addresses a more general setting.
Theorem 2: Consider the linear time-invariant system (11)
such that (12) holds. Suppose that the memoryless

13)
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feedback (13) satisfies

T
I o ST 1
o] [ llose) =0 veea ao

where A is an invariant set of the closed-loop system. If there
exists d € (0, n] such that for all x € A,

tr A+ tr BD¢(Cx)C + (n—d)A < 0,

then dimgy(A) < d.

Proof: The variational equation of the closed-loop system is
described by §x = [A 4+ BD¢ (Cx(¢))C] Sx. The inequality (12)
together with (14) reads as

B NE

Thus, the closed-loop system satisfies the condition in

Theorem 1. The proof is complete. |
The following example illustrates the usefulness of the trace

in the dimension estimate instead of the truncated trace.
Example 1: Consider a 2-dimensional system

. [ 0 1 } [O}
X = X+ u,
—ap —a 1
y=[1 0]x
with a memoryless feedback u = ¢ (y) of (13) such that

I 1 To S 1
[D¢(y)} [ST RMDW)]EQ yeR.

Because of the system structure, we have tr BD¢(y)C = 0,
and thus, the closed-loop attractor dimension can be estimated
independent of ¢. This example clarifies robustness of our
attractor dimension estimate with respect to uncertainty in ¢.

C. Dimension Estimates for Interconnected Systems

Finally, we investigate an interconnected system composed
of the following N open systems:

5 {Xi = fi(x;) + Biu;,

yi = Cixj, (s)

where f;:R" — R", B; € R"*™_ and C; € RPiI*"™ are as
before for each i € {1,..., N}. Assume that each subsystem
%; satisfies the inequality (10) with the shift parameter A;(x;),
the storage function V;(x;, 6x;) = Sx;rP,-(x,-)Sx,-, and the supply

rate
8yi T Qi Sil|dyi
WS, 8y,) = [(Suz] [S_T’ R’J [Suz}.
1

We define x := col(xy, ..., xy), u = col(uy, ..., uy), and
y = col(y1, ..., yn). The interconnection that we consider is
of the form

u= My, (16)

where M € RU++mXPi+-+P¥) s 3 matrix such that the
block-diagonal parts associated with the subsystems are zeros.
This assumption does not lose any generality since the block-
diagonal parts can be considered as self-feedbacks.

Let f(x) := col(fi(x1), ...,fn(xn)), B := B1 @ --- ® By,
and C := C1 @ - - - @ Cy. Then, the n-dimensional closed-loop
system is described by

i = f(x) + BMCx. (17)

Notice that tr BMC = 0 holds because of the structure of M,
and hence, the trace of the Jacobian is invariant under the
interconnection. This is a key point since the truncated trace
of the Jacobian in general varies after interconnections.

In the following theorem, we write A(x) = A1 (x1),, D
o @ ANCN) gy, P(x) == P1(x1) @ - - ® P(xy), and the same
notations are used for Q, S, and R.

Theorem 3: Consider the N subsystems (15) such that
the hypotheses mentioned above hold. Suppose that the
interconnection in (16) satisfies Q+SM+M'S"+MTRM > 0.
For each i € {1,..., N}, let 21,- € (0, n;] be such that

tr Ji(x) + (n; — di)ri(x) <0, xeR"

Then, for any compact invariant set A C R" of (17), it holds
true that dimg(A) < d, where d € (0, n] is a solution of

N
g AG) <Y (m — d)di(xi), x€ A

i=1
Proof: We sum up all storage functions to obtain

N
D Vi, 8x1) + AiCei) Vil 8x7)]
i=1
> 5y (O +SM +M'ST + MTRM)sy.

It follows from the assumption in the theorem that
P(x)

551’7 0 5],
Sx| [P(x) A®@PX)|[|éx|—

Using the commutativity between P(x) and A (x), we conclude
that the dimension estimate d is such that tr J(x) +tr,—q A (x) <
0, where J(x) := Df(x). From the definition of d;, we can
observe that tr J(x) + vazl(ni — Eii)ki(xi) < 0, and the proof
is complete. |

Remark 4: The above result is scalable in the sense that
the attractor dimension is estimated from 21,-, which can be
computed individually. In addition, tr,_4A(x) can be easily
computed since A(x) is a diagonal matrix. Yet, we must be
careful with the dependence on x; of Ji(x;) and X;(x;). Thus,
we need to solve an infinite system of LMIs. If the system
under consideration has a special structure, then the problem
can be relaxed (see [35]). In that case, we only need to solve
a finite set of LMIs.

We here provide an example to demonstrate applicability
of the above result. It is known that coupled chaotic systems
exhibit various phenomena depending on the coupling param-
eters [36]. Moreover, even if there is no coupling between
two chaotic systems, the Hausdorff dimension of the Cartesian
product of the two attractors can in general be greater than
their sum (see, e.g., [37]). Thus, our analysis of Hausdorff
dimension for interconnected systems is meaningful.
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Example 2: Consider the following coupled Lorenz system:

X1 =01 —x1) — x2, X =0(y2 —x2) +x1,
Y1 = pxX1 + X121 — Y1, Y2 = px2 + X222 — Y2,
21 = x1y1 — Bz, 22 = x2y2 — B22,

where (o, p, B) = (10,28, 8/3). Since it is difficult to sat-
isfy the inequality (10) on the whole state space, we verify
the conditions on the following ranges: x; € [—20,30],
yi € [—30,30], z; € [-10,50]. Note that the closed-loop
attractor can be over-approximated by the above ranges. We
consider the storage functions with P; = [ and the supply
rates with (Q;, Si, R;) = (0, 1, 0) for both subsystems. Then,
we can choose A; = 35 to satisfy the inequality (10). Also,
21,- in Theorem 3 are given by di = d» = 2.61 on the
regions mentioned above. This value is conservative since
the actual Hausdorff dimension of the Lorenz attractor is
about 2.06 [38], but it can be made less conservative by
using more appropriate storage functions and supply rates.
Because the interconnection matrix is skew symmetric, the
condition in Theorem 3 immediately holds. Therefore, the
attractor dimension of the closed-loop system can be estimated
as d; + dr = 5.22. To the best of our knowledge, there is
no other result to estimate the attractor dimension of coupled
chaotic systems based on a bottom-up approach.

IV. CONCLUSION

We have studied Hausdorff dimension involving asymptotic
behaviors of dynamical systems by employing the differen-
tial Lyapunov and dissipativity frameworks. The developed
framework is useful in estimation of the attractor dimen-
sion for autonomous and interconnected systems. Our method
is also useful to study entropy as similar approaches are
employed in [39], [40]. There are several directions to extend
this research. First, the use of Hausdorff dimension in control
problems has not been well studied. Second, relations with var-
ious entropy concepts proposed in the context of networked
control systems have not been understood.
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